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SÔnoyh

Sthn paroÔsa didaktorik  diatrib  ja exetastoÔn merikèc apì tic pio endiafèrousec
lÔseic gia to prìblhma thc epitaqunìmenhc diastol c tou sÔmpantoc, gia to opoÐo den
up�rqei apolÔtwc ikanopoihtik  lÔsh sta plaÐsia tou Kajierwmènou KosmologikoÔ mo-
ntèlou. Sugkekrimèna, oi jewrÐec oi opoÐec ja exetastoÔn perilamb�noun genikeumènec
jewrÐec barÔthtac, all� kai jewrhtik� montèla sta plaÐsia thc Genik c Sqetikìthtac.
Gia to skopì autì ja qrhsimopoihjoÔn ta trèqonta kosmologik� dedomèna, ìpwc gia pa-
r�deigma eÐnai oi uperkainofaneÐc astèrec tÔpou Ia, h Kosmik  AktinobolÐa Mikrokum�twn
Upob�jrou, oi Akoustikèc Talant¸seic twn BaruonÐwn kai h Uperpuknìthta twn dia-
taraq¸n thc Ôlhc, gia elegqjoÔn tìso h sumbatìthta me tic parathr seic, ìso kai oi
endeqìmenec parathrhsiakèc upografèc twn jewri¸n aut¸n.

Ta eÐdh twn kosmologik¸n parathr sewn, ta opoÐa ja qrhsimopoihjoÔn sth melèth
aut , mporoÔn na qwristoÔn se dÔo kathgorÐec: tic Gewmetrikèc, oi opoÐec aniqneÔoun
apeujeÐac thn gewmetrÐa tou sÔmpantoc mèsw thc ex�rthshc sthn erujr  metatìpish twn
kosmologik¸n apost�sewn (dL(z)   dA(z)), kai tic Dunamikèc, oi opoÐec prosdiorÐzoun thn
exèlixh tou sÔmpantoc mèsw thc puknìthtac enèrgeiac mèsa se autì kai qrhsimopoioÔn mia
jewrÐa barÔthtac gia na th susqetÐsoun me th gewmetrÐa. Aut  h mèjodoc basÐzetai sth
gn¸sh twn dunamik¸n exis¸sewn pou sundèoun thn gewmetrÐa me thn enèrgeia, oi opoÐec
kai mporoÔn na qrhsimopoihjoÔn se sunduasmì me tic gewmetrikèc mejìdouc gia ton èlegqo
twn dunamik¸n exis¸sewn.

Sugkekrimèna, ja melethjoÔn jewrÐec me bajmwt� pedÐa apeujeÐac suzeugmèna me to
barutikì pedÐo, ìpwc eÐnai oi Scalar-Tensor jewrÐec, all� kai jewrÐec me Lagkranzianèc
pou eÐnai genikèc sunart seic thc Lagkranzian c thc Genik c Sqetikìthtac, lìgou q�rh
oi jewrÐec tÔpou f(R). Oi jewrÐec autèc mporoÔn na d¸soun epitaqunìmenh diastol  me
fusikì trìpo, all� epitrèpoun kai thn di�sqish thc gramm c w = −1, k�ti to opoÐo den
mporeÐ na gÐnei me fusikì trìpo sta plaÐsia thc Genik c Sqetikìthtac. Tèloc, ja melethjeÐ
kai mia endiafèrousa enallaktik  twn parap�nw genikeÔsewn thc Genik c Sqetikìthtac,
h opoÐa basÐzetai sthn kosmologÐa bran¸n (branes) kai perilamb�nei antallag  enèrgeiac
metaxÔ thc br�nhc kai tou uperq¸rou (bulk).
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Abstract

In this thesis we will examine some of the most interesting solutions of the problem
of the accelerated expansion of the universe, for which there is no totally satisfactory
solution within the Standard Cosmological model. Specifically, the class of theories we
will examine include both Generalized Gravity theories and models within the context
of General Relativity. To achieve this goal we will use observational probes that include
Supernovae Type Ia (SnIa), the Cosmic Microwave Background Radiation (CMBR), the
Baryon Acoustic Oscillations (BAO) and the Growth Factor of the matter density per-
turbations, to investigate both the agreement with observations and the observational
signatures of these theories.

The observational probes that will be used in this thesis may be divided into two
classes: Geometric methods that probe the large scale geometry of space-time directly
through the redshift dependence of cosmological distances (dL(z) or dA(z)) and Dynamical
methods that determine the expansion rate of the universe by measuring the evolution of
energy density (background or perturbations) and using a gravity theory to relate them
with geometry ie with H(z). The latter of these methods rely on the knowledge of the
dynamical equations that connect geometry with energy and may therefore be used in
combination with geometric methods to test these dynamical equations.

The classes of theories we will consider are Scalar-Tensor extensions of General Rela-
tivity that have scalar fields non-minimally coupled to the gravity sector and f(R) theories
that have Lagrangians, which are general functions of the Ricci scalar R. Both these the-
ories explain the accelerated expansion of the universe in a natural way, but also allow
the crossing of the Phantom Divide Line (w = −1), which is hinted by observations but
cannot be explained naturally in the context of General Relativity. Finally, we will con-
sider a braneworld model with bulk-brane energy exchange, which allows for the crossing
of the w = −1 phantom divide line without introducing phantom energy with quantum
instabilities.
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Prìlogoc

H kosmologÐa eÐnai h epist mh pou melet� thn istorÐa kai thn exèlixh tou sÔmpantoc apì thn
gènes  tou perÐpou 13.7 disekatommÔria qrìnia prin mèqri s mera. An kai gia èna meg�lo
qronikì di�sthma thc anjr¸pinhc istorÐac h kosmologÐa up rxe kl�doc thc metafusik c,
mìlic touc teleutaÐouc ai¸nec me thn Neut¸neia mhqanik  mpìrese na gÐnei epist mh me th
gnwst  ènnoia, dhlad  na èqei thn dunatìthta na exhgeÐ kai na problèpei nèa, �gnwsta
fainìmena.

H prìodoc sth fusik  stic arqèc tou eikostoÔ ai¸na, me th jewrÐa thc Genik c JewrÐac
thc Sqetikìthtac all� kai tic beltiwmènec astronomikèc parathr seic makrin¸n antikei-
mènwn, èdwsan th dunatìthta sto na gÐnoun upojèseic gia thn proèleush tou sÔmpantoc
kai kajièrwsan thn jewrÐa thc Meg�lhc 'Ekrhxhc. SÔmfwna me aut  th jewrÐa, h para-
throÔmenh,  dh apì thn epoq  tou Hubble, diastol  twn makrin¸n galaxi¸n sunep�getai
ìti sto pareljìn to sÔmpan  tan pio mikrì, pio puknì kai pio jermì ft�nontac ètsi se mia
epoq  pou epikratoÔsan akraÐec jermokrasÐec kai puknìthtec. Qrhsimopoi¸ntac autì to
gegonìc, mporoÔn na gÐnoun sugkekrimènec problèyeic gia to posostì tou deuterÐou kai
tou hlÐou sto sÔmpan, all� kai ìti prèpei o perib�llontac q¸roc s mera na gemÐzei apì
mÐa jermik  aktinobolÐa mikrokum�twn, me tic problèyeic na tairi�zoun me tic parathr seic.

Wstìso, up�rqoun k�poia zht mata ta opoÐa h jewrÐa thc Meg�lhc 'Ekrhxhc den parè-
qei ikanopoihtikèc apant seic. 'Ena apì ta pio shmantik�, kai pou ja mac apasqol sei se
aut  th diatrib , eÐnai to prìblhma thc epitaqunìmenhc diastol c. To 1998 dÔo om�dec pou
parathroÔsan uperkainofaneÐc astèrec tÔpou Ia pou jewroÔntai kajierwmèna keri� (stan-
dard candles), dhlad  astèrec twn opoÐwn h mègisth lamprìthta kat� thn èkrhxh touc
eÐnai gnwst  kai Ðdia gia ìlouc, anèferan ìti autoÐ oi astèrec den  tan tìso lamproÐ ìpwc
anamenìtan se sqèsh me èna sÔmpan sto opoÐo kuriarqeÐ h Ôlh. 'Ena tètoio sÔmpan lìgw
thc Ôparxhc thc Ôlhc anamènetai na diastèlletai epibradunìmena. 'Omwc, h epitaqunìmenh
diastol  sunep�getai thn Ôparxh miac apwstik c dÔnamhc, h opoÐa prèpei na kuriarqeÐ thc
barÔthtac se meg�lec klÐmakec, en¸ se mikrèc klÐmakec na mhn gÐnetai antilhpt , ¸ste na
mhn up�rqei diafwnÐa me tic parathr seic sto hliakì sÔsthma.

Gia to prìblhma thc epitaqunìmenhc diastol c èqoun protajeÐ di�forec jewrÐec sta
plaÐsia thc Genik c Sqetikìthtac oi opoÐec qrhsimopoioÔn th Skotein  Enèrgeia (Dark
Energy). 'Ena genikì qarakthristikì ìlwn aut¸n eÐnai ìti sÔmfwna me pollèc parath-
r seic h Skotein  Enèrgeia faÐnetai na kuriarqeÐ sto sÔmpan apotel¸ntac p�nw apì to
70% thc enèrgeiac tou sÔmpantoc. Mèsa sta plaÐsia thc Genik c Sqetikìthtac, ìpwc
ja doÔme kai se epìmeno kef�laio, h Skotein  Enèrgeia apodÐdetai genik� sthn Ôparxh
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enìc idanikoÔ reustoÔ me arnhtik  pÐesh eÐte isodÔnama se èna bajmwtì pedÐo me kat�l-
lhlo dunamikì gnwstì wc Quintessence. To pio aplì tètoio montèlo eÐnai h kosmologik 
stajer�, pou prot�jhke apì ton Ðdio ton Einstein, gia �llo ìmwc lìgo. Merikèc pio po-
lÔplokec enallaktikèc jewrÐec perilamb�noun bajmwt� pedÐa me arnhtikì prìshmo ston
kinhtikì ìro, gnwstì wc Phantom all� kai bajmwt� pedÐa me genikeumènouc kinhtikoÔc
ìrouc (k-essence).

Wstìso, ta teleutaÐa qrìnia pisteÔetai ìti to prìblhma thc epitaqunìmenhc diastol c
  isodÔnama thc Ôparxhc thc Skotein c Enèrgeiac mporeÐ na exhghjeÐ me pio fusikì kai
stèreo jewrhtik� trìpo upojètontac ìti h Genik  Sqetikìthta katarrèei se klÐmakec
megalÔterec thc t�xhc twn upersmhn¸n twn galaxi¸n. 'Etsi, up�rqoun sth bibliografÐa
pollèc jewrÐec pou perilamb�noun genikeÔseic thc Genik c Sqetikìthtac, ìpwc eÐnai oi
f(R) jewrÐec, jewrÐec me bajmwt� pedÐa apeujeÐac suzeugmèna me to barutikì pedÐo ìpwc
eÐnai oi Scalar-Tensor jewrÐec all� kai jewrÐec me Lagkranzianèc pou perilamb�noun ìrouc
Gauss - Bonnet.

H paroÔsa didaktorik  diatrib  èqei thn akìloujh dom : to pr¸to kef�laio apoteleÐ
mia sÔntomh eisagwg  sto kajierwmèno prìtupo thc kosmologÐac all� kai sta anoikt� zh-
t mata autoÔ pou anamènoun ap�nthsh. To deÔtero kef�laio anal¸netai sthn parousÐash
twn kosmologik¸n parathr sewn pou ja qrhsimopoihjoÔn sth melèth twn lÔsewn gia to
prìblhma thc epitaqunìmenhc diastol c tou sÔmpantoc en¸ sto trÐto kef�laio ja doÔme
k�poiec apì autèc tic lÔseic, kai touc parathrhsiakoÔc periorismoÔc aut¸n, sta plaÐsia
thc Genik c Sqetikìthtac. Tèloc, sto tètarto kef�laio ja melet soume tic genikeumènec
jewrÐec barÔthtac tÔpou Scalar-Tensor kai f(R), kaj¸c autèc mporoÔn na d¸soun epi-
taqunìmenh diastol  me fusikì trìpo en¸ sto teleutaÐo kef�laio ja parousi�soume en
suntomÐa ta apotelèsmata thc diatrib c.
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Kef�laio 1

EISAGWGH

1.1 Istorik  anadrom  kai sÔntomh eisagwg  sto Ka-
jierwmèno montèlo thc KosmologÐac

H kosmologÐa eÐnai o kl�doc thc fusik c pou asqoleÐtai me thn proèleush tou sÔmpantoc,
all� kai th fÔsh tou idÐou se polÔ meg�lec klÐmakec. Oi pr¸tec sqetik� realistikèc ko-
smologikèc jewrÐec diatup¸jhkan apì touc arqaÐouc 'Ellhnec fusikoÔc filosìfouc thc
klassik c kai ellhnistik c epoq c. Autèc oi jewrÐec  tan basismènec sth logik  kai sthn
parat rhsh, se antÐjesh me tic antil yeic kai jewrÐec twn Ind¸n filosìfwn thc Ðdiac e-
poq c, oi opoÐec p gazan apì arqaÐa jeologik� keÐmena tou IndouðsmoÔ. Sugkekrimèna, to
gewkentrikì sÔsthma tou PtolemaÐou  tan h paradekt  jewrÐa gia perissìterouc apì 15
ai¸nec gia thn ex ghsh thc kÐnhshc twn planht¸n, an kai up rqe kai h jewrÐa gia to hlio-
kentrikì sÔsthma tou ArÐstarqou tou S�miou. H kat�stash aut  parèmeine amet�blhth
mèqri to 16o ai¸na ìtan o Copernicus, basizìmenoc sth melèth twn arqaÐwn suggrafè-
wn, xanaprìteine to hliokentrikì sÔsthma, to opoÐo uposthrÐqjhke kai argìtera apì touc
Johannes Kepler kai Galileo Galilei.

To 1609 o Kepler, afoÔ anèluse tic astronomikèc parathr seic tou Tycho Brahe, prì-
teine touc treic gnwstoÔc nìmouc thc kÐnhshc twn planht¸n basizìmenoc sthn hliokentrik 
jewrÐa. Wstìso, to z thma thc kÐnhshc twn planht¸n lÔjhke oristik� apì ton Sir Isaac
Newton to 1687, ìtan prosdiìrise to fusikì mhqanismì gia touc nìmouc tou Kepler kai
to nìmo thc pagkìsmiac èlxhc pou isqÔei gia ìla ta s¸mata. H diatÔpwsh tou nìmou thc
pagkìsmiac èlxhc tou Newton apotèlese thn pr¸th axioshmeÐwth prìodo sthn kosmologÐa
met� apì polloÔc ai¸nec, kaj¸c pareÐqe èna stèreo jewrhtikì upìbajro p�nw sto opoÐo
ègine dunatì na exhghjoÔn poll� apì ta èwc tìte anex ghta fainìmena all� kai na gÐnoun
nèec problèyeic.

Mèqri ekeÐnh thn epoq  to gnwstì sÔmpan periel�mbane touc 5 gnwstoÔc plan tec
tou hliakoÔ sust matoc, ìsouc apì touc dorufìrouc touc eÐqan anakalufjeÐ kai touc
aplaneÐc astèrec. Wstìso, ìpwc parat rhse o Halley [1], kai me b�sh p�nta tic paradoqèc
thc epoq c, h upìjesh ìti mporeÐ na up�rxei èna �peiro kai omoiìmorfa gem�to me astèrec
sÔmpan ja odhgoÔse sthn profan¸c lanjasmènh prìbleyh ìti o nuqterinìc ouranìc ja
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èprepe na eÐnai sqedìn exÐsou fwteinìc me ton 'Hlio. Autì to par�doxo melet jhke kai
argìtera, to 1823, apì to germanì astronìmo Heinrich Olber kai èmeine gnwstì wc to
par�doxo tou Olber[1], [2]. Epiplèon, ìpwc eÐqe apodeÐxei kai o Ðdioc o Newton, èna tètoio
�peiro kai omoiìmorfa gem�to apì astèria sÔmpan ja katèrree k�tw apì thn Ðdia tou thn
(�peirh) barÔthta. Argìtera, kat� to 18o ai¸na, o Kant upèjese ìti oi astèrec den eÐnai
dunatì na katanèmontai omoiìmorfa, all� ja prèpei na sqhmatÐzoun domèc, touc galaxÐec.
H upìjesh aut  topojet jhke se pio stèrea jewrhtik  b�sh dÔo ai¸nec argìtera, to
1902, me to krit rio thc barutik c ast�jeiac apì ton Jeans.

H arq  tou 20oύ ai¸na  tan mia sunarpastik  epoq  suntaraktik¸n parathrhsiak¸n
kai jewrhtik¸n anakalÔyewn gia thn kosmologÐa pou �llaxan gia p�nta thn eikìna pou
èqoume gia ton kìsmo. To pr¸to b ma ègine me th dhmiourgÐa thc jewrÐac thc Genik c
Sqetikìthtac (General Relativity) apì ton Albert Einstein1. Oi b�seic thc jewrÐac mp kan
to 1907, ìtan o Einstein dhmosÐeuse èna �rjro[3] sqetik� me thn epit�qunsh twn swm�twn
sta plaÐsia thc Eidik c Sqetikìthtac. Se autì to �rjro, upost rixe ìti h eleÔjerh pt¸sh
eÐnai sthn pr�xh adraneiak  kÐnhsh kai gia to lìgo autì autì prèpei gia èna parathrht 
o opoÐoc pèftei eleÔjera na isqÔoun oi nìmoi thc Eidik c Sqetikìthtac. To epiqeÐrhma
autì den eÐnai �llo apì thn Arq  thc IsodunamÐac (Equivalence Principle)[4]. Suneq¸c
ergazìmenoc me thn pÐsth ìti h barÔthta mporeÐ na perigrafeÐ gewmetrik�, o Einstein
qrhsimopoÐhse thn idèa thc genik c sunalloi¸thtac (general covariance), ìti dhlad  ìloi
oi fusikoÐ nìmoi prèpei na eÐnai Ðdioi se ìla ta sust mata, gia thn dhmiourgÐa miac nèac
jewrÐac barÔthtac. H prìtash aut  isodunameÐ majhmatik� me th qr sh tanust¸n kai ètsi
to 1915 dhmosÐeuse tic exis¸seic pedÐou thc nèac tou jewrÐac, thc Genik c Sqetikìthtac
[5]:

Gµν ≡ Rµν − 1

2
gµνR =

8πG

c4
Tµν (1.1)

ìpou Gµν eÐnai o tanust c Einstein, Rµν eÐnai o tanust c Ricci, gµν eÐnai o metrikìc
tanust c o opoÐoc sqetÐzetai me to stoiqeÐo m kouc wc

ds2 = gµνdxµdxν (1.2)

kai T µ
ν eÐnai o tanust c enèrgeiac orm c, o opoÐoc gia èna idanikì reustì dÐnetai apì th

sqèsh[6]
T µ

ν = Pgµ
ν + (ρ + P )UµUν (1.3)

ìpou P eÐnai h pÐesh tou reustoÔ, ρ h puknìthta enèrgeiac kai Uµ ≡ dxµ

ds
eÐnai to tetr�nusma

thc taqÔthtac tou reustoÔ.
LÐgo argìtera, me thn apostol  tou Sir Arthur Eddington to 1919 apodeÐqjhke ìti h

nèa aut  jewrÐa sumfwneÐ ikanopoihtik� me tic problèyeic gia thn kampÔlwsh tou fwtìc
apì ton 'Hlio [8], en¸ lÐga qrìnia nwrÐtera eÐqe apodeiqjeÐ ìti epÐshc problèpei swst� kai
thn met�ptwsh tou perihlÐou tou Erm [5]. Blèpontac aut  thn epituqÐa thc jewrÐac amèswc
�rqisan na dhmiourgoÔntai kai ta pr¸ta kosmologik� montèla. Sto metaxÔ o Hubble[9]

1Gia mÐa endiafèrousa anaskìphsh all� kai thn trèqousa prìodo thc Genik c Sqetikìthtac, dec thn
anafor� [7].
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qrhsimopoi¸ntac mia om�da metaballìmenwn astèrwn, touc KhfeÐdec, eÐqe apodeÐxei ìti
ìqi mìno den brÐskontai ìla ta astèria mèsa sto GalaxÐa all� ìti up�rqoun kai �lloi
galaxÐec kai m�lista se polÔ meg�lec apost�seic.

Kaj¸c susswreÔontan suneq¸c parathr seic apì polÔ makrinoÔc galaxÐec ègine anti-
lhpt  h alhjin  klÐmaka tou sÔmpantoc. Mia polÔ shmantik  diapÐstwsh, h opoÐa ègine
nwrÐc kai proc th swst  kateÔjunsh,  tan ìti to sÔmpan se polÔ meg�lec klÐmakec, me-
galÔterec apì 200Mpc, prèpei na eÐnai omogenèc kai isìtropo. To ìti eÐnai omogenèc
shmaÐnei ìti eÐnai, kat� mèso ìro kai se meg�lec klÐmakec, to Ðdio se k�je shmeÐo, en¸ to
ìti eÐnai isìtropo shmaÐnei ìti deÐqnei to Ðdio se k�je dieÔjunsh. To gegonìc autì lègetai
Kosmologik  Arq  kai sthn orologÐa thc Genik c Sqetikìthtac metafr�zetai sto ìti h me-
trik  tou qwroqrìnou prèpei na eÐnai h legìmenh Friedmann-Lemaitre-Robertson-Walker
(FRLW)[10],[6]

ds2 = c2dt2 − α(t)2

(
dr2

1− kr2
+ r2(dθ2 + sin(θ)2dφ2)

)
(1.4)

ìpou h sun�rthsh α(t) eÐnai gnwst  wc o par�gontac klÐmakac (scale factor).
H kampulìthta (Gaussian curvature) tou qwrikoÔ mèrouc thc parap�nw metrik c, h

opoÐa se sumfwnÐa me thn Kosmologik  Arq  eÐnai stajer  se k�je shmeÐo tou q¸rou,
dÐnetai apì th sqèsh [6]

K(t) =
k

α(t)2
(1.5)

kai ekfr�zei to pìso apoklÐnei h gewmetrÐa tou q¸rou apì thn EukleÐdeia. Akìmh, o
par�gontac k ekfr�zei to prìshmo thc kampulìthtac tou q¸rou kai mporeÐ na èqei tic
timèc k = 0,±1, k�ti to opoÐo faÐnetai apì to ìti oi metasqhmatismoÐ

k → k

|k|
r →

√
|k|r

α → α

|k|
af noun th metrik  (1.4) analloÐwth. H perÐptwsh gia k = −1 antistoiqeÐ se stajer 
arnhtik  kampulìthta kai tìte o q¸roc apokaleÐtai anoiktìc, kaj¸c antistoiqeÐ se sa-
maroeidèc. 'Otan èqoume k = 0 tìte o q¸roc eÐnai epÐpedoc kai antistoiqeÐ sto gnwstì
EukleÐdeio q¸ro, en¸ h perÐptwsh gia k = +1 apokaleÐtai kleist  kai antistoiqeÐ se
stajer  jetik  kampulìthta, ìpwc eÐnai gia par�deigma mia sfaÐra (dec kai to sq ma 1.1).

To 1922 o Friedmann qrhsimopoi¸ntac thn metrik  (1.4) kai tic exis¸seic (1.1) thc
Genik c Sqetikìthtac br ke tic exis¸seic pou perigr�foun thn qronik  exèlixh tou par�-
gonta klÐmakac [12]

H2(α) =

(
α̇

α

)2

=
8πG

3
ρ(α)− k

α2
(1.6)

α̈

α
= −4πG

3
(ρ(α) + 3P (α)) (1.7)
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Sq ma 1.1: ParadeÐgmata kleist c gewmetrÐac k = +1 (p�nw) kai anoikt c k = −1 (k�tw).
To sq ma eÐnai apì thn istoselÐda [11].

ìpou ρ h mèsh energeiak  puknìthta thc Ôlhc mèsa se autì. Gia k�je tim  thc sun�rthshc
H(α) up�rqei kai mia eidik  tim  thc puknìthtac ρ h opoÐa ja apaiteÐto gia na gÐnei h
gewmetrÐa tou sÔmpantoc epÐpedh, dhlad  k = 0. Aut  eÐnai gnwst  wc krÐsimh puknìthta
(critical density) ρc kai eÐnai Ðsh me

ρc(t) =
3H2

8πG
(1.8)

Qrhsimopoi¸ntac thn exÐswsh (1.8) mporoÔme na orÐsoume thn adi�stath par�metro puknì-
thtac Ω, h opoÐa ekfr�zei to ti posostì thc krÐsimhc puknìthtac ρc apoteleÐ h puknìthta
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ρ, kai eÐnai Ðsh me
Ω(t) ≡ ρ

ρc

(1.9)

'Etsi, me ton orismì autì apì thn exÐswsh (1.6) prokÔptei ìti

Ω(α)− 1 =
k

α2H(α)2
(1.10)

'Omwc, gia thn pl rh perigraf  tou montèlou qreiazìmaste kai tic exis¸seic gia thn
exèlixh thc pÐeshc P kai thc puknìthtac enèrgeiac ρ tou idanikoÔ reustoÔ. Epeid  o
tanust c Einstein ikanopoieÐ thn tautìthta Bianchi[6]

∇νG
µν = 0 (1.11)

prokÔptei ìti to Ðdio prèpei na k�nei kai to dexÐ mèloc twn exis¸sewn (1.1), dhlad 

∇νT
µν = 0 (1.12)

h opoÐa antistoiqeÐ sthn exÐswsh thc sunèqeiac tou tanust  enèrgeiac orm c [6] kai apì
thn opoÐa paÐrnoume gia th qronik  sunist¸sa ∇νT

0ν

ρ̇ + 3H(ρ + P ) = 0 (1.13)

Wstìso, gia na mporèsoume na perigr�youme pl rwc to reustì mac qreiazìmaste kai mia
katastatik  exÐswsh, dhlad  mÐa sqèsh h opoÐa sundèei tic ρ kai P . MÐa apl  epilog , h
opoÐa wstìso kalÔptei mia meg�lh poikilÐa montèlwn, eÐnai h

P = w ρ (1.14)

ìpou h sun�rthsh w en gènei mporeÐ na exart�tai apì ton qrìno. H mh sqetikistik  Ôlh
den èqei pÐesh (P << ρ), opìte èqoume w = 0, en¸ gia thn aktinobolÐa, h opoÐa mporeÐ
na eÐnai eÐte fwc eÐte upersqetikistik� swmatÐdia, isqÔei P = 1

3
ρ opìte w = 1

3
. Apì thn

exÐswsh (1.13) mporoÔme na broÔme thn qronik  exèlixh thc puknìthtac gia stajerì w wc:

ρ = ρ0α
−3(1+w) (1.15)

h opoÐa gia w = 0 dÐnei ρ = ρ0α
−3, en¸ gia thn aktinobolÐa (w = 1

3
) paÐrnoume ρ = ρ0α

−4.
O Friedmann [12] br ke ìti oi exis¸seic (1.6) kai (1.7) epidèqontai lÔseic stic opoÐec

to sÔmpan eÐte diastèlletai eÐte sustèlletai, en¸ argìtera o Lemaitre[13] xanabr ke th
lÔsh gia èna diastellìmeno sÔmpan. Wstìso, o Einstein pÐsteue ìti to sÔmpan prèpei
na eÐnai statikì kai gi' autì prosèjese thn perÐfhmh, plèon, kosmologik  stajer� stic
exis¸seic pedÐou[14]

Rµν − 1

2
gµνR + Λgµν =

8πG

c4
Tµν (1.16)

¸ste h apwstik  dÔnamh pou ofeÐletai sthn kosmologik  stajer� na antitÐjetai sthn
elktik  dÔnamh thc barÔthtac kai na eÐnai dunat  h Ôparxh enìc statikoÔ sÔmpantoc.
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'Omwc to 1929 o Hubble sundèontac tic metr seic tou twn apost�sewn poll¸n galaxi¸n
me tic metr seic erujr¸n metatopÐsewn apì touc Ðdiouc galaxÐec diapÐstwse ìti autèc tic
dÔo posìthtec tic sundèei h grammik  sqèsh[9]

υ = H0d (1.17)

ìpou υ = cz eÐnai h taqÔthta apom�krunshc tou galaxÐa kai brÐsketai apì thn erujr 
metatìpish z pou eÐnai metr simh kai d eÐnai h apìstash tou galaxÐa, h opoÐa mporeÐ na
brejeÐ apì mia om�da metablht¸n astèrwn, touc KhfeÐdec. Apì thn prohgoÔmenh grammik 
sqèsh mpìrese m�lista na brei[9] kai thn tim  thc paramètrou H0 (gnwst c wc paramètrou
Hubble) Ðsh me H0 = 500km/s/Mpc, h opoÐa an kai eÐnai polÔ megalÔterh apì th s mera
apodekt  tim [15] H0 = 72 ± 8km/s/Mpc, apotèlese thn pr¸th apìdeixh ìti to sÔmpan
diastèlletai.

'Opwc eÐdame, h par�metroc H = α̇
α
metr�ei to rujmì diastol c tou sÔmpantoc me H0 na

eÐnai h tim  aut c thc paramètrou s mera. 'Allh mÐa polÔ qr simh posìthta eÐnai o rujmìc
epibr�dunshc q, o opoÐoc onom�zetai ètsi gia istorikoÔc plèon lìgouc, kai orÐzetai wc

q ≡ − α̈α

α̇2
(1.18)

Qrhsimopoi¸ntac tic exis¸seic (1.6), (1.7) kai (1.18) brÐskoume ìti

q(α) =
1 + 3w

2
Ω(α) (1.19)

'Etsi, an gnwrÐzoume poi� eÐnai akrib¸c h katastatik  exÐswsh w, tìte mporoÔme na broÔme
thn par�metro Ω, kaj¸c o par�gontac epibr�dunshc eÐnai metr simoc.

SunoyÐzontac, an jewr soume ìti s mera to sÔmpan diastèlletai, tìte prèpei sto
pareljìn na  tan pio mikrì, pio puknì kai pio jermì ft�nontac ètsi se mia epoq  pou
epikratoÔsan akraÐec jermokrasÐec kai puknìthtec. 'Olo autì to kosmologikì montèlo
èqei onomasteÐ jewrÐa thc Meg�lhc 'Ekrhxhc (Big Bang). Eirwnik�, o ìroc autìc eÐqe a-
podojeÐ apì ton Fred Hoyle se mia prosp�jeia meÐwshc thc spoudaiìthtac thc jewrÐac[17].
Wstìso, mÐa sqedìn �mesh epibebaÐwsh thc jewrÐac proèkuye to 1965 ìtan anakalÔfjh-
ke apì touc Penzias kai Wilson[18] h Kosmik  AktinobolÐa Mikrokum�twn Upob�jrou
(Cosmic Microwave Background Radiation).

H Kosmik  AktinobolÐa Mikrokum�twn Upob�jrou eÐqe problefjeÐ jewrhtik� apì
to 1948 apì touc George Gamow kai Ralph Alpher[19],[20], oi opoÐoi ektÐmhsan ìti ja
èprepe na èqei mia jermokrasÐa thc t�xhc twn 5K. Wstìso, h peiramatik  epibebaÐwsh thc
Ôparx c thc  lje to 1965 apì touc Penzias kai Wilson[18] upì th morf  miac epiplèon
jermokrasÐac 3.5K thc keraÐac pou qrhsimopoioÔsan gia peir�mata thlepikoinwni¸n. H
ex ghsh tou fainomènou, h opoÐa uposthrÐzei thn jewrÐa thc Meg�lhc 'Ekrhxhc, eÐnai ìti
to pr¸imo sÔmpan apoteloÔntan apì jermì pl�sma baruonÐwn, hlektronÐwn kai fwtonÐwn,
me ta teleutaÐa na brÐskontai se suneq  allhlepÐdrash me to pl�sma mèsw thc skèdashc
Thomson. 'Omwc, ìpwc to sÔmpan diastèllontan, h jermokrasÐa tou pl�smatoc �rqise
na mei¸netai kai ètsi ta hlektrìnia mpìresan na sundejoÔn me ta prwtìnia sqhmatÐzontac
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Sq ma 1.2: To f�sma thc Kosmik c AktinobolÐac Mikrokum�twn Upob�jrou ìpwc me-
tr jhke apì ton dorufìro COBE [16]. 'Opwc faÐnetai, h sumfwnÐa me to f�sma mèlanoc
s¸matoc eÐnai kataplhktik , kaj¸c ta sf�lmata èqoun megenjujeÐ kat� èna par�gonta
400.

�toma udrogìnou[21]. Autì sunèbh ìtan h jermokrasÐa  tan perÐpou 3000K   qronik�
se 400.000 èth met� th Meg�lh 'Ekrhxh (z = 1088) apì thn opoÐa stigm  ta fwtìnia
 tan plèon se jèsh na taxideÔoun eleÔjera. H ìlh aut  diadikasÐa lègetai epanasÔndesh
(recombination)[22],[23]. Sta plaÐsia thc jewrÐac thc Meg�lhc 'Ekrhxhc problèpetai
ìti h Kosmik  AktinobolÐa Mikrokum�twn Upob�jrou ja prèpei na eÐnai isotropik  kai
na èqei f�sma mèlanoc s¸matoc (dec kai to sq ma 1.2), dÔo problèyeic pou èqoun  dh
epibebaiwjeÐ[16].
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1.2 Prokl seic sto montèlo thc Meg�lhc 'Ekrhxhc
An kai h jewrÐa thc Meg�lhc 'Ekrhxhc ap�nthse se poll� erwt mata, up�rqoun k�poia
zht mata sta opoÐa h ap�nthsh den eÐnai tìso eÔkolh [24]:

• To prìblhma tou orÐzonta: 'Opwc faÐnetai apì tic parathr seic to sÔmpan se meg�lec
klÐmakec (∼ 100Mpc) kai kat� mèso ìro eÐnai omogenèc. Wstìso, lìgw thc pepe-
rasmènhc hlikÐac tou sÔmpantoc, up�rqei èna ìrio (ènac orÐzontac) sthn apìstash
sthn opoÐa dÔo apomakrusmènec perioqèc mporoÔn na eÐnai se aitiokratik  epaf .
Autì shmaÐnei ìti sto pareljìn up rqan perioqèc mh aitiokratik� sundedemènec me
sunèpeia na mhn mporoÔn na èrjoun se jermik  isorropÐa ¸ste na exafanistoÔn ètsi
oi anomoiogèneiec. Autì bèbaia èrqetai se antÐjesh me thn Kosmik  AktinobolÐa
Mikrokum�twn Upob�jrou, h opoÐa eÐnai exairetik� omoiìmorfh[16].

• To prìblhma thc epipedìthtac: 'Opwc eÐdame, to sÔmpan mporeÐ na èqei jetik , ar-
nhtik    mhdenik  kampulìthta analìgwc me thn olik  puknìthta enèrgeiac. 'Omwc,
apì pollèc parathr seic brÐsketai ìti to sÔmpan mèsa sta ìria twn parathrhsiak¸n
abebaiot twn faÐnetai pwc eÐnai epÐpedo. 'Enac eÔkoloc upologismìc me qr sh thc
exÐswshc (1.10) deÐqnei ìti èna epÐpedo sÔmpan eÐnai polÔ astajèc [25]:

Ω(α)− 1 =
k

α2H(α)2
(1.20)

ìpou gia par�deigma gia èna sÔmpan pou kuriarqeÐtai apì thn Ôlh, qrhsimopoi¸ntac
thn exÐswsh Friedmann (1.6), mporeÐ na brejeÐ ìti α2H2 ∝ t−2/3 opìte Ω(α) − 1 ∝
t2/3. 'Etsi, h diafor� an�mesa sto Ω kai to 1 eÐnai mia aÔxousa sun�rthsh tou
qrìnou, opìte gia na eÐnai s mera to sÔmpan epÐpedo, prèpei na  tan kai sto pareljìn
me tromer  akrÐbeia.

• Ta magnhtik� monìpola: 'Olec oi Meg�lec Enopoihmènec JewrÐec (Grand Unification
Theories) problèpoun thn Ôparxh topologik¸n atelei¸n (topological defects), mÐa
ek twn opoÐwn eÐnai ta magnhtik� monìpola, ta opoÐa sqhmatÐzontai sÔmfwna me to
mhqanismì Kibble[26] kat� to sp�simo miac sfairik c summetrÐac. Ta monìpola aut�
ja eÐqan polÔ meg�lh m�za (mmon ∼ 1015 GeV) kai puknìthta, ètsi ¸ste h shmerin 
tim  thc adi�stathc paramètrou puknìthtac Ω ja  tan Ω À 1, dhmiourg¸ntac me
autì ton trìpo èna kleistì sÔmpan.

• To prìblhma thc baruonik c asummetrÐac: Oi parathr seic faÐnetai na upodeiknÔoun
ìti ìlo to oratì sÔmpan apoteleÐtai apì th gnwst  se ìlouc Ôlh. 'Etsi, bgaÐnei to
sumpèrasma ìti polÔ nwrÐc prèpei na dhmiourg jhke mia asummetrÐa metaxÔ thc Ôlhc
kai thc antiÔlhc.

• H skotein  Ôlh: Apì to 1933 q�rh se parathr seic tou Zwicky[27], eÐnai gnwstì
ìti sta sm nh galaxi¸n, all� kai stouc galaxÐec touc Ðdiouc, up�rqei mh orat  Ôlh
h opoÐa ìqi mìno gÐnetai antilhpt  q�rh sth barutik  thc allhlepÐdrash kai mìno,
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all� faÐnetai pwc apoteleÐ kai to megalÔtero posostì thc Ôlhc sto sÔmpan. Plèon,
h Ôparxh thc skotein c Ôlhc èqei epibebaiwjeÐ apì p�ra pollèc parathr seic, ìpwc
oi kampÔlec peristrof c twn galaxi¸n[28], h diaspor� twn taqut twn twn galaxi¸n
kai twn smhn¸n aut¸n, h Kosmik  AktinobolÐa Mikrokum�twn Upob�jrou[29], h
katanom  thc Ôlhc se meg�lec klÐmakec (large scale structure) kai oi parathr seic
asjen¸n barutik¸n fak¸n (weak gravitational lensing)[30].

• H epitaqunìmenh diastol : To 1998 dÔo om�dec[31] pou parathroÔsan uperkainofa-
neÐc astèrec tÔpou Ia pou jewroÔntai kajierwmèna keri� (standard candles), dhlad 
astèrec twn opoÐwn h mègisth lamprìthta kat� thn èkrhxh touc eÐnai gnwst  kai Ðdia
gia ìlouc, anèferan ìti autoÐ oi astèrec den  tan tìso lamproÐ ìpwc anamenìtan
se sqèsh me èna sÔmpan sto opoÐo kuriarqeÐ h Ôlh. 'Ena tètoio sÔmpan lìgw thc
Ôparxhc thc Ôlhc, ìpwc faÐnetai kai apì thn exÐswsh (1.7), anamènetai na diastèl-
letai epibradunìmena. 'Omwc, h epitaqunìmenh diastol  sunep�getai thn Ôparxh miac
apwstik c dÔnamhc, h opoÐa prèpei na kuriarqeÐ thc barÔthtac se meg�lec klÐmakec,
en¸ se mikrèc klÐmakec na mhn gÐnetai antilhpt , ¸ste na mhn up�rqei diafwnÐa me
tic parathr seic sto hliakì sÔsthma.

Ta trÐa pr¸ta erwt mata apant¸ntai sta plaÐsia thc jewrÐac tou plhjwrismoÔ [32],[33].
SÔmfwna me aut  th jewrÐa èna omogenèc kai isìtropo bajmwtì pedÐo kuri�rqhse sto sÔ-
mpan se polÔ pr¸imec epoqèc, me sunèpeia to sÔmpan na èqei gia èna qronikì di�sthma
upeisèljei se ekjetik  diastol . Autì èqei wc sunèpeia o orÐzontac na diastèlletai polÔ
pio gr gora apì ìti upotèjhke prin, ètsi ¸ste perioqèc pou s mera faÐnontai na eÐnai se te-
leÐwc antÐjetec perioqèc tou ouranoÔ na èqoun èrjei sto pareljìn se aitiokratik  epaf .
EpÐshc, lìgw thc ekjetik c diastol c kat� thn epoq  tou plhjwrismoÔ h kampulìthta,
toul�qiston topik� teÐnei na mhdenisteÐ, en¸ tautìqrona me ton Ðdio mhqanismì lÔnetai kai
to prìblhma twn magnhtik¸n monopìlwn, ta opoÐa, akìma kai an up rxan, h puknìthta
touc plèon ja eÐnai tìso mikr  pou den ja aniqneÔontai.

'Oson afor� th skotein  Ôlh, kat� kairoÔc èqoun protajeÐ di�foroi upoy fioi, oi opoÐ-
oi prèpei na mhn ekpèmpoun   aporrofoÔn hlektromagnhtik  aktinobolÐa, all� na gÐnetai
gnwst  h Ôparxh touc mìno barutik�, wstìso kanènac touc den eÐnai apolÔtwc ikanopoih-
tikìc. MerikoÐ apì autoÔc touc upoy fiouc eÐnai[34] ta �maza kai èmmaza netrÐna, di�fora
stoiqei¸dh swm�tia gnwst� wc WIMPs, kai me ligìterec pijanìthtec ta axiìnia[35] all�
kai oi kafè n�noi, oi maÔrec trÔpec kai tèloc ta skotein� nèfh. Prèpei na anaferjeÐ ìti
up�rqoun kai pio exwtikèc prot�seic, ìpwc ìti to prìblhma thc skotein c Ôlhc mporeÐ na
ofeÐletai se diorj¸seic thc gnwst c fusik c me par�deigma th jewrÐa MOND[36], h opoÐa
diorj¸nei to 2o nìmo tou NeÔtwna sto ìrio twn polÔ mikr¸n epitaqÔnsewn.

Tèloc, gia to prìblhma thc epitaqunìmenhc diastol c èqoun protajeÐ di�forec jewrÐec
oi opoÐec qrhsimopoioÔn th Skotein  Enèrgeia (Dark Energy). 'Ena genikì qarakthristikì
ìlwn aut¸n eÐnai ìti sÔmfwna me pollèc parathr seic h Skotein  Enèrgeia faÐnetai na
kuriarqeÐ sto sÔmpan apotel¸ntac p�nw apì to 70% thc enèrgeiac tou sÔmpantoc. Mèsa
sta plaÐsia thc Genik c Sqetikìthtac, ìpwc ja doÔme kai se epìmeno kef�laio, h Skotein 
Enèrgeia apodÐdetai genik� sthn Ôparxh enìc idanikoÔ reustoÔ me arnhtik  pÐesh eÐte
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isodÔnama se èna bajmwtì pedÐo me kat�llhlo dunamikì gnwstì wc Quintessence[37].
To pio aplì tètoio montèlo eÐnai h kosmologik  stajer�, pou ìpwc eÐdame, prot�jhke
apì ton Ðdio ton Einstein, gia �llo ìmwc lìgo. Merikèc pio polÔplokec enallaktikèc
jewrÐec perilamb�noun bajmwt� pedÐa me arnhtikì prìshmo ston kinhtikì ìro, gnwstì wc
Phantom[38] all� kai bajmwt� pedÐa me genikeumènouc kinhtikoÔc ìrouc (k-essence)[39].

Wstìso, ta teleutaÐa qrìnia polloÐ jewrhtikoÐ fusikoÐ pisteÔoun ìti to prìblhma
thc epitaqunìmenhc diastol c   isodÔnama thc Ôparxhc thc Skotein c Enèrgeiac mporeÐ na
exhghjeÐ me pio fusikì kai stèreo jewrhtik� trìpo upojètontac ìti h Genik  Sqetikì-
thta katarrèei se klÐmakec megalÔterec thc t�xhc twn upersmhn¸n twn galaxi¸n. 'Etsi,
up�rqoun sth bibliografÐa pollèc jewrÐec pou perilamb�noun genikeÔseic thc Genik c Sqe-
tikìthtac, ìpwc eÐnai oi f(R) jewrÐec [40] pou ja melet soume sto kef�laio 4, jewrÐec
me bajmwt� pedÐa apeujeÐac suzeugmèna me to barutikì pedÐo ìpwc eÐnai oi Scalar-Tensor
jewrÐec[41],[42],[43] all� kai jewrÐec me Lagkranzianèc pou perilamb�noun ìrouc Gauss -
Bonnet[44].

Meg�lo endiafèron jewrhtik� parousi�zoun epÐshc kai oi jewrÐec me èxtra diast�seic
dedomènou ìti sthrÐzontai jewrhtik� sth jewrÐa qord¸n. H basik  idèa aut¸n twn je-
wri¸n eÐnai ìti to oratì tetradi�stato sÔmpan (kai ìla ta swmatÐdia tou Kajierwmènou
Montèlou) eÐnai periorismèno se mia uperepif�neia (brane), h opoÐa brÐsketai mèsa se èna
uperq¸ro (bulk) 4+d diast�sewn (me d ≥ 1). Oi epiplèon diast�seic mporeÐ na eÐnai mikrèc
sumpageÐc (compact), sthn opoÐa perÐptwsh èqoun peperasmèno m koc sun jwc polÔ mikrì
¸ste na mhn eÐnai parathr simec, ìpwc gÐnetai sto montèlo Kaluza - Klein [45], [46],   na
eÐnai arket� meg�lec akìma kai �peirec me thn gnwst  Ôlh na eÐnai periorismènh p�nw sthn
uperepif�neia [47], [48].

Se aut  th didaktorik  diatrib  ja melet soume k�poiec apì tic lÔseic pou anafèrame
parap�nw gia to prìblhma thc epitaqunìmenhc diastol c tou sÔmpantoc kai ja qrhsi-
mopoi soume ta trèqonta kosmologik� dedomèna, ìpwc eÐnai oi uperkainofaneÐc astèrec
tÔpou Ia, h Kosmik  AktinobolÐa Mikrokum�twn Upob�jrou kai �lla, gia na elègxoume
thn sumbatìthta twn montèlwn aut¸n me tic parathr seic.
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Kef�laio 2

EIDH KOSMOLOGIKWN
PARATHRHSEWN

2.1 Eisagwg 
'Opwc èqei anaferjeÐ kai sto prohgoÔmeno kef�laio, h epitaqunìmenh diastol  tou sÔ-
mpantoc mporeÐ na ofeÐletai eÐte sthn Skotein  Enèrgeia eÐte stic genikeumènec jewrÐec
barÔthtac. Kai oi dÔo peript¸seic èqoun qarakthristikèc problèyeic, èna eÐdoc upograf c
gia thn k�je perÐptwsh. Gia na anagnwristoÔn autèc oi upografèc prèpei na brejeÐ me
meg�lh akrÐbeia h sun�rthsh H(z) kai autì apaiteÐ èna sunduasmì apì di�forec kosmolo-
gikèc parathr seic. Autèc genik� mporoÔn na qwristoÔn se dÔo kathgorÐec [49] sÔmfwna
me tic mejìdouc pou qrhsimopoi jhkan gia na brejeÐ h H(z):

• Oi Gewmetrikèc parathr seic aniqneÔoun thn gewmetrÐa tou sÔmpantoc se meg�-
lh klÐmaka mèsw thc ex�rthshc twn di�forwn kosmologik¸n apost�sewn (dL(z)  
dA(z)) sthn erujr  metatìpish z. Sunep¸c, prosdiorÐzoun thn H(z) anex�rthta apì
to an isqÔoun oi exis¸seic Einstein.

• Oi Dunamikèc parathr seic prosdiorÐzoun thn sun�rthsh H(z) metr¸ntac thn exèli-
xh thc puknìthtac enèrgeiac (tou upob�jrou   twn diataraq¸n) kai qrhsimopoi¸ntac
mia jewrÐa barÔthtac mporoÔme na ta susqetÐsoume me thn gewmetrÐa, dhlad  thn
H(z). Autèc oi mèjodoi basÐzontai sthn gn¸sh twn dunamik¸n exis¸sewn pou sun-
dèoun thn gewmetrÐa me thn enèrgeia kai sunep¸c mporoÔn na qrhsimopoihjoÔn se
sunduasmì me tic gewmetrikèc parathr seic gia na elegqjoÔn oi dunamikèc exis¸seic.

ParadeÐgmata gewmetrik¸n mejìdwn eÐnai:
1. H apìstash lamprìthtac dL(z), h opoÐa prosdiorÐzetai qrhsimopoi¸ntac touc u-

perkainofaneÐc astèrec tÔpou Ia [31],[50],[51] kai h opoÐa gia èna epÐpedo sÔmpan
sqetÐzetai me thn H(z) wc ex c[22]

dL(z) = c(1 + z)

∫ z

0

dz′

H(z′)
(2.1)
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2. H gwniak  diametrik  apìstash dA(zrec), h opoÐa prosdiorÐzetai qrhsimopoi¸ntac thn
Kosmik  AktinobolÐa Mikrokum�twn Upob�jrou [29],[52] kai h opoÐa upologÐzetai
thn epoq  thc epanasÔndeshc zrec wc:

dA(zrec) =
1

1 + zrec

∫ zrec

0

dz′

H(z′)
(2.2)

3. H klÐmaka tou hqhtikoÔ orÐzonta metroÔmenh se sqetik� mikrèc erujrèc metatopÐseic
(zBAO ∼ 0.35), h opoÐa upologÐzetai mèsw twn sunart sewn susqètishc (correlation
functions) apì tic èreunec erujr c metatìpishc thc dom c meg�lhc klÐmakac [53]

DV (z) =

[(∫ zBAO

0

dz

H(z)

)2
zBAO

H(zBAO)

]1/3

(2.3)

4. To posostì thc m�zac twn baruonÐwn thc Ôlhc se sm nh galaxi¸n me b�sh tic èreunec
me aktÐnec Q

fgas =
Mgas

Mtot

(2.4)

h opoÐa jewreÐtai stajer  gia ìla ta sm nh kai an�logh thc posìthtac Ωb

Ω0m
. H

mèjodoc aut  mporeÐ na qrhsimopoihjeÐ gia thn eÔresh thc gwniak c diametrik c
apìstashc [54],[55],[56] twn smhn¸n galaxi¸n.

'Ena par�deigma dunamik c mejìdou anÐqneushc thc gewmetrÐac eÐnai h uperpuknìthta
twn diataraq¸n thc Ôlhc δ(α) (matter overdensity all� gnwst  kai wc growth factor) pou
orÐzetai wc [22]

δ(α) ≡
δρ
ρ
(α)

δρ
ρ
(α = 1)

(2.5)

ìpou ρ eÐnai h mèsh puknìthta thc Ôlhc, en¸ δρ eÐnai h diataraq  se pr¸th t�xh aut c.
Sthn sunèqeia ja perigrafoÔn ìlec autèc oi mèjodoi analutik� kai ja qrhsimopoihjoÔn
kat� th melèth jewrhtik¸n montèlwn kai thn eÔresh parathrhsiak¸n periorism¸n sta
plaÐsia, all� kurÐwc kai pèra apì aut�, thc Genik c Sqetikìthtac.

2.2 Gewmetrikèc mèjodoi

2.2.1 UperkainofaneÐc astèrec tÔpou Ia
'Ena apì ta pio qr sima parathrhsiak� ergaleÐa eÐnai anamfÐbola oi uperkainofaneÐc astè-
rec tÔpou Ia (Supernovae Ia - SnIa). Aut� prokÔptoun apì dipl� �stra, ek twn opoÐwn to
èna apì ta dÔo èqei m�za k�tw apì to ìrio Chandrasekhar kai telik� katal gei[57] (afoÔ
to udrogìno kai to  lio kaoÔn) wc leukìc n�noc uposthrizìmenoc plèon apì thn pÐesh
ekfulismoÔ. 'Otan o �lloc sunodìc gÐnei erujrìc gÐgantac tìte o leukìc n�noc arqÐzei na
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aporrof� m�za apì ta an¸tera str¸mata tou erujroÔ gÐganta kai ètsi proskt�tai m�za.
'Otan h m�za tou leukoÔ n�nou gÐnei Ðsh me to ìrio Chandrasekhar, tìte h pÐesh ekfu-
lismoÔ den mporeÐ na sugkrat sei thn barutik  pÐesh[58], o leukìc n�noc surrikn¸netai
kai aux�nei thn jermokrasÐa tou xekin¸ntac thn sÔnthxh tou �njraka. Autì prokaleÐ mÐa
bÐaih èkrhxh[59] h opoÐa aniqneÔetai apì thn kampÔlh fwtìc h opoÐa aux�nei thn fwteinì-
thta tou astèra se qronikì di�sthma ligìtero tou enìc m na, ft�nei sth mègisth tim  thc
kai exafanÐzetai se 1 − 2 m nec. Oi uperkainofaneÐc astèrec tÔpou Ia eÐnai idanikoÐ gia
metr seic apìstashc sthn kosmologÐa gia polloÔc lìgouc[60]:

1. 'Eqoun uperbolik� meg�lh lamprìthta h opoÐa sto mègistì thc mporeÐ na ft�sei ta
M ' −19 apìluta megèjh.

2. 'Eqoun sqetik� mikr  diaspor� sto mègisto apìluto mègejoc.

3. O mhqanismìc dhmiourgÐac touc eÐnai perÐpou o Ðdioc kai eÐnai kal� katanohtìc.

4. SÔmfwna me th gnwst  fusik , o mhqanismìc thc èkrhxhc[60] den exelÐssetai kosmo-
logik�.

5. Up�rqoun arketoÐ topikoÐ uperkainofaneÐc astèrec pou mporoÔn na qrhsimopoihjoÔn
gia na dokimasjeÐ h fusik  tou mhqanismoÔ thc èkrhxhc kai gia na upologisteÐ to
apìlutì touc mègejoc.

AntÐjeta, to kÔrio prìblhma gia thn qr sh twn uperkainofan¸n astèrwn tÔpou Ia wc
�kajierwmèna keri�� (standard candles) eÐnai ìti den eÐnai eÔkolo na entopistoÔn kai eÐnai
entel¸c adÔnato na problefjeÐ mÐa èkrhxh. M�lista o anamenìmenoc arijmìc ekr xewn
an� galaxÐa eÐnai 1-2 thn qilietÐa. EÐnai epomènwc shmantikì na anaptuqjeÐ mÐa apodotik 
strathgik  eÔreshc uperkainofan¸n astèrwn pou brÐskontai akìma se pr¸imo st�dio thc
kampÔlhc fwtìc touc. H mèjodoc pou qrhsimopoieÐtai (me mikrèc parallagèc) gia thn
anak�luyh kai thn parakoloÔjhsh fwtometrik� kai fasmatoskopik� twn uperkainofan¸n
astèrwn eÐnai h ex c[61]:

1. GÐnetai parakoloÔjhsh enìc meg�lou pedÐou tou ouranoÔ èxw apì to epÐpedo tou
GalaxÐa. Se k�je komm�ti tou ouranoÔ brÐskontai dek�dec qili�dec galaxÐec.

2. 'Epeita apì treic ebdom�dec (met� to nèo fegg�ri) gÐnetai parat rhsh twn Ðdiwn
perioq¸n tou ouranoÔ.

3. GÐnetai afaÐresh twn fwtografi¸n pou apokalÔptei kat� mèso ìro 12-14 uperkai-
nofaneÐc astèrec.

4. ProgrammatÐzetai ek twn protèrwn fasmatoskopik  kai fwtometrik  an�lush au-
t¸n twn uperkainofan¸n astèrwn kat� thn qronik  perÐodo pou h fwteinìtht� touc
ft�nei sto mègisto.
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Dedomènou ìti to qronikì di�sthma metaxÔ thc pr¸thc kai thc deÔterhc parat rhshc
eÐnai sqetik� mikrì (treic ebdom�dec), oi perissìteroi uperkainofaneÐc astèrec den pro-
labaÐnoun na ft�soun sth mègisth fwteinìthta kai sunep¸c ìlec sqedìn oi parathr seic
gÐnontai prin to mègisto. Mèsw aut c thc strathgik c èna kat� ta �lla sp�nio gegonìc
mporeÐ na melethjeÐ susthmatik�. Wc apotèlesma paÐrnoume èna set apì kampÔlec fw-
tìc twn uperkainofan¸n astèrwn se di�forec perioqèc tou f�smatoc. Autèc oi kampÔlec
fwtìc eÐnai metaxÔ touc parìmoiec kai h mègist  touc fainìmenh fwteinìthta mporeÐ na
qrhsimopoihjeÐ gia na kataskeuasteÐ èna di�gramma Hubble, upojètontac ìti h apìluth
fwteinìthta eÐnai Ðdia. Wstìso, protoÔ gÐnei autì prèpei na gÐnoun merikèc diorj¸seic
¸ste na sunupologistoÔn oi mikrèc eggeneÐc diaforèc sthn apìluth fwteinìthta (lìgw
miac pijan c diafor�c sth sÔstash) metaxÔ twn uperkainofan¸n astèrwn kaj¸c kai h
aporrìfhsh thc aktinobolÐac apì to endogalaxiakì ulikì.

Me thn qr sh kontin¸n uperkainofan¸n astèrwn èqei parathrhjeÐ empeirik� ìti oi mi-
krèc diaforèc sthn apìluth fwteinìthta twn uperkainofan¸n astèrwn sqetÐzetai me tic
diaforèc sto sq ma twn kampul¸n fwtìc touc. Farduèc, kai arg� fjÐnousec kampÔlec
fwtìc (me par�gonta elastikìthtac s > 1) antistoiqoÔn se lamprìterouc uperkainofaneÐc
astèrec en¸ stenìterec kai taqèwc fjÐnousec kampÔlec fwtìc (me par�gonta elastikìth-
tac s < 1) antistoiqoÔn se pio amudroÔc uperkainofaneÐc astèrec [62]. Aut  h ex�rthsh
thc apìluthc fwteinìthtac twn uperkainofan¸n astèrwn ston par�gonta elastikìthtac
èqei parathrhjeÐ qrhsimopoi¸ntac kontinoÔc uperkainofaneÐc astèrec [63]. 'Eqei deiqjeÐ ì-
ti h sustol  fardu¸n kampÔlwn fwtìc tautìqrona elatt¸nontac thn mègisth fwteinìthta
kai h diastol  sten¸n kampÔlwn fwtìc tautìqrona aux�nontac thn mègisth fwteinìthta
k�nei tic kampÔlec fwtìc na sumpÐptoun (sq ma 2.1).

Tautìqrona me thn diìrjwsh tou par�gonta elastikìthtac qrei�zetai kai mÐa �llh
protoÔ sugkrijoÔn oi kampÔlec fwtìc makrin¸n uperkainofan¸n astèrwn me autèc twn
kontin¸n. Sugkekrimèna ìlec oi kampÔlec fwtìc prèpei na metasqhmatistoÔn sto Ðdio sÔ-
sthma anafor�c kai sugkekrimèna sto sÔsthma hremÐac tou uperkainofanoÔc astèra. Gia
par�deigma, h kampÔlh fwtìc apì èna uperkainofan  astèra qamhl c erujr�c metatìpishc
z (kontinì) pou brÐsketai sthn mple B perioq  tou f�smatoc prèpei na sugkrijeÐ me thn
antÐstoiqh kampÔlh fwtìc apì èna uperkainofan  astèra uyhl c erujr�c metatìpishc z
(makrinì) pou brÐsketai sthn kìkkinh R perioq  tou f�smatoc. O metasqhmatismìc autìc
epÐshc perilamb�nei kai diorj¸seic gia thn kosmologik  diastol  tou qrìnou (gegonìta se
erujr  metatìpish z diarkoÔn 1+z forèc perissìtero apì gegonìta sto z ' 0). Oi dior-
j¸seic autèc perilamb�noun thn diìrjwsh K (K-correction)[64],[65] kai qrhsimopoieÐtai se
sunduasmì me thn diìrjwsh tou par�gonta elastikìthtac s pou anafèrjhke parap�nw.

AfoÔ gÐnoun oi proanaferjeÐsec diorj¸seic tìte ta dedomèna mporoÔn na qrhsimo-
poihjoÔn gia thn exagwg  plhroforÐac. Sugkekrimèna, ac jewr soume mÐa fwtein  phg 
kosmologik c proèleushc pou ekpèmpei aktinobolÐa olik c isqÔoc L (apìluth lamprìthta)
se sugkekrimèno m koc kÔmatoc kai ènan parathrht  se apìstash dL apì thn phg . H
aktinoboloÔmenh isqÔc katanèmetai sthn sfairik  epif�neia me aktÐna dL opìte h èntash l
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Sq ma 2.1: Arister�: To eÔroc thc kampÔlhc fwtìc gia kontinoÔc uperkainofaneÐc astè-
rec pou anakalÔfjhkan apì thn èreuna Calan/Tololo Supernova Survey. Se autèc tic
erujrèc metatopÐseic , oi sqetikèc apost�seic mporoÔn na upologistoÔn ètsi oi sqetikèc
lamprìthtec eÐnai gnwstèc. Dexi�: Oi Ðdiec kampÔlec fwtìc met� thn rÔjmish thc lamprì-
thtac qrhsimopoi¸ntac thn �elastikìthta� thc qronik c klÐmakac thc kampÔlhc fwtìc wc
èndeixh thc lamprìthtac (kai to qr¸ma sthn koruf  wc èndeixh thc aporrìfhshc) (apì
thn anafor� [63]).

(fainìmenh lamprìthta) pou aniqneÔetai apì ton parathrht  eÐnai[24],[22]

l =
L

4πd2
L

(2.6)

H posìthta

dL ≡
√

L

4πl
(2.7)

eÐnai gnwst  wc apìstash lamprìthtac (luminosity distance) kai se èna statikì EukleÐ-
deio sÔmpan sumpÐptei me thn kanonik  apìstash. All�, se èna diastellìmeno sÔmpan,
h enèrgeia thc aktinobolÐac pou aniqneÔetai apì ton parathrht  èqei elattwjeÐ ìqi mìno
lìgw thc katanom c twn fwtonÐwn sthn sfairik  epif�neia all� kai epeid  h enèrgeia
twn fwtonÐwn èqei metatopisteÐ proc to erujrì en¸ o rujmìc anÐqneus c touc elatt¸netai
sugkrinìmenoc me ton rujmì ekpomp c lìgw thc diastol c tou sÔmpantoc [66]. To kajèna
apì aut� ta dÔo fainìmena dÐnei mÐa meÐwsh thc aniqneuìmenhc enèrgeiac kat� èna par�-
gonta α(t0)

α(t)
= (1 + z), ìpou α(t) eÐnai o kanonikopoihmènoc par�gontac kosmik c klÐmakac

tou sÔmpantoc thn qronik  stigm  t kai t0 eÐnai h paroÔsa qronik  stigm . Sun jwc to
α(t) eÐnai kanonikopoihmèno ètsi ¸ste α(t0) = 1. Sunep¸c, h parathroÔmenh fainìmenh
lamprìthta se èna diastellìmeno sÔmpan mporeÐ na grafeÐ wc

l =
L

4πα(t0)2x(z)2(1 + z)2
(2.8)
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ìpou x(z) eÐnai h omokinoÔmenh (comoving) apìstash wc to fwteinì antikeÐmeno pou ek-
pèmpei me erujr  metatìpish z. Autì proôpojètei ìti se èna diastellìmeno sÔmpan h
apìstash lamprìthtac dL(z) sqetÐzetai me thn omokinoÔmenh apìstash x(z) mèsw thc
sqèshc

dL(z) = x(z)(1 + z) (2.9)

Dedomènou ìti oi fwtoeideÐc gewdaisiakèc se èna epÐpedo diastellìmeno sÔmpan ikano-
poioÔn th sqèsh ds2 = 0 [6], apì th sqèsh (2.9) brÐskoume ìti

c dt = α(z) dx(z) (2.10)

kai ètsi mporoÔme na ekfr�soume to rujmì diastol c tou sÔmpantoc H(z) ≡ α̇
α
(z) se mia

erujr  metatìpish z (ìpou o par�gontac klÐmakac α = 1
1+z

) sunart sei thc parathroÔme-
nhc apìstashc lamprìthtac wc ex c

H(z) = c

(
d

dz
(
dL(z)

1 + z
)

)−1

(2.11)

H sqèsh aut  sundèei thn jewrhtik� problepìmenh H(z) me thn parathr simh tim  thc
apìstashc lamprìthtac dL(z) se èna epÐpedo sÔmpan. Sunep¸c, an h apìluth lamprìthta
enìc kosmologikoÔ antikeimènou eÐnai gnwst  kai h fainìmenh lamprìthta èqei metrhjeÐ
wc sun�rthsh thc erujr c metatìpishc, tìte h exÐswsh (2.7) mporeÐ na qrhsimopoihjeÐ gia
ton upologismì thc apìstashc lamprìthtac dL(z) sunart sei thc erujr c metatìpishc.
Tìte, h sun�rthsh H(z) mporeÐ na upologisteÐ paragwgÐzontac thn apìstash lamprìthtac
dL(z) wc proc thn erujr  metatìpish sÔmfwna me thn exÐswsh (2.11). AntÐjeta, an h
sun�rthsh H(z) eÐnai gnwst  jewrhtik�, tìte h antÐstoiqh dL(z) brÐsketai apì thn (2.11)
oloklhr¸nontac thn H(z) wc ex c

dL(z) = c (1 + z)

∫ z

0

dz′

H(z′)
(2.12)

Aut  h problepìmenh dL(z) mporeÐ na sugkrijeÐ me thn parathroÔmenh dL(z) gia na dokima-
steÐ h sunèpeia tou jewrhtikoÔ montèlou se sqèsh me tic parathr seic. 'Omwc, sthn pr�xh
oi astronìmoi den qrhsimopoioÔn to lìgo thc apìluthc me thn fainìmenh lamprìthta, all�
qrhsimopoioÔn th diafor� metaxÔ sto fainìmeno mègejoc m kai to apìluto mègejoc M ta
opoÐa orÐzontai wc[6]

m(z) = −2.5log10

(
L

4πdL(z)2

)

M = −2.5log10

(
L

4π(10pc)2

)
(2.13)

kai pou sundèontai me thn sqèsh

m(z)−M = 5log10[
dL(z)

Mpc
] + 25 (2.14)
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ìpou M eÐnai to apìluto mègejoc to opoÐo jewreÐtai stajerì gia touc uperkainofaneÐc a-
stèrec tÔpou Ia efìson èqoun gÐnei oi diorj¸seic pou anafèrjhkan parap�nw. H parap�nw
exÐswsh mporeÐ na grafeÐ kai wc ex c

mth(z; a1, ..., an) = M̄(M,H0) + 5log10(DL(z; a1, ..., an)) (2.15)

ìpou se èna epÐpedo kosmologikì montèlo

DL(z; a1, ..., an) = (1 + z)

∫ z

0

dz′
H0

H(z′; a1, ..., an)
(2.16)

eÐnai h kanonikopoihmènh kat� Hubble apìstash lamprìthtac (H0dL), a1, ..., an eÐnai oi pa-
r�metroi tou jewrhtikoÔ montèlou kai M̄ eÐnai o par�gontac mhdenik c tim c tou megèjouc
kai exart�tai apì to apìluto mègejoc M kai thn paroÔsa tim  thc paramètrou Hubble H0

wc ex c

M̄ = M + 5log10

(
H−1

0

Mpc

)
+ 25 = M − 5log10h + 42.38 (2.17)

H par�metroc M eÐnai to apìluto mègejoc to opoÐo met� thn efarmog  twn parap�nw
diorj¸sewn jewreÐtai stajerì.

En gènei, ta dedomèna dÐnontai sunart sei tou suntelest  apìstashc (distance modu-
lus)

µobs(zi) ≡ mobs(zi)−M (2.18)

'Etsi, oi par�metroi enìc jewrhtikoÔ montèlou mporoÔn na prosdioristoÔn elaqistopoi¸-
ntac thn posìthta [67]

χ2
SnIa(a1, ..., an) =

N∑
i=1

(µobs(zi)− µth(zi; a1, ..., an))2

σ2
µ i + σ2

int + σ2
v i

(2.19)

ìpou N eÐnai o arijmìc twn parathrhsiak¸n shmeÐwn, a1, ..., an eÐnai oi par�metroi tou
jewrhtikoÔ montèlou kai σ2

µ i, σ2
int kai σ2

v i eÐnai ta sf�lmata lìgw abebaiot twn sthn ro 
tou fwtìc, sthn eswterik  diaspor� tou apolÔtou megèjouc M kai thc qarakthristik c
diaspor�c thc taqÔthtac twn uperkainofan¸n astèrwn antÐstoiqa. Ta sf�lmata aut� je-
wroÔntai pwc eÐnai gkaousian� kai asusqètista (uncorrelated) metaxÔ touc. H jewrhtik 
tim  tou suntelest  apìstashc orÐzetai wc

µth(zi; a1, ..., an) ≡ mth(zi; a1, ..., an)−M = 5log10(DL(z)) + µ0 (2.20)

ìpou
µ0 = 42.38− 5log10h (2.21)

to µobs dÐnetai apì thn (2.18) en¸ h eÐnai h kanonikopoihmènh stajer� Hubble (h ≡
H0

100km/s/Mpc
).
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Ta diajèsima set dedomènwn twn uperkainofan¸n astèrwn

Se autì to shmeÐo eÐnai aparaÐthto na anaferjoÔme sta diajèsima set dedomènwn gia
touc uperkainofaneÐc astèrec tÔpou Ia ta opoÐa qrhsimopoi jhkan se aut  thn melèth.
Thn paroÔsa qronik  stigm  ta dÔo pio axiìpista set dedomènwn pou up�rqoun eÐnai to
Gold[50],[68] kai to SNLS apì thn èreuna Supernova Legacy Survey [51].

To set dedomènwn Gold (Gold04)[50] perièqei dedomèna apì di�forec phgèc ta opoÐa
èqoun analujeÐ me èna eniaÐo kai susthmatikì trìpo me meiwmèna sf�lmata bajmolìghshc.
Perièqei sunolik� 157 shmeÐa ek twn opoÐwn 143 shmeÐa eÐqan dhmosieuteÐ kai prohgoumènwc
kai 14 epiplèon shmeÐa me z > 1 pou anakalÔfjhkan apì to diasthmikì thleskìpio Hubble
(HST). To nèo set dedomènwn Gold (Gold06) apì thn Ðdia ereunhtik  om�da [68] perièqei
182 shmeÐa ta opoÐa kai aut� proèrqontai apì di�forec phgèc kai èqoun analujeÐ me èna
eniaÐo kai susthmatikì trìpo me meiwmèna sf�lmata bajmolìghshc. Ta 119 apì ta shmeÐa
proèrqontai apì to prohgoÔmeno set [50] (Gold04) en¸ perièqontai kai 16 shmeÐa sto eÔroc
0.46 < z < 1.39 apì to Hubble (HST). EpÐshc, perièqontai kai 47 shmeÐa (0.25 < z < 1)
apì to set SNLS[51] apì to sÔnolo twn 73.

To SNLS proèrqetai apì mia pentaet  èreuna gia uperkainofaneÐc astèrec tÔpou Ia me
z < 1 h opoÐa sqetik� prìsfata [51] dhmosÐeuse ta apotelèsmata thc. To SNLS qrhsimo-
poieÐ mia pio apotelesmatik  strathgik  ìpou k�je komm�ti tou ouranoÔ parathreÐtai k�je
trÐto   tètarto br�du me ta Ðdia fwtografik� exart mata mei¸nontac ètsi ta susthmatik�
sf�lmata. Ta dhmosieumèna dedomèna apoteloÔntai apì 44 prohgoumènwc dhmosieumènouc
kontinoÔc uperkainofaneÐc astèrec me 0.015 < z < 0.125 kaj¸c kai 73 makrinoÔc uperkai-
nofaneÐc astèrec (0.15 < z < 1) pou anakalÔfjhkan apì to SNLS, dÔo ìmwc apì ta opoÐa
den qrhsimopoi jhkan sthn an�lush kaj¸c  tan statistik� polÔ makri� apì ta upìloipa
shmeÐa.

To gegonìc ìti ta dÔo set dedomènwn èqoun èna koinì uposÔnolo me shmeÐa qamhl c
erujr c metatìpishc ja mporoÔse Ðswc na odhg sei se mikr� all� koin� susthmatik�
sf�lmata, lìgw aut c thc qamhl c erujr c metatìpishc.

Ta b mata gia thn elaqistopoÐhsh tou χ2

AfoÔ anaferj kame sta dÔo xeqwrist� set dedomènwn mporoÔme t¸ra na parousi�soume
ta b mata pou akolouj same gia thn elaqistopoÐhsh thc (2.19), ta opoÐa perigr�fontai
analutik� kai stic anaforèc [69],[70],[71], kai ta opoÐa eÐnai xeqwrist� gia ta dÔo set.

Autì gÐnetai giatÐ gia to Gold set ta dedomèna dÐnontai sunart sei tou suntelest 
apìstashc (distance modulus)

µG
obs(zi) ≡ mG

obs(zi)−M (2.22)

'Omwc, to SNLS set perièqei epiplèon gia k�je shmeÐo kai ton par�gonta elastikìthtac s
pou qrhsimopoieÐtai gia thn bajmonìmhsh tou apolÔtou megèjouc all� kai ton par�gonta
qr¸matoc tou sust matoc hremÐac c, o opoÐoc metr� thn aporrìfhsh lìgw skìnhc. 'Etsi o
suntelest c apìstashc exart�tai se aut  thn perÐptwsh, ektìc apì to apìluto mègejoc
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M , kai se dÔo epiplèon paramètrouc α kai β pou orÐzontai apì th sqèsh[51]:

µSNLS
obs = mSNLS

obs (zi)−M + α(si − 1)− βci (2.23)

kai ta opoÐa elaqistopoioÔntai mazÐ me tic jewrhtikèc paramètrouc ìpwc ja doÔme para-
k�tw.

Pr¸ta ac perigr�youme th mèjodo pou qrhsimopoieÐtai gia thn an�lush twn dedomènwn
Gold. Apì tic exis¸seic (2.19), (2.20) kai (2.21) brÐskoume ìti

χ2(a1, ..., an) =
N∑

i=1

(µobs i − 5log10DL(zi; a1, ..., an)− µ0)
2

σ2
i

(2.24)

ìpou
σ2

i = σ2
µ i + σ2

int + σ2
v i (2.25)

eÐnai to olikì sf�lma gia to k�je shmeÐo ìpwc èqei dhmosieujeÐ.
H par�metroc µ0 eÐnai �enoqlhtik � (nuisance parameter) kai gia autì prèpei na thn �pe-

rijwriopoi soume� (marginalization) kaj¸c eÐnai anex�rthth apì ta dedomèna. To gegonìc
autì mporeÐ na qrhsimopoihjeÐ wc test sunèpeiac twn dedomènwn [72]. H elaqistopoÐhsh
wc proc to µ0 mporeÐ eÔkola na gÐnei an analÔsoume to χ2 thc exÐswshc (2.19) wc proc to
µ0 wc ex c

χ2(a1, .., an) = A− 2µ0B + µ2
0C (2.26)

ìpou èqoume jèsei

A(a1, .., an) =
N∑

i=1

(mobs(zi)−mth(zi; µ0 = 0, a1, .., an))2

σ2
mobs(zi)

B(a1, .., an) =
N∑

i=1

(mobs(zi)−mth(zi; µ0 = 0, a1, .., an))

σ2
mobs(zi)

C =
N∑

i=1

1

σ2
mobs(zi)

(2.27)

H exÐswsh (2.26) parousi�zei el�qisto gia µ0 = B/C me tim 

χ̃2(a1, ..., an) = A(a1, ..., an)− B(a1, ..., an)2

C
(2.28)

'Etsi antÐ na elaqistopoi soume to χ2(µ0, a1, ..., an) mporoÔme na elaqistopoi soume to
χ̃2(a1, ..., an) to opoÐo eÐnai anex�rthto tou µ0. Profan¸c, isqÔei ìti ∂ai

χ2
min = ∂ai

χ̃2
min

kai aut  eÐnai h mèjodoc pou qrhsimopoi same.
Enallaktik�, ja mporoÔsame na l�boume upìyh to gegonìc ìti gia tic paramètrouc

a1, ..., an h katanom  pijanìthtac eÐnai[67]

P (a1, ..., an) = N e−χ2(a1,...,an)/2 (2.29)
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ìpou N eÐnai mia stajer� kanonikopoÐhshc. 'Etsi mporoÔme na oloklhr¸soume thn pa-
r�metro µ0, dhlad  na ajroÐsoume thn katanom  pijanìthtac (2.29), kai na orÐsoume èna
kainoÔrio χ̃2 wc [69],[73],[74]

e−χ̃2(a1,...,an)/2 =

∫
e−χ2(a1,...,an;µ0)/2dµ0 (2.30)

Met� apì merikèc pr�xeic èqoume:

χ̃2(a1, ..., an) = A(a1, ..., an)− B(a1, ..., an)2

C
+ ln(C/2π) (2.31)

kai to opoÐo prèpei na elaqistopoihjeÐ wc proc tic paramètrouc a1, ..., an. Sthn an�lush
tou Gold set qrhsimopoi same thn exÐswsh (2.28) h opoÐa eÐnai  dh elaqistopoihmènh wc
proc µ0. H elaqistopoÐhsh thc (2.24) ègine me thn entol  FindMinimum tou pakètou
Mathematica kai èna mèroc tou k¸dika autoÔ faÐnetai sto par�rthma.

H an�lush tou SNLS ègine me èna k�pwc diaforetikì trìpo akolouj¸ntac thn anafor�
[51]. Qrhsimopoi¸ntac thn exÐswsh (2.23) sthn (2.19) kataskeu�same to χ2 wc

χ2(α, β, M + µ0, a1, ..., an) = (2.32)

=
N∑

i=1

(µobs i − 5log10DL(zi; a1, ..., an)− µ0)
2

σ2
µ i + σ2

int + σ2
v i

Gia ta sf�lmata tou suntelest  apìstashc èqoume

σ2
µ i = σ2

m i + α2σ2
s i + β2σ2

c i (2.33)

ìpou kajèna apì ta σm i, σs i kai σc i èqei dhmosieujeÐ sthn anafor� [51]. To sf�lma thc
diaspor�c thc taqÔthtac σ2

v , an upojèsoume thn tim  300km/sec gia thn qarakthristik 
taqÔthta, mporeÐ na grafeÐ wc

σ2
v i =

5 10−3

ln(10)

(
1

1 + zi

+
1

H(zi)
∫ zi

0
dz

H(z)

)2

(2.34)

To sf�lma sthn eswterik  diaspor� tou apolÔtou megèjouc σ2
int arqik� paÐrnei thn tim 

σint = 0.15 kai met� anane¸netai me b�sh ta trÐa b mata thc akìloujhc diadikasÐac[51]:

1. Epilègoume tic timèc tou α kai tou β ston ìro σ2
µ i kai elaqistopoioÔme to χ2 thc

exÐswshc (2.33) me σint = 0.15. An den gÐnei autì, tìte up�rqei h t�sh gia thn
aÔxhsh twn sfalm�twn kat� thn elaqistopoÐhsh.

2. Prosarmìzoume thn tim  tou σint ¸ste na p�roume χ2 = 1.

3. QrhsimopoioÔme thn nèa tim  tou σint kai elaqistopoioÔme xan� krat¸ntac tic timèc
twn α kai β ston ìro σ2

µ i stajerèc.

H diadikasÐa aut  perigr�fetai kai sth selÐda 10 thc anafor�c [51], kai odhgeÐ stic timèc
twn paramètrwn M + µ0, α, β, a1, ..., an.
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2.2.2 Kosmik  AktinobolÐa Mikrokum�twn Upob�jrou
Eisagwg  sth jewrÐa diataraq¸n

H jewrÐa tou sqhmatismoÔ twn galaxi¸n, h opoÐa basÐzetai sth jewrÐa thc barutik c
kat�rreushc, aposkopeÐ sto na perigr�yei pwc oi arqègonec diataraqèc thc Ôlhc kai thc
aktinobolÐac exelÐqjhkan se dèsmia sust mata, ìpwc eÐnai oi galaxÐec kai ta sm nh gala-
xi¸n. Autì mporeÐ na gÐnei ìtan to pl�toc twn diataraq¸n eÐnai mikrì, opìte kai mporoÔme
na perigr�youme to fainìmeno autì me b�sh th grammik  jewrÐa diataraq¸n kai na u-
pologÐsoume thn exèlixh twn diataraq¸n thc Ôlhc. MÐa polÔ shmantik  efarmog  thc
grammik c jewrÐac eÐnai kai h Kosmik  AktinobolÐa Mikrokum�twn Upob�jrou kai autì
giatÐ ìpwc ja doÔme kai parak�tw oi diataraqèc sthn katanom  twn fwtonÐwn sto fasikì
q¸ro antistoiqoÔn se diataraqèc sthn kosmik  aktinobolÐa mikrokum�twn upob�jrou[21].

Se èna epÐpedo qwroqrìno FRW oi bajmwtèc diataraqèc thc metrik c mporoÔn na
perigrafoÔn sth sÔmmorfh Neut¸neia bajmÐda (conformal Newtonian gauge) wc ex c[21]

ds2 = α2(τ)(−(1 + 2Ψ)dτ 2 + (1− 2Φ)dxidxi) (2.35)

ìpou Φ(−→x , τ) kai Ψ(−→x , τ) eÐnai dÔo bajmwt� dunamik�. To pleonèkthma aut c thc bajmÐ-
dac eÐnai ìti o metrikìc tanust c gµν eÐnai diag¸nioc, gegonìc to opoÐo aplopoieÐ shmantik�
touc upologismoÔc. Qrhsimopoi¸ntac tic exis¸seic Einstein se pr¸th t�xh thc jewrÐac
diataraq¸n kai douleÔontac sto q¸ro Fourier prokÔptei ìti[21]:

k2Φ + 3
α̇

α
(Φ̇ +

α̇

α
Ψ) = 4πGα2δT 0

0 (2.36)

k2(Φ̇ +
α̇

α
Ψ) = 4πGα2(ρ̄ + P̄ )θ (2.37)

Φ̈ +
α̇

α
(Ψ̇ + 2Φ̇) + (2

α̈

α
− α̇2

α2
)Ψ =

4π

3
Gα2δT i

i (2.38)

Φ = Ψ (2.39)

ìpou α̇ ≡ dα
dτ

, θ = ikjυj kai υj eÐnai h taqÔthta enìc idanikoÔ reustoÔ en¸ oi ρ̄ kai P̄ eÐnai
oi adiat�raktec posìthtec thc puknìthtac kai thc pÐeshc antÐstoiqa. EpÐshc, o tanust c
enèrgeiac - orm c gia èna idanikì reustì eÐnai

T µ
ν = Pgµ

ν + (ρ + P )UµUν (2.40)

ìpou Uµ = dxµ/dτ eÐnai to tetr�nusma thc taqÔthtac. Tìte apì thn exÐswsh diat rhshc
T µν

;µ = 0 prokÔptoun oi diataragmènec exis¸seic tou reustoÔ

δ̇ = −(1 + w)(θ − 3Φ̇)− 3
α̇

α

(
δP

δρ
− w

)
δ (2.41)

θ̇ = − α̇

α
(1− 3w)θ − ẇ

1 + w
θ +

δP/δρ

1 + w
k2δ + k2Ψ (2.42)
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ìpou w = P/ρ eÐnai h katastatik  exÐswsh tou reustoÔ, δ ≡ δρ
ρ̄
, δρ = ρ−ρ̄ kai δP = P−P̄

eÐnai se pr¸th t�xh oi diataragmènec posìthtec thc puknìthtac kai thc pÐeshc antÐstoiqa.
Gia fwtìnia kai baruìnia to w eÐnai stajerì kai eÐnai w = 1/3 kai w = 0 antÐstoiqa. Gia
isentropikèc diataraqèc oi parap�nw exis¸seic aplopoioÔntai kaj¸c isqÔei ìti δP = c2

sδρ,
ìpou c2

s eÐnai h taqÔthta met�doshc twn diataraq¸n kai sthn perÐptwsh aut  isoÔtai me
c2
s = w + ρdw

dρ
.

Gia na sundèsoume tic parap�nw exis¸seic diataraq¸n me thn Kosmik  AktinobolÐa
Mikrokum�twn Upob�jrou prèpei na l�boume upìyh to gegonìc ìti ta fwtìnia ephre�-
zontai ìqi mìno apì thn barÔthta all� kai apì thn skèdash Compton me ta eleÔjera
hlektrìnia. 'Omwc ta hlektrìnia, thn qronik  stigm  thc teleutaÐac skèdashc, sundèontai
sten� (tight coupling) me ta prwtìnia all� kai ta dÔo mazÐ ephre�zontai apì thn barÔ-
thta. O metrikìc tanust c pou anafèrame parap�nw ephre�zetai apì ìla aut� all� kai
apì ta netrÐna kai thn skotein  Ôlh. 'Enac susthmatikìc trìpoc gia na l�boume ìlec tic
parap�nw allhlepidr�seic upìyh eÐnai mèsw thc exÐswshc Boltzmann[22]:

df

dt
= C[f ] (2.43)

ìpou f eÐnai h sun�rthsh katanom c (gia ta fwtìnia eÐnai h Bose-Einstein) kai to dexiì mè-
loc thc exÐswshc perièqei ìlouc touc ìrouc allhlepÐdrashc ìpwc p.q. autìn thc skèdashc
Compton. H katanom  Bose-Einstein mporeÐ na grafeÐ wc

f(~x, p, p̂, t) = [e
p

T (t)(1+Θ(~x,p̂,t)) − 1]−1 (2.44)

ìpou p eÐnai to mètro thc orm c twn fwtonÐwn, p̂ eÐnai h dieÔjunsh thc anisotropÐac kai T
eÐnai h jermokrasÐa se mhdenik  t�xh kai Θ h diataraq  pr¸thc t�xhc, ètsi ¸ste Θ = δT

T
.

H skèdash Compton perigr�fetai apì thn diadikasÐa

e−(~q) + γ(~p) ↔ e−(~q ′) + γ(~p ′) (2.45)

O suntelest c C[f ] orÐzetai wc [22]

C[f(~p)] =
∑

~q,~q ′,~p ′
|M |2(fe(~q

′)f(~p ′)− fe(~q
′)f(~p)) (2.46)

ìpou o ìroc M antistoiqeÐ sto pl�toc pijanìthtac gia th skèdash Compton. Se pr¸th
t�xh èqoume[22]:

|M |2 = 8πσT m2
e (2.47)

ìpou σT eÐnai h diatom  skèdashc Thomson. Lamb�nontac upìyh ta parap�nw, h exÐswsh
Boltzmann gia ta fwtìnia mporeÐ na brejeÐ sto q¸ro Fourier1 wc [22]:

˙̃Θ + ikµΘ̃− ˙̃Φ + ikµΨ̃ = neσT α(Θ̃0 − Θ̃ + µυ̃b) (2.48)
1 'Olec oi posìthtec me ˜ eÐnai metasqhmatismènec kat� Fourier.
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Sq ma 2.2: 'Enac q�rthc thc diakÔmanshc thc jermokrasÐac thc Kosmik c AktinobolÐac
Mikrokum�twn Upob�jrou, ìpwc metr jhke apì ton dorufìro WMAP (apì thn anafor�
[29]).

ìpou µ = k̂p̂ kai Θ0(~x, t) ≡ 1
4π

∫
dΩ′Θ(p̂ ′, ~x, t). Akìmh, mporoÔme na analÔsoume to Θ se

polÔpola, k�ti to opoÐo dieukolÔnei kat� polÔ thn epÐlush twn exis¸sewn, wc ex c:

Θl ≡ 1

(−i)l

∫ 1

−1

dµ

2
Pl(µ)Θ(µ) (2.49)

kai t¸ra to sÔsthma twn exis¸sewn (2.36)-(2.42) mporeÐ na lujeÐ arijmhtik�, ìpwc gÐnetai
se di�forouc upologistikoÔc k¸dikec p.q. to CAMB [75].

Parìlo pou prosdiorÐsthke h Θl(k, τ), den eÐnai tìso eÔkolo na thn sugkrÐnoume me
tic parathr seic diìti sun jwc autì pou upologÐzetai apì tic ereunhtikèc om�dec eÐnai
h diakÔmansh thc jermokrasÐac δT

T
se di�forec dieujÔnseic upì thn morf  enìc q�rth,

ìpwc autìc tou sq matoc 2.2). Gia na sugkrijoÔn aut� ta dÔo, analÔoume to pedÐo Θ se
sfairikèc armonikèc:

Θ(~x, p̂, t) =
∞∑

l=1

l∑

m=−l

αlmYlm(p̂) (2.50)

αlm(~x, t) =

∫
d3k

(2π)3
ei~k~xY ∗

lm(p̂)Θ(~k, p̂, t) (2.51)

'Olh h plhroforÐa pou perièqetai sto pedÐo T perièqetai epÐshc kai stic paramètrouc αlm,
oi opoÐec jewroÔntai tuqaÐec metablhtèc. Sunep¸c, den mporoÔme na k�noume problèyeic
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gia k�poio αlm xeqwrist� all� mìno gia thn katanom  apì thn opoÐa proèrqontai. O
pÐnakac susqètishc twn sunistws¸n αlm, gia tic opoÐec isqÔei < αlm >= 0, mac dÐnei to
f�sma twn anisotropi¸n:

< αlmα∗l′m′ >= δll′δmm′Cl (2.52)

Apì tic exis¸seic (2.51) kai (2.52) mporoÔme na broÔme to gwniakì f�sma wc:

Cl =
2

π

∫ ∞

0

dk k2P (k)

∣∣∣∣
Θl(k)

δ(k)

∣∣∣∣
2

(2.53)

ìpou δ(k) eÐnai h metasqhmatismènh kat� Fourier thc anisotropÐac thc Ôlhc δ kai P (k)
eÐnai to f�sma isqÔoc (power spectrum) aut c pou orÐzetai mèsw thc sqèshc

< δ(~k)δ∗(~k′) >= (2π)3δ3(~k′ − ~k)P (k) (2.54)

Parìlo pou, ìpwc faÐnetai apì ta parap�nw, o upologismìc tou f�smatoc thc Ko-
smik c AktinobolÐac Mikrokum�twn Upob�jrou, praktik� dhlad  twn Cl’s, eÐnai mh te-
trimmènoc to telikì f�sma mporoÔme poiotik� na to antilhfjoÔme wc thn upèrjesh twn
fasm�twn dÔo fainomènwn[22],[24]:

• Twn akoustik¸n talant¸sewn (acoustic oscillations), oi opoÐec ofeÐlontai ston su-
nagwnismì twn fwtonÐwn me to jermì baruonikì pl�sma. H pÐesh twn fwtonÐwn
teÐnei na exaleÐyei tic anisotropÐec, en¸ h barutik  èlxh twn baruonÐwn ta wjeÐ sto
na katarreÔsoun. O sunagwnismìc aut¸n twn dÔo fainomènwn dhmiourgeÐ akoustikèc
talant¸seic, oi opoÐec dÐnoun sto f�sma thc Kosmik c AktinobolÐac Mikrokum�twn
Upob�jrou thn qarakthristik  tou dom  me tic korufèc.

• H apìsbesh thc di�qushc thc aktinobolÐac   apìsbesh Silk , lìgw thc opoÐac se
mikrèc klÐmakec (  antÐstoiqa meg�la l) oi diataraqèc thc aktinobolÐac aposbèno-
ntai. Autì gÐnetai giatÐ se èna diastellìmeno sÔmpan kaj¸c to pl�sma arai¸nei,
to mèso eleÔjero m koc twn fwtonÐwn aux�nei kai ètsi oi diataraqèc twn fwtonÐwn
aposbènontai.

Ektìc apì ta parap�nw, to f�sma ephre�zetai kai apì �lla fainìmena ta opoÐa genik�
qwrÐzontai se dÔo kathgorÐec, ta prwteÔonta, ta opoÐa prokÔptoun apì diergasÐec kat�
thn epoq  thc epanasÔndeshc, kai ta deutereÔonta ta opoÐa prokÔptoun apì diergasÐec
met� thn epoq  thc epanasÔndeshc kai kaj¸c to fwc kineÐtai an�mesa apì thn epif�neia
thc teleutaÐac skèdashc kai ton parathrht .

Oi prwteÔousec anisotropÐec eÐnai treic kai kajemi� kuriarqeÐ se meg�lec, mesaÐec kai
mikrèc gwniakèc klÐmakec:

• Oi barutikèc diataraqèc (Sachs - Wolfe effect), stic opoÐec fwtìnia apì puknìterec
perioqèc kat� thn epoq  thc teleutaÐac skèdashc kaj¸c bgaÐnoun apì ta phg�dia
dunamikoÔ metatopÐzontai perissìtero proc to erujrì, to opoÐo metafr�zetai wc
δT
T

= δΦ
c2
. 'Omwc, oi barutikèc diataraqèc prokaloÔn kai mÐa diastol  tou qrìnou
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Sq ma 2.3: H suneisfor� k�je ìrou sto telikì f�sma thc anisotropÐac (apì thn anafor�
[77]).

δt
t

= δΦ
c2

all� epeid  α(t) ∝ t2/3 kai T ∝ 1/α paÐrnoume mÐa suneisfor� δT
T

= −2
3

δΦ
c2
.

Sunep¸c, h olik  suneisfor� eÐnai to �jroisma twn dÔo δT
T

= δΦ
3c2

k�nontac ètsi tic
pio puknèc perioqèc na faÐnontai pio yuqrèc.

• Oi adiabatikèc diataraqèc, mèsw twn opoÐwn stic upèrpuknec perioqèc h suzeÔxh Ôlhc
kai aktinobolÐac mporeÐ na sumpièsei thn aktinobolÐa aux�nontac ètsi thn jermokra-
sÐa. Autì gÐnetai giatÐ gia autèc isqÔei ìti h posostiaÐa uperpuknìthta δρ/ρ gia to
k�je eÐdoc (fwtìnia, baruìnia klp) eÐnai Ðdia. 'Etsi, epeid  δnγ

nγ
= δργ

ργ
kai nγ ∝ T 3

èqoume δ = δργ/ργ = 3 δT
T

kai δT
T

= δ
3
.

• Oi diataraqèc lìgw thc taqÔthtac (Doppler), stic opoÐec to jermì pl�sma kat� thn
epoq  thc teleutaÐac skèdashc èqei mh mhdenik  taqÔthta, k�ti to opoÐo odhgeÐ se
metatopÐseic sthn suqnìthta kai sunep¸c sthn jermokrasÐa.

AntÐstoiqa, oi kÔriec deutereÔousec anisotropÐec eÐnai dÔo:

• To oloklhrwtikì fainìmeno Sachs - Wolfe (ISW effect). 'Otan to barutikì dunamikì
all�zei kat� m koc thc troqi�c tou fwtonÐou, tìte autì sunep�getai ìti to fwtìnio
susswreÔei erujr  metatìpish h opoÐa isodunameÐ me mia diataraq  sthn jermokrasÐa
[76]:

Θl(k, η0) = (2l + 1)

∫ η0

ηrec

dηe−τ
[
2Φ̇(k, η)

]
jl(k(η0 − η)) (2.55)

ìpou h teleÐa upodhl¸nei par�gwgo wc proc to sÔmmorfo qrìno η (conformal time)
dη ≡ dt/α, τ(η) ≡ ∫ η0

ηrec
dη′neσT α eÐnai to optikì b�joc, Θ ≡ δT

T
kai to olokl rwma
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gÐnetai kat� m koc thc gramm c wc thn epif�neia thc teleutaÐac skèdashc. Epeid 
sto olokl rwma emfanÐzontai oi sunart seic Bessel jl, h kurÐarqh suneisfor� tou
fainomènou autoÔ gÐnetai se meg�lec klÐmakec   mikr� l.

• O epanaðonismìc (Reionization) tou diagalaxiakoÔ ulikoÔ (IGM). 'Opwc faÐnetai apì
ta f�smata aporrìfhshc makrin¸n galaxi¸n, to megalÔtero posostì tou diagala-
xiakoÔ ulikoÔ s mera eÐnai ionismèno kaj¸c oi grammèc aporrìfhshc tou oudèterou
udrogìnou eÐnai el�qistec. 'Etsi ta eiserqìmena fwtìnia sked�zontai apì ta eleÔ-
jera fortÐa, p.q. ta hlektrìnia, kai autì èqei wc sunèpeia oi anisotropÐec se mikrèc
klÐmakec na aposbènontai.

O par�gontac metatìpishc R

'Ena polÔ akribèc kai euaÐsjhto eÐdoc parat rhshc eÐnai h gwniak  klÐmaka tou hqhtikoÔ
orÐzonta thc epif�neiac thc teleutaÐac skèdashc, ìpwc aut  kwdikopoieÐtai sthn jèsh lTT

1

thc pr¸thc koruf c tou f�smatoc thc Kosmik c AktinobolÐac Mikrokum�twn Upob�jrou.
Metr¸ntac thn gwniak  klÐmaka θTT

1 ∼ 1/lTT
1 tou hqhtikoÔ orÐzonta thc epif�neiac thc

teleutaÐac skèdashc kai upologÐzontac thn omokinoÔmenh klÐmaka rs(zdec), ìpou zdec eÐnai h
erujr  metatìpish sthn opoÐa gÐnetai h aposÔzeuxh twn fwtonÐwn apì thn Ôlh, anex�rthta
apì thn fusik  thc aktinobolÐac mikrokum�twn upob�jrou, h apìstash gwniak c diamètrou
tou hqhtikoÔ orÐzonta dA(zrec) mporeÐ na brejeÐ, upojètontac epipedìthta, wc ex c:

dA(zrec) =
rs(zrec)

θTT
1

=
1

1 + zrec

∫ zrec

0

dz

H(z)
(2.56)

parèqontac ètsi èna qr simo parathrhsiakì ìrio sthn H(z). Gia na mhn up�rqei aut  h
ex�rthsh apì to jewrhtikì montèlo ston upologismì thc klÐmakac tou hqhtikoÔ orÐzo-
nta, mporoÔme na orÐsoume mÐa sqedìn anex�rthth apì to jewrhtikì montèlo par�metro
diair¸ntac thn metroÔmenh gwnÐa θTT

1 ∼ 1/lTT
1 me thn antÐstoiqh gwnÐa θ

′TT
1 enìc prì-

tupou montèlou. H par�metroc aut  eÐnai gnwst  wc �par�metroc metatìpishc � (‘shift
parameter’). H par�metroc metatìpishc orÐzetai wc [78],[79],[80],[81]

R =
l
′TT
1

lTT
1

(2.57)

ìpou lTT
1 eÐnai to polÔpolo pou antistoiqeÐ sthn pr¸th koruf  tou f�smatoc thc Kosmi-

k c AktinobolÐac Mikrokum�twn Upob�jrou. Ston orismì tou R, to lTT
1 antistoiqeÐ sto

montèlo (me stajerèc Ω0m, Ω0b kai h) pou qarakthrÐzetai apì thn par�metro metatìpishc
kai to l

′TT
1 antistoiqeÐ sthn pr¸th koruf  tou f�smatoc enìc prìtupou epipèdou Standard

Cold Dark Matter - SCDM montèlou (gia to opoÐo isqÔei Ω′
0m = 1) me Ðdia ωm ≡ Ω0mh2

kai ωb = Ω0bh
2 ìpwc to arqikì montèlo. H jèsh lTT

1 thc pr¸thc koruf c sundèetai me
thn apìstash gwniak c diamètrou dA kat� thn epif�neia thc teleutaÐac skèdashc kai me
ton hqhtikì orÐzonta rs kat� thn epif�neia thc teleutaÐac skèdashc (z = zrec) wc ex c
[79],[82]:

lTT
1 = lA(dA, rs)(1− ψ(ωm, ωb)) (2.58)
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ìpou

lA(dA, rs) ≡ π

θTT
1

(2.59)

θTT
1 ≡ rs(zrec)

dA(zrec)
(2.60)

en¸ h par�metroc f�shc eÐnai ψ(ωm, ωb) ' 0.27 [82] kai h opoÐa exart�tai asjen¸c apì tic
kosmologikèc paramètrouc. O hqhtikìc orÐzontac rs kai h apìstash gwniak c diamètrou
dA exart¸ntai apì thn H(α) wc ex c:

rs = αrec

∫ αrec

0

cs(α)dα

α2H(α)
=

= αrec

∫ αrec

0

cs(α)dα

Ω
1/2
0m

[
Ωrh

2

Ω0mh2
+ α

]−1/2

(2.61)

ìpou cs(α) eÐnai h taqÔthta tou � qou�, dhlad  h taqÔthta me thn opoÐa diadÐdontai oi
diataraqèc, h opoÐa kat� thn aposÔzeuxh (decoupling) (α = αrec) eÐnai

c2
s(αrec) =

δp

δρ
=

1

3

1

1 + 3Ωb

4Ωr
αrec

(2.62)

kai
dA(z) =

αrec

H0

√
Ωk

sin

[
H0

√
Ωk

∫ zrec

0

dz′

H(z′)

]
(2.63)

Gia to prìtupo SCDM montèlo èqoume

d′A(z′rec) =
αrec

H0

∫ zrec

0

dz′

[Ω′
0m(1 + z)3 + Ω′

r(1 + z)4]1/2
=

=
2αrec

H0

[
(α′eq + 1)1/2 − (α′rec + α′eq)

1/2
]

=

=
2αrec

H0

[
(Ω′

r + 1)1/2 − (α′rec + Ω′
r)

1/2
]

(2.64)

≡ 2αrec

H0

q(Ω′
r, α

′
rec)

Qrhsimopoi¸ntac tic exis¸seic (2.58)-(2.64) eÐnai eÔkolo na deÐxoume ìti

R =
l
′TT
1

lTT
1

=
l
′
A(1− ψ′)
lA(1− ψ)

=
rs

r′s

d′A(z′rec)

dA(zrec)
=

2

Ω
1/2
0m

q(Ω′
r, αrec)

χ(z)
(2.65)

ìpou
χ(z) ≡

∫ z

0

H0dz′

H(z′)
(2.66)
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èqontac upojèsei epipedìthta kai qrhsimopoi¸ntac to gegonìc ìti ψ = ψ′, afoÔ ωb = ω′b
kai ωm = ω′m, kai αrec(ωb, ωm) = a′rec(ω

′
b, ω

′
m) [82]. To meg�lo pleonèkthma thc paramètrou

metatìpishc R, ènanti thc qr shc apl� thc tim c thc lTT
1 , eÐnai ìti exart�tai polÔ asjen¸c

se �llec paramètrouc pèran thc gewmetrÐac (H(z)). H ex�rthsh stic �llec paramètrouc
eis�getai mèsw twn ìrwn Ω

−1/2
0m kai q(Ω′

r, αrec) = q(ωr/h
′2, αrec(ωm, ωb)) ìpou ωr ≡ Ωrh

2 '
2.47 · 10−5, h′2 = ωm kai [82] zrec = 1

αrec
− 1 = 1048(1 + 0.00124ω−0.738

b )(1 + g1ω
g2
m ) ìpou

g1 = 0.0783ω−0.238
b (1 + 39.5ω0.763

b )−1 kai g2 = 0.560(1 + 21.1ω1.81
b )−1. Sto shmeÐo autì ja

prèpei na shmeiwjeÐ ìti aut  h asjen c ex�rthsh thc paramètrou metatìpishc stic ωm, ωb,
mèsw tou q(ωm, ωb), den èqei katadeiqjeÐ rht� se prohgoÔmenec melètec [52]. AntÐjeta, h
par�metroc metatìpishc sun jwc gr�fetai wc

R′ =
2

Ω
1/2
0m χ(zrec)

(2.67)

  isodÔnama wc R̄ = Ω
1/2
0m χ(zrec) paraleÐpontac ètsi th diìrjwsh q(ωm, ωb). Gia tic timèc

Ω0m = 0.27, Ωb = 0.043 kai 0.5 ≤ h ≤ 0.9, to q(ωm, ωb) paramènei sthn perioq  0.964 ≤
q ≤ 0.968 kai epomènwc h ex�rthsh thc paramètrou Hubble pou proèrqetai apì to q eÐnai
polÔ asjen c.

To kÔrio meionèkthma thc paramètrou metatìpishc eÐnai ìti gia na upologisteÐ, qrhsimo-
poi¸ntac ton orismì (2.57), gia èna dedomèno kosmologikì montèlo, den qreiazìmaste mìno
thn jèsh thc pr¸thc koruf c lTT

1 , all� kai thn jèsh thc pr¸thc koruf c gia to antÐstoi-
qo prìtupo SCDM montèlo. Gia na eÐnai akribèc to apotèlesma prèpei na qrhsimopoihjeÐ
k�poioc arijmhtikìc k¸dikac se upologist  ìpwc to prìgramma CAMB [75] me Ω′

0m = 1,
ω′m = ωm, ω′b = ωb kai na upologisteÐ h jèsh thc pr¸thc koruf c l

′TT
1 . H diadikasÐa aut 

faÐnetai sto sq ma 2.4 ìpou deÐqnoume ta dedomèna WMAP tou trÐtou ètouc mazÐ me mÐa je-
wrhtik  kampÔlh pou antistoiqeÐ stic paramètrouc (ωm, ωb, h) = (0.14, 0.022, 0.72) èqontac
upojèsei èna epÐpedo ΛCDM montèlo. H pr¸th koruf  gia to montèlo autì brÐsketai sth
jèsh lTT

1 = 220±0.8 en¸ gia to prìtupo SCDM montèlo me (ωm, ωb, h) = (0.14, 0.022, 0.37)
(to opoÐo sunep�getai Ω0m = 1) èqoume l

′TT
1 = 246 (dec kai to sq ma 2.4). 'Etsi paÐrnoume

R =
l
′TT
1

lTT
1

= 1.123± 0.03 (2.68)

Qrhsimopoi¸ntac th sqèsh (2.65) kai (2.67) me q = 0.965 brÐskoume ìti

R̄ ≡ Ω
1/2
0m χ(zrec) = 1.71± 0.05 (2.69)

To apotèlesma autì brÐsketai se kal  sumfwnÐa me autì thc anafor�c [52] ìpou me thn
qr sh prosomoÐwshc Monte-Carlo kai thn qr sh twn dedomènwn WMAP brèjhke h tim 
gia to R̄

R̄ = 1.70± 0.03 (2.70)
H mètrhsh aut  thc paramètrou metatìpishc (exÐswsh (2.69) ) mac epitrèpei na pro-

sjèsoume èna shmantikì ìro sto χ2. O ìroc autìc eÐnai thc morf c

χ2
CMB(Ω0m, w0, w1) =

(R̄(Ω0m, w0, w1)− 1.70)2

0.032
(2.71)
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Sq ma 2.4: Paragwg  thc paramètrou metatìpishc: Ta dedomèna WMAP tou trÐtou
ètouc mazÐ me mÐa jewrhtik  kampÔlh pou antistoiqeÐ se èna epÐpedo ΛCDM montèlo kai
stic paramètrouc (ωm = 0.14, ωb = 0.022, h = 0.72) kai èna SCDM montèlo me (ωm =
0.14, ωb = 0.022, h = 0.37). Gia to ΛCDM h pr¸th koruf  brÐsketai sth jèsh lTT

1 = 220
en¸ gia to SCDM montèlo sth jèsh l

′TT
1 = 246.

kai mporeÐ na eÐnai polÔ shmantikìc kat� thn melèth kosmologik¸n montèlwn gia dÔo
lìgouc:

1. H par�metroc metatìpishc èqei polÔ mikrì sf�lma (thc t�xhc tou 1%)

2. To olokl rwma tou H(z) gÐnetai mèqri kai (zrec ' 1089). Opìte, mikrèc metabolèc
sto H(z) mporeÐ na aux soun shmantik� to χ2 lìgw autoÔ tou ìrou.

2.2.3 Oi Akoustikèc Talant¸seic twn BaruonÐwn
H sun�rthsh susqètishc thc dom c meg�lhc klÐmakac ìpwc metr jhke me th qr sh tou
deÐgmatoc erujr¸n galaxi¸n apì thn èreuna SDSS (Sloan Digital Sky Survey) [53] parou-
si�zei mÐa xek�jarh koruf  sth jèsh 100h−1Mpc. H koruf  aut  èqei tautisteÐ me to
diastellìmeno sfairikì kÔma, to opoÐo èqei aktÐna perÐpou 150Mpc, twn diataraq¸n twn
akoustik¸n talant¸sewn twn baruonÐwn thn epoq  thc epanasÔndeshc. H tautopoÐhsh
thc omokinoÔmenhc klÐmakac, sthn opoÐa parathr jhke to mègisto sthn sun�rthsh susqe-
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Sq ma 2.5: 'Ena sfairikì kèlufoc sto q¸ro thc erujr c metatìpishc.

tismoÔ, apaiteÐ mÐa kat�llhlh morf  gia thn sun�rthsh H(z) kat� thn metatrop  apì thn
erujr  metatìpish se apost�seic. Sunep¸c, o akrib c prosdiorismìc thc H(z) sunep�ge-
tai th qr sh enìc genikoÔ montèlou   miac parametropoÐhshc thc sun�rthshc H(z) ¸ste
na metatrapoÔn ta dedomèna apì erujr  metatìpish se apost�seic kai met� na metablh-
joÔn oi par�metroi autèc ¸spou h parathroÔmenh koruf  stic akoustikèc talant¸seic
twn baruonÐwn (Baryon Acoustic Oscillation - (BAO)) na sumpèsei me thn anamenìmenh
tim  apì thn fusik  thc Kosmik c AktinobolÐac Mikrokum�twn Upob�jrou.

Mia aplousteumènh ekdoq  aut c thc mejìdou qrhsimopoi jhke stic anaforèc [53],
[83]. Aut  perilamb�nei th qr sh enìc prìtupou ΛCDM montèlou gia thn kataskeu  thc
sun�rthshc susqetismoÔ apì ta parathrhsiak� dedomèna (gwnÐec metaxÔ galaxi¸n kai
erujrèc metatopÐseic) kai thn eÔresh thc klÐmakac rpeak sthn opoÐa h koruf  twn BAO
emfanÐzetai. H sÔgkrish aut c thc tim c me thn anamenìmenh r′peak apì thn CMB fusik 
apaiteÐ mia metatìpish thc klÐmakac kat� èna par�gonta α: r′peak = αrpeak. O par�gontac α
mporeÐ na proseggisteÐ wc o lìgoc thc apaitoÔmenhc qarakthristik c klÐmakac DV (zBAO)
thc èreunac, pou èqei mèsh erujr  metatìpish zBAO, proc thn klÐmaka DΛCDM

V (zBAO) pou
antistoiqeÐ sto prìtupo ΛCDM montèlo

α =
r′peak

rpeak

=
DV (zBAO)

DΛCDM
V (zBAO)

(2.72)

H qarakthristik  klÐmaka thc èreunac, h opoÐa gÐnetai se mèsh klÐmaka zs, mporeÐ
na sundejeÐ me thn H(z) wc ex c: Ac jewr soume èna sfairikì kèlufoc (Sq ma 2.5)
omokinoÔmenhc aktÐnac R. 'Estw z eÐnai h erujr  metatìpish pou antistoiqeÐ sth sfaÐra
(shmeÐa C kai D) ìpwc ta blèpei ènac parathrht c sth jèsh O kai ∆z h diafor� sthn
erujr  metatìpish metaxÔ A kai B.

An metr soume thn gwniak  klÐmaka ∆θ tic erujrèc metatopÐseic z kai ∆z, tìte do-
jèntoc enìc kosmologikoÔ montèlou H(z), mporoÔme na upologÐsoume tic omokinoÔmenec

46



klÐmakec CD kai AB mèsw thc epÐpedhc FRW metrik c wc ex c [84]

CD = x∆θ = ∆θ

∫ t0

ti

dt

α(t)
=

∆θ

H0

∫ z

0

dz

E(z)
(2.73)

ìpou èqoume orÐsei E(z) ≡ H(z)/H0 kai

AB = ∆x =
∆t

α(t)
=

1

H0

∆z

E(z)
(2.74)

ìpou α(t) eÐnai o par�gontac klÐmakac. GenikeÔontac ta parap�nw se mÐa paramorfwmènh
sfaÐra (AB 6= CD) mporoÔme na susqetÐsoume mÐa kai monadik  klÐmaka sth sfaÐra wc
ex c [53]

DV (z) =

[(
CD

∆θ

)2

(AB)

]1/3

=

[(
1

H0

∫ z

0

dz

E(z)

)2
1

H0

∆z

E(z)

]1/3

(2.75)

ìpou CD/∆θ eÐnai h omokinoÔmenh apìstash gwniak c diamètrou (angular diameter dis-
tance). EpÐshc, jèloume aut  h klÐmaka na eÐnai antiproswpeutik  ìlou tou deÐgmatoc (h
prìtuph gwniak  apìstash gia thn èreuna SDSS eÐnai se erujr  metatìpish zBAO = 0.35)
kai ètsi epitrèpoume sthn sfaÐra na ekteÐnetai apì ton parathrht  se (A → O) wc z ' 0.35
(zBAO ' 0.35) kai sunep¸c ∆z ' zBAO ' 0.35. Gia deÐgmata pou brÐskontai se qamhlèc
erujrèc metatopÐseic, p.q. zBAO = 0.35, mporoÔme na upojèsoume pwc h klÐmaka DV (z)
perièqei ìlh thn plhroforÐa pou apaiteÐtai gia thn metatrop  thc erujr c metatìpishc se
apost�seic. Apait¸ntac ìti h klÐmaka thc koruf c thc sun�rthshc susqètishc sumpÐptei
me thn akoustik  klÐmaka (h opoÐa mporeÐ na brejeÐ akìma kai me apl  fusik , dec exÐswsh
(2.61), kai exart�tai apì thn par�metro Ω0mh2) èqei deiqjeÐ [53] ìti

DV (0.35) = 1370± 64Mpc (2.76)

gia Ω0mh2 = 0.130± 0.010. Mia adi�stath kai anex�rthth thc paramètrou H0 ekdoq  thc
klÐmakac DV eÐnai

A ≡ DV (0.35)

√
Ω0mH2

0

zBAO

= Ω
1/2
0m E(zBAO)−1/3[

1

zBAO

∫ z1

0

dz′

E(z′)
]2/3 = 0.469± 0.017 (2.77)

H mètrhsh thc paramètrou A (exÐswsh (2.77) ) epitrèpei thn prosj kh enìc akìma ìrou
sto χ2 twn exis¸sewn (2.19), (2.71) pou ja elaqistopoihjeÐ wc proc tic paramètrouc tou
H(z) montèlou. O ìroc autìc eÐnai:

χ2
BAO(Ω0m, w0, w1) =

(A(Ω0m, w0, w1)− 0.469)2

0.0172
(2.78)
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2.2.4 To posostì thc m�zac twn baruonik¸n aerÐwn twn smhn¸n
galaxi¸n

MÐa akìma mèjodoc pou mporeÐ na qrhsimopoihjeÐ sth melèth kosmologik¸n montèlwn
afor� th mètrhsh tou posostoÔ thc m�zac twn baruonik¸n aerÐwn twn smhn¸n galaxi¸n.
H basik  upìjesh aut c thc mejìdou eÐnai ìti to posostì thc m�zac twn baruonik¸n
aerÐwn twn smhn¸n galaxi¸n [85],[54],[55]:

fgas =
Mb−gas

Mtot

(2.79)

eÐnai stajerì, anex�rthto thc erujr c metatìpishc kai sqetÐzetai me to olikì posostì tou
sÔmpantoc Ωb

Ω0m
me ton ex c aplì trìpo:

b
Ωb

Ω0m

=
Mb

Mtot

= (1 + ξ)
Mb−gas

Mtot

= (1 + ξ)fgas (2.80)

ìpou b eÐnai ènac par�gontac pìlwshc (bias factor) o opoÐoc dhl¸nei ìti to posostì twn
baruonÐwn sta sm nh twn galaxi¸n eÐnai elafr¸c mikrìtero apì ìti sto sÔmpan sto sÔ-
nolo tou. EpÐshc, me ton par�gonta (1+ ξ) lamb�netai upìyh to gegonìc ìti h olik  m�za
twn baruonÐwn sta sm nh apoteleÐtai apì jermì aèrio pou ekpèmpei aktÐnec Q all� kai
baruonik  m�za pou ekpèmpei sto oratì, dhlad  ta astèria, me ta dÔo na eÐnai metaxÔ touc
an�loga kai me stajer� analogÐac ξ ' 0.19

√
h, sÔmfwna me thn anafor� [55]. Upojèto-

ntac ìti to jermì aèrio sto sm noc mporeÐ na perigrafeÐ apì èna sfairik� summetrikì kai
isojermikì montèlo thc morf c:

ne = ne0(1 +
r2

r2
c

)−3β/2 (2.81)

ìpou β eÐnai mÐa stajer�, ne eÐnai h arijmhtik  puknìthta twn hlektronÐwn kai ne0, rc eÐnai
h kentrik  arijmhtik  puknìthta twn hlektronÐwn kai h aktÐna tou pur na antÐstoiqa,
mporoÔme na deÐxoume ìti [56],[86]

Mgas(< R) = B(Te, R/rc, β)r3/2
c LX(< R)1/2 (2.82)

Sthn exÐswsh (2.82) Te eÐnai h jermokrasÐa twn hlektronÐwn, LX(< R) eÐnai h bolome-
trik  lamprìthta entìc thc aktÐnac R kai B eÐnai mÐa stajer� pou eÐnai anex�rthth twn
kosmologik¸n paramètrwn. Oi posìthtec rc, LX(< R) mporoÔn na brejoÔn apì thn pa-
rathroÔmenh gwniak  aktÐna tou pur na θc kai thn parathroÔmenh fainìmenh lamprìthta
entìc thc θ (lX(< θ)) wc

LX(< R) = 4πdL(z)2lX(< θ) (2.83)
rc = θcdA(z) (2.84)
R = θdA(z) (2.85)
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ìpou dL(z) kai dA(z) eÐnai h apost�seic lamprìthtac kai gwniak c diamètrou antÐstoiqa,
oi opoÐec exart¸ntai apì to kosmologikì montèlo H(z) wc

dL(z) = (1 + z)2dA(z) = c(1 + z)

∫ z

0

dz′

H(z′)
(2.86)

gia mÐa epÐpedh kosmologÐa. Apì tic exis¸seic (2.82)-(2.86) brÐskoume ìti

Mgas(< R) = C(θc, θ, lX , z)dA(z)5/2 (2.87)

ìpou ìlh h ex�rthsh sto kosmologikì montèlo perièqetai sthn dA(z) en¸ h stajer� C
exart�tai apì parathr simec posìthtec pou qarakthrÐzoun to k�je sm noc (θc, lX(<
θ),Te,z).

Parìmoia, h olik  m�za Mtot(< R) tou sm nouc, entìc thc aktÐnac R, mporeÐ na brejeÐ
upojètontac ìti h m�za an�mesa sta sm nh brÐsketai se udrostatik  isorropÐa

Mtot(< R) = D R = D θ dA(z) (2.88)

ìpou h stajer� D eÐnai anex�rthth kosmologik¸n parathr sewn kai exart�tai mìno apì
idiìthtec tou sm nouc. Apì tic exis¸seic (2.87) kai (2.88) brÐskoume ìti

fgas =
Mgas(< R)

Mtot(< R)
=

C

Dθ
dA(z)3/2 ≡ QdA(z)3/2 (2.89)

ìpou to Q exart�tai mìno apì idiìthtec tou sm nouc. An upojèsoume t¸ra ìti oi posìthtec
Qi (i = 1, ..., N) gia èna deÐgma N smhn¸n pou brÐskontai se erujrèc metatopÐseic zi èqoune
metrhjeÐ, tìte apì tic exis¸seic (2.80) kai (2.89)èqoume

b
Ωb

Ω0m

= (1 + ξ)fgas(zi) = (1 + ξ)QidA(zi)
3/2 (2.90)

OrÐzontac
fSCDM

gas (zi) ≡ Qi dSCDM
A (zi)

3/2 (2.91)

ìpou dSCDM
A (zi) eÐnai h apìstash gwniak c diamètrou gia to prìtupo SCDM montèlo (gia

to opoÐo isqÔei Ω0m = 1), mporoÔme na lÔsoume thn (2.91) wc proc Qi kai antikajist¸ntac
sthn exÐswsh (2.90) brÐskoume

fSCDM
gas (zi) ≡ b

1 + ξ

Ωb

Ω0m

(
dSCDM

A (zi)

dA(zi)

)3/2

(2.92)

Epeid  to fSCDM
gas eÐnai gnwstì parathrhsiak� [55] mporoÔme na qrhsimopoi soume thn

exÐswsh (2.92) gia na prosdiorÐsoume thn sun�rthsh dA(zi) kai sunep¸c to kosmologi-
kì montèlo pou tairi�zei kalÔtera sta dedomèna. Me thn qr sh twn 26 parathrhsiak¸n
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PÐnakac 2.1: Ta dedomèna gia ta sm nh galaxi¸n thc anafor�c [55].

zi fgas,i σ2
gas,i

0.078 0.189 0.011
0.088 0.184 0.011
0.143 0.167 0.019
0.188 0.169 0.011
0.206 0.180 0.015
0.208 0.137 0.018
0.240 0.163 0.009
0.252 0.164 0.012
0.288 0.149 0.017
0.313 0.169 0.010
0.314 0.175 0.023
0.324 0.177 0.018
0.345 0.173 0.019
0.352 0.189 0.025
0.363 0.159 0.017
0.391 0.159 0.024
0.399 0.177 0.017
0.450 0.155 0.019
0.451 0.137 0.009
0.461 0.129 0.019
0.461 0.156 0.034
0.494 0.094 0.025
0.539 0.135 0.011
0.686 0.155 0.018
0.782 0.100 0.016
0.892 0.114 0.021

dedomènwn gia ta fSCDM
gas (zi) pou dhmosieÔthkan sthn anafor� [55] mporoÔme na elaqisto-

poi soume to χ2
CBF (Cluster Baryon Fraction) pou orÐzetai wc

χ2
CBF (Ω0m, w0, w1) ≡

26∑
i=1

(fSCDM
gas (zi)− fgas,i)

2

σ2
fgas,i

(2.93)

ìpou ta fSCDM
gas (zi) dÐnontai apì thn exÐswsh (2.92) kai ta dedomèna fgas,i, σ2

gas,i pou qrhsi-
mopoi jhkan sthn an�lush faÐnontai ston PÐnaka 2.1. H par�metroc b

1+α
Ωb

Ω0m
eÐnai �enoqlh-

tik � kai gi' autì mporoÔme me thn akìloujh mèjodo mporoÔme na thn �perijwriopoi soume�
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(marginalization). An orÐsoume λ ≡ b
1+α

Ωb

Ω0m
tìte

fSCDM
gas (zi) = λ ·

(
dSCDM

A (zi)

dA(zi)

)3/2

≡ λ · f̃SCDM
gas (zi) (2.94)

kai afoÔ anaptÔxoume wc proc λ thn exÐswsh (2.93) paÐrnoume

χ2
CBF ≡ λ2A− 2λB + C (2.95)

ìpou

A =
N∑

i=1

f̃SCDM
gas (zi)

2

σ2
fgas,i

B =
N∑

i=1

f̃SCDM
gas (zi) · fgas,i

σ2
fgas,i

C =
N∑

i=1

f 2
gas,i

σ2
fgas,i

(2.96)

H exÐswsh (2.95) èqei el�qisto gia λ = B/A, me tim 

χ̃2
CBF ≡ C −B2/A (2.97)

h opoÐa eÐnai anex�rthth tou λ. Ja prèpei na tonisteÐ ìti ta dedomèna aut� èqoun sf�lma
p�nw apì 10% kai sunep¸c metabolèc thc H(z) me dedomèno Ω0m ephre�zei to χ2

CBF polÔ
ligìtero apì ta upìloipa dedomèna.

2.3 Dunamikèc Mèjodoi

2.3.1 H uperpuknìthta twn diataraq¸n thc Ôlhc δ(α)

'Ena par�deigma dunamik c mejìdou thc gewmetrÐac eÐnai h uperpuknìthta twn diataraq¸n
thc Ôlhc δ(α) (matter overdensity) pou orÐzetai wc

δ(α) ≡
δρ
ρ
(α)

δρ
ρ
(α = 1)

(2.98)

ìpou ρ eÐnai h mèsh puknìthta thc Ôlhc, en¸ δρ eÐnai h diataraq  se pr¸th t�xh aut c.
Oi metr seic tou δ(α) mporoÔn na gÐnoun me di�forouc trìpouc p.q. me ton par�gonta
paramìrfwshc (redshift distortion factor) apì tic èreunec erujr c metatìpishc[87], tic
mejìdouc twn asjen¸n barutik¸n fak¸n (weak lensing)[88], thn arijmhtik  katanom  twn
smhn¸n twn galaxi¸n [89], to fainìmeno ISW [76] kai to f�sma isqÔoc twn dom¸n meg�lhc
klÐmakac [90],[91]. H jewrhtik� problepìmenh exèlixh tou δ(α) (sta plaÐsia thc Genik c
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Sqetikìthtac) mporeÐ na brejeÐ sundu�zontac tic exis¸seic (2.36)-(2.42) kai lamb�nontac
upìyh to gegonìc ìti mìno oi trìpoi tal�ntwshc pou brÐskontai entìc thc aktÐnac Hubble
k2 >> α2H2 suneisfèroun, brÐskoume thn diaforik  exÐswsh pou perigr�fei thn exèlixh
tou δ(α) [22]:

δ′′(α) +

(
3

α
+

H ′(α)

H(α)

)
δ′(α)− 3

2

Ω0m

α5H(α)2
δ(α) = 0 (2.99)

me arqikèc sunj kec δ(α) ' α gia α ' 0. Sthn exÐswsh (2.99) èqoume agno sei tic
anisotropikèc pièseic kai tic diataraqèc thc Skotein c Enèrgeiac[92] oi opoÐec èqoun mikr 
suneisfor� entìc thc aktÐnac Hubble. O teleutaÐoc ìroc thc exÐswshc (2.99) aporrèei
apì thn sÔndesh twn diataraq¸n thc metrik c me tic diataraqèc thc Ôlhc. 'Opwc ja doÔme
kai parak�tw, autì pou metriètai sthn pr�xh eÐnai o grammikìc rujmìc metabol c twn
diataraq¸n pou orÐzetai wc

f ≡ α
dδ(α)/dα

δ(α)
(2.100)

En gènei, h exÐswsh (2.99) den mporeÐ na lujeÐ analutik�, all� eÐnai dunatì na brejeÐ mia
prosèggish ston grammikì rujmì metabol c twn diataraq¸n f . An sthn exÐswsh (2.99)
all�xoume metablhtèc apì α se ln α paÐrnoume [93]

(ln δ)′′ + (ln δ)′2 + (ln δ)′
[
1

2
− 3

2
w(1− Ωm(α))

]
=

3

2
Ωm(α) (2.101)

ìpou qrhsimopoi same to gegonìc ìti

Ωm(α) ≡ ρm(α)

ρm(α) + ρde(α)
(2.102)

MporoÔme akìmh, na all�xoume tic metablhtèc apì ln α se Ωm(α) lamb�nontac upìyh thn
diaforik  morf  thc exÐswshc (2.102) kai qrhsimopoi¸ntac thn diat rhsh thc enèrgeiac
(dρ = −3(ρ + p)d ln α) paÐrnoume [93]

3wΩm(1− Ωm)
df

dΩm

+ f 2 + f

[
1

2
− 3

2
w(1− Ωm)

]
=

3

2
Ωm (2.103)

ìpou jèsame

f ≡ d ln δ

d ln α
(2.104)

K�nontac thn upìjesh ergasÐac[93]

f = Ωγ(Ωm)
m (2.105)

tìte, qrhsimopoi¸ntac sthn exÐswsh (2.103) kai anaptÔssontac gÔrw apì to Ωm = 1 (to
opoÐo gia z

>∼ 1 eÐnai polÔ kal  prosèggish) brÐskoume se mhdenik  t�xh

γ =
3(w − 1)

6w − 5
(2.106)
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Sq ma 2.6: H arijmhtik  lÔsh thc exÐswshc (2.101) gia ton kanonikopoihmèno grammikì
rujmì diataraq¸n f thc exÐswshc (2.100) gia to ΛCDM (Ω0m = 0.3) (maÔrh diakekommènh
gramm ) mazÐ me to antÐstoiqo proseggistikì apotèlesma me γ = 6

11
ìpwc brÐsketai apì

thn exÐswsh (2.105) (mple suneq c gramm ). H sumfwnÐa metaxÔ twn dÔo mejìdwn eÐnai
exairetik .

to opoÐo aplopoieÐtai se γ = 6
11

gia w = −1. Oi exis¸seic (2.105) kai (2.106) ìpwc
faÐnetai sto sq ma (2.6) eÐnai exairetikèc proseggÐseic sthn arijmhtik  lÔsh thc f(z).
'Etsi, mporoÔme apì thn (2.105) na broÔme gia thn uperpuknìthta twn diataraq¸n thc
Ôlhc δ(α) thn prosèggish[93],[94]

δ(z) = δ(0)e
R 1

1+z
1 Ωm(α)γ dα

α (2.107)

Ta pio qr sima parathrhsiak� dedomèna gia ton prosdiorismì tou δ qrhsimopoioÔn thn
par�metro paramìrfwshc thc erujr c metatìpishc β, h opoÐa sundèei to f�sma isqÔoc
(power spectrum) thc sqèshc (2.54) sto q¸ro thc erujr c metatìpishc Ps(~k) me to alhjinì
f�sma isqÔoc twn galaxi¸n Pg(k) wc ex c[22]

Ps(~k) = (1 + βµ2)2Pg(k) (2.108)

ìpou µ = cos θ kai θ eÐnai h gwnÐa metaxÔ twn ~k kai thc gramm c jèashc. H par�metroc
β mporeÐ na prosdioristeÐ parathrhsiak� apì to parathroÔmeno f�sma isqÔoc (  me thn
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metasqhmatismènh tou kat� Fourier sun�rthsh susqètishc ξ(r)) sto q¸ro thc erujr c
metatìpishc kai mporeÐ na deiqjeÐ ìti sqetÐzetai me thn uperpuknìthta twn diataraq¸n thc
Ôlhc δ(α) sthn energì (effective) erujr  metatìpish sthn opoÐa metriètai to f�sma isqÔoc
wc [95]

β =
f

b
(2.109)

ìpou b eÐnai o par�gontac pìlwshc (b ≡ δg

δ
) o o opoÐoc sundèei thn uperpuknìthta stouc

galaxÐec δg me thn uperpuknìthta thc Ôlhc δ.
H apìdeixh thc (2.109) mporeÐ na skiagrafhjeÐ wc ex c [95]: H aktinik  apìstash

enìc galaxÐa me qamhl  erujr  metatìpish z kai me mhdenik  idi�zousa taqÔthta (peculiar
velocity) mporeÐ na proseggisteÐ wc

χ(z) =
z

H0

(2.110)

opìte to di�nusma jèshc sto q¸ro thc erujr c metatìpishc eÐnai

~xs =
z

H0

(sin θ cos φ, sin θ sin φ, cos θ) (2.111)

Wstìso, lìgw barutik¸n fainomènwn, oi galaxÐec èqoun idi�zousec taqÔthtec ~v, oi opoÐec
ephre�zoun thn erujr  metatìpish z wc ex c z = H0x + ~v · x̂ ìpou x̂ eÐnai h dieÔjunsh
kat� thn gramm  jèashc. Sunep¸c, h alhjin  omokinoÔmenh apìstash x wc ton galaxÐa
sundèetai me thn apìstash pou pro rje apì thn erujr  metatìpish wc

z

H0

≡ xs = x +
~v · x̂
H0

(2.112)

Gia na sundèsoume thn galaxiak  uperpuknìthta sto q¸ro thc erujr c metatìpishc δs =
δρs(~xs)

ρ̄
me thn antÐstoiqh galaxiak  uperpuknìthta δg = δρg(x)

ρ̄
prèpei na l�boume upìyh to

ìti o arijmìc twn galaxi¸n se mÐa perioq  eÐnai anex�rthtoc tou sust matoc suntetagmè-
nwn, dhlad 

ns(~xs)d
3xs = n(~x)d3x (2.113)

 

n̄(1 + δs) = n̄(1 + δg)
dx

dxs

x2

x2
s

(2.114)

ìpou n̄ eÐnai h mèsh arijmhtik  puknìthta twn galaxi¸n. An upojèsoume ìti oi taqÔthtec
eÐnai mikrèc kai l�boume upìyh mìno trìpouc exèlixhc me kx À 1, tìte apì tic exis¸seic
(2.112) kai (2.114) prokÔptei ìti

δs(~x) = δg(~x)− ∂

∂x

(
~v(x) · x̂

H0

)
(2.115)
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MetasqhmatÐzontac kat� Fourier thn exÐswsh (2.115) kai ekfr�zontac thn idi�zousa taqÔ-
thta sunart sei thc uperpuknìthtac thc Ôlhc δ, qrhsimopoi¸ntac thn exÐswsh sunèqeiac,
paÐrnoume th sqèsh

α
dδ

dt
+ ikv = 0 (2.116)

apì thn opoÐa sunep�getai [95]

~v(k, α) =
ifαHδ(k, α)~k

k2
(2.117)

brÐskontac ètsi (gia z ¿ 1)

δ̃s(~k) = δg(k) + fµ2δ(k) (2.118)

ìpou µ = cos θ = k̂ · x̂ kai to f èqei oristeÐ sthn exÐswsh (2.100). T¸ra mporoÔme na
qrhsimopoi soume ton par�gonta pìlwshc b ≡ δg

δ
gia na gr�youme thn exÐswsh (2.118) wc

δ̃s(~k) = (1 +
f

b
µ2)δg(k) (2.119)

apì thn opoÐa prokÔptoun oi exis¸seic (2.108) kai (2.109).
H par�metroc β = f

b
mporeÐ na prosdioristeÐ metr¸ntac to f�sma isqÔoc Ps(~k) kai

analÔontac kai ta dÔo mèlh thc exÐswshc (2.108) se polu¸numa Legendre Pl(µ)[95]:

Ps(~k) = P (0)
s (k)P0(µ) + P (2)

s (k)P2(µ) + P (4)
s (k)P4(µ) =

= (1 + βµ2)2Pg(k) = [(1 +
2

3
β +

1

5
β2)P0(µ) +

+ (
4

3
β +

4

7
β2)P2(µ) +

8

35
β2P4(µ)]Pg(k) (2.120)

Epomènwc ènac trìpoc gia na metrhjeÐ to β eÐnai na qrhsimopoihjeÐ o lìgoc thc tetrapo-
lik c kai thc monopolik c rop c

P
(2)
s (k)

P
(0)
s (k)

=
4
3
β + 4

7
β2

1 + 2
3
β + 1

5
β2

(2.121)

o opoÐoc odhgeÐ ston prosdiorismì thc tim c tou β kai, an o par�gontac pìlwshc b eÐnai
gnwstìc, sthn eÔresh thc tim c tou f gia thn energì erujr  metatìpish thc èreunac.

Ta diajèsima parathrhsiak� dedomèna gia tic paramètrouc β kai b gia di�forec erujrèc
metatopÐseic faÐnontai ston PÐnaka 2.2. Oi anaforèc tou PÐnaka 2.2 èqoun upojèsei to
ΛCDM montèlo me Ω0m = 0.3 gia thn metatrop  apì thn erujr  metatìpish se apost�seic,
opìte ta dedomèna aut� den eÐnai axiìpista gia thn dokim  montèlwn pèra apì to ΛCDM.
EpÐshc, ìpwc parathr jhke apì thn anafor� [96], ta dedomèna twn anafor¸n [97], [98],
[99] tou PÐnaka 2.2 antistoiqoÔn se metr seic β(z) all� o prosdiorismìc thc pìlwshc b
gÐnetai sugkrÐnontac f�smata isqÔoc, pou upologÐsthkan arijmhtik� me prosomoi¸seic, me
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PÐnakac 2.2: Ta diajèsima parathrhsiak� dedomèna gia tic paramètrouc β kai b gia di�-
forec erujrèc metatopÐseic. H anafor� [100] anafèrei mìno to grammikì rujmì metabol c
twn diataraq¸n f kai ìqi tic paramètrouc β kai b.

z β b fobs Anaf.

0.15 0.49± 0.09 1.04± 0.11 0.51± 0.11 [87],[102]
0.35 0.31± 0.04 2.25± 0.08 0.70± 0.18 [97]
0.55 0.45± 0.05 1.66± 0.35 0.75± 0.18 [98]
1.4 0.60+0.14

−0.11 1.5± 0.20 0.90± 0.24 [99]
3.0 − − 1.46± 0.29 [100]

tic parathr seic. Efìson ta f�smata isqÔoc, pou upologÐsthkan arijmhtik� me proso-
moi¸seic, èqoun upojèsei to ΛCDM montèlo, ta telik� fobs = β b prèpei na ermhneutoÔn
me prosoq  kai mporoÔn mìno na qrhsimopoihjoÔn gia ton èlegqo thc autosunèpeiac tou
ΛCDM.

Ston Ðdio pÐnaka epÐshc up�rqei kai to shmeÐo thc anafor�c [100], h opoÐa dhmosÐeuse
mìno to grammikì rujmì diataraq¸n f kai ìqi tic paramètrouc β kai b, lìgw tou ìti èqei
qrhsimopoi sei diaforetik  mèjodo, dhlad  brèjhke apeujeÐac h allag  tou f�smatoc i-
sqÔoc apì dedomèna tÔpou Ly−α forest apì thn èreuna SDSS, se di�forec fètec erujr c
metatìpishc. To shmeÐo autì (se sunduasmì me to pr¸to) èqei qrhsimopoihjeÐ prohgou-
mènwc apì �llouc suggrafeÐc [101] me parìmoio trìpo. Qrhsimopoi¸ntac ta dedomèna tou
PÐnaka 2.2 mporoÔme na kataskeu�soume ton ìro

χ2
f (Ω0m, γ) =

∑
i

[
fobs(zi)− fth(zi, γ)

σfobs

]2

(2.122)

ìpou ta fobs kai σfobs brÐskontai apì ton PÐnaka 2.2, en¸ ta fth(zi, γ) brÐskontai apì thn
exÐswsh (2.105).

'Ena enallaktikì set dedomènwn eÐnai h ex�rthsh sthn erujr  metatìpish thc mèshc
diakÔmanshc thc m�zac σ8(z) pou orÐzetai wc

σ2(R, z) =

∫ ∞

0

W 2(kR)∆2(k, z)
dk

k
(2.123)

me

W (kR) = 3

(
sin(kR)

(kR)3
− cos(kR)

(kR)2

)
r (2.124)

∆2(kz) = 4πk3Pδ(k, z) (2.125)
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PÐnakac 2.3: Ta diajèsima dedomèna gia thn mèsh diakÔmansh thc m�zac σ8(z) se di�forec
erujrèc metatopÐseic.

z σ8 σσ8 Anaf.

2.125 0.95 0.17 [103]
2.72 0.92 0.17

2.2 0.92 0.16 [104]
2.4 0.89 0.11
2.6 0.98 0.13
2.8 1.02 0.09
3.0 0.94 0.08
3.2 0.88 0.09
3.4 0.87 0.12
3.6 0.95 0.16
3.8 0.90 0.17

0.35 0.55 0.10 [105]
0.6 0.62 0.12
0.8 0.71 0.11
1.0 0.69 0.14
1.2 0.75 0.14
1.65 0.92 0.20

me R = 8h−1Mpc kai Pδ(k, z) to f�sma isqÔoc thc Ôlhc se erujr  metatìpish z. H
sun�rthsh σ8(z) sundèetai me thn diataraq  δ(z) wc ex c

σ8(z) =
δ(z)

δ(0)
σ8(z = 0) (2.126)

apì thn opoÐa sunep�getai ìti

sth(z1, z2) ≡ σ8(z1)

σ8(z2)
=

δ(z1)

δ(z2)
=

e
R 1

1+z1
1 Ωγ

m(α) dα
α

e
R 1

1+z2
1 Ωγ

m(α) dα
α

(2.127)

ìpou qrhsimopoi same thn exÐswsh (2.107). Ta perissìtera diajèsima dedomèna σ8(zi)
proèrqontai apì thn exèlixh me thn erujr  metatìpish tou f�smatoc isqÔoc tou fainomènou
Ly − α [103],[104],[105]. Ta shmeÐa aut� faÐnontai ston PÐnaka 2.3 .

57



Ja prèpei ìmwc na shmeiwjeÐ, ìti ta dedomèna aut� den eÐnai tìso qr sima ìso o
par�gontac erujr c metatìpishc β gia dÔo lìgouc:

1. H posìthta σ8(z) den sundèetai �mesa me ton rujmì an�ptuxhc twn diataraq¸n f(z).
AntÐjeta, sqetÐzetai me to f(z) mèsw tou oloklhr¸matoc thc exÐswshc (2.107).

2. Ta perissìtera apì ta dedomèna σ8 pou proèrqontai apì to fainìmeno Ly − α brÐ-
skontai se uyhlèc erujrèc metatopÐseic ìpou to ΛCDM montèlo den xeqwrÐzei apì
ta montèla me Skotein  Enèrgeia.

Qrhsimopoi¸ntac ta dedomèna tou PÐnaka 2.3 mporoÔme na kataskeu�soume ton antÐ-
stoiqo ìro χ2

s pou orÐzetai wc

χ2
s(Ω0m, γ) =

∑
i

[
sobs(zi, zi+1)− sth(zi, zi+1)

σsobs,i

]2

(2.128)

ìpou ta σsobs,i
mporoÔn na brejoÔn apì ta antÐstoiqa 1σ sf�lmata twn σ8(zi) kai σ8(zi+1)

en¸ to sth(zi, zi+1) orÐzetai sthn exÐswsh (2.127). Ja prèpei ìmwc na shmeiwjeÐ ìti ìlec oi
anaforèc dhmosÐeusan ta dedomèna touc èqontac upojèsei to ΛCDM montèlo me Ω0m = 0.3
gia thn metatrop  twn erujr¸n metatopÐsewn se apost�seic (ektìc apì thn anafor� [99]
pou qrhsimopoÐhse Ω0m = 0.25 kai tic [103],[104] pou qrhsimopoÐhsan Ω0m = 0.26).
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Kef�laio 3

JEWRHTIKA MONTELA KAI
PARATHRHSIAKOI
PERIORISMOI STA PLAISIA
THS GENIKHS SQETIKOTHTAS

3.1 Eisagwg 
'Enac apì touc jemeli¸deic stìqouc thc kosmologÐac eÐnai h katanìhsh thc exèlixhc tou
sÔmpantoc, h opoÐa sta plaÐsia thc Genik c Sqetikìthtac mporeÐ na perigrafeÐ apì thn
exÐswsh Friedmann:

H2(α) =

(
α̇

α

)2

=
8πG

3
ρ(α) (3.1)

ìpou α(t) eÐnai o par�gontac klÐmakac (scale factor) tou sÔmpantoc kai ρ h mèsh energeiak 
puknìthta thc Ôlhc mèsa se autì. 'Omwc, ta teleutaÐa qrìnia mèsw twn ereun¸n anÐqneushc
uperkainofan¸n astèrwn [31],[50],[51] tÔpou Ia (SnIa), pou brÐskontai se kosmologikèc
apost�seic, èqei upodeiqjeÐ ìti sqetik� prìsfata (se kosmologik  klÐmaka) kai se erujr 
metatìpish z ' 0.5 to sÔmpan èqei mpei se mia f�sh epitaqunìmenhc diastol c. M�lista,
oi parathr seic autèc deÐqnoun ìti den eÐnai dunatì kai ta dÔo mèlh thc exÐswshc (3.1) na
eÐnai Ðsa an ρ(α) = ρm(α) ∼ α−3, akìma kai an upotejeÐ mh mhdenik  kampulìthta.

H epitaqunìmenh aut  diastol  mporeÐ na exhghjeÐ me dÔo trìpouc: EÐte prèpei na tro-
popoihjeÐ to dexÐ mèloc thc exÐswshc Friedmann (3.1) eis�gontac èna nèo idanikì reustì,
me puknìthta enèrgeiac ρ(α) = ρm(α)+ρX(α), to opoÐo ja èqei thn kat�llhlh exèlixh ètsi
¸ste na apokatastajeÐ h isìthta twn dÔo mel¸n thc exÐswshc eÐte prèpei na tropopoihjoÔn
kai ta dÔo mèlh thc exÐswshc (3.1), k�ti to opoÐo shmaÐnei ìti prèpei na tropopoihjoÔn oi
Ðdiec oi exis¸seic Einstein. Sthn pr¸th perÐptwsh to nèo autì idanikì reustì, to opoÐo
èqei puknìthta enèrgeiac ρX(α), èqei onomasteÐ Skotein  Enèrgeia kai gia na eÐnai upeÔ-
juno gia thn epitaqunìmenh diastol  tou sÔmpantoc prèpei na èqei arnhtik  pÐesh. Tèloc,
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di�fora montèla thc Skotein c Enèrgeiac ja melethjoÔn se autì ed¸ to kef�laio, en¸
tropopoi seic twn exis¸sewn Einstein ja melethjoÔn sto epìmeno.

3.2 H Kosmologik  Stajer� - To montèlo ΛCDM

3.2.1 Genik�
O aploÔsteroc upoy fioc gia thn Skotein  Enèrgeia eÐnai h Kosmologik  Stajer� h
opoÐa èqei katastatik  exÐswsh w = p

ρ
= −1. H kosmologik  stajer� eÐqe protajeÐ gia

pr¸th for� apì ton Einstein wc tropopoÐhsh thc Genik c Sqetikìthtac gia na petÔqei èna
statikì sÔmpan. Wstìso, o Einstein egkatèleiye thn idèa met� thn anak�luyh apì ton
Hubble ìti h erujr  metatìpish tou fwtìc makrin¸n galaxi¸n eÐnai an�logh thc apìstas c
touc[9], k�ti to opoÐo upodeÐknue ìti to sÔmpan den eÐnai statikì. 'Omwc, h anak�luyh thc
epitaqunìmenhc diastol c kat� thn dekaetÐa tou 90 èqei d¸sei kainoÔrio endiafèron sthn
kosmologik  stajer�.

'Opwc eÐdame, h kosmologik  stajer� Λ emfanÐzetai stic exis¸seic Einstein wc ex c

Gµν + Λgµν =
8πG

c4
Tµν (3.2)

'Opwc mporeÐ na deiqjeÐ h sunalloÐwth par�gwgoc kai twn dÔo mel¸n twn exis¸sewn
(3.2) exakoloujeÐ na paramènei mhdèn, mènontac ètsi sumbatèc me touc nìmouc thc topik c
diat rhshc thc enèrgeiac kai thc orm c. Peraitèrw, me ton trìpo me ton opoÐo èqoun
grafeÐ oi exis¸seic (3.2), h stajer� Λ moi�zei me thn kampulìthta tou kenoÔ. 'Omwc, eÐnai
pio endiafèron an metakin soume thn stajer� Λ sto dexÐ mèloc twn exis¸sewn opìte kai
mporoÔme na sqhmatÐsoume ton tanust  enèrgeiac � orm c tou kenoÔ:

T vac
µν = − Λc4

8πG
gµν (3.3)

Apì thn exÐswsh (2.40) blèpoume ìti pvac = − Λc4

8πG
kai

pvac = −ρvac (3.4)

to opoÐo dikaiologeÐ autì pou eÐpame gia thn katastatik  exÐswsh w = p
ρ

= −1. Apì tic
exis¸seic (3.2) mporeÐ na deiqjeÐ [24] ìti sto ìrio asjen¸n barutik¸n pedÐwn paÐrnoume
mia tropopoihmènh exÐswsh Poisson

∇2φ = 4πG(ρ + 3p) (3.5)

Se aut  thn perÐptwsh, h posìthta ρ + 3p eÐnai arnhtik  kai sunep¸c mÐa jetik  tim  gia
thn stajer� Λ thn k�nei na dra wc apwstik  dÔnamh.

An sumperil�boume thn kosmologik  stajer� sthn exÐswsh Friedmann tìte aut  gÐ-
netai

H(α)2 ≡ α̇2

α2
= H2

0

(
Ωmα−3 + ΩΛ

)
(3.6)
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kai epeid  èqoume apait sei epipedìthta prèpei na isqÔei H(α = 1) ≡ H0 dÐnontac ètsi th
sunj kh

Ωm + ΩΛ = 1 (3.7)

EpÐshc, mporeÐ na deiqjeÐ ìti o par�gontac epibr�dunshc q0 ≡ − α̈
αH(α)2

|α=1 eÐnai

q0 = Ω0m/2− ΩΛ (3.8)

kai gia ΩΛ > Ω0m/2 èqoume epit�qunsh.
Me thn qr sh twn dedomènwn twn uperkainofan¸n astèrwn mporoÔme na jèsoume k�-

poia endiafèronta ìria sto ΛCDM montèlo. Gia to skopì autì qrhsimopoioÔme ta para-
k�tw 3 set dedomènwn:

• To set dedomènwn SNLS pou perièqei 115 dedomèna kai ta opoÐa brÐskontai se z < 1.

• To olìklhro Gold04 set (Full Gold dataset - FG) me 157 dedomèna kai 0 < z < 1.7.

• To kommèno Gold04 set (Truncated Gold dataset (TG) ) me 140 shmeÐa kai z < 1,
to opoÐo mporeÐ na sugkrijeÐ pio �mesa me to SNLS lìgw tou ìti brÐskontai sto Ðdio
eÔroc thc erujr c metatìpishc z.

Gia aut  thn perÐptwsh ja l�boume upìyh kai thn kampulìthta:

H(z)2 = H2
0 [Ω0m(1 + z)3 + ΩΛ + (1− Ω0m − ΩΛ)(1 + z)2] (3.9)

'Omwc, lìgw autoÔ h apìstash lamprìthtac genikeÔetai wc

DL(z) =
(1 + z)√

Ω0m + Ω0X − 1
Sin[

√
Ω0m + Ω0X − 1

∫ z

0

dz
H0

H(z)
] (3.10)

antÐ thc exÐswshc (2.16) h opoÐa eÐnai mìno kat�llhlh gia epÐpeda montèla.
Sto sq ma 3.1 deÐqnoume tic elleÐyeic empistosÔnhc 68.3% kai 95.4% sto Ω0m − ΩΛ

epÐpedo me b�sh to montèlo (3.9). Oi treic grafikèc antistoiqoÔn sta trÐa set dedomènwn
pou anafèrontai sto keÐmeno SNLS, TG kai FG. MporoÔme na k�noume ta akìlouja sqìlia
gia autèc tic grafikèc:

• O meg�loc �xonac twn elleÐyewn eÐnai sqedìn par�llhloc kai stic treic grafikèc.
To fainìmeno autì [72] ofeÐletai ston ekfulismì tou DL(z; Ω0m, ΩΛ) kat� thn e-
laqistopoÐhsh wc proc sugkekrimènouc grammikoÔc sunduasmoÔc twn paramètrwn
Ω0m − ΩΛ sto upì exètash eÔroc thc erujr c metatìpishc. Gia par�deigma, epi-
lègontac mia antiproswpeutik  erujr  metatìpish z = 0.6 mporeÐ na deiqjeÐ ìti h
tim  DL(z = 0.6) = 0.84 brÐsketai apì ìlouc touc sunduasmoÔc twn Ω0m − ΩΛ pou
ikanopoioÔn Ω0m − 0.80ΩΛ = −0.38. H dieÔjunsh aut c thc (proseggistik c) gram-
m c ekfulismoÔ, exart�tai apì to sugkekrimèno H(z) montèlo kai tou upì exètash
eÔrouc thc erujr c metatìpishc all� h akrib c jèsh thc gramm c exart�tai apì ta
dedomèna.
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Sq ma 3.1: Oi elleÐyeic empistosÔnhc 68.3% kai 95.4% sto Ω0m − ΩΛ epÐpedo me b�sh to
montèlo (3.9). Oi treic grafikèc antistoiqoÔn sta trÐa set dedomènwn pou anafèrontai
sto keÐmeno (SNLS, TG kai FG). Prèpei na anaferjeÐ ìti to epÐpedo ΛCDM montèlo
protim�tai perissìtero apì to SNLS set par� apì ta Gold.

• Oi dÔo ekdoqèc tou Gold set eunooÔn èna kleistì sÔmpan antÐ gia èna epÐpedo (ΩTG
tot =

2.16± 0.59, ΩFG
tot = 1.44± 0.44). Aut  h t�sh den isqÔei gia to SNLS set to opoÐo

dÐnei ΩSNLS
tot = 1.07± 0.52.

• To shmeÐo pou antistoiqeÐ sto SCDM (Ω0m, ΩΛ) = (1, 0) apokleÐetai apì ìla ta set
me perissìtera apì 10σ epÐpeda empistosÔnhc.

• Oi timèc thc paramètrou µmin
0 pou elaqistopoioÔn to χ2(Ω0m, ΩΛ) thc exÐswshc (2.19)

(me to H(z) na dÐnetai apì thn exÐswsh (3.9) ) brÐskontai na eÐnai sumbatèc metaxÔ
ìlwn twn set. Brèjhke pwc µSNLS

0 = 43.15 ± 0.05, µTG
0 = 43.30 ± 0.05 kai µFG

0 =
43.32± 0.05. Autì xekajarÐzei kai thn pijan  asumfwnÐa metaxÔ twn dedomènwn me
uyhl  kai qamhl  erujr  metatìpish pou suzht jhke sthn anafor� [72].

• An upojèsoume epipedìthta, tìte isqÔei ìti Ω0m + ΩΛ = 1, mporoÔme na periorÐ-
soume ton parametrikì q¸ro p�nw sthn diakekommènh kampÔlh tou sq matoc (3.1).
Qrhsimopoi¸ntac thn sqèsh

H(z)2 = H2
0 [Ω0m(1 + z)2 + (1− Ω0m)] (3.11)

mporoÔme na elaqistopoi soume to χ2(Ω0m) thc exÐswshc (2.19) kai na broÔme tic
nèec timèc twn paramètrwn

ΩSNLS
0m = 0.26± 0.04 (3.12)
ΩTG

0m = 0.30± 0.05 (3.13)
ΩFG

0m = 0.31± 0.04 (3.14)
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Oi timèc tou ΩSNLS
0m kai tou ΩFG

0m eÐnai praktik� Ðdiec me tic antÐstoiqec twn anafor¸n
[50],[51], stic opoÐec dhmosieÔthkan ta dedomèna. Autì, mazÐ me �lla parìmoia test,
epibebai¸noun thn egkurìthta thc an�lus c mac.

3.2.2 Nèa test sumbatìthtac/autosunèpeiac thc Kosmologik c
Stajer�c

'Opwc anafèrame to montèlo ΛCDM èqei per�sei me epituqÐa poll� test sumbatìthtac me
tic parathr seic. 'Ena kainoÔrio kai endiafèron test eÐnai o prosdiorismìc tou par�gonta
exèlixhc twn diataraq¸n γ. 'Omwc autìc apaiteÐ na eÐnai gnwstì ìqi mìno to δ(z) all�
kai h qronik  exèlixh tou H(z) kai tou Ω0m (dec exÐswsh (2.102) ). Wstìso, eÐnai dunatì
na brejoÔn pio �mesa test gia to ΛCDM ta opoÐa na apaitoÔn mìno thn gn¸sh twn δ(z)
kai H(z). 'Ena tètoio test sumbatìthtac gia to ΛCDM èqei prìsfata protajeÐ apì thn
anafor� [106], sthn opoÐa parathr jhke ìti gia na isqÔei to ΛCDM prèpei na isqÔei kai
h akìloujh isìthta

(H(z)2/H2
0 )′

(1 + z)2δ′(0)2

∫ ∞

0

δ(z)δ′(z)

(1 + z)
dz + 1 = 0 (3.15)

ìpou ′ ≡ d
dz
. M�lista, sthn anafor� [107] br kame kai mÐa beltiwmènh ekdoq  autoÔ

tou test h opoÐa den perièqei parag¸gouc tou H(z) opìte kai eÐnai ligìtero epirrep c se
parathrhsiak� sf�lmata.

Kai ta dÔo test pou suzht jhkan parap�nw (o par�gontac exèlixhc twn diataraq¸n γ
kai to test sumbatìthtac) apaitoÔn ton parathrhsiakì prosdiorismì tou δ(z) me k�poia
apì tic mejìdouc pou anafèrjhkan sto prohgoÔmeno kef�laio. Dustuq¸c, ta up�rqonta
dedomèna eÐnai periorismèna ston arijmì kai sthn akrÐbeia. EpÐshc, perièqoun arket�
meg�la sf�lmata kai gia thn paragwg  twn dedomènwn èqoun gÐnei k�poiec mh tetrimmènec
upojèseic oi opoÐec empodÐzoun ton xek�jaro prosdiorismì tou δ(z). Epiplèon, èna meg�lo
mèroc twn dedomènwn brÐsketai se sqetik� meg�lec erujrèc metatopÐseic (z > 1) ìpou to
ΛCDM eÐnai ekfulismèno se sqèsh me ta upìloipa montèla, afoÔ h Skotein  Enèrgeia,
gia ta perissìtera apì aut�, eÐnai upodespìzousa se sqèsh me thn Ôlh se uyhlèc erujrèc
metatopÐseic.

Parìla aut�, eÐnai akìma endiafèron to na qrhsimopoi soume ta up�rqonta dedomè-
na gia na diereun soume ta parathrhsiak� ìria pou mporoÔn na epiblhjoÔn sto ΛCDM
montèlo. Autì exuphreteÐ dÔo skopoÔc:

1. MporeÐ na qrhsimopoihjeÐ wc prìtupo gia ìtan up�rxoun pio akrib  dedomèna.

2. MporeÐ na d¸sei parathrhsiak� ìria gia èna dunamikì test pou ja eÐnai orjog¸nia
kai teleÐwc anex�rthta apì ta sun jh gewmetrik� test.

'Etsi, se ì,ti akoloujeÐ ja qrhsimopoi soume èna meg�lo eÔroc apì ta dedomèna twn
paramètrwn paramìrfwshc thc erujr c metatìpishc β kai twn σ8(z) gia na prosdiorÐsoume
thn par�metro γ kai gia na dokim�soume to ΛCDM montèlo me dÔo trìpouc:
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1. SugkrÐnontac thn metroÔmenh tim  γ me thn jewrhtik  prìbleyh γ = 6
11
.

2. Efarmìzontac èna nèo test to opoÐo ekmetalleÔetai th sqèsh sunèpeiac metaxÔ tou
H(z) kai tou δ(z) gia to montèlo autì.

'Oson afor� thn pr¸th perÐptwsh, gia na prosdiorÐsoume thn par�metro γ mporoÔme
na kataskeu�soume ton sunduasmèno ìro χ2

tot(Ω0m, γ) wc ex c:

χ2
tot(Ω0m, γ) ≡ χ2

f (Ω0m, γ) + χ2
s(Ω0m, γ) (3.16)

'Omwc, prèpei na anafèroume ìti ìlec oi anaforèc dÐnoun ta dedomèna touc èqontac upo-
jèsei èna ΛCDM montèlo gia thn metatrop  twn erujr¸n metatopÐsewn se apost�seic,
me Ω0m = 0.3 (ektìc apì thn [99] pou qrhsimopoÐhse Ω0m = 0.25 kai tic [103],[104] pou
qrhsimopoÐhsan Ω0m = 0.26).

Jètontac Ω0m = 0.3 kai elaqistopoi¸ntac to χ2
tot wc proc to γ brÐskoume

γ = 0.674+0.195
−0.169 (3.17)

to opoÐo diafèrei k�pwc apì to apotèlesma thc anafor�c [101] epeid  qrhsimopoi same
èna eurÔtero set dedomènwn, mia diaforetik  parametropoÐhsh gia to f kai upojèsame to
ΛCDM wc to montèlo mac apofeÔgontac ètsi thn olokl rwsh wc proc thn par�metro
w0. To apotèlesma (3.17) upodeiknÔei ìti h tim  γ = 6

11
= 0.545 eÐnai mèsa sto 1σ

epÐpedo empistosÔnhc apì thn kalÔterh tim  sto el�qisto kai sunep¸c eÐnai sumbat  me
ta dedomèna. 'Omwc, ta parathrhsiak� ìria eÐnai sqetik� adÔnama kai akìma kai èna
epÐpedo montèlo pou èqei mìno Ôlh (SCDM) kai to opoÐo problèpei γ = 0.6 (to opoÐo
prokÔptei eÔkola an jèsoume w = 0 sthn exÐswsh (2.106) ), eÐnai sumbatì me ta dedomèna.
EpÐshc, autì to apotèlesma upodeiknÔei ìti an qreiazìtan mìno h tim  tou fobs kai h
mètrhsh tou β tìte autì ja eÐqe brejeÐ eÔkola apì to fobs gia to ΛCDM (to opoÐo eÐnai
gnwstì analutik�) kai to metroÔmeno β qwrÐc na qrei�zetai h prosomoÐwsh. Se aut  thn
perÐptwsh ja eÐqame brei kai polÔ kal  sumfwnÐa me to ΛCDM. AntÐjeta br kame mia
k�pwc megalÔterh tim  gia to γ. Epanalamb�nontac thn diadikasÐa all� afair¸ntac ta
trÐa shmeÐa gia z = 0.35, 0.55 kai 1.4 brÐskoume mia elafr¸c diaforetik  tim  gia to γ:

γ = 0.73± 0.23 (3.18)

all� kai p�li mèsa sto 1σ thc tim c tou ΛCDM.
Apì thn �llh, agno¸ntac ta dedomèna tÔpou σ8(z) brÐskoume mia amelhtèa diafor�, se

sqèsh me to kalÔtero el�qisto ìlwn twn 22 shmeÐwn, sugkekrimèna γ = 0.663±0.2. Autì
eÐnai sunepèc me ì,ti anafèrjhke parap�nw sqetik� me thn qrhsimìthta proc to parìn
aut¸n twn dedomènwn. Enallaktik�, upojètontac thn tim  tou γ gia to ΛCDM (γ = 6

11
)

kai elaqistopoi¸ntac wc proc Ω0m brÐskoume Ω0m = 0.24+0.09
−0.07.

Ta kosmologik� dedomèna gia to grammikì rujmì exèlixhc twn diataraq¸n thc Ôlhc
f(z) faÐnontai sto sq ma 3.2 mazÐ me to kalÔtero montèlo f = Ωm(z)γ me Ω0m = 0.3 kai
ta antÐstoiqa 1σ sf�lmata (gkrÐza perioq ). Sto Ðdio sq ma deÐqnoume (me thn diakekom-
mènh gramm ) to antÐstoiqo fΛCDM(z) to opoÐo brÐsketai lÔnontac arijmhtik� thn exÐswsh
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Sq ma 3.2: Ta kosmologik� dedomèna gia ton grammikì rujmì twn diataraq¸n f(z) mazÐ me
to kalÔtero montèlo f = Ωm(z)γ gia Ω0m = 0.3 (maÔrh suneq c gramm ) kai ta antÐstoiqa
1σ sf�lmata (gkrÐza perioq ). Ta orjog¸nia sf�lmatoc gia to f brÐskontai paÐrnontac
touc lìgouc stic sugkekrimènec erujrèc metatopÐseic. Emfan¸c, to kalÔtero montèlo
(suneq c gramm ) diafèrei el�qista apì to ΛCDM (diakekommènh gramm ) kai autì mìno
se mikrèc erujrèc metatopÐseic.

(2.101) gia w = −1 kai Ω0m = 0.3. Emfan¸c, to kalÔtero montèlo (suneq c gramm )
diafèrei el�qista apì to ΛCDM (diakekommènh gramm ) kai autì mìno se mikrèc erujrèc
metatopÐseic. Epomènwc, mporoÔme na sumper�noume ìti to ΛCDM eÐnai sumbatì me ta
up�rqonta dedomèna gia thn uperpuknìthta twn diataraq¸n thc Ôlhc δ(z).

To test gia to ΛCDM pou anafèrjhke parap�nw apaiteÐ thn gn¸sh apì prin gia
thn par�metro Ω0m, afoÔ ta dedomèna den eÐnai akìma tìso akrib  ¸ste na epitrèpoun thn
tautìqronh elaqistopoÐhsh wc proc to Ω0m kai to γ me sqetik� mikr� sf�lmata. Sunep¸c,
eÐnai qr simo na brejeÐ èna test to opoÐo na exart�tai mìno apì ta parathroÔmena H(z)
kai δ(z). 'Ena tètoio test autosunèpeiac suzht jhke prìsfata sthn anafor� [106] kai
afor� ta H(z), δ(z) kai tic parag¸gouc touc (dec exÐswsh (3.15) ). Ed¸ ja deÐxoume
[107] mia beltiwmènh èkdosh autoÔ tou test h opoÐa eÐnai anex�rthth twn parag¸gwn tou
H(z) kai sunep¸c eÐnai ligìtero eu�lwth se parathrhsiak� sf�lmata. Xekin¸ntac apì
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thn exÐswsh (2.99) kai gr�font�c thn wc proc H(α) brÐskoume

dH(α)2

dα
+ 2

(
3

α
+

δ′′

δ′

)
H2 =

3Ω0mH2
0δ

α5δ′
(3.19)

ìpou ′ ≡ d
dα

. H lÔsh sthn exÐswsh (3.19) eÐnai [108]

H(α)2

H2
0

=
3Ω0m

α6δ′(α)2

∫ α

0

αδ(α)δ′(α)dα (3.20)

h opoÐa mporeÐ na ekfrasteÐ sunart sei thc erujr c metatìpishc wc

H(z)2

H2
0

= −3Ω0m(1 + z)2

δ′(z)2

∫ ∞

z

δ(z)δ′(z)

1 + z
dz (3.21)

kai jètontac z = 0 prokÔptei

Ω0m = −1

3
δ′(0)2

[∫ ∞

0

δ(z)δ′(z)

1 + z
dz

]−1

(3.22)

Gia na metatrèyoume thn exÐswsh (3.22) se èna test autosunèpeiac gia to ΛCDM prèpei
na ekfr�soume to Ω0m sunart sei gewmetrik¸n parathr simwn megej¸n ìpwc to H(z).

Sta plaÐsia tou ΛCDM èqoume

ΩΛCDM
m (z) =

[(
H(z)

H0

)2

− 1

]
1

(1 + z)3 − 1
(3.23)

to opoÐo èqei wc ìrio to ΩΛCDM
m (z) = Ω0m ìtan to H(z) upologÐzetai gia to ΛCDM.

Diair¸ntac thn (3.23) me thn (3.22)èqoume

ΩΛCDM
m (z)

Ω0m

− 1 = −
3
(

H(z)2

H2
0
− 1

) ∫∞
0

δ(z)δ′(z)
1+z

dz

[(1 + z)3 − 1] δ′(0)2
− 1 = 0 (3.24)

ìpou h teleutaÐa isìthta isqÔei mìno ìtan to ΛCDM eÐnai h isqÔousa jewrÐa. Qrhsimo-
poi¸ntac tic exis¸seic (2.107) kai (3.17) sthn (3.24) mporoÔme na broÔme to 1σ eÔroc tou
aristeroÔ mèlouc thc exÐswshc (3.24), to opoÐo faÐnetai sto sq ma 3.3 (gkrÐza perioq ).
Prèpei na anaferjeÐ ìti ek kataskeu c eÐnai anex�rthto thc erujr c metatìpishc z, a-
foÔ upojèsame ìti to gewmetrikì mèroc thc exÐswshc (3.24) (H(z)) perigr�fetai apì to
ΛCDM (Ω0m = 0.3). H tim  0 pou antistoiqeÐ sto ΛCDM gia ta kat�llhla H(z) kai δ(z)
(diakekommènh gramm ) eÐnai emfan¸c mèsa sto 1σ apì thn kalÔterh kampÔlh sto el�qi-
sto (suneq c gramm ). Autì eÐnai anamenìmeno, afoÔ to eÔroc tou γ sthn exÐswsh (3.17)
perilamb�nei thn tim  γ = 6

11
. An eÐqame qrhsimopoi sei mia pio genik  morf  gia to H(z)

tìte to 1σ eÔroc thc exÐswshc (3.24) ja  tan exart¸meno apì thn erujr  metatìpish.
Wstìso, ìpwc anafèrame kai pio prin, se aut  thn perÐptwsh to epitrepìmeno eÔroc tou γ
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Sq ma 3.3: To 1σ eÔroc (gkrÐza perioq ) tou aristeroÔ mèlouc thc exÐswshc (3.24) (maÔrh
suneq c gramm ). Prèpei na anaferjeÐ ìti ek kataskeu c eÐnai anex�rthto thc erujr c
metatìpishc z afoÔ upojèsame ìti to gewmetrikì mèroc thc exÐswshc (3.24) (H(z)) peri-
gr�fetai apì to ΛCDM (Ω0m = 0.3). H tim  0 pou antistoiqeÐ sto ΛCDM kai gia ta H(z)
kai δ(z) (diakekommènh gramm ) eÐnai emfan¸c mèsa sto 1σ apì thn kalÔterh kampÔlh sto
el�qisto (suneq c gramm ). Autì eÐnai anamenìmeno afoÔ to eÔroc tou γ sthn exÐswsh
(3.17) perilamb�nei thn tim  γ = 6

11
.

ja  tan ligìtero axiìpisto, efìson oi èreunec pou parèqoun ta dedomèna twn Pin�kwn 2.2
kai 2.3 metatrèpoun tic erujrèc metatopÐseic se apost�seic qrhsimopoi¸ntac to ΛCDM me
Ω0m = 0.3. Sunep¸c, aut� ta dedomèna mporoÔn na qrhsimopoihjoÔn mìno gia ton èlegqo
tou ΛCDM.

Sumperasmatik�, mporoÔme na poÔme ìti o sunduasmìc twn gewmetrik¸n (H(z)) kai
twn dunamik¸n (δ(z)) parathr sewn pou qrhsimopoi same se autì to ed�fio gia na elèg-
xoume to ΛCDM ja mporoÔse na qrhsimopoihjeÐ kai gia ton èlegqo genikeumènwn jewri¸n
barÔthtac oi opoÐec den mporoÔn na elegqjoÔn eÔkola mìno me thn qr sh gewmetrik¸n
test. Wstìso, se aut  thn perÐptwsh ja prèpei na analujoÔn xan� ta f�smata isqÔoc
qrhsimopoi¸ntac th swst  morf  tou H(z) gia thn metatrop  twn erujr¸n metatopÐsewn
se apost�seic.

Parìla aut�, dedomènwn twn parìntwn sfalm�twn stic parathr seic tou grammikoÔ
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rujmoÔ diataraq¸n f , eÐnai profanèc ìti qrei�zontai dedomèna polÔ kalÔterhc poiìthtac
gia na xeqwrÐsoume to ΛCDM apì tic genikeumènec jewrÐec barÔthtac. Aut� ta dedomèna
ja proèljoun apì èreunec asjen¸n barutik¸n fak¸n meg�lhc klÐmakac ìpwc h èreuna
DUNE, h opoÐa anamènetai na metr sei thn katastatik  exÐswsh thc Skotein c Enèrgeiac
me akrÐbeia kalÔterh apì 5% [109].
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3.3 Epekt�seic sta plaÐsia thc Genik c Sqetikìth-
tac

3.3.1 SÔmpan me Quintessence kai Phantom pedÐa
Parìlo pou h kosmologik  stajer� me katastatik  exÐswsh w = −1 eÐnai h aploÔsterh
morf  Skotein c Enèrgeiac pou eÐnai sumbat  me ta dedomèna, h pijanìthta gia montèla
me qronik� exelissìmenh Skotein  Enèrgeia kai mh stajer  katastatik  exÐswsh w(z) pa-
ramènei mia bi¸simh enallaktik  h opoÐa Ðswc d¸sei kalÔterh sumbatìthta me ta dedomèna
apì to ΛCDM.

To rìlo autì, sthn pio apl  perÐptwsh, mporeÐ na ton anal�bei k�je fusikì pedÐo me
jetik  puknìthta enèrgeiac kai arnhtik  pÐesh to opoÐo parabi�zei thn Isqur  Sunj kh
Enèrgeiac: ρ + 3p > 0 (w > −1

3
). Ta bajmwt� pedÐa tÔpou: Quintessence[110] me jetikì

kinhtikì ìro kai katastatik  exÐswsh sto eÔroc −1 < w < −1
3
parabi�zoun thn Isqur 

Sunj kh Enèrgeiac all� ìqi kai thn KurÐarqh Sunj kh: ρ+p > 0. Apì thn �llh ta pedÐa
tÔpou Phantom[111] èqoun arnhtikì kinhtikì ìro (w < −1), parabi�zoun thn kurÐarqh
sunj kh enèrgeiac kai mporeÐ na eÐnai astaj . Wstìso, proc to parìn eÐnai sumbat� me ta
trèqonta kosmologik� dedomèna kai sÔmfwna me merikèc melètec Ðswc eÐnai pio protimhtèa
apì ta pr¸ta.

Ta omogen  bajmwt� pedÐa tÔpou quintessence   phantom perigr�fontai apì Lagkran-
zianèc tou tÔpou

L = ±1

2
φ̇

2 − V (φ) (3.25)

ìpou to �nw (k�tw) prìshmo antistoiqeÐ se pedÐo quintessence (phantom) sthn exÐswsh
(3.25). Gia mia epÐpedh metrik  FRW oi exis¸seic kÐnhshc gia to bajmwtì pedÐo pou
aporrèoun apì thn Lagkranzian  eÐnai:

φ̈ + 3Hφ̇ +
dV

dφ
= 0 (3.26)

kai h exÐswsh Friedmann gÐnetai

H2 =
8πG

3

[
ρm +

1

2
φ̇2 + V (φ)

]
(3.27)

H katastatik  exÐswsh tou pedÐou eÐnai

w =
p

ρ
=
±1

2
φ̇

2 − V (φ)

±1
2
φ̇

2
+ V (φ)

(3.28)

Gia pedÐa quintessence (phantom) me V (φ) > 0 (V (φ) < 0) h par�metroc w paramènei
sthn perioq  −1 < w < 1 (w < −1). Gia tuqaÐo prìshmo tou V (φ) h parap�nw di�krish
den isqÔei, all� eÐnai akìma adÔnato gia to w na diasqÐsei thn gramm  w = −1 (gnwst 
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sth bibliografÐa wc Phantom Divide Line   PDL) kat� suneq  trìpo. O lìgoc gia
autì eÐnai ìti gia w = −1 apaiteÐtai ènac mhdenikìc kinhtikìc ìroc ±φ̇

2 kai h suneq c
met�bash apì thn perioq  w < −1 sthn w > −1 (  antÐjeta) apaiteÐ thn allag  tou
pros mou tou kinhtikoÔ ìrou. Wstìso, to prìshmo autoÔ tou ìrou eÐnai stajerì kai gia
ta dÔo montèla. H duskolÐa aut  sthn met�bash thc PDL mporeÐ na paÐxei shmantikì
rìlo sthn anagn¸rish tou swstoÔ montèlou gia thn Skotein  Enèrgeia, dedomènou ìti ta
trèqonta dedomèna deÐqnoun ìti w ' −1 kai ìti ta perissìtera montèla tou w(z) ìpou
diasqÐzetai h PDL faÐnetai na eunooÔntai perissìtero apì thn apl  kosmologik  stajer�
me w = −1[69].

H sun�rthsh w(α) kajorÐzei ìqi mìno tic barutikèc idiìthtec thc Skotein c Enèrgeiac
all� epÐshc kai thn exèlix  thc. H exèlixh aut  mporeÐ eÔkola na brejeÐ apì thn diat rhsh
thc enèrgeiac

d(ρXα3) = −pXd(α3) (3.29)

h opoÐa odhgeÐ sth sqèsh

ρX = ρ0Xe−3
R α
1

dα′
α′ (1+w(α′)) = ρ0Xe3

R z
0

dz′
1+z′ (1+w(z′)) (3.30)

Sunep¸c o kajorismìc tou w(z) eÐnai isodÔnamoc me ton kajorismì tou ρX(z), apì ton
opoÐo mporeÐ eÔkola na brejeÐ to parathroÔmeno H(z), pou dÐnetai apì thn exÐswsh Fried-
mann (3.1) kai gr�fetai wc

H(z) = H0

(
Ω0m(1 + z)3 + Ω0Xe3

R z
0

dz′
1+z′ (1+w(z′))

)
(3.31)

'Etsi, h gn¸sh twn Ω0m kai H(z) eparkeÐ gia na kajoristeÐ h w(z), h opoÐa mporeÐ na
brejeÐ kai apì thn exÐswsh (3.31) wc [112]

w(z) =
2
3
(1 + z)dlnH

dz
− 1

1− H2
0

H2 Ω0m(1 + z)3
(3.32)

3.3.2 H moÐra twn barutik� dèsmiwn susthm�twn se quintessence
kai phantom kosmologÐec

Se antÐjesh me ta quintessence pedÐa, h puknìthta enèrgeiac twn phantom pedÐwn aux�nei
me ton qrìno kai to Ðdio k�nei kai o problepìmenoc rujmìc epitaqunìmenhc diastol c α̈

α
.

Aut  h monotonik� me to qrìno epitaqunìmenh diastol  mporeÐ na deiqjeÐ ìti odhgeÐ se èna
nèo eÐdoc � anwmalÐac � (singularity) to opoÐo mporeÐ na sumbeÐ se peperasmèno qronikì
di�sthma sto mèllon kai qarakthrÐzetai apì ton apeirismì tou par�gonta klÐmakac α,
thc paramètrou Hubble H, thc parag¸gou thc Ḣ kaj¸c kai thc kampulìthtac. Aut  h
anwmalÐa eÐqe onomasteÐ ‘Big Smash’[113] thn pr¸th for� pou eÐqe exetasteÐ kai ‘Big Rip’
sthn anafor� [114] (CKW se ì,ti akoloujeÐ) se mia pio prìsfath melèth. Parìlo pou
up�rqoun mhqanismoÐ me touc opoÐouc h anwmalÐa ‘Big Rip’ mporeÐ na apofeuqjeÐ [115],
paramènei wstìso wc èna endiafèron tèloc gia to sÔmpan.
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Mia �mesh sunèpeia thc polÔ apìtomhc diastol c, ìpwc ft�noume thn anwmalÐa, eÐnai
h aposusqètish twn barutik� dèsmiwn susthm�twn lìgw thc susswreumènhc apwstik c
arnhtik c pÐeshc sto eswterikì aut¸n twn susthm�twn. H parat rhsh aut  ègine gia
pr¸th for� sthn anafor� [114], ìtan kai analÔjhkan poiotik� oi qrìnoi aposusqètishc
gia di�fora dèsmia sust mata. Wstìso, sthn anafor� [116] k�name gia pr¸th for� thn
oloklhrwmènh posotik  melèth thc exèlixhc enìc dèsmiou sust matoc se èna diastellìmeno
sÔmpan. H poiotik  prosèggish tou probl matoc ègine apì touc CKW, ìpou upotèjhke
ìti èna dèsmio sÔsthma aposusqetÐzetai ìtan h phg  thc apwstik c phantom enèrgeiac
gia èna dèsmio sÔsthma megèjouc R (−4

3
π(ρ + 3p)R3) exisorrop sei to kanonikì barutikì

dunamikì (apì thn m�za M tou sust matoc). Parìlo pou aut  h upìjesh eÐnai poiotik�
qr simh, giatÐ parèqei thn fusik  ex ghsh sto giatÐ èna dèsmio sÔsthma aposusqetÐzetai,
posotik� ìmwc odhgeÐ se l�joc ektim seic gia touc qrìnouc aposusqètishc epeid  agnoeÐ
to fugìkentro fr�gma sto energì dunamikì. H posotik  an�lush prèpei na qrhsimopoieÐ
tic exis¸seic kÐnhshc sto topikì adraneiakì sÔsthma anafor�c, oi opoÐec brÐskontai apì
tic gewdaisiakèc exis¸seic qrhsimopoi¸ntac mia kat�llhlh metrik . Me thn qr sh aut c
thc exÐswshc, to qronik� exart¸meno energì dunamikì dÔo swm�twn mporeÐ na deiqjeÐ
ìti apoteleÐtai apì treic ìrouc, to statikì elktikì barutikì ìro, to statikì apwstikì
fugìkentro ìro kai ton qronik� exart¸meno, apì thn Skotein  Enèrgeia, ìro.

H stajerìthta tou dèsmiou sust matoc exart�tai apì thn Ôparxh   ìqi enìc elaqÐstou
gia to parap�nw dunamikì. Sthn perÐptwsh thc quintessence (w > −1) to el�qisto den
mporeÐ na exafanisteÐ kamÐa stigm  sto mèllon epeid  o qronik� exart¸menoc apwstikìc
ìroc mei¸netai me ton qrìno. Gia thn phantom enèrgeia (w < −1) wstìso o qronik� exar-
t¸menoc apwstikìc aux�nei me ton qrìno kai se k�poia krÐsimh qronik  stigm  kuriarqeÐ
twn �llwn dÔo ìrwn kai katastrèfei to el�qisto odhg¸ntac tautìqrona se aposusqètish
to sÔsthma. Wstìso, prèpei na anafèroume ìti h krÐsimh aut  stigm , pou to el�qisto tou
energoÔ dunamikoÔ exafanÐzetai, den eÐnai o qrìnoc ìpou h apwstik  Skotein  Enèrgeia
exisorropeÐ to elktikì barutikì dunamikì ìpwc upotèjhke apì touc CKW. Autì ja to
doÔme me leptomèreia, analutik� kai arijmhtik� stic epìmenec upoenìthtec.

Gewdaisiakèc miac diastellìmenhc metrik c Schwarzschild

Gia na diereun soume tic sunèpeiec thc diastol c enìc topikoÔ dèsmiou sust matoc prèpei
na broÔme tic gewdaisiakèc twn dokimastik¸n swmatidÐwn me b�sh mia kat�llhlh metrik ,
h opoÐa mporeÐ na perigr�fei to qwroqrìno sthn geitoni� miac shmeiak c m�zac M to-
pojethmènhc se èna diastellìmeno sÔmpan. MÐa tètoia metrik  ja prèpei na paremb�lei
metaxÔ miac statik c metrik c Schwarzschild se mikrèc apost�seic apì thn m�za M kai
enìc qronik� exart¸menou qwroqrìnou se meg�lec apost�seic. H leptomer c morf  aut c
thc parembol c den eÐnai monadik  kai èqoun gÐnei di�forec prosp�jeiec sthn bibliografÐa
[117],[118],[119],[120]. Sto Neut¸neio ìrio, dhlad  jewr¸ntac asjen  pedÐa kai mikrèc mh
sqetikistikèc taqÔthtec, mia tètoia metrik  èqei th morf 

ds2 =

(
1− 2GM

α(t)ρ

)
· dt2 − α(t)2 · (dρ2 + ρ2 · (dθ2 + sin2θdϕ2)

)
(3.33)
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ìpou to ρ eÐnai h omokinoÔmenh aktinik  suntetagmènh. Qrhsimopoi¸ntac th sqèsh

r = α(t) · ρ (3.34)

oi gewdaisiakèc pou antistoiqoÔn sth metrik  (3.33) paÐrnoun th morf 

−(r̈ − α̈

α
r)− GM

r2
+ rϕ̇2 = 0 (3.35)

kai
r2ϕ̇ = L (3.36)

ìpou L eÐnai h stajer� thc stroform c an� mon�da m�zac. Sunep¸c h aktinik  exÐswsh
kÐnhshc gia èna dokimastikì swmatÐdio sto Neut¸neio ìrio eÐnai

r̈ =
α̈

α
r +

L2

r3
− GM

r2
(3.37)

Ja prèpei na tonÐsoume ìti h Ðdia exÐswsh kÐnhshc brÐsketai kai sto Neut¸neio ìrio me
�llec parìmoiec metrikèc, parìlo pou oi leptomèreiec mporeÐ na diafèroun [119].

'Omwc up�rqei kai ènac �lloc aplìc kai diaisjhtikìc (all� ìqi austhrìc) trìpoc gia
na broÔme thn Ðdia exÐswsh kÐnhshc. Autì mporeÐ na gÐnei qrhsimopoi¸ntac to nìmo tou
Gauss gia to barutikì pedÐo me phgèc m�zac M mèsw tou oloklhr¸matoc tou ρ + 3p gia
mia omogen  phg , pou aporrèei apì thn exÐswsh (3.5). H prosèggish aut  odhgeÐ sthn
exÐswsh

~̈r = −GM

r2
r̂ − 4πG

3
(ρ + 3p)~r (3.38)

'Etsi, qrhsimopoi¸ntac thn exÐswsh Friedmann (3.1) paÐrnoume thn exÐswsh (3.37).
Sunep¸c, h dunamik  enìc dokimastikoÔ swmatidÐou, to opoÐo kineÐtai me taqÔthtec

arket� mikrìterec apì aut  tou fwtìc, sto barutikì pedÐo miac m�zac M (  isodÔnama
èna dèsmio sÔsthma dÔo swm�twn) se èna diastellìmeno sÔmpan mporeÐ na perigrafeÐ apì
thn gewdaisiak  exÐswsh kÐnhshc (3.37). Se ì,ti akoloujeÐ ja melet soume tic sunèpeiec
aut c thc exÐswshc se di�forec kosmologÐec.

Wc apl  �skhsh mporoÔme na doÔme thn exèlixh enìc dèsmiou sust matoc se èna dia-
stellìmeno sÔmpan me par�gonta klÐmakac

α(t) ∼ ta (3.39)

ìpou a = const. Ac upojèsoume ìti k�poia arqik  stigm  t0 to dokimastikì swmatÐdio
brÐsketai se kuklik  troqi� me aktÐna r0 kai ϕ̇(t0) = ω0 = GM

r3
0
. Tìte, h exÐswsh kÐnhshc

(3.37) mporeÐ na grafeÐ se adi�stath morf  wc

¨̄r − ω̄0
2

r̄3
+

ω̄0
2

r̄2
− a(a− 1)

t̄2
r̄ = 0 (3.40)
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ìpou r̄ ≡ r
r0
, ω̄0 ≡ ω0t0 kai t̄ ≡ t

t0
. Se ì,ti akoloujeÐ ja paraleÐyoume thn paÔla (̄.̄.̄.)

gia eukolÐa, all� ja suneqÐsoume na douleÔoume me tic adi�statec exis¸seic. Gia tupik�
barutik� dèsmia sust mata se kosmologikèc qronikèc klÐmakec èqoume

ω2
0 =

GM

r3
0

t20 >> 1 (3.41)

(p.q. gia galaxÐec ω0 ' O(100)), opìte kai mporoÔme na jewr soume ton teleutaÐo ìro
sthn exÐswsh (3.40) wc mia diataraq  thc kuklik c troqi�c r0 = 1 to r = 1 + δr(t). EÐnai
tìte eÔkolo na deiqjeÐ ìti (ìpwc anafèretai kai sthn [121])

δr(t) =
a(a− 1)

ω2
0t

2
(3.42)

H aktÐna thc troqi�c teÐnei na auxhjeÐ gia a ∈ (0, 1) (epibradunìmenh diastol ) en¸ h
diataraq  δr eÐnai arnhtik  epeid  h omogen c elktik  barutik  phg  (ρ + 3p > 0 se
aut  thn perÐptwsh) mèsa se mia sfaÐra aktÐnac r mei¸netai me ton qrìno. Gia a > 1
(epitaqunìmenh diastol ) h diataraq  δr eÐnai jetik  all� mei¸netai me ton qrìno, epeid 
h omogen c apwstik  barutik  phg  (ρ + 3p < 0 se aut  thn epitaqunìmenh perÐptwsh)
mèsa se mia sfaÐra aktÐnac r mei¸netai me ton qrìno.

Gia na katal�boume kalÔtera thn sumperifor� thc diataragmènhc troqi�c mporoÔme
na qrhsimopoi soume thn exÐswsh Friedmann (3.1). H exÐswsh aut  deÐqnei ìti o qronik�
exart¸menoc diataraktikìc ìroc thc exÐswshc (3.40) proèrqetai apì thn omogen  barutik 
phg  S = 4π

3
(ρ+3p)r3

0 pou perièqetai mèsa sthn adiat�rakth aktÐna r0. Gia mia katastatik 
exÐswsh p = wρ èqoume

α ∼ t
2

3(w+1) = ta (3.43)
ρ ∼ α−3(1+w) ∼ t−2 (3.44)

H perÐptwsh w > −1
3
antistoiqeÐ se a ∈ (0, 1) kai h aktinik  diataraq  (3.42) eÐnai arnhtik 

kai mei¸netai me ton qrìno. Autì eÐnai anamenìmeno epeid  h barutik  phg  S ∼ ρ+3p eÐnai
jetik  (elktik ) kai mei¸netai me ton qrìno (exÐswsh (3.44) ). Sunep¸c to δr eÐnai arnhtikì
(elktik  diataraq ) all� mei¸netai me ton qrìno (h puknìthta enèrgeiac mei¸netai me ton
qrìno kai to Ðdio k�nei kai h barutik  phg ). Gia −1 < w < −1

3
èqoume a > 1 kai h

aktÐna thc diataraq c (3.42) eÐnai jetik  kai mei¸netai me ton qrìno. Autì gÐnetai giatÐ h
barutik  phg  S eÐnai arnhtik  (apwstik ) kai elatt¸netai me ton qrìno. 'Etsi h δr eÐnai
jetik  (apwstik  diataraq ) all� elatt¸netai me ton qrìno. Tèloc, gia w < −1 èqoume
a < 0. Se aut  thn perÐptwsh èqoume mia diastellìmenh f�sh gia t < 0, thn anwmalÐa
(Big Rip) thn stigm  t = 0 kai mÐa f�sh sustol c gia t > 0.

H paroÔsa f�sh thc diastol c tautÐzetai me thn pr¸th perÐodo (t < 0) kai h aktÐna
thc diataraq c eÐnai jetik  kai aux�netai me ton qrìno. Autì eÐnai anamenìmeno giatÐ h
barutik  phg  S eÐnai arnhtik  (apwstik ) all� epÐshc aux�netai me ton qrìno kaj¸c to
t plhsi�zei thn anwmalÐa thn stigm  t = 0 (exÐswsh 3.44). Sunep¸c, to δr eÐnai jetikì
(apwstik  diataraq ) kai aux�netai me ton qrìno.
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Aut  h mèjodoc apodeiknÔei ìti h aktinik  diataraq  gia èna dèsmio sÔsthma aux�netai
mìno gia w < −1   a < 0 all� den dÐnei plhroforÐec gia to an kai pìte ja aposusqetisteÐ.
Gia autì qrei�zetai mÐa mh-diataraktik  mèjodoc h opoÐa ja odhgeÐ sthn pl rh qronik 
exèlixh thc aktÐnac enìc dèsmiou sust matoc dÔo swm�twn.

ProtoÔ proqwr soume ja  tan qr simo na belti¸soume thn ektÐmhs  mac gia thn exèli-
xh tou par�gonta klÐmakac jewr¸ntac èna idanikì reustì apoteloÔmeno apì dÔo mèrh antÐ
gia èna. Upojètontac ìti ta mèrh aut� eÐnai Ôlh me puknìthta enèrgeiac ρm kai Skotein 
Enèrgeia, me puknìthta ρx kai katastatik  exÐswsh px = wρx, mporoÔme na gr�youme tic
exis¸seic Friedmann wc[122]

α̇2

α2
=

8πG

3
(ρm + ρx) = H2

0

(
Ω0

m(α0/α)3 + Ω0
x(α0/α)3(1+w)

)
(3.45)

kai
α̈

α
= −4πG

3
(ρm + ρx(1 + 3w)) = −4πG

3
ρx

(
Ω−1

x + 3w
)

= −4πG

3
ρx

(
Ω0

m

Ω0
x

(α0

α

)−3w

+ 1 + 3w

)

H met�bash apì thn f�sh thc Ôlhc sthn f�sh thc Skotein c Enèrgeiac gÐnetai sthn erujr 
metatìpish

1 + zm =
α0

αm

=

(−(3w + 1)Ω0
x

Ω0
m

)− 1
3w

(3.46)

Gia z > zm h lÔsh thc exÐswshc Friedmann eÐnai

α3/2(t) =
3

2
ξt (3.47)

ìpou ξ eÐnai mÐa stajer�. Kat� thn epitaqunìmenh f�sh z < zm h antÐstoiqh lÔsh pro-
seggÐzetai apì thn sqèsh

α3(1+w)/2(t) =
3

2
χt + c (3.48)

ìpou c eÐnai mia stajer� olokl rwshc kai χ = H0

√
Ω0

x. EpekteÐnontac tic sqèseic (3.47)
kai (3.48) mèqri th stigm  tm kai tairi�zontac tic stajerèc ξ kai c, brÐsketai h sqèsh gia
ton par�gonta klÐmakac pou isqÔei gia t > tm (z < zm)

α(t) =
α(tm)

(−w + (1 + w)t/tm)−
2

3(1+w)

για t > tm (3.49)

Gia w < −1 o par�gontac klÐmakac apeirÐzetai se peperasmèno qrìno

t∗ =
w

1 + w
tm > 0 (3.50)

kai odhgeÐ sthn anwmalÐa Big Rip. AfoÔ ρx ∼ α−3(1+w) faÐnetai eÔkola ìti kai h puknìthta
thc Skotein c Enèrgeiac apeirÐzetai thn stigm  t∗ wc

ρx(t) =
ρ(tm)

[−w + (1 + w)t/tm]2
(3.51)
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H exèlixh twn barutik� dèsmiwn susthm�twn

Antikajist¸ntac th sqèsh gia ton par�gonta klÐmakac thc exÐswshc (3.49) sthn exÐswsh
thc kÐnhshc (3.37) gia èna sÔsthma dÔo swm�twn se èna diastellìmeno sÔmpan paÐrnoume

r̈ − ω2
0

r2
(1− 1

r
) +

2

9

(1 + 3w)r

(−w + (1 + w)t)2
= 0 (3.52)

Parìmoia me thn exÐswsh (3.40) ètsi kai aut  èqei grafeÐ se adi�stath morf  jètontac
r
r0
→ r kai t

tm
→ t. O qronik� exart¸menoc teleutaÐoc ìroc pou eÐnai an�logoc tou

α̈

α
= −4πG

3
(ρ + 3p) =

2

9

(1 + 3w)

(−w + (1 + w)t)2
(3.53)

ekfr�zei ta barutik� fainìmena thc Skotein c Enèrgeiac pou perièqetai se mÐa sfaÐra
aktÐnac r, en¸ h adi�stath par�metroc ω2

0 orÐzetai wc

ω2
0 =

GM

r3
0

t2m (3.54)

Qrhsimopoi¸ntac thn adi�stath exÐswsh kÐnhshc (3.52) me arqikèc sunj kec r(t = 1) =
rmin kai ṙ(t = 1) ' 0 (ìpou rmin eÐnai to el�qisto sto energì dunamikì th qronik  stigm 
t = 1) mporoÔme na melet soume thn exèlixh thc aktÐnac dÔo swm�twn ta opoÐa arqik�
briskìtan se kuklik  troqi�.

Sthn aplousteumènh poiotik  mèjodo twn CKW den eÐqe anaferjeÐ kajìlou to jèma
thc exÐswshc kÐnhshc kaj¸c eÐqe upotejeÐ ìti h aposusqètish sumbaÐnei ìtan h qronik�
exart¸menh Skotein  Enèrgeia mèsa se mia aktÐna r isorrop sei me thn elktik  baruti-
k  phg  ω2

0

r2
min

. H mèjodoc aut  eÐnai ìqi mìno apl� poiotik  all� odhgeÐ kai se l�joc
apotelèsmata gia dÔo lìgouc:

• Den lamb�nei upìyh to fugìkentro ìro ω2
0

r3
min

• Siwphr� upojètei ìti h aktÐna tou sust matoc akrib¸c prin thn aposusqètish eÐnai
h Ðdia me thn arqik  aktÐna rmin.

MolataÔta, gia sÔgkrish me ta akrib  apotelèsmata pou ja anafèroume argìtera ja
anapar�xoume ta apotelèsmata twn CKW. H sunj kh isorropÐac twn CKW mporeÐ na
grafeÐ wc

ω2
0 ≡ (

2π

T
)2 = −2

9

(1 + 3w)

(−w + (1 + w)t)2
(3.55)

to opoÐo dÐnei

t∗ − trip =
T

√
2|1 + 3w|

6π|1 + w| (3.56)

ìpou t∗ eÐnai h qronik  stigm  pou gÐnetai h anwmalÐa.
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To qronik� exart¸meno energì dunamikì pou kajorÐzei thn dunamik  tou dèsmiou su-
st matoc mporeÐ me qr sh thc exÐswshc (3.52) na brejeÐ

Veff = −ω2
0

r
+

ω2
0

2r2
− 1

2
λ(t)2r2 (3.57)

ìpou

λ(t) =

√
2|1 + 3w|

3(−w + (1 + w)t)
(3.58)

me w < −1. Th stigm  t = 1 to sÔsthma upotÐjetai pwc brÐsketai se kuklik  troqi� pou
dÐnetai apì to el�qisto rmin(t) tou energoÔ dunamikoÔ thc exÐswshc (3.57). H jèsh tou
rmin(t) exart�tai apì to qrìno kai isoÔtai kat� prosèggish me thn aktÐna tou sust matoc
an� p�sa qronik  stigm  kai eÐnai h lÔsh thc exÐswshc

q(t)2r4
min = rmin − 1 (3.59)

ìpou
q(t) ≡ λ(t)

ω0

(3.60)

MporeÐ na deiqjeÐ ìti h exÐswsh aut  èqei lÔsh mìno gia

q(t)2 ≤ 27

256
≡ qc (3.61)

Sunep¸c, o qrìnoc trip gia ton opoÐo to el�qisto tou dunamikoÔ (3.57) exafanÐzetai kai to
sÔsthma dialÔetai dÐnetai apì thn lÔsh thc exÐswshc:

q(trip)
2 =

27

256
(3.62)

EÐnai eÔkolo na lÔsoume thn exÐswsh (3.62) wc proc trip kai na broÔme

t∗ − trip =
16
√

3

9

T
√

2|1 + 3w|
6π|1 + w| (3.63)

To apotèlesma autì diafèrei apì autì twn CKW kat� èna par�gonta 16
√

3
9
' 3.

Gia na elègxoume autì to apotèlesma prèpei na epilÔsoume arijmhtik� thn exÐswsh kÐ-
nhshc (3.52) gia èna dedomèno dèsmio sÔsthma, na broÔme arijmhtik� tic troqièc r(t) kai na
sugkrÐnoume thn analutik  prìbleyh gia to qrìno aposusqètishc me autìn pou prokÔptei
apì thn arijmhtik  lÔsh. Gia thn lÔsh jewroÔme mÐa phantom kosmologÐa me w = −1.2,
Ω0

m = 0.3 kai Ω0
x = 0.7. Skopìc mac eÐnai na upologÐsoume thn adi�stath gwniak  ta-

qÔthta ω0 gia di�fora sugkekrimèna sust mata thn opoÐa kai ja qrhsimopoi soume gia
na upologÐsoume arijmhtik� thn antÐstoiqh mellontik  aktinik  exèlixh. Ta trÐa sust -
mata pou ja melet soume eÐnai: to hliakì sÔsthma (M = 2 × 1033gr, r0 = 7 × 1015cm,
ω0 = 3.5× 106), o GalaxÐac (M = 2× 1045gr, r0 = 5× 1022cm, ω0 = 182) kai to sm noc
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Sq ma 3.4: H arijmhtik  exèlixh thc aktÐnac (suneq c gramm ) kai h analutik  exèlixh
tou elaqÐstou tou energoÔ dunamikoÔ (diakekommènh gramm ) gia ta trÐa aut� sust mata.

Coma (M = 6 × 1048gr, r0 = 9 × 1024cm, ω0 = 4.15). Ston upologismì tou ω0 gia ta
parap�nw sust mata èqoume qrhsimopoi sei thn tim  tou tm gia thn phantom kosmologÐa

tm = (H0

√
Ω0

m)−1 2

3
(1 + zm)−

3
2 ' 1.8× 1017h−1sec (3.64)

H exèlixh thc aktÐnac gia ta parap�nw sust mata ègine qrhsimopoi¸ntac dÔo mejìdouc:
me upologismì tou elaqÐstou tou energoÔ dunamikoÔ (paqièc diakekommènec grammèc sto
sq ma 3.4) qrhsimopoi¸ntac thn exÐswsh (3.59) mèqri to el�qisto na exafanisteÐ kai me
arijmhtik  lÔsh thc exÐswshc kÐnhshc (3.52) (suneq c gramm ) mèqri to qrìno aposusqèti-
shc, ìpwc brèjhke apì thn exÐswsh (3.56). H arijmhtik  exèlixh xekin� thn arqik  stigm 
t = tm (t = 1 sthn adi�stath morf ) me arqik  aktÐna to el�qisto tou energoÔ dunamikoÔ
kai amelhtèa aktinik  taqÔthta ètsi ¸ste na elaqistopoioÔntai oi aktinikèc talant¸seic.
'Opwc faÐnetai kai sto sq ma 3.4 h sumfwnÐa metaxÔ thc arijmhtik c exèlixhc (suneq c
gramm ) kai thc analutik c exèlixhc tou elaqÐstou tou energoÔ dunamikoÔ (diakekommènh
gramm ) eÐnai polÔ kal .

Akìmh, h tim  tou qrìnou t0 faÐnetai ston �xona tou qrìnou tou sq matoc 3.4. Sto
sq ma 3.5 faÐnetai h exèlixh tou adi�statou dunamikoÔ gÔrw apì th stigm  trip ìtan to
el�qisto exafanÐzetai gia èna dèsmio sÔsthma pou antistoiqeÐ sto GalaxÐa. Kaj¸c o apw-
stikìc ìroc katastrèfei to el�qisto emfanÐzetai mia mikr  aÔxhsh sth jèsh tou elaqÐstou,
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Sq ma 3.5: H exèlixh tou adi�statou energoÔ dunamikoÔ gia ton GalaxÐa.

PÐnakac 3.1: H diafor� stouc qrìnouc aposusqètishc t∗−trip gia ta trÐa dèsmia sust mata
se qrìnia ìpwc problèpetai apì tic exis¸seic (3.63) kai (3.56). Upotèjhke h tim  w =
−1.2.

SÔsthma t∗ − trip (qr.) (t∗ − trip)CKW (qr.)
Hliakì sÔsthma 1.88 · 104 6.11 · 103

GalaxÐac 3.59 · 108 1.17 · 108

Sm noc Coma 1.58 · 1010 5.14 · 109

met� autì exafanÐzetai apìtoma kai to sÔsthma aposusqetÐzetai. H diafor� metaxÔ thc
posotik c prìbleyhc gia to trip (pou upodeiknÔetai apì tic diakekommènec grammèc tou
sq matoc 3.4) kai thc antÐstoiqhc poiotik c ektÐmhshc twn CKW (pou upodeiknÔetai apì
to tèloc thc suneq c gramm c) eÐnai megalÔterh gia to Sm noc Coma kai mikrìterh gia
to GalaxÐa. Oi akribeÐc timèc se qrìnia gia th diafor� t∗ − trip faÐnontai ston PÐnaka
3.1 mazÐ me thn poiotik  prìbleyh twn CKW. Oi antÐstoiqoi qrìnoi aposusqètishc trip se
mon�dec tm faÐnontai ston PÐnaka 3.1.

Gia thn perÐptwsh w = −1.5 pou qrhsimopoi jhke apì touc CKW oi antÐstoiqec
problèyeic gia thn aposusqètish tou GalaxÐa eÐnai t∗−trip ' 166Myrs kai (t∗−trip)CKW '
54Myrs.

Qrhsimopoi¸ntac thn exÐswsh kÐnhshc (3.52) mazÐ me thn diat rhsh thc stroform c

r2ϕ̇ = r2
0ω0 (3.65)
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PÐnakac 3.2: Oi qrìnoi aposusqètishc trip gia ta trÐa dèsmia sust mata se mon�dec tm.
Gia w = −1.2 èqoume tm ' 5.65h−1Gyrs.

SÔsthma trip/tm
Hliakì sÔsthma 6.00

GalaxÐac 5.94
Sm noc Coma 3.19

polÔ eÔkola mporoÔme na broÔme arijmhtik� thn troqi� pou antistoiqeÐ sta trÐa dèsmia
sust mata kai na apokt soume epopteÐa thc diadikasÐac aposusqètishc.

H aposusqètish aut  faÐnetai sta sq mata 3.6 kai 3.7 gia èna dèsmio sÔsthma pou
antistoiqeÐ ston GalaxÐa. Sugkekrimèna, sto sq ma 3.6 to sÔsthma exelÐssetai mèqri to
el�qisto tou energoÔ dunamikoÔ na exafanisteÐ, en¸ h exèlixh sto sq ma 3.7 antistoiqeÐ
sto Ðdio sÔsthma, all� mèqri h apwstik  dÔnamh lìgw thc Skotein c Enèrgeiac na anti-
stajmÐsei th barutik  èlxh thc m�zac. Profan¸c, o qrìnoc aposusqètishc eÐnai o qrìnoc
exèlixhc tou sq matoc 3.6, en¸ h exèlixh tou sq matoc 3.7 suneqÐzei polÔ met� thn apo-
susqètish. H aktinik  (antÐ gia efaptomenik ) kÐnhsh met� thn aposusqètish ofeÐletai
sthn kurÐarqh plèon apwstik  dÔnamh lìgw thc Skotein c Enèrgeiac.

Gia thn arijmhtik  exèlixh twn susthm�twn sta sq mata 3.4 kai 3.5 èqoume upojèsei ìti
w = −1.2. Wstìso, o qrìnoc aposusqètishc trip eÐnai euaÐsjhtoc sthn tim  thc paramètrou
w, ìpwc faÐnetai kai apì thn exÐswsh (3.63). Sto sq ma 3.8 faÐnetai h ex�rthsh tou
sqetikoÔ qrìnou aposusqètishc orismènou wc

t∗ − trip

T
(3.66)

(ìpou T eÐnai h perÐodoc peristrof c tou dèsmiou sust matoc) sthn par�metro w gia
w < −1. H suneq c kampÔlh orÐzei to trip wc to qrìno ìtan to el�qisto tou energoÔ
dunamikoÔ exafanÐzetai, en¸ h diakekommènh kampÔlh deÐqnei to qrìno gia ton opoÐo h
olik  barutik  dÔnamh mhdenÐzetai. Profan¸c oi dÔo kampÔlec diafèroun shmantik� kai h
diafor� aut  megal¸nei kaj¸c to w plhsi�zei thn tim  w = −1.

Mèqri stigm c h an�lush basÐsthke sthn upìjesh ìti w < −1. Autì ègine giatÐ ìpwc
proanafèrjhke h quintessence (w > −1) den mporeÐ na ephre�sei shmantik� thn exèlixh
twn barutik� dèsmiwn susthm�twn. Gia na deÐxoume ìti ìntwc h epÐdrash thc quintessence
eÐnai mikr , sqedi�same to energì dunamikì gia èna sÔsthma thc t�xhc tou GalaxÐa me
w = −0.9 kat� tic qronikèc stigmèc t = tm kai t = 3t0 (sq ma 3.9). H antÐstoiqh grafik 
gia èna sÔsthma thc t�xhc enìc sm nouc galaxi¸n, ìpou h par�metroc ω0 eÐnai thc t�xhc
O(1), faÐnetai sto sq ma 3.10. H meÐwsh sthn aktÐna eÐnai kai stic dÔo peript¸seic mikr ,
all� sthn perÐptwsh tou sm nouc galaxi¸n eÐnai k�pwc pio emfan c, ìpwc anamènetai kai
apì th diataraktik  exÐswsh (3.42).

Tèloc, eÐnai endiafèron na melethjeÐ kai h exèlixh barutik� dèsmiwn susthm�twn me
epÐpedh gewmetrÐa. 'Estw èna dokimastikì swmatÐdio se apìstash h apì mÐa epif�neia me
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Sq ma 3.6: H exèlixh tou sust matoc tou GalaxÐa mèqri thn exaf�nish tou elaqÐstou tou
energoÔ dunamikoÔ.

epifaneiak  puknìthta σ mèsa se èna diastellìmeno sÔmpan. Qrhsimopoi¸ntac ton nìmo
tou Gauss gia eukolÐa, den eÐnai dÔskolo na deiqjeÐ ìti h exÐswsh kÐnhshc tou swmatidÐou
eÐnai

ḧ = −2πGσ +
3

2

α̈

α
h (3.67)

Qrhsimopoi¸ntac thn exÐswsh (3.49) gia ton par�gonta klÐmakac paÐrnoume

t2mḧ = −h0 + βh (3.68)

ìpou h par�gwgoc eÐnai wc proc t
tm

,

h0 = 2πGσt2m (3.69)
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Sq ma 3.7: To Ðdio sÔsthma me to prohgoÔmeno sq ma all� h exèlixh diarkeÐ mèqri h
Skotein  Enèrgeia na antistajmÐsei th barutik  èlxh thc m�zac.

kai
β(t) =

|1 + 3w|
3(−w + t

tm
(1 + w))2

(3.70)

Diair¸ntac me h0 kai jètontac t
tm
→ t, h

h0
→ h, h exÐswsh (3.68) mporeÐ na grafeÐ se

adi�stath morf  wc
ḧ = −1 + βh (3.71)

Profan¸c to energì dunamikì pou antistoiqeÐ se aut  thn exÐswsh den èqei fugìkentro
ìro kai diafèrei shmantik� apì to antÐstoiqo energì dunamikì thc perÐptwshc me sfairik 
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Sq ma 3.8: H ex�rthsh tou sqetikoÔ qrìnou aposusqètishc sthn par�metro w.

summetrÐa kai eÐnai thc morf c (sq ma 3.11)

Veff = −1

2
β(h− 1

β
)2 (3.72)

'Opwc faÐnetai eÐnai èna anestrammèno dunamikì armonikoÔ talantwt  me èna qronik�
exart¸meno astajèc shmeÐo sth jèsh heq = 1

β(t)
. Gia thn perÐptwsh thc quintessence

h par�metroc β(t) mei¸netai me ton qrìno kai sunep¸c h jèsh tou shmeÐou isorropÐac
aux�netai me ton qrìno. ShmeÐa ta opoÐa arqik� brÐskontai arister� thc jèshc isorropÐac
ja parameÐnoun dèsmia sthn elktik  pleur� tou phgadioÔ. ShmeÐa ta opoÐa brÐskontai
arqik� dexi� thc jèshc isorropÐac (eleÔjera) mporeÐ na pagideutoÔn arister� thc jèshc
isorropÐac. Autì uponoeÐ ìti h klÐmaka thc astajoÔc jèshc isorropÐac mei¸netai me ton
qrìno kai sunep¸c ìla ta sust mata se ìlec tic klÐmakec telik� ja aposusqetistoÔn. H
adi�stath klÐmaka aposusqètishc hd(trip) gia thn qronik  stigm  trip brÐsketai lÔnontac
thn exÐswsh

hd =
1

β(trip)
= −3(−w + trip(1 + w))2

1 + 3w
(3.73)

pou èqei lÔsh

t∗ − trip =
T

8
√

3

√
2|1 + 3w|
|1 + w| (3.74)
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Sq ma 3.9: To energì dunamikì gia èna sÔsthma thc t�xhc tou GalaxÐa me w = −0.9 tic
qronikèc stigmèc t = tm kai t = 3t0.

ìpou T = 4
√

2hd eÐnai h perÐodoc thc tal�ntwshc tou dokimastikoÔ swmatidÐou. AxÐ-
zei na parathrhjeÐ h omoiìthta autoÔ tou apotelèsmatoc me to antÐstoiqo gia sfairik�
summetrik� sust mata (3.63).

3.3.3 'Alla montèla kai sÔgkrish aut¸n me qr sh twn dedomè-
nwn twn uperkainofan¸n astèrwn

Ektìc thc quintessence, sthn bibliografÐa èqoun qrhsimopoihjeÐ kat� kairoÔc poll� �lla
jewrhtik� montèla ta opoÐa prospajoÔn na exhg soun thn epitaqunìmenh diastol  tou
sÔmpantoc. 'Etsi, eÐnai aparaÐthto na sugkrijoÔn me ta dedomèna gia na brejeÐ poia apì
aut� eÐnai se sumfwnÐa me tic parathr seic. MÐa mèjodoc eÐnai na sugkrijeÐ h tim  tou
elaqÐstou tou χ2. Profan¸c ìso mikrìterh, tìso kalÔterh h sumfwnÐa tou montèlou me
ta dedomèna, kai epeid  h tim  tou χ2

min exart�tai apì to montèlo, h tim  tou χ2
min mporeÐ

na meiwjeÐ p�ra polÔ gia meg�lo arijmì paramètrwn n. Sunep¸c, to χ2
min apì mìno tou

den antikatoptrÐzei thn alhjin  poiìthta tou montèlou, kai autì giatÐ en gènei montèla me
meg�lo arijmì paramètrwn dÐnoun kai kalÔtera apotelèsmata. 'Etsi, to χ2

min eÐnai praktik�
qr simo mìno gia thn sÔgkrish montèlwn me ton Ðdio arijmì paramètrwn n. Wstìso, prèpei
na parathrhjeÐ ìti to χ2

min an� bajmì eleujerÐac èqei asjen  ex�rthsh ston arijmì twn
paramètrwn kai mporeÐ na qrhsimopoihjeÐ wc enallaktikìc deÐkthc sÔgkrishc montèlwn me
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Sq ma 3.10: To energì dunamikì gia èna sÔsthma thc t�xhc enìc sm nouc galaxi¸n me
w = −0.9 tic qronikèc stigmèc t = tm kai t = 3t0.

diaforetikoÔc arijmoÔc paramètrwn.
'Etsi prokÔptei h polÔ shmantik  er¸thsh, to p¸c mporoÔme na sugkrÐnoume apote-

lesmatik� montèla me diaforetikoÔc arijmoÔc paramètrwn? Autì mporeÐ na gÐnei me ton
ex c trìpo: 'Estw dÔo montèla me diaforetikoÔc arijmoÔc paramètrwn H1(z; a1, ..., an)
kai H2(z; b1, ..., bm) kai ìti gia tic paramètrouc aL

1 , ..., aL
n kai bL

1 , ..., bL
m kai ta dÔo montèla

paÐrnoun thn Ðdia morf , p.q. tou ΛCDM, dhlad :

H2
1 (z; aL

1 , ..., aL
n) = H2

2 (z; bL
1 , ..., bL

m) = (3.75)
= H2

L(z; Ω0m) ≡ H2
0 [Ω0m(1 + z)3 + (1− Ω0m)]

EpÐshc, èstw ìti ta χ2
1min kai χ2

2min eÐnai oi el�qistec timèc tou χ2 gia k�je montèlo kai
χ2

L eÐnai h tim  tou χ2 pou antistoiqeÐ sto ΛCDM. Efìson to HL èqei mÐa kai monadik 
par�metro (Ω0m), h opoÐa mporeÐ na brejeÐ apì prohgoÔmenh plhroforÐa (�llec parath-
r seic), eÐnai anamenìmeno to ìti ta χ2

1min kai χ2
2min ja eÐnai mikrìtera apì ìti to χ2

L.
Ac orÐsoume epÐshc ìti ∆χ2

1 ≡ χ2
1 − χ2

1min, ∆χ2
2 ≡ χ2

2 − χ2
2min, ∆χ2

1L ≡ χ2
L − χ2

1min kai
∆χ2

2L ≡ χ2
L − χ2

2min. 'Etsi, ta ∆χ2
1 kai ∆χ2

2 eÐnai tuqaÐec metablhtèc pou upakoÔoun mia
katanom  pijanìthtac thc morf c χ2 me n kai m bajmoÔc eleujerÐac antÐstoiqa. Sunep¸c,
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Sq ma 3.11: To energì dunamikì gia èna dèsmio sÔsthma me epÐpedh gewmetrÐa gia t =
tm, 3t0 kai w = −1.2.

h pijanìthta ìti to ∆χ2
1 den xepern� thn tim  ∆χ2

1L eÐnai

P1<(∆χ2
1L, n) =

1

2Γ(n/2)

∫ ∆χ2
1L/2

0

(x

2

)n
2
−1

e−
x
2 dx =

= 1− Γ(n/2, ∆χ2
1L/2)

Γ(n/2)
(3.76)

kai parìmoia gia to ∆χ2
2. Sthn exÐswsh (3.76) to Γ(n/2, ∆χ2

1L/2) eÐnai h ellip c sun�rthsh
Γ (Incomplete Γ Function). Gia n = 1 kai ∆χ2

1L = 1 brÐskoume ìti P1<(1, 1) = 0.683, to
opoÐo antistoiqeÐ sto 1σ ìpwc anamènetai kai apì polÔ gnwstoÔc pÐnakec [67].

'Etsi o ìroc P1<(∆χ2
1L, n) ekfr�zei thn pijanìthta ìti dojèntoc tou H1(z; a1, ..., an)

montèlou me n paramètrouc, oi alhjinèc timèc twn paramètrwn a1, ..., an dÐnoun èna χ2
1 to

opoÐo eÐnai mikrìtero apì thn tim  tou χ2
1L pou antistoiqeÐ sto ΛCDM kai sunep¸c to

ΛCDM den pragmatopoieÐtai sth fÔsh. Me �lla lìgia, eÐnai to epÐpedo empistosÔnhc
me to opoÐo apokleÐetai to ΛCDM, apì th skopi� tou montèlou H1(z; a1, ..., an). EÐnai
eÔkolo kaneÐc na dei ìti to P1<(∆χ2

1L, n) aux�netai me to ∆χ2
1L, all� mei¸netai me to n,

dhlad  èna montèlo me pollèc paramètrouc èqei megalÔterh duskolÐa sto na apokleÐsei to
ΛCDM, ektìc an mporeÐ na d¸sei èna p�ra polÔ mikrì χ2

1min (  meg�lo ∆χ2
1L). 'Etsi, to

P1<(∆χ2
1L, n) parèqei èna posotikì trìpo mètrhshc thc poiìthtac enìc dojèntoc montèlou

H1(z; a1, ..., an), k�ti to opoÐo epitrèpei th sÔgkris  tou me èna �llo diaforetikì montèlo
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H2(z; b1, ..., bm). Autì to test èqei onomasteÐ ‘p-test’[123] kai ja to qrhsimopoi soume gia
na sugkrÐnoume thn poiìthta diafìrwn jewrhtik¸n montèlwn.

'Enac �lloc trìpoc gia na sugkrÐnoume ta kosmologik� montèla eÐnai me thn qr sh thc
statistikoÔ jewr matoc Bayes . Sunoptik�, autì gÐnetai sqhmatÐzontac ton par�gonta
Bayes[124] Bij, pou orÐzetai wc

Bij ≡ L(Mi)

L(Mj)
(3.77)

kai o ìroc L(Mi) dhl¸nei thn pijanìthta p(D|Mi) (h opoÐa eÐnai h pijanìthta gia to
montèlo Mi) na parathrhjoÔn ta dedomèna D, e�n to montèlo Mi eÐnai to alhjinì. Genik�,
to L(Mi) orÐzetai wc:

L(Mi) ≡ p(D|Mi) =

∫
da · p(a|Mi)Li(a) (3.78)

me mÐa eleÔjerh par�metro kai ìpou to p(a|Mi) eÐnai h progenèsterh pijanìthta gia thn
par�metro a. EpÐshc, o ìroc Li(a) eÐnai h pijanìthta gia thn par�metro a sto montèlo
kai

Li(a) ≡ e−χ2(a)/2 (3.79)

Sthn perÐptwsh pou h par�metroc a èqei stajer  progenèsterh pijanìthta, dhlad  den
èqoume progenèsterh plhroforÐa gia to a pèra apì to ìti brÐsketai sthn perioq  [a, a+∆a]
tìte p(a|Mi) = 1

∆a
kai

L(Mi) =
1

∆a

∫ a+∆a

a

dae−χ2(a)/2 (3.80)

Profan¸c, ìla aut� mporoÔn na genikeutoÔn kai gia montèla me perissìterec apì mÐa
paramètrouc.

H ermhneÐa tou par�gonta Bayes Bij eÐnai [124] ìti ìtan 1 < Bij < 3 tìte up�rqoun
apodeÐxeic enantÐon tou Mj ìtan sugkrÐnetai me to Mi, all� den axÐzoun tÐpota parap�nw
apì mÐa apl  anafor�. 'Otan 3 < Bij < 20 oi apodeÐxeic enantÐon tou Mj eÐnai safeÐc all�
ìqi isqurèc. Gia 20 < Bij < 150 oi apodeÐxeic eÐnai isqurèc kai tèloc gia Bij > 150 eÐnai
polÔ isqurèc.

Ston PÐnaka 3.3 faÐnontai di�fora antiproswpeutik� montèla ta opoÐa melet jhkan
sthn anafor� [123] me b�sh to set dedomènwn Gold04 apì thn ereunhtik  om�da Riess et al.
[50]. H om�da aut  sunèjese èna kat�logo apì 157 SnIa me erujr  metatìpish z sto eÔroc
(0.01, 1.75) kai optik  aporrìfhsh AV < 0.5. H kat�taxh ston PÐnaka 3.3 ègine sÔmfwna
me to p-test pou faÐnetai sthn trÐth st lh. MÐa parìmoia kat�taxh ègine kai me b�sh
to χ2

min/dof (χ2
min an� bajmì eleujerÐac), to opoÐo eÐnai arket� euaÐsjhto ston arijmì

twn paramètrwn kai faÐnetai sthn teleutaÐa st lh. Wstìso, prèpei na anaferjeÐ ìti h
kat�taxh sÔmfwna me to χ2

min (faÐnetai sthn tètarth st lh tou PÐnaka) to opoÐo den eÐnai
euaÐsjhto ston arijmì twn paramètrwn eÐnai k�pwc diaforetik . Ta arqik� twn montèlwn
thc pr¸thc st lhc antistoiqoÔn sta ex c: ‘OA Var (1)' eÐnai èna talanteuìmeno montèlo
H(z) me pl�toc meioÔmeno me to qrìno wc (1 + z)3. ‘OA (2)’ eÐnai èna parìmoio montèlo
all� me stajerì pl�toc tal�ntwshc. ‘LA (3)’ eÐnai èna montèlo to opoÐo qrhsimopoi jhke
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apì ton Linder [125] (all� prot�jhke nwrÐtera sthn anafor� [126]) kai èqei katastatik 
exÐswsh thc morf c

w(z) = w0 + w1
z

1 + z
(3.81)

h opoÐa paremb�llei metaxÔ dÔo stajer¸n tim¸n w(z = 0) kai w(z >> 1). To ‘P2’ eÐnai
èna polu¸numo deutèrou bajmoÔ gia to H(z) kai èqei melethjeÐ kai sthn anafor� [127].
To ‘Linear’ eÐnai èna grammikì montèlo gia thn katastatik  exÐswsh

w(z) = w0 + w1z (3.82)

EpÐshc, to ‘P3’ eÐnai èna polu¸numo trÐtou bajmoÔ gia to H(z). Se aut  thn an�lush
parousi�zoume to bajÔtero el�qisto tou χ2 tou montèlou ‘P3’, to opoÐo parousi�zei ta-
lant¸seic. 'Eqei brejeÐ kai èna �llo el�qisto, ìmwc eÐnai parìmoio me autì tou ‘P2’. To
‘CA’ eÐnai èna montèlo basismèno sth genikeumènh kosmologÐa tÔpou ‘Cardassian’ [128].
Peraitèrw, to ‘Quiess’ antistoiqeÐ se Skotein  Enèrgeia me stajerì w kai tèloc to ‘MCG’
eÐnai mia tropopoihmènh morf  [129] tou montèlou Chaplygin [130] h opoÐa dÐnei to Ðdio
praktik� el�qisto me to ΛCDM. Tèloc, gia lìgouc sÔgkrishc kai plhrìthtac èqei sumpe-
rilhfjeÐ kai to ‘Brane2’, to opoÐo eÐnai èna montèlo pou proèrqetai apì thn kosmologik 
jewrÐa twn bran¸n [131]. To montèlo autì èqei dÔo parallagèc oi opoÐec aforoÔn thn
allag  tou pros mou pou emfanÐzetai sto H2(z) all� den èqoun k�poia shmantik  diafor�
metaxÔ touc kai eÐnai kai ta dÔo sqedìn olìðdia me to ΛCDM.

Gia ìlec tic peript¸seic èqoume upojèsei epipedìthta kai Ω0m = 0.3. Gia Ω0m =
0.25 den èqoume shmantikèc allagèc sta apotelèsmata tou PÐnaka 3.3. Ston PÐnaka 3.3
parathroÔme ìti:

• Me b�sh ta dedomèna aut�, to montèlo to opoÐo eÐnai to plèon sumbatì me aut� eÐnai
to OA Var sto opoÐo to pl�toc thc tal�ntwshc mei¸netai sÔmfwna me thn trÐth dÔ-
namh tou par�gonta klÐmakac. AutoÔ tou tÔpou oi talant¸seic mporeÐ na ofeÐlontai
se èna talanteuìmeno bajmwtì pedÐo ìpwc p.q. to pedÐo radion [132],[133]. 'Etsi,
sÔmfwna me autì to montèlo to ΛCDM apokleÐetai me epÐpedo empistosÔnhc 85%.
Profan¸c, ìmwc, autì to epÐpedo empistosÔnhc den eÐnai arketì gia na apokleisteÐ
pl rwc to ΛCDM, all� mporeÐ na d¸sei endeÐxeic gia kalÔtera montèla ta opoÐa ja
eÐnai pio sumbat� me ta dedomèna.

• To montèlo R3 me to kubikì polu¸numo, to opoÐo tairi�zei sqetik� kal� me ta dedomè-
na kaj¸c èqei to trÐto kalÔtero χ2

min, epÐshc parousi�zei talantwtik  sumperifor�
tou H(z), parìlo pou to montèlo kajautì den èqei periodikèc sunart seic.

• Di�fora montèla ta opoÐa èqoun jewrhtik  b�sh, ìpwc eÐnai ta montèla Chaplygin,
bran¸n kai thc Cardassian kosmologÐac èqoun oriak� kalÔtera el�qista apì to
ΛCDM, all� sunolik� den eunooÔntai apì ta dedomèna lìgw tou megalÔteroÔ touc
arijmoÔ paramètrwn se sqèsh me to ΛCDM.

• 'Ena polÔ shmantikì sumpèrasma eÐnai ìti montèla ta opoÐa èqoun katastatik  exÐ-
swsh w(z = 0) < −1 kai epitrèpoun th di�bash thc gramm c w = −1 eÐnai ta pio
sumbat� me ta dedomèna.
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PÐnakac 3.3: SÔgkrish twn montèlwn pou emfanÐzontai sthn bibliografÐa. Se ìlec tic peript¸seic
èqoume jewr sei epipedìthta kai Ω0m = 0.3.

Montèlo H2(z), (Ω0m = 0.3) p-test χ2
min Par�metroi χ2

min

dof

H2(z) = H2
0 [Ω0m(1 + z)3 + 1− Ω0m+ a1 = 0.13± 0.07

OA Var. (1) a1(1 + z)3[cos(a2z + a3π)− cos(a3π)]] 0.85 171.733 a2 = 6.83± 1.61 1.115
a3 = 4.57± 0.07

H2(z) = H2
0 [Ω0m(1 + z)3 + a1 cos(a2z + a3π)+ a1 = −0.30± 0.17,

OA (2) (1− a1 cos(a3π)− Ω0m)] 0.81 172.368 a2 = 6.34± 3.19 1.119
a3 = −0.37± 0.14

H2(z) = H2
0 [Ω0m(1 + z)3+ w0 = −1.58± 0.33

LA (3) +(1− Ω0m)(1 + z)3(1+w0+w1)e3w1[1/(1+z)−1]] 0.79 173.928 w1 = 3.29± 1.76 1.122

H2(z) = H2
0{Ω0m(1 + z)3 + a1(1 + z)+ a1 = −4.16± 2.53

P2 (4) a2(1 + z)2 + (1− Ω0m − a1 − a2)} 0.78 174.207 a2 = 1.67± 1.03 1.124

H2(z) = H2
0 [Ω0m(1 + z)3+ w0 = −1.40± 0.25

Linear (5) (1− Ω0m)(1 + z)3(1+w0−w1)e3w1z] 0.75 174.365 w1 = 1.66± 0.92 1.125

H2(z) = H2
0 [Ω0m(1 + z)3 + a1(1 + z) + a2(1 + z)2+ a1 = −21.79± 17.92

P3 (6) a3(1 + z)3 + (1− Ω0m − a1 − a2 − a3)] 0.74 173.155 a2 = 14.75± 13.07 1.124
a3 = −3.13± 3.07

H2(z) = H2
0 [Ω0m(1 + z)3+ q = 0.0058± 0.0014

CA (7) Ω0m(1 + z)3((1 + (Ω−q
0m − 1)(1 + z)3(n−q))

1
q − 1)] 0.50 175.758 n = −119± 40 1.134

H2(z) = H2
0 [Ω0m(1 + z)3+

Quiess (8) +(1− Ω0m)(1 + z)3(1+w)] 0.15 177.091 w = −1.02± 0.11 1.135

H2(z) = H2
0 [Ω0m(1 + z)3+ a1 = 0.9992+0.0008

−0.0060

GCG (9) (1− Ω0m)(a1 + (1− a1)(1 + z)3)w] 0.031 177.064 w = 18.13± 4.95 1.142

H2(z) = H2
0 [Ω0m(1 + z)3 −

√
a1 + a2(1 + z)3+ a1 = 29.08± 7.30

Brane 2 (10) (1− Ω0m +
√

a1 + a2)] 0.027 177.071 a2 = −0.097± 0.459 1.142

ΛCDM H2(z) = H2
0 [Ω0m(1 + z)3 + 1− Ω0m] - 177.072 Ω0m = 0.31± 0.04 1.135
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Ston PÐnaka 3.4 exet�zoume ta Ðdia montèla me prin, all� aut  th for� èqoume peri-
jwriopoi sei (marginalization) thn par�metro Ωm tou χ2 sthn perioq  Ωm ∈ [0.20, 0.34].
EpÐshc, ston PÐnaka 3.4 faÐnetai kai h par�metroc Bayes gia k�je montèlo se sqèsh me
to ΛCDM, upologismènh me b�sh tic teqnikèc pou anafèrame pio prin kai upojètontac
omoiìmorfh katanom  pijanìthtac twn paramètrwn mèsa sto 1σ eÔroc touc. EpÐshc, ìpwc
anamènetai lìgw tou marginalization thc paramètrou Ωm, ta sf�lmata stic kalÔterec
paramètrouc sto el�qisto èqoun auxhjeÐ. Gia par�deigma, gia to R2 montèlo kai gia
Ωm = 0.3 eÐqe brejeÐ a1 = −4.16± 2.53 kai a2 = 1.67± 1.03 prin to marginalization en¸
met� a1 = −4.45±2.81 kai a2 = 1.87±1.28. ParomoÐwc, gia to montèlo LA prin eÐqe brejeÐ
w0 = −1.58± 0.33 kai w1 = 3.29± 1.76 en¸ met� w0 = −1.44± 0.44 kai w1 = 3.09± 1.87.
Sta sq mata faÐnontai oi sunart seic w(z) kai H(z) gia 6 antiproswpeutik� montèla tou
PÐnaka 3.3.
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Sq ma 3.12: H grafik  par�stash thc katastatik c exÐswshc w(z) gia merik� antipro-
swpeutik� montèla.
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Sq ma 3.13: H grafik  par�stash thc paramètrou Hubble H(z) gia merik� antiprosw-
peutik� montèla.
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PÐnakac 3.4: 'Opwc kai ston prohgoÔmeno PÐnaka, all� t¸ra h par�metroc Ωm tou χ2

èqei perijwriopoihjeÐ sto eÔroc ∈ [0.20, 0.34]. EpÐshc, perièqetai kai o par�gontac Bayes
Bij, gia k�je montèlo se sqèsh me to ΛCDM. O par�gontac Bayes den brèjhke gia ta
montèla Brane 2 kai P2, epeid  ta apaitoÔmena oloklhr¸mata den eÐnai kal� orismèna se
ìlo ton parametrikì q¸ro (to H(z) gÐnetai migadikì gia merikèc timèc twn paramètrwn).

Montèlo H2(z) Bij χ2
min χ2

min/dof

H2(z) = H2
0 [Ω0m(1 + z)3 + 1− Ω0m+

OA Var. (1) a1(1 + z)3[cos(a2z + a3π)− cos(a3π)]] 9.03 176.442 1.146

H2(z) = H2
0 [Ω0m(1 + z)3 + a1 cos(a2z + a3π)+

OA (2) (1− a1 cos(a3π)− Ω0m)] 2.56 177.029 1.150

H2(z) = H2
0 [Ω0m(1 + z)3+

LA (3) +(1− Ω0m)(1 + z)3(1+w0+w1)e3w1[1/(1+z)−1]] 2.63 178.676 1.153

H2(z) = H2
0{Ω0m(1 + z)3 + a1(1 + z)+

P2 (4) a2(1 + z)2 + (1− Ω0m − a1 − a2)} - 178.874 1.154

H2(z) = H2
0 [Ω0m(1 + z)3+

Linear (5) (1− Ω0m)(1 + z)3(1+w0−w1)e3w1z] 2.50 179.173 1.156

H2(z) = H2
0 [Ω0m(1 + z)3 + a1(1 + z) + a2(1 + z)2+

P3 (6) a3(1 + z)3 + (1− Ω0m − a1 − a2 − a3)] 3.68 177.859 1.155

H2(z) = H2
0 [Ω0m(1 + z)3+

CA (7) Ω0m(1 + z)3((1 + (Ω−q
0m − 1)(1 + z)3(n−q))

1
q − 1)] 0.78 182.308 1.176

H2(z) = H2
0 [Ω0m(1 + z)3+

Quiess (8) +(1− Ω0m)(1 + z)3(1+w)] 0.98 181.614 1.164

H2(z) = H2
0 [Ω0m(1 + z)3+

GCG (9) (1− Ω0m)(a1 + (1− a1)(1 + z)3)w] 1.26 181.394 1.177

H2(z) = H2
0 [Ω0m(1 + z)3 −

√
a1 + a2(1 + z)3+

Brane 2 (10) (1− Ω0m +
√

a1 + a2)] - 182.326 1.176

ΛCDM H2(z) = H2
0 [Ω0m(1 + z)3 + 1− Ω0m] 1 182.326 1.161
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3.4 To prìblhma thc PDL

3.4.1 JewrÐa kai pijanèc lÔseic sta plaÐsia thc Genik c Sqeti-
kìthtac

H aploÔsterh om�da montèlwn ta opoÐa èqoun stèreh jewrhtik  b�sh, mporoÔn na genikeÔ-
soun thn kosmologik  stajer� kai na exhg soun se ikanopoihtikì bajmì thn epitaqunìme-
nh diastol  tou sÔmpantoc eÐnai ta pedÐa quintessence, h dunamik  twn opoÐwn kajorÐzetai
pl rwc apì to dunamikì U(φ) kai ton kinhtikì touc ìro 1

2
φ̇

2. EÐnai eÔkolo ìmwc na deiqjeÐ
ìti h om�da aut  montèlwn den mporeÐ na anapar�gei mÐa katastatik  exÐswsh w(z), h
opoÐa na diasqÐzei thn gramm  w = −1 (PDL) gia oiod pote dunamikì U(φ). 'Ontwc, ìpwc
èqoume dei h katastatik  exÐswsh w, gia aut� ta montèla, èqei th morf 

w(z) =
pX

ρX

=
1
2
φ̇

2 − U(φ)

1
2
φ̇

2
+ U(φ)

(3.83)

h opoÐa teÐnei sthn tim  w = −1 sto ìrio pou o kinhtikìc ìroc eÐnai amelhtèoc, all� den
diasqÐzei thn (PDL) efìson φ̇

2
> 0 gia k�je prìshmo tou U(φ). To apotèlesma autì èqei

genikeujeÐ apì thn anafor� [134] sthn opoÐa apodeÐqjhke ìti k�je el�qista suzeugmèno
(minimally coupled) bajmwtì pedÐo me èna genikeumèno kinhtikì ìro den mporeÐ na diasqÐsei
thn PDL mèsw miac stajer c troqi�c. Wstìso, stic anaforèc [135],[136] anafèretai mia
endiafèrousa exaÐresh, ìmwc h opoÐa perièqei mia aujaÐreth allag  tou pros mou tou
kinhtikoÔ ìrou.

EÔkola mporoÔme na apodeÐxoume èna je¸rhma �adunatìthtac � (‘no go’ theorem)
[137],[138] gia èna genikì idanikì barotropikì reustì (barotropic fluid) me diathrhtèo
tanust  enèrgeiac orm c tou opoÐou h katastatik  exÐswsh eÐnai thc morf c p = p(ρ).
Apì th diat rhsh thc enèrgeiac èqoume ìti

ρ̇ = −3
α̇

α
(ρ + p(ρ)) (3.84)

Apì thn exÐswsh aut  prokÔptei ìti ρ̇ → 0 kaj¸c to p(ρ) → −ρ   kaj¸c w = p
ρ
→ −1.

ParagwgÐzontac thn exÐswsh (3.84) wc proc to qrìno, eÔkola blèpoume ìti ρ̈ → 0 kaj¸c
h w → −1 kai parìmoia gia ìlec tic qronikèc parag¸gouc thc puknìthtac ρ dhlad 

lim
w→−1

dnρ(t)

dtn
= 0 (3.85)

gia k�je n. Sunep¸c, k�je reustì me katastatik  exÐswsh thc morf c p = p(ρ) den
mporeÐ na diasqÐsei thn PDL. AntÐjeta, teÐnei asumptwtik� proc mÐa stajer  puknìthta
enèrgeiac ρ, mimoÔmeno ètsi thn kosmologik  stajer�. Ja prèpei na tonÐsoume bèbaia ìti
poll� montèla me bajmwt� pedÐa den sumperifèrontai wc barotropik� reust� (p = p(ρ))
lìgw thc ex�rthshc thc pÐeshc p kai thc puknìthtac ρ stic dÔo anex�rthtec metablhtèc
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φ̇ kai φ kai sunep¸c h apìdeixh aut  den eÐnai isodÔnamh me thn apìdeixh ìti èna el�qista
suzeugmèno bajmwtì pedÐo den mporeÐ na diasqÐsei thn PDL.

Efìson autèc oi jewrhtikèc mèjodoi den mporoÔn na anapar�goun thn di�sqish thc
PDL, prèpei na doÔme pio polÔplokec mejìdouc oi opoÐec mporoÔn na to petÔqoun. Up�r-
qoun dÔo om�dec tètoiwn mejìdwn: EÐte autèc pou jewroÔn montèla Skotein c Enèrgeiac
me pollapl� reust� ìpwc p.q. k�noun oi anaforèc [138],[139] kai [140] (prèpei wstìso
na anaferjeÐ ìti montèla me an¸terhc t�xhc parag¸gouc kai poll� mh-barotropik� reu-
st� eÐnai isodÔnama me montèla me pollapl� reust�) me toul�qiston èna phantom bajmì
eleujerÐac (dhlad  èna bajmwtì pedÐo me arnhtikì kinhtikì ìro), eÐte autèc pou jewroÔn
epekt�seic thc Genik c Sqetikìthtac kai tic opoÐec ja melet soume sto epìmeno kef�laio.

Ta phantom bajmwt� pedÐa thc pr¸thc om�dac mejìdwn èqoun sobar� probl mata me
tic katastrofikèc uperi¸deic ast�jeiec, afoÔ h enèrgei� touc den eÐnai apì k�tw fragmènh
kai epitrèpei thn aposÔnjesh tou kenoÔ mèsw thc paragwg c alhjin¸n swmatidÐwn uyh-
l c enèrgeiac kai fantasm�twn (ghosts) arnhtik c enèrgeiac [141],[142],[143],[144]. Apì
thn �llh, ìpwc ja doÔme kai sto epìmeno kef�laio, oi epekt�seic thc Genik c Sqetikì-
thtac periorÐzontai p�ra polÔ apì ta topik� test tou hliakoÔ sust matoc kai apì tic
kosmologikèc parathr seic all� èqoun pio stèreh jewrhtik  b�sh.

Gia na epexhg soume th mèjodo me ta pollapl� reust� thc Skotein c Enèrgeiac, ta
opoÐa mporoÔn na diasqÐsoun thn PDL me bajmwt� pedÐa, ac jewr soume èna set apì dÔo
suzeugmèna pragmatik� bajmwt� pedÐa, èna tÔpou quintessence φ1 kai èna tÔpou phantom
φ2 (to montèlo autì èqei anaferjeÐ sth bibliografÐa wc quintom dark energy [145]) me
Lagkranzian 

L =
1

2
(∂µφ1)

2 − 1

2
(∂µφ2)

2 − U(φ1, φ2) (3.86)

H energìc pÐesh kai h puknìthta enèrgeiac gia èna omogenèc sÔsthma eÐnai

p =
1

2
φ̇1

2 − 1

2
φ̇2

2 − U(φ1, φ2) (3.87)

ρ =
1

2
φ̇1

2 − 1

2
φ̇2

2
+ U(φ1, φ2) (3.88)

ta opoÐa odhgoÔn sthn katastatik  exÐswsh

w =
φ̇1

2 − φ̇2
2 − 2U(φ1, φ2)

φ̇1
2 − φ̇2

2
+ 2U(φ1, φ2)

(3.89)

h opoÐa diasqÐzei thn PDL ìtan o ìroc φ̇1
2 − φ̇2

2 all�zei prìshmo. Autì mporeÐ na
epiteuqjeÐ pio eÔkola me ta kat�llhla dunamik� kai tic kat�llhlec arqikèc sunj kec.

H Ðdia mèjodoc mporeÐ na epexhghjeÐ jewr¸ntac èna meÐgma apì pollapl� idanik� reu-
st� [139],[146],[140] antÐ gia bajmwt� pedÐa. Ac jewr soume èna meÐgma apì dÔo mh-
allhlepidr¸nta reust� (ρ1, p1, w1) kai (ρ2, p2, w2), ta opoÐa diathroÔn xeqwrist� thn e-
nèrgei� touc, kai ta opoÐa èqoun stajerèc katastatikèc exis¸seic w1, w2 me w1 > −1,
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w2 < −1. Tìte h katastatik  exÐswsh tou meÐgmatoc eÐnai [138]

w =
p

ρ
=

p1 + p2

ρ1 + ρ2

=
w1ρ01α

−3(1+w1) + w2ρ02α
−3(1+w2)

ρ01α−3(1+w1) + ρ02α−3(1+w2)
(3.90)

to opoÐo paremb�lei metaxÔ twn tim¸n w = w1 (gia α << 1) kai w = w2 (gia α >> 1)
diasqÐzontac ètsi thn gramm  w = −1.

3.4.2 Qr sh twn parathrhsiak¸n dedomènwn - Apotelèsmata
'Opwc eÐdame kai sthn prohgoÔmenh enìthta h met�bash thc katastatik c exÐswshc apì
thn perioq  w > −1 sthn perioq  w < −1 (  to antÐjeto) den mporeÐ na gÐnei apì bajmwt�
pedÐa el�qisthc sÔzeuxhc   barotropik� reust�. Sunep¸c eÐnai idiaÐtera shmantikì na
apant soume tic akìloujec erwt seic:

• UposthrÐzoun ta trèqonta kosmologik� dedomèna thn di�sqish thc PDL?

• Poièc eÐnai oi bèltistec parathrhsiakèc strathgikèc oi opoÐec ja epibebai¸soun  
ja aporrÐyoun thn di�sqish thc PDL me b�sh mellontikèc parathr seic?

O kÔrioc stìqoc aut c thc enìthtac eÐnai na apanthjeÐ h pr¸th er¸thsh qrhsimopoi¸ntac
èna meg�lo deÐgma apì kosmologik� dedomèna. ProhgoÔmenec melètec [69] èqoun parou-
si�sei endeÐxeic ìti ta dedomèna twn uperkainofan¸n astèrwn den parousi�zoun mia koin 
t�sh ìson afor� th di�sqish thc PDL. Sugkekrimèna, pollèc melètec pou èginan me ta
dedomèna tÔpou Gold èqoun deÐxei ìti èna montèlo me w(z) to opoÐo diasqÐzei thn PDL pro-
tim�tai apì ta dedomèna se sqèsh me to ΛCDM me sqedìn 2σ [123],[127],[147]. AntÐjeta,
ta dedomèna SNLS den deÐqnoun mia tètoia t�sh [70],[148],[149],[150] kai m�lista oi timèc
twn paramètrwn tou ΛCDM eÐnai entìc tou 1σ apì tic timèc tou kalÔterou elaqÐstou.
Autì jètei to er¸thma an aut  h t�sh faÐnetai kai apì �lla dedomèna. Autì to er¸thma
ja to apant soume qrhsimopoi¸ntac ektìc apì ta 2 set dedomènwn twn uperkainofan¸n
astèrwn tÔpou Ia : to Gold set [50] me 157 shmeÐa sto eÔroc 0 < z < 1.75 kai to SNLS
set me 115 shmeÐa sto eÔroc 0 < z < 1, kai ta akìlouja kosmologik� dedomèna:

• Thn par�metro metatìpishc R (exÐswsh (2.67) ).

• Tic akoustikèc talant¸seic twn baruonÐwn sthn klÐmaka zBAO = 0.35, ìpwc brèjhke
apì thn èreuna SDSS [53] (exÐswsh (2.77) ).

• To posostì thc m�zac twn baruonik¸n aerÐwn twn smhn¸n galaxi¸n fgas = Mgas

Mtot
,

ìpwc faÐnetai apì tic parathr seic twn aktÐnwn Q [55],[54], to opoÐo exart�tai wc
fgas ∼ d

3/2
A , apì thn apìstash gwniak c diamètrou dA wc to sm noc.

• Thn uperpuknìthta twn diataraq¸n thc Ôlhc δ(α) (exÐswsh (2.98) ) ìpwc metr jhke
apì thn èreuna erujr c metatìpishc galaxi¸n 2dF [102],[87], o opoÐoc mporeÐ na
periorÐsei thn H(z) qrhsimopoi¸ntac thn exÐswsh (2.99) sta plaÐsia thc Genik c
Sqetikìthtac.
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Me ta parap�nw kosmologik� dedomèna mporoÔme na prosdiorÐsoume th bèltisth ka-
tastatik  exÐswsh w(z) mazÐ me ta 1σ sf�lmata, me b�sh to montèlo CPL [126],[151]

w(α) = w0 + w1(1− α) (3.91)

w(z) = w0 + w1
z

1 + z
(3.92)

Autì ja to k�noume kai gia ta dÔo set dedomènwn twn uperkainofan¸n astèrwn tÔpou
Gold kai SNLS, ¸ste na exakrib¸soume poia apì tic dÔo t�seic gia thn di�sqish thc PDL
protim�tai apì ta dedomèna. H sÔgkrish aut  ja gÐnei gia timèc tou Ω0m sthn perioq 
0.2− 0.3.

Gia na anagnwrÐsoume pio eÔkola poia t�sh up�rqei sta kosmologik� dedomèna ìson
afor� thn exèlixh thc Skotein c Enèrgeiac mporoÔme na qwrÐsoume ta dedomèna se treic
kathgorÐec:

1. Ta dedomèna twn uperkainofan¸n astèrwn Gold

2. Ta dedomèna twn uperkainofan¸n astèrwn SNLS

3. kai tèloc ta �lla dedomèna   Other Dark Energy Probes (ODEP) pou perilamb�noun
ta dedomèna CMB, BAO, Cluster Baryon Fraction (CBF) kai to Grammikì Rujmì
Diataraq¸n thc Ôlhc   Perturbations Growth Rate (PGR) sthn erujr  metatìpish
z = 0.15

Oi antÐstoiqoi ìroi tou χ2 pou prèpei na elaqistopoihjoÔn se k�je kathgorÐa eÐnai

• χ2
Gold(Ω0m, w0, w1) (exÐswsh (2.19) )

• χ2
SNLS(Ω0m, w0, w1) (exÐswsh (2.19) )

• Qrhsimopoi¸ntac tic exis¸seic (2.71), (2.78), (2.93) kai (2.128) (gia to shmeÐo me
z = 0.15) èqoume

χ2
ODEP ≡ χ2

CMB + χ2
BAO + χ2

CBF + χ2
PGR (3.93)

Gia na anagnwrÐsoume thn ex�rthsh twn apotelesm�twn sthn tim  tou Ω0m jewr same
dÔo peript¸seic h kajemi� me Ω0m = 0.2 kai Ω0m = 0.3 antÐstoiqa[152]. To eÔroc autì
perilamb�nei thn tim  tou Ω0m me b�sh tic èreunec WMAP kai SDSS h opoÐa eÐnai [97]
Ω0m = 0.24± 0.02.

Ta sf�lmata thc sun�rthshc w(z) brèjhkan me th qr sh tou pÐnaka susqètishc (co-
variance matrix) (gia par�deigma [67],[153]) kai ta sf�lmata sthn katastatik  exÐswsh
w(z; pi) dÐnontai apì th sqèsh

σ2
w =

n∑
i=1

(
∂w

∂pi

)2

Cii + 2
n∑

i=1

n∑
j=i+1

(
∂w

∂pi

)(
∂w

∂pj

)
Cij (3.94)
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Sq ma 3.14: Oi kalÔterec sunart seic w(z) gia k�je kathgorÐa dedomènwn gia Ω0m = 0.2
kai Ω0m = 0.3 mazÐ me ta 1σ sf�lmata (gkrÐza perioq ). Oi kathgorÐec eÐnai: Gold set
(st lh 1), SNLS (st lh 2) kai ta �lla set dedomènwn ODEP (st lh 3).

ìpou pi eÐnai oi kosmologikèc par�metroi kai Cij eÐnai o pÐnakac susqètishc (correlation
matrix ) [153].

Oi sunart seic w(z) gia thn k�je kathgorÐa dedomènwn faÐnontai sto sq ma 3.14 kai
gia tic dÔo timèc Ω0m = 0.2 kai Ω0m = 0.3. Oi antÐstoiqec elleÐyeic empistosÔnhc tou χ2

ston parametrikì q¸ro w0−w1 faÐnontai sto sq ma 3.15. Me b�sh aut� ta dÔo sq mata
mporoÔme na k�noume ta akìlouja sqìlia [152]:

• To set dedomènwn Gold deÐqnei mia protÐmhsh gia dunamik� exelissìmenh Skotein 
Enèrgeia pou diasqÐzei thn PDL sto shmeÐo z ' 0.2, se sqèsh me thn kosmologik 
stajer�, en¸ autì den gÐnetai gia to SNLS.

• Ta set dedomènwn, ektìc twn uperkainofan¸n astèrwn, deÐqnoun mia protÐmhsh gia
Skotein  Enèrgeia pou diasqÐzei thn PDL gia mikrèc timèc tou Ω0m (Ω0m

<∼ 0.25),
en¸ gia Ω0m ' 0.3 h t�sh aut  eÐnai shmantik� meiwmènh.

• Ektìc apì touc uperkainofaneÐc astèrec, ta dedomèna pou aniqneÔoun kalÔtera thn
Skotein  Enèrgeia eÐnai h par�metroc metatìpishc kai oi akoustikèc talant¸seic twn
baruonÐwn.
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Sq ma 3.15: Oi elleÐyeic 68% kai 95% empistosÔnhc tou χ2 ston parametrikì q¸ro w0−w1

gia k�je kathgorÐa dedomènwn gia Ω0m = 0.2 kai Ω0m = 0.3. Ac parathrhjeÐ ìti gia to
SNLS to ΛCDM eÐnai entìc thc 1σ perioq c.

To teleutaÐo autì shmeÐo prokÔptei apì to gegonìc ìti an sqedi�soume thn trÐth
st lh twn sqhm�twn 3.14 kai 3.15, qrhsimopoi¸ntac mìno thn par�metro metatìpishc kai
tic akoustikèc talant¸seic twn baruonÐwn, tìte autèc ja eÐnai tautìshmec me autèc twn
sqhm�twn 3.14 kai 3.15.

'Ena polÔ shmantikì jèma to opoÐo prèpei na apant soume se autì to shmeÐo eÐnai to
pijanì sf�lma pou mporeÐ na eis�getai apì thn qr sh miac sugkekrimènhc parametropoÐh-
shc tou w(z) gia na brejeÐ h kosmologik  exèlixh tou sÔmpantoc. Den up�rqei amfibolÐa
ìti oi kalÔterec sunart seic pou tairi�zoun sta dedomèna mporeÐ na all�zoun polÔ shma-
ntik� an�mesa se di�fora montèla. Wstìso, h sugkekrimènh idiìthta thc di�sqishc thc
PDL èqei apodeiqjeÐ ìti eÐnai èna stajerì qarakthristikì sta plaÐsia tou Gold set me thn
proôpìjesh ìti to epitrèpei to ek�stote montèlo. Autì eÐqe deiqjeÐ sthn anafor� [123]
(sq ma 1), ìpou ègine sÔgkrish p�ra poll¸n montèlwn sta plaÐsia tou Gold set.

Se aut  thn anafor� eÐqe apodeiqjeÐ ìti parìlo pou oi idiìthtec twn kalÔterwn kampu-
l¸n se uyhl  erujr  metatìpish eÐnai diaforetikèc gia k�je montèlo, antÐjeta se qamhlèc
erujrèc metatopÐseic ìla ta montèla faÐnetai na diasqÐzoun thn PDL se z ' 0.2. To ge-
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gonìc autì mporeÐ epÐshc na elegqjeÐ kai sta plaÐsia twn dedomènwn ODEP. Dokim�same
[123] trÐa diaforetik� montèla gia to H(z) me ta dedomèna ODEP kai to apotèlesma  tan
ìti k�je montèlo gia qamhl  tim  thc paramètrou Ω0m faÐnetai na epidèqetai th di�sqish
thc PDL, all� se aut  thn perÐptwsh up�rqei meg�lo eÔroc sthn erujr  metatìpish gia
thn opoÐa sumbaÐnei autì (0.4 < zPDL < 1.8). Lamb�nontac upìyh to ìti h par�metroc
metatìpishc kalÔptei èna polÔ meg�lo eÔroc erujr c metatìpishc (0 < z < 1089), to
parap�nw gegonìc (dhlad  ìti 0.4 < zPDL < 1.8) den parèqei shmantikèc endeÐxeic gia
susthmatik� sf�lmata.

'Etsi, eÐnai xek�jaro ìti an kai ta up�rqonta parathrhsiak� dedomèna gia thn Sko-
tein  Enèrgeia sta plaÐsia thc Genik c Sqetikìthtac sumfwnoÔn sto ìti h katastatik 
exÐswsh thc Skotein c Enèrgeiac w(z) eÐnai kont� sto −1, den up�rqei k�poia genik  t�sh
sqetik� me thn exèlixh thc kai ìti oi up�rqousec t�seic ephre�zontai polÔ apì thn tim 
thc paramètrou Ω0m pou qrhsimopoi jhke sthn ek�stote melèth.

3.5 SÔgkrish twn set dedomènwn Gold kai SNLS

3.5.1 Oi diaforèc twn set dedomènwn Gold kai SNLS

'Opwc eÐdame kai sthn prohgoÔmenh enìthta to set dedomènwn Gold deÐqnei mia protÐmhsh
gia dunamik� exelissìmenh Skotein  Enèrgeia pou diasqÐzei thn PDL sto shmeÐo z ' 0.2, se
sqèsh me thn kosmologik  stajer� en¸ autì den gÐnetai gia to SNLS. Gia na melet soume
se megalÔtero b�joc th diafor� aut  ja jewr soume trÐa diaforetik� montèla gia thn
H(z) kai ja elaqistopoi soume to χ2 thc exÐswshc (2.19) wc proc tic paramètrouc twn
montèlwn. Gia to skopì autì qrhsimopoioÔme ta parak�tw 3 set dedomènwn:

• To set dedomènwn SNLS pou perièqei 115 dedomèna kai ta opoÐa brÐskontai se z < 1.

• To olìklhro Gold04 set (Full Gold dataset - FG) me 157 dedomèna kai 0 < z < 1.7.

• To kommèno Gold04 set (Truncated Gold dataset (TG) ) me 140 shmeÐa kai z < 1
to opoÐo mporeÐ na sugkrijeÐ pio �mesa me to SNLS

Ta trÐa diaforetik� montèla gia thn H(z) epitrèpoun th dunamik  exèlixh thc Skotein c
Enèrgeiac kai èqoun apì dÔo paramètrouc, ¸ste na epitrèpoun th di�sqish thc PDL :

• Montèlo A (Par-A):

w(z) = w0 + w1 z (3.95)
H2(z)/H2

0 = Ω0m(1 + z)3 + (1− Ω0m)(1 + z)3(1+w0−w1)e3w1z

• Montèlo B (Par-B):

w(z) = w0 + w1
z

1 + z
(3.96)

H2(z)/H2
0 = Ω0m(1 + z)3 + (1− Ω0m)(1 + z)3(1+w0+w1)e3w1[1/(1+z)−1]
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• Montèlo C (Par-C):

w(z) =
a1 + 3(Ω0m − 1)− 2a1z − a2(−2 + 2z + z2)

3(1− Ω0m + a1z + 2a2z + a2z2)

H2(z)/H2
0 = Ω0m(1 + z)3 + a1(1 + z) + a2(1 + z)2 +

+ (1− Ω0m − a1 − a2) (3.97)

To kÐnhtro gia thn qr sh tou trÐtou montèlou eÐnai ìti mimeÐtai montèla me dÔo tèleia
reust� Skotein c Enèrgeiac. Enallaktik�, mporoÔme na to doÔme wc touc dÔo pr¸touc
ìrouc enìc anaptÔgmatoc thc puknìthtac enèrgeiac thc Skotein c Enèrgeiac.

Gia na apant soume to proanaferjèn er¸thma qrhsimopoi same [70] ta trÐa montèla (A,
B, C) twn exis¸sewn (3.95) - (3.97) kai upojètontac epipedìthta br kame tic paramètrouc
touc me b�sh ta trÐa set dedomènwn. EÔkola faÐnetai ìti ta montèla A kai B eÐnai isodÔnama
me w(z) = w0 sthn eidik  perÐptwsh pou to w den exelÐssetai me to qrìno (w1 = 0). Me
b�sh aut� ta dedomèna mporoÔme na kataskeu�soume ton PÐnaka 3.5 ìpou faÐnontai oi
timèc tou w0 kai ta 1σ sf�lmata gia w1 = 0 kai gia Ω0m = 0.24 − 0.3. Profan¸c, ìla
ta set dedomènwn eÐnai sumbat� metaxÔ touc apokleÐontac ètsi montèla me w > 1/3 me
perissìtera apì 10σ empistosÔnhc.

Gia na epekteÐnoume thn an�lush ston pl rh parametrikì q¸ro kataskeu�same tic
elleÐyeic empistosÔnhc tou χ2 pou faÐnontai sta sq mata 3.16 kai 3.17 upojètontac epipe-
dìthta. Gia na diereun soume thn ex�rthsh twn apotelesm�twn mac sthn polÔ shmantik 
par�metro Ω0m, den th perijwriopoi same (teqnik  marginalization) all� antÐjeta qrh-
simopoi same tic timèc Ω0m = 0.24 (sq ma 3.16) kai Ω0m = 0.3 (sq ma 3.17). EpÐshc to
shmeÐo pou antistoiqeÐ sto ΛCDM faÐnetai stic grafikèc autèc. Gia to montèlo C den
parousi�zoume tic elleÐyeic empistosÔnhc, epeid  to H(z) gÐnetai fantastikì se di�forec
perioqèc tou parametrikoÔ q¸rou pou sumpÐptei me tic elleÐyeic gia 95% empistosÔnh.

PÐnakac 3.5: Oi timèc tou w0 kai ta 1σ sf�lmata gia w1 = 0 kai gia Ω0m = 0.24− 0.3.

Ω0m SNLS TG FG

0.24 w0 = −0.95± 0.09 w0 = −0.89± 0.10 w0 = −0.86± 0.09
0.30 w0 = −1.11± 0.11 w0 = −1.04± 0.12 w0 = −1.02± 0.11
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Sq ma 3.16: Oi elleÐyeic empistosÔnhc 68.3% kai 95.4% tou χ2 gia ta montèla A kai
B upojètontac epipedìthta kai qrhsimopoi¸ntac ta set dedomènwn SNLS, TG kai FG.
Qrhsimopoi jhke h tim  Ω0m = 0.24. Oi diakekommènec grammèc tèmnontai stic timèc twn
paramètrwn tou ΛCDM. Prèpei na anaferjeÐ ìti gia to SNLS to ΛCDM sqedìn sumpÐptei
me ta el�qista kai twn dÔo montèlwn.

Gia ta sq mata 3.16 kai 3.17 mporoÔme na k�noume ta akìlouja sqìlia:

• To montèlo ΛCDM (w0 = −1, w1 = 0) eÐnai kont� stic elleÐyeic se 95.4% epÐpedo e-
mpistosÔnhc twn set dedomènwn TG kai FG. Wstìso gia to SNLS, to epÐpedo ΛCDM
montèlo eÐnai arket� entìc thc èlleiyhc gia 68.3% empistosÔnh kai gia Ω0m = 0.24
sqedìn tautÐzetai me ta el�qista twn montèlwn A kai B. Sunep¸c to ΛCDM faÐ-
netai pwc èqei megalÔterh pijanìthta se sqèsh me montèla dunamik� exelissìmenhc
Skotein c Enèrgeiac sta plaÐsia tou SNLS.

• Ta kalÔtera montèla gia to w(z) sta plaÐsia twn TG kai FG (Gold) set dedomènwn,
ìqi mìno eÐnai makri� apì to ΛCDM (w0 = −1, w1 = 0) (dec Sq mata 3.16 kai 3.17)
all� kai xek�jara diasqÐzoun thn PDL. Autì faÐnetai kai sto sq ma 3.18 ìpou
parousi�zontai oi kampÔlec tou w(z) gia tic timèc tou elaqÐstou thc exÐswshc 2.19
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Sq ma 3.17: To Ðdio ìpwc sto sq ma 3.16 all� me Ω0m = 0.3.

gia k�je set dedomènwn (SNLS, TG kai FG) kai k�je montèlo (A, B kai C) gia thn
tim  Ω0m = 0.24.
H t�sh aut  gia di�sqish thc PDL den emfanÐzetai gia ta montèla A, B kai C sta
plaÐsia tou SNLS. Apì thn �llh meri�, faÐnetai pwc sta plaÐsia tou Gold[127] h t�sh
aut  èqei meg�lh pijanìthta kai autì èqei wj sei polloÔc ereunhtèc, dec p.q. [139]
kai[154], na exereun soun jewrhtik� montèla ta opoÐa thn epitrèpoun. 'Opwc èqoume
 dh anafèrei, h apostol  aut  den eÐnai tetrimmènh kai den mporeÐ na epiteuqjeÐ me
èna el�qista suzeugmèno bajmwtì pedÐo [134].

• Parìlo pou oi par�metroi twn montèlwn sto el�qisto tou χ2 den eÐnai kai polÔ
euaÐsjhtec sthn tim  tou Ω0m sthn perioq  0.2 < Ω0m < 0.3 ta sf�lmata twn para-
mètrwn aut¸n gÐnontai ìlo kai pio meg�la kaj¸c to Ω0m aux�netai, ìpwc faÐnetai
kai sta sq mata 3.16 kai 3.17 gia ta montèla A, B kai C. EpÐshc, kai gia tic dÔo
timèc tou Ω0m ta sf�lmata tou w1 eÐnai polÔ megalÔtera se sqèsh me aut� tou w0,
all� autì to genikì qarakthristikì exart�tai apì to montèlo pou qrhsimopoieÐtai
kai den exart�tai apì to sugkekrimèno set dedomènwn.

101



0 0.25 0.5 0.75 1 1.25 1.51.75
z

�2

�1

0

1

2

3

w
�z
�

Par. C � SNLS

0 0.25 0.5 0.75 1 1.25 1.51.75
z

�2

�1

0

1

2

3

w
�z
�

0 0.25 0.5 0.75 1 1.251.5 1.75
z

�2

�1

0

1

2

3

w
�z
�

Par. C � TG

0 0.25 0.5 0.75 1 1.251.5 1.75
z

�2

�1

0

1

2

3

w
�z
�

0 0.25 0.5 0.75 1 1.25 1.51.75
z

�2

�1

0

1

2

3
w
�z
�

Par. C � FG

0 0.25 0.5 0.75 1 1.25 1.51.75
z

�2

�1

0

1

2

3
w
�z
�

0 0.25 0.5 0.75 1 1.25 1.51.75
z

�2

0

2

4

6

w
�z
�

Par. B � SNLS

0 0.25 0.5 0.75 1 1.25 1.51.75
z

�2

0

2

4

6

w
�z
�

0 0.25 0.5 0.75 1 1.251.5 1.75
z

�2

0

2

4

6
w
�z
�

Par. B � TG

0 0.25 0.5 0.75 1 1.251.5 1.75
z

�2

0

2

4

6
w
�z
�

0 0.25 0.5 0.75 1 1.25 1.51.75
z

�2

0

2

4

6

w
�z
�

Par. B � FG

0 0.25 0.5 0.75 1 1.25 1.51.75
z

�2

0

2

4

6

w
�z
�

0 0.25 0.5 0.75 1 1.25 1.51.75
z

�2

0

2

4

6
w
�z
�

Par. A � SNLS

0 0.25 0.5 0.75 1 1.25 1.51.75
z

�2

0

2

4

6
w
�z
�

0 0.25 0.5 0.75 1 1.251.5 1.75
z

�2

0

2

4

6

w
�z
�

Par. A � TG

0 0.25 0.5 0.75 1 1.251.5 1.75
z

�2

0

2

4

6

w
�z
�

0 0.25 0.5 0.75 1 1.25 1.51.75
z

�2

0

2

4

6

w
�z
�

Par. A � FG

0 0.25 0.5 0.75 1 1.25 1.51.75
z

�2

0

2

4

6

w
�z
�

Sq ma 3.18: H katastatik  exÐswsh w(z) gia k�je set dedomènwn (SNLS, TG kai FG)
kai k�je montèlo (A, B kai C) gia thn tim  Ω0m = 0.24. H sumpag c gramm  antistoiqeÐ
sto el�qisto kai h gkrÐza perioq  sthn 1σ perioq  empistosÔnhc gÔrw apì to el�qisto.
H diakekommènh orizìntia gramm  antistoiqeÐ sto ΛCDM. Prèpei na anafèroume ìti h
kampÔlh pou antistoiqeÐ sto el�qisto diasqÐzei thn PDL mìno gia ta TG kai FG (Gold)
set dedomènwn en¸ gia to SNLS sqedìn sumpÐptei me to ΛCDM.

3.5.2 Exereun¸ntac th statistik  omoiogèneia tou Gold set
'Opwc eÐdame h prohgoÔmenh èkdosh tou Gold set (Gold04) [50] faÐnetai pwc eÐnai se
diafwnÐa, perÐpou sta 2σ, me to SNLS set [70],[155]. H t�sh gia di�sqish thc gramm c w =
−1, gnwst  wc PDL, den mporeÐ na exhghjeÐ apì èna el�qista suzeugmèno bajmwtì pedÐo
kai mporeÐ na upodeiknÔei thn Ôparxh pio exwtik¸n montèlwn. Enallaktik�, aut  h diafwnÐa
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PÐnakac 3.6: Ta uposÔnola tou Gold06 set.

UposÔnolo SÔnolo EÔroc z 'Etoc anak�luyhc Anaf..

SNLS 47 0.25 ≤ z ≤ 0.96 2003-2004 [51]

HST 30 0.46 ≤ z ≤ 1.76 1997-2005 [68]

HZSST 41 0.28 ≤ z ≤ 1.20 1995-2001 [157]

SCP 26 0.17 ≤ z ≤ 0.86 1995-2000 [158]

LR 38 0.024 ≤ z ≤ 0.12 1990-2000 [159]

ja mporoÔse na apodojeÐ kai se susthmatik� sf�lmata, p.q. lìgw tou diaforetikoÔ
algìrijmou pou qrhsimopoi jhke kat� th dhmiourgÐa twn dÔo set apì tic antÐstoiqec
ereunhtikèc om�dec.

Gia th nèa èkdosh tou Gold set (Gold06) wstìso, qrhsimopoi jhke mÐa beltiwmènh
an�lush kai sumperil fjhke èna meg�lo mèroc tou SNLS. 'Etsi anamenìtan ìti h diafwnÐa
tou Gold set se sqèsh me to SNLS ja meiwnìtan   kai akìma ja exafanizìtan. 'Omwc,
ìpwc blèpoume sto sq ma 3.19 autì den ègine.

Sto nèo set k�poioi uperkainofaneÐc astèrec afairèjhkan [68] lìgw twn meg�lwn abe-
baiot twn touc sth mètrhsh tou qr¸matoc, thc meg�lhc aporrìfhshc AV > 0.5 kai enìc
orÐou sthn erujr  metatìpish cz < 7000km/s   z < 0.0233, me skopì na apofeuqjeÐ h
epÐdrash miac pijan c topik c �FusalÐdac Hubble�, dhlad  miac perioq c me megalÔterh
stajer� Hubble H0, ètsi ¸ste na oristeÐ èna uposÔnolo shmeÐwn meg�lhc empistosÔnhc.
Epiplèon, qrhsimopoi jhke ènac kai monadikìc algìrijmoc (MLCS2k2) gia na upologi-
stoÔn oi apost�seic twn uperkainofan¸n astèrwn (sumperilambanomènwn kai ekeÐnwn apì
to SNLS set) se mia prosp�jeia na meiwjoÔn oi anomoiogèneiec tou set.

'Opwc faÐnetai, h 2σ diafwnÐa metaxÔ twn dÔo set Gold04 kai SNLS (sq mata 3.19a
kai 3.19b) den èqei elattwjeÐ qrhsimopoi¸ntac to Gold06 set (sq ma 3.19c)! To lìgo
aut c thc diafwnÐac all� kai thn endeqìmenh statistik  omoiogèneia tou nèou set ja thn
melet soume akoloÔjwc[156].

Touc 182 uperkainofaneÐc astèrec mporoÔme na touc omadopoi soume se pènte upo-
sÔnola an�loga me thn ereunhtik  om�da   kai ta ìrgana pou qrhsimopoi jhkan gia thn
anak�luyh touc. Ta uposÔnola aut� faÐnontai ston PÐnaka 3.6. Prèpei na anaferjeÐ ìti
ta pr¸ima dedomèna pou perièqontai sto Gold06 set brèjhkan kurÐwc thn dekaetÐa tou 90
kai apoteloÔntai apì ta dedomèna thc om�dac High z Supernova Search Team (HZSST),
thc èreunac Supernova Cosmology Project (SCP) kai to uposÔnolo Qamhl c Erujr c
metatìpishc (Low Redshift - LR).
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Sq ma 3.19: Oi elleÐyeic empistosÔnhc tou montèlou (3.98) gia ta set dedomènwn SNLS
(a), Gold04 (b) kai Gold06 (c). H sqedìn 2σ diafwnÐa metaxÔ twn Gold kai SNLS paramènei
par� thn kalÔterh bajmonìmhsh kai thn prosj kh nèwn dedomènwn.

To montèlo pou qrhsimopoi same sthn an�lus  mac [156] eÐnai to CPL [126],[151]

w(z) = w0 + w1
z

1 + z
(3.98)

H2(z)/H2
0 = Ω0m(1 + z)3 + (1− Ω0m)(1 + z)3(1+w0+w1)e

−3w1z
1+z (3.99)

kai gia thn par�metro thc puknìthtac thc Ôlhc jewr same thn tim  Ω0m = 0.28 (ìpwc kai
sthn anafor� [68]) sÔmfwna me tic mejìdouc pou anafèrame se prohgoÔmenec enìthtec.

Oi 182 uperkainofaneÐc astèrec pou perilamb�nontai sto Gold06 set proèrqontai ku-
rÐwc apì tic ereunhtikèc om�dec pou faÐnontai ston PÐnaka 3.6. To uposÔnolo qamhl c
erujr c metatìpishc (LR) eÐnai èna meÐgma apì di�forouc pr¸imouc uperkainofaneÐc astè-
rec proerqìmena apì di�forec om�dec all� ed¸ ja to jewr soume wc èna eniaÐo set giatÐ
alli¸c ja aux�nontan uperbolik� o arijmìc twn uposunìlwn. Gia na diereun soume kat�
pìso eÐnai statistik� omoiogenèc to Gold06 set all� kai na broÔme thn phg  thc diafwnÐac
me to SNLS, aposunjèsame to Gold06 sta uposÔnola tou PÐnaka 3.6 kai kataskeu�same
nèa set dedomènwn afair¸ntac k�je for� èna (  dÔo) apì ta uposÔnola tou Gold06. 'Etsi
katal xame me ta akìlouja èxi uposÔnola:

1. 182G06 − 47SNLS − 30HST

2. 182G06 − 47SNLS

3. 182G06 − 30HST
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4. 182G06 − 26SCP

5. 182G06 − 41HZSST

6. 182G06 − 41HZSST − 26SCP

Den l�bame upìyh to uposÔnolo 182G06 − 38LR, giatÐ to set LR den eÐnai omogenèc kai
epeid  an to afairoÔsame den ja mporoÔse na susqetisteÐ me èna tuqaÐo temaqismì sthn
Ðdia qamhl  erujr  metatìpish (to eÔroc z < 0.124 katalamb�netai entel¸c apì to LR).
'Etsi prokÔptoun dÔo shmantikèc erwt seic:

• P¸c sqetÐzontai oi timèc (w0, w1) apì thn prosarmog  twn dedomènwn, gia k�je èna
apì ta èxi uposÔnola me autèc tou pl rouc Gold06 set?

• P¸c sqetÐzontai oi timèc (w0, w1) apì thn prosarmog  twn dedomènwn gia k�je èna
apì ta èxi uposÔnola, me autèc apì èna tuqaÐo temaqismì tou Gold06 sto Ðdio eÔroc
erujr c metatìpishc me to kajèna apì ta èxi uposÔnola?

H ap�nthsh sthn pr¸th er¸thsh faÐnetai sto sq ma 3.20 ìpou parousi�zontai [156]
oi timèc (w0, w1) apì thn prosarmog  twn dedomènwn gia k�je èna apì ta èxi uposÔnola.
Prèpei na anaferjeÐ ìti ta dÔo uposÔnola 182G06 − 41HZSST − 26SCP (shmeÐo 1) kai
182G06 − 47SNLS − 30HST (shmeÐo 6) antistoiqoÔn stic pio akraÐec timèc twn (w0, w1). H
tim  twn (w0, w1) apì thn prosarmog  twn dedomènwn sto Gold06 set mazÐ me tic 1σ kai
2σ elleÐyeic empistosÔnhc faÐnontai sto sq ma 3.20 (shmeÐo 0).

Ta akìlouja sqìlia mporoÔn na gÐnoun sto sq ma 3.20:

• To uposÔnolo 182G06 − 26SCP èqei praktik� tic Ðdiec timèc (w0, w1) me autèc tou
Gold06.

• KamÐa afaÐresh enìc uposunìlou den mporeÐ na metatopÐsei tic timèc twn paramètrwn
(w0, w1) pèra apì tic 1σ elleÐyeic empistosÔnhc tou Gold06.

• 'Ola ta uposÔnola (ektìc apì to 182G06 − 26SCP ) metatopÐzoun to shmeÐo (w0, w1)
kat� m koc tou meg�lou �xona thc èlleiyhc tou χ2. Sugkekrimèna gia ta 182G06 −
30HST kai 182G06−47SNLS to el�qisto tou χ2 kai sunep¸c to shmeÐo (w0, w1), mènei
upì thn epirro  kurÐwc tou HZSST kai metatopÐzetai kat� m koc tou meg�lou �xona,
makri� apì to ΛCDM kai proc èna qronik� exelissìmeno w(z) to opoÐo diasqÐzei thn
gramm  w = −1 (w0 < −1, w1 > 0). Apì thn �llh gia to 182G06−41HZSST to shmeÐo
(w0, w1) mènei upì thn epirro  kurÐwc twn HST kai SNLS kai metatopÐzetai proc
to ΛCDM. Autì shmaÐnei ìti ta uposÔnola HST kai SNLS deÐqnoun mia protÐmhsh
proc to ΛCDM, en¸ to HZSST deÐqnei mia protÐmhsh proc èna exelissìmeno w(z)
to opoÐo diasqÐzei thn gramm  w = −1. To fainìmeno autì gÐnetai entonìtero apì
thn sumperifor� tou 182G06 − 41HZSST − 26SCP (metatopÐzetai perissìtero proc
to ΛCDM) kai tou 182G06 − 47SNLS − 30HST (metatopÐzetai p�ra polÔ proc èna
exelissìmeno w(z) me perissìtera apì 2σ empistosÔnhc (dec sq ma 3.20 ) ).
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Sq ma 3.20: Oi 1σ − 2σ elleÐyeic empistosÔnhc tou χ2 sto epÐpedo w0 − w1 me b�sh to
montèlo (3.98) gia to Gold06 set kai Ω0m = 0.28. EpÐshc, faÐnontai kai oi timèc (w0, w1)
apì thn prosarmog  twn 1-6 uposunìlwn twn dedomènwn tou Gold06 set.

Me b�sh ta parap�nw sqìlia sumperaÐnoume ìti h ap�nthsh sthn pr¸th er¸thsh pou
anafèrame pio prin mporeÐ na sunoyisteÐ wc ex c[156]: Oi timèc twn (w0, w1) gia kajèna
apì ta uposÔnola 2 − 5 den diafèroun perissìtera apì 1σ apì to el�qisto tou Gold06
all� deÐqnoun xek�jarec t�seic oi opoÐec eÐnai qarakthristikèc gia k�je uposÔnolo.

Mia xeqwrist  er¸thsh (h opoÐa sqetÐzetai me thn deÔterh er¸thsh) eÐnai h statistik 
omoiogèneia metaxÔ twn uposunìlwn kai tou Gold06 set. Gia na apant soume autì to
er¸thma sugkrÐname ta (w0, w1) gia k�je uposÔnolo me aut� pou prokÔptoun apì èna
meg�lo arijmì (500) antÐstoiqwn tuqaÐwn temaqism¸n tou Gold06 set. Oi tuqaÐoi autoÐ
temaqismoÐ aforoÔn tuqaÐec afairèseic tou Ðdiou arijmoÔ uperkainofan¸n astèrwn kai
sto Ðdio eÔroc erujr c metatìpishc me ta arqik� uposÔnola. Aut  h diadikasÐa mporeÐ na
qrhsimopoihjeÐ gia na brejeÐ to 1σ eÔroc twn anamenìmenwn tim¸n (wr

0, w
r
1) pou prokÔptoun

apì thn prosarmog  twn tuqaÐwn uposunìlwn tou Gold06 set.
An oi timèc twn (w0, w1) tou uposunìlou eÐnai mèsa sthn 1σ perioq  apì tic timèc

(wr
0, w

r
1) tou antÐstoiqou tuqaÐou uposunìlou, tìte to upì melèth uposÔnolo eÐnai anti-

proswpeutikì tou Gold06 set kai statistik� sunepèc me autì. An apì thn �llh meri�
oi timèc twn (w0, w1) diafèroun kat� 2σ   perissìtero apì to mèso ìro (w̄r

0, w̄
r
1) twn a-
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PÐnakac 3.7: Ta èxi uposÔnola tou sq matoc 3.21.

UposÔnolo w0
w1

wr
0

wr
1

(MC) w−w̄r

σwr

182− 47SNLS − 30HST
w0=−2.21
w1= 7.53

wr
0=−1.40±0.22

wr
1= 2.83±1.30 −3.7σ

182− 47SNLS
w0=−1.62
w1= 3.95

wr
0=−1.38±0.12

wr
1= 2.67±0.57 −2.2σ

182− 30HST
w0=−1.60
w1= 4.05

wr
0=−1.36±0.10

wr
1= 2.60±0.64 −2.4σ

182− 26SCP
w0=−1.39
w1= 2.75

wr
0=−1.40±0.08

wr
1= 2.79±0.38 +0.2σ

182− 41HZSST
w0=−1.12
w1= 1.34

wr
0=−1.40±0.11

wr
1= 2.80±0.55 +2.7σ

182− 41HZSST − 26SCP
w0=−1.01
w1= 0.81

wr
0=−1.39±0.15

wr
1= 2.75±0.73 +2.6σ

ntÐstoiqwn tuqaÐwn uposunìlwn, tìte mporoÔme na sumperaÐnoume ìti to uposÔnolo eÐnai
susthmatik� diaforetikì apì to pl rec set. Ta apotelèsmata aut c thc sÔgkrishc pou
mìlic anafèrame, faÐnontai ston PÐnaka 3.7 kai sto sq ma 3.21, sta opoÐa parathroÔme
ta ex c:

• To SCP eÐnai èna tupikì, statistik� sumbatì uposÔnolo tou Gold06 set, epeid  h
afaÐresh tou den all�zei tic statistikèc idiìthtec tou Gold06 set. Sugkekrimèna,
h tim  twn (w0, w1) gia to uposÔnolo 182G06 − 26SCP diafèrei mìno 0.2σ apì ton
antÐstoiqo mèso ìro twn tim¸n (w̄r

0, w̄
r
1) pou afor� tuqaÐec afairèseic twn Ðdiwn

arijm¸n uperkainofan¸n astèrwn kai sto Ðdio eÔroc erujr c metatìpishc ìpwc kai
to SCP .

• Ta �lla pènte uposÔnola pou jewr same sto sq ma 3.21 den eÐnai tupik� uposÔnola
tou Gold06 set. Oi timèc twn (w0, w1) pou anafèrontai sto sq ma 3.21 diafèroun
perissìtero apì 2σ apì tic antÐstoiqec mèsec timèc (w̄r

0, w̄
r
1) twn tuqaÐwn uposunì-

lwn.

• MÐa akraÐa perÐptwsh eÐnai to uposÔnolo 182G06 − 47SNLS − 30HST tou opoÐou oi
timèc twn (w0, w1) brÐskontai 3.7σ makri� apì autèc tou mèsou ìrou twn antÐstoiqwn
tuqaÐwn uposunìlwn! Autì shmaÐnei ìti o sunduasmìc 38LR + 41HZSST + 26SCP , o
opoÐoc apomènei apì thn afaÐresh 182G06 − 47SNLS − 30HST , deÐqnei polÔ èntonh
protÐmhsh gia èna exelissìmeno w(z) kai eÐnai statistik� asÔmbatoc me to Gold06
set. To apotèlesma autì eÐnai sumbatì kai me to sq ma 3.20 to opoÐo deÐqnei ìti oi
timèc twn (w0, w1) tou uposunìlou 182G06− 47SNLS− 30HST eÐnai perÐpou 3σ apì to
el�qisto tou Gold06 set!
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Sq ma 3.21: SÔgkrish twn paramètrwn (w0, w1) apì thn prosarmog  twn uposunìlwn 1-6
me ta antÐstoiqa tuqaÐa uposÔnola tou Gold06 set. Se ìlec tic peript¸seic (ektìc apì to
SCP uposÔnolo) oi par�metroi (w0, w1) metatopÐzontai kat� perissìtero apì 2σ apì tic
antÐstoiqec mèsec timèc (w̄r

0, w̄
r
1) twn tuqaÐwn uposunìlwn. FaÐnetai epÐshc kai to shmeÐo

pou antistoiqeÐ sto ΛCDM (w0 = −1, w1 = 0).

• Ta uposÔnola SNLS kai HST eÐnai statistik� parìmoia metaxÔ touc (me mia t�sh
proc to ΛCDM) parìlo pou eÐnai kai ta dÔo shmantik� diaforetik� (perissìtera
apì 2σ) apì ta tuqaÐa uposÔnola tou Gold06 (dec kai to sq ma 3.20).

• Ta sq mata 3.20 kai 3.21 deÐqnoun [156] ìti h t�sh proc to ΛCDM aux�nei gia
pio prìsfata (ta HST kai SNLS) dedomèna en¸ ta paliìtera (HZSST kai SCP )
deÐqnoun na eunooÔn mia exelissìmenh w(z).

Ta parap�nw apotelèsmata mporoÔn na epibebaiwjoÔn qrhsimopoi¸ntac kai mia �ka-
jar � èkdosh tou Gold06, h opoÐa den perilamb�nei touc 47 uperkainofaneÐc astèrec tou
SNLS. Autì to set (Gold06p) perilamb�nei 135 uperkainofaneÐc astèrec kai eÐnai prakti-
k� mia xekajarismènh kai beltiwmènh èkdosh tou Gold04 me thn prosj kh 16 shmeÐwn sto
eÔroc 0.46 < z < 1.39 pou anakalÔfjhkan prìsfata apì to Hubble. Oi par�metroi pou
brèjhkan apì thn prosarmog  twn dedomènwn tou Gold06p eÐnai metatopismènec proc thn
kateÔjunsh enìc exelissìmenou w(z) se sqèsh me to pl rec Gold06 (sÔgkrine ta sq mata
3.20 kai 3.22), ìpwc anamènetai kaj¸c to SNLS protim� to ΛCDM. 'Opwc faÐnetai sto
sq ma 3.22 kai ston PÐnaka 3.8, to apotèlesma k�je uposunìlou se aut  thn perÐptwsh
eÐnai pio emfanèc lìgw tou mikrìterou arijmoÔ shmeÐwn tou Gold06p set.

Gia par�deigma, to uposÔnolo 135G06p− 41HZSST − 26SCP metatopÐzei tic paramètrouc
tou Gold06p kat� perÐpou 3σ sth dieÔjunsh tou ΛCDM en¸ h metatìpish gia tuqaÐec
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Sq ma 3.22: Oi 1σ − 2σ elleÐyeic empistosÔnhc tou χ2 sto epÐpedo w0 − w1 me b�sh to
montèlo (3.98) gia to Gold06p set kai gia Ω0m = 0.28. EpÐshc faÐnontai kai oi timèc twn
paramètrwn (w0, w1) thc prosarmog c gia kajèna apì ta tèssera uposÔnola tou Gold06p
set. Oi par�metroi gia to uposÔnolo 135G06p − 41HZSST − 26SCP eÐnai metatopismènec
kat� perÐpou 3σ apì autèc tou Gold06p proc thn dieÔjunsh tou ΛCDM.

afairèseic tou Gold06p eÐnai 3.7σ (sq ma 3.23). Oi antÐstoiqec metatopÐseic gia to Gold06
 tan perÐpou 1σ kai 2.6σ antÐstoiqa (sq mata 3.20 kai 3.21).

PÐnakac 3.8: Ta tèssera uposÔnola tou sq matoc 3.23.

UposÔnolo w0
w1

wr
0

wr
1

(MC) w−w̄r

σwr

135− 30HST
w0=−2.21
w1= 7.53

wr
0=−1.63±0.17

wr
1= 3.98±0.97 −3.6σ

135− 26SCP
w0=−1.75
w1= 4.52

wr
0=−1.63±0.17

wr
1= 3.91±0.75 −0.8σ

135− 41HZSST
w0=−1.20
w1= 1.90

wr
0=−1.60±0.21

wr
1= 3.76±0.95 +1.9σ

135− 41HZSST − 26SCP
w0=−0.42
w1=−1.83

wr
0=−1.67±0.37

wr
1= 3.95±1.55 +3.7σ
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Sq ma 3.23: SÔgkrish twn paramètrwn apì thn prosarmog  twn uposunìlwn pou faÐ-
nontai ston PÐnaka 3.8 me autèc twn tuqaÐwn uposunìlwn tou Gold06p. Se ìlec tic
peript¸seic (ektìc apì to SCP ) to el�qisto thc prosarmog c twn dedomènwn metato-
pÐzetai (se diaforetikèc dieujÔnseic) kat� perissìtero apì 2σ apì tic mèsec timèc twn
uposunìlwn. H metatìpish gia to 135G06p − 41HZSST − 26SCP eÐnai 3.7σ se sqèsh me to
mèso ìro twn tuqaÐwn uposunìlwn. FaÐnetai epÐshc kai to shmeÐo pou antistoiqeÐ sto
ΛCDM (w0 = −1, w1 = 0).

To gegonìc ìti pio prìsfata dedomèna (ìpwc aut� twn HST kai SNLS) faÐnetai pwc
eunooÔn to ΛCDM perissìtero apì ta paliìtera dedomèna (HZSST ) upodeiknÔei thn pi-
janìthta ìti ta paliìtera dedomèna eÐnai pio epirrep  se susthmatik� sf�lmata. EÐnai
sunep¸c endiafèron na entopÐsoume èna mikrì arijmì uperkainofan¸n astèrwn tou upo-
sunìlou HZSST pou na eÐnai ta kurÐwc upeÔjuna gia thn t�sh tou HZSST proc èna
exelissìmeno w(z). 'Eqoume apomon¸sei thn om�da apì uperkainofaneÐc astèrec twn opoÐ-
wn o suntelest c apìstashc diafèrei perissìtera apì 1.8σ apì to ΛCDM me Ω0m = 0.28.
H om�da aut  apoteleÐtai apì èxi uperkainofaneÐc astèrec kai eÐnai epÐshc h kurÐwc upeÔ-
junh gia thn t�sh tou HZSST proc èna exelissìmeno w(z). Oi uperkainofaneÐc astèrec
autoÐ eÐnai oi [156] (SN99Q2, SN00ee, SN00ec, SN99S, SN01fo, SN99fv). Oi metatopismè-
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Sq ma 3.24: a. Oi par�metroi apì thn prosarmog  tou Gold06p gia thn afaÐresh 6 tu-
qaÐwn shmeÐwn tou uposunìlou HZSST . H metatìpish twn paramètrwn megistopoieÐtai
sta 3.9σ ìtan afairoÔntai ta akìlouja 6 shmeÐa: (SN99Q2, SN00ee, SN00ec, SN99S,
SN01fo, SN99fv) (kìkkinh teleÐa). Aut� eÐnai epÐshc kai ta shmeÐa gia ta opoÐa o sunte-
lest c apìstashc diafèrei kat� perissìtera apì 1.8σ apì to ΛCDM. b. O suntelest c
apìstashc (diakekommènh gramm ) se sqèsh me to ΛCDM kai ta dedomèna tou Gold06 sto
eÔroc thc erujr c metatìpishc tou uposunìlou HZSST . Ta èxi shmeÐa tou HZSST ta
opoÐa diafèroun apì to ΛCDM perissìtera apì 1.8σ faÐnontai me kìkkino qr¸ma. Aut�
epÐshc deÐqnoun kai th megalÔterh protÐmhsh gia èna exelissìmeno w(z).

nec par�metroi (w0, w1) lìgw thc afaÐreshc aut¸n twn èxi shmeÐwn faÐnontai sto sq ma
3.24a mazÐ kai mia prosomoÐwsh Monte-Carlo gia 6 antÐstoiqa kai tuqaÐa afairejèntwn
shmeÐwn tou HZSST . EÐnai anamenìmeno ìti ta pijan� susthmatik� sf�lmata pou od -
ghsan se aut  thn sumperifor� tou uposunìlou HZSST na megistopoioÔntai gia aut�
ta èxi shmeÐa kai ètsi na eÐnai eukolìtero na anagnwristoÔn kai na diorjwjoÔn. Enalla-
ktik� aut� ta èxi shmeÐa mporoÔn na afairejoÔn apì to Gold06 set se mia prosp�jeia na
beltiwjeÐ h statistik  omoiogèneia tou set.

Sto sq ma 3.24b faÐnontai ta èxi shmeÐa (ta kìkkina shmeÐa) ìpou epÐshc faÐnetai kai
o suntelest c apìstashc se sqèsh me to ΛCDM gia Ω0m = 0.28. Sthn Ðdia grafik 
faÐnetai o suntelest c apìstashc gia tic timèc twn paramètrwn (w0 = −1.62, w1 = 3.95)
pou brèjhkan apì thn prosarmog  tou Gold06p (paqi� diakekommènh gramm ) o opoÐoc
deÐqnei ìti kai ta èxi shmeÐa protimoÔn perissìtero mia exelissìmenh w(z) apì to ΛCDM.

Sumperasmatik�, deÐxame ìti par� thn beltiwmènh an�lush kai bajmonìmhsh, to Gold06
set perièqei akìma statistikèc anomoiogèneiec, pijan¸c lìgw susthmatik¸n sfalm�twn.
Dedomènou tou ìti ta ne¸tera dedomèna SNLS kai HST eÐnai statistik� sunep  metaxÔ
touc, an kai proèrqontai apì teleÐwc diaforetikèc ereunhtikèc om�dec kai eÐnai omogen ,
eÐnai pijanì ìti h phg  twn susthmatik¸n sfalm�twn brÐsketai sta paliìtera dedomèna
kai m�lista sto uposÔnolo HZSST .
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Kef�laio 4

GENIKEUMENES JEWRIES
BARUTHTAS

4.1 Eisagwg 
Se autì to kef�laio ja melet soume merikèc apì tic pio endiafèrousec genikeumènec jew-
rÐec barÔthtac kai ja elègxoume thn sumbatìthta aut¸n me tic up�rqousec kosmologikèc
parathr seic. Sugkekrimèna, èna meg�lo mèroc tou kefalaÐou ja afierwjeÐ se tetradi�-
statec jewrÐec barÔthtac oi opoÐec èqoun Lagkranzianèc genikìterec thc Genik c Sqeti-
kìthtac, all� kai bajmwt� pedÐa mh el�qista suzeugmèna me to barutikì pedÐo.

H pio genik  tetradi�stath dr�sh, h opoÐa perilamb�nei bajmwt� pedÐa mh el�qista
suzeugmèna me to barutikì pedÐo, eÐnai h

S =

∫
d4x

√−g

[
1

2
f(R, φ,X) + Lm

]
(4.1)

ìpou g eÐnai h orÐzousa thc tetradi�stathc metrik c gµν , h f(R, φ, X) eÐnai mia genik 
sun�rthsh tou bajmwtoÔ Ricci R ≡ gµνRµν , tou pedÐou φ kai tou kinhtikoÔ ìrou X =
−gµν∂µφ∂νφ kai Lm eÐnai h Lagkranzian  puknìthta enìc idanikoÔ reustoÔ me puknìthta
enèrgeiac ρm.

Oi barutikèc exis¸seic pedÐou kai oi exis¸seic kÐnhshc tou pedÐou φ eÐnai[160]

FGµν =
1

2
(f −R F )gµν + F,µ;ν −¤Fgµν +

1

2
f,X∂µφ∂νφ + T (m)

µν (4.2)

(f,Xφ,c);c + f,φ = 0 (4.3)

ìpou F = ∂f/∂R kai ¤ = gµν∇µ∇ν eÐnai o telest c D’Alambert.
Qrhsimopoi¸ntac tic exis¸seic (4.2) kai (4.3) kai upojètontac èna epÐpedo qwroqrìno
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FRW me par�gonta klÐmakac α(t) paÐrnoume tic akìloujec exis¸seic gia to upìbajro:

3FH2 = f,XX +
1

2
(FR− f)− 3HḞ + ρm (4.4)

−2FḢ = f,XX + F̈ −HḞ + ρm (4.5)
1

α3

(
α3φ̇f,X

).

− f,φ = 0 (4.6)

ρ̇m + 3Hρm = 0 (4.7)

ìpou H = α̇
α

kai R = 6(2H2 + Ḣ).
Oi bajmwtèc diataraqèc Φ(xµ) kai Ψ(xµ) thc metrik c mporoÔn na perigrafoÔn sth

sÔmmorfh Neut¸neia bajmÐda (conformal Newtonian gauge) wc ex c

ds2 = −(1 + 2Φ)dt2 + α2(1− 2Ψ)δijdxidxj (4.8)

MporoÔme na diasp�soume to pedÐo φ se dÔo mèrh, autì tou upob�jrou, to opoÐo
eÐnai omogenèc kai exart�tai mìno apì to qrìno, kai to anomoiogenèc mèroc wc ex c φ =
φ̃(t) + δφ(t,x). EpÐshc, o tanust c enèrgeiac orm c gia mh sqetikistik  Ôlh mporeÐ na
grafeÐ wc T 0

0 = −(ρm +δρm) kai T 0
α = −ρmvm,α, ìpou vm eÐnai to dunamikì thc taqÔthtac.

Oi metasqhmatismènec kat� Fourier exis¸seic twn diataraq¸n se pr¸th t�xh, eÐnai
[160],[161]:

3H(Ψ̇ + HΦ) +
k2

α2
Ψ +

1

2F

[
−1

2
(f,φδφ + f,XδX) +

1

2
φ̇2(f,Xφδφ− 3HδḞ +

+f,XXδX) + f,X φ̇δφ̇ +

(
3H2 + 3Ḣ − k2

α2

)
δF +

+3Ḟ (Ψ̇ + HΦ) + (3HḞ − f,X φ̇2)Φ + δρm

]
= 0 (4.9)

f,X

[
δφ̈ +

(
3H +

ḟ,X

f,X

)
δφ̇ +

k2

α2
δφ− φ̇(3Ψ̇ + Φ̇)

]
−

−2f,φΦ +
1

α3
(α3φ̇δf,X)· − δf,φ = 0 (4.10)

Ψ = Φ +
δF

F
(4.11)

δρ̇m + 3Hδρm = ρm

(
3Ψ̇− k2

α
vm

)
, (4.12)

v̇m + Hvm =
1

α
Φ (4.13)

ìpou k eÐnai o omokinoÔmenoc kumat�rijmoc. MporoÔme na orÐsoume thn anex�rthth apì
bajmÐda (covariant) diataraq  thc Ôlhc δm wc
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δm ≡ δρm

ρm

+ 3Hv , µε v ≡ αvm (4.14)

Tìte, oi exis¸seic (4.12) kai (4.13) dÐnoun

δ̇m = −k2

α2
v + 3(Ψ + Hv)· (4.15)

v̇ = Φ (4.16)

apì ìpou paÐrnoume

δ̈m + 2Hδ̇m +
k2

α2
Φ = 3B̈ + 6HḂ (4.17)

ìpou B ≡ Ψ + Hv.
'Opwc eÐdame kai sthn perÐptwsh thc exÐswshc (2.99), mìno oi trìpoi tal�ntwshc pou

brÐskontai baji� entìc thc aktÐnac Hubble (k2 >> α2H2) suneisfèroun kai oi opoÐoi
antistoiqoÔn stouc ìrouc pou perièqoun ta k2 kai δm (  to δρm) thc exÐswshc (4.17) kaj¸c
kai stic exis¸seic (4.9) - (4.10). Basik�, oi ìroi tou dexioÔ mèlouc thc exÐswshc (4.17)
dÐnoun mia suneisfor� thc t�xhc tou H2Ψ, to opoÐo shmaÐnei ìti eÐnai amelhtèoi se sqèsh
me ton ìro (k2/α2)Φ gia trìpouc tal�ntwshc entìc thc aktÐnac Hubble (k2 >> α2H2).

Tìte, h exÐswsh (4.17) se polÔ kal  prosèggish dÐnetai apì th sqèsh

δ̈m + 2Hδ̇m +
k2

α2
Φ ' 0 (4.18)

To epìmeno b ma eÐnai na ekfr�soume to dunamikì Φ sunart sei tou δm mèsw twn
exis¸sewn (4.9 - 4.13), apì tic opoÐec brÐskoume ìti

k2

α2
Φ ' −ρm

2F

f,X + 4
(
f,X

k2

α2

F,R

F
+

F 2
,φ

F

)

f,X + 3
(
f,X

k2

α2

F,R

F
+

F 2
,φ

F

)δm (4.19)

'Etsi, h exÐswsh (4.18) twn diataraq¸n thc Ôlhc dÐnei

δ̈m + 2Hδ̇m − 4πGeffρmδm ' 0 (4.20)

ìpou h energìc �stajer�� thc pagkìsmiac èlxhc Geff , se klÐmakec entìc tou orÐzonta
Hubble, dÐnetai apì th sqèsh:

Geff ' 1

8πF

f,X + 4
(
f,X

k2

α2

F,R

F
+

F 2
,φ

F

)

f,X + 3
(
f,X

k2

α2

F,R

F
+

F 2
,φ

F

) (4.21)

Apì thn exÐswsh (4.19) to barutikì dunamikì brÐsketai ìti eÐnai

Φ ' −4πGeff
α2

k2
ρmδm (4.22)

H prohgoÔmenh exÐswsh antistoiqeÐ se mia genikeumènh exÐswsh Poisson se omokinoÔmenec
suntetagmènec sto q¸ro Fourier.
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4.2 Montèla me bajmwt� pedÐa tÔpou Scalar - Tensor

4.2.1 JewrÐa
Se aut  thn enìthta ja melet soume ta montèla me bajmwt� pedÐa tÔpou Scalar - Tensor
ta opoÐa èqoun puknìthta Lagkranzian c

f(R, φ,X) = F (φ)R + 2p(φ,X) (4.23)

ìpou o ìroc p(φ,X) perilamb�nei to dunamikì all� kai ton kinhtikì ìro tou pedÐou.
Prèpei na anaferjeÐ ìti h perÐptwsh aut  perilamb�nei ta perissìtera apì ta montèla

Skotein c Enèrgeiac me bajmwt� pedÐa, ìpwc me pedÐa tÔpou quintessence [162], k-essence
[163] kai me taquìnia [164]. Se aut  thn perÐptwsh, h energìc �stajer�� thc pagkìsmiac
èlxhc Geff dÐnetai apì th sqèsh

Geff =
1

8πF

2p,X + 4F 2
,φ/F

2p,X + 3F 2
,φ/F

(4.24)

AxÐzei ìmwc na doÔme me perissìterh leptomèreia thn puknìthta Lagkranzian c twn
montèlwn Scalar - Tensor [41],[42],[43]:

L =
F (φ)

2
R− 1

2
ε gµν∂µφ∂νφ− U(φ) + Lm[ψm; gµν ] (4.25)

ìpou o ìroc Lm[ψm; gµν ] antistoiqeÐ sthn Lagkranzian  thc Ôlhc. 'Eqoume jèsei 8πG0 = 1
kai ε = ±1 gia pedÐa quintessence kai phantom antÐstoiqa, dhlad  pedÐa me arnhtik  kinh-
tik  enèrgeia. Prèpei wstìso na anaferjeÐ ìti parìlo pou gia thn Ôparxh katast�sewn
arnhtik c enèrgeiac qrei�zetai ε = −1, up�rqoun kai katast�seic jetik c enèrgeiac me
ε = −1. Autì sumbaÐnei lìgw tou ìti o kinhtikìc ìroc tou bajmwtoÔ pedÐou (to pe-
dÐo me spin 0) den proèrqetai mìno apì ton profan  ìro (∂µφ)2, all� kai apì ton ìro
F (φ)R, epeid  to R perièqei deÔterec parag¸gouc wc proc to qrìno (dec thn anafor�
[43] gia leptomèreiec). 'Opwc ja doÔme kai sthn epìmenh enìthta, gia ε = 0 kai φ → R
h Lagkranzian  (4.25) mporeÐ na perigr�yei kai tic genikeÔseic thc Genik c Sqetikìthtac
tÔpou f(R).

H sun�rthsh F (φ) parathrhsiak� èqei ta ex c ìria:

• F (φ) > 0 ¸ste ta gkrabitìnia na fèroun jetik  enèrgeia [43].

• 1
F

(
dF
dφ

)2

|z=0 < 1
4
10−4 apì tic parathr seic sto hliakì sÔsthma [165].

Se autì to montèlo h energìc stajer� thc pagkìsmiac èlxhc gia th dÔnamh dÔo swm�twn
dÐnetai apì th sqèsh 4.24 kai eÐnai sugkekrimèna

Geff =
1

F (φ)

F (φ) + 2
(

dF
dφ

)2

F (φ) + 3
2

(
dF
dφ

)2 '
1

F (φ)
(4.26)
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ìpou h prosèggish thc exÐswshc (4.26) isqÔei gia qamhlèc erujrèc metatopÐseic.
Oi genikeumènec exis¸seic Friedmann kai h exÐswsh kÐnhshc tou bajmwtoÔ se aut  thn

perÐptwsh dÐnontai apì tic exis¸seic (4.4), (4.5) kai (4.6) kai eÐnai [43],[42]

3FH2 = ρm + ρr +
1

2
εφ̇

2 − 3HḞ + U (4.27)

−2FḢ = ρm +
4

3
ρr + εφ̇

2
+ F̈ −HḞ (4.28)

en¸ h genikeumènh exÐswsh Klein-Gordon eÐnai:

ε(φ̈ + 3Hφ̇) = 3F (φ),φ(Ḣ + 2H2)− U(φ),φ (4.29)

ìpou upojèsame thn Ôparxh idanik¸n reust¸n kai oi ìroi ρm, ρr antistoiqoÔn sthn puknì-
thta enèrgeiac thc Ôlhc kai thc aktinobolÐac. Autèc diathroÔntai sÔmfwna me tic sqèseic

ρ̇m + 3Hρm = 0 (4.30)
ρ̇r + 4Hρr = 0 (4.31)

Oi exis¸seic tou upob�jrou (4.27) kai (4.28) mporoÔn na grafoÔn se mia pio bolik 
morf , h opoÐa eÐnai pio eÔkolo na qrhsimopoihjeÐ gia th sÔgkrish me tic parathr seic (dec
gia par�deigma thn anafor� [160]):

3F0H
2 = ρDE + ρm + ρr, (4.32)

−2F0Ḣ = ρDE + pDE + ρm +
4

3
ρr (4.33)

ìpou jèsame:

ρDE =
1

2
εφ̇

2 − 3H2(F − F0)− 3HḞ + U (4.34)

pDE =
ε

2
φ̇

2
+ F̈ + 2HḞ − U − (2Ḣ + 3H2)(F0 − F ) (4.35)

kai o deÐkthc �0� upodhl¸nei thn paroÔsa qronik  stigm . H sun�rthsh ρDE mporeÐ na
deiqjeÐ ìti ikanopoieÐ th sun jh sqèsh gia th diat rhsh thc enèrgeiac:

ρ̇DE + 3H(ρDE + pDE) = 0 (4.36)

ìpou h katastatik  exÐswsh thc Skotein c Enèrgeiac orÐzetai wc

wDE ≡ pDE

ρDE

= −1 +
εφ̇

2
+ F̈ −HḞ − 2Ḣ(F0 − F )

1
2
εφ̇

2 − 3H2(F − F0)− 3HḞ + U
(4.37)
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Qrhsimopoi¸ntac tic exis¸seic (4.32) kai (4.33) mporoÔme na ekfr�soume thn katastatik 
exÐswsh wDE(z) wc

wDE = −3E(z)− (1 + z)(dE(z)/dz)

3E(z)− 3Ω
(0)
m (1 + z)3

(4.38)

ìpou jèsame E(z) ≡ H2(z)/H2
0 . H sqèsh aut  eÐnai akrib¸c h Ðdia me thn antÐstoiqh

thc Genik c Sqetikìthtac [166] kai sunep¸c mporeÐ na qrhsimopoihjeÐ me ta dedomèna twn
uperkainofan¸n astèrwn me ton Ðdio trìpo.

4.2.2 To prìblhma thc PDL sta plaÐsia Scalar - Tensor jewri¸n
kai endeÐxeic gia èxtra fusik 

'Opwc eÐdame sto prohgoÔmeno kef�laio, an kai ta dedomèna deÐqnoun mia èntonh protÐmhsh
gia di�sqish thc gramm c w = −1, gnwst c sth bibliografÐa wc Phantom Divide Line
- PDL, autì den exhgeÐtai me fusikì trìpo sta plaÐsia apl¸n epekt�sewn thc Genik c
Sqetikìthtac. AntÐjeta, autì mporeÐ na gÐnei polÔ eÔkola sta plaÐsia twn Scalar - Tensor
jewri¸n.

An ekfr�soume tic qronikèc parag¸gouc sunart sei thc erujr c metatìpishc kai apa-
leÐyoume to dunamikì U apì tic exis¸seic (4.27) kai (4.28) paÐrnoume [43],[154]

φ′2 = −F ′′ −
[
(lnH)′ +

2

1 + z

]
F ′ + 2

(lnH)′

1 + z
F −

−3(1 + z)Ω0m

(
H0

H

)2

F0 > 0 (4.39)

ìpou to ′ upodhl¸nei parag¸gish wc proc thn erujr  metatìpish, to F0 èqei thn tim  1 se
mon�dec 1

8πGN
kai antistoiqeÐ sthn paroÔsa tim  thc sÔzeuxhc F . Sto ìrio thc el�qisthc

sÔzeuxhc (F = 1) h exÐswsh (4.39) gÐnetai

φ
′2
mc(H) = 2

(lnH)′

1 + z
− 3(1 + z)Ω0m(

H0

H
)2 > 0 (4.40)

Qrhsimopoi¸ntac thn exÐswsh (3.32) eÐnai eÔkolo na deÐxoume ìti h anisìthta (4.40) isodu-
nameÐ me w(z) > −1, to opoÐo epibebai¸nei to ìti èna el�qista suzeugmèno bajmwtì pedÐo
den mporeÐ na diasqÐsei thn PDL. Wstìso, autì gia tic Scalar - Tensor jewrÐec den isqÔei
lìgw thc dunamik c exèlixhc tou F sthn exÐswsh (4.39), h opoÐa mporeÐ na grafeÐ wc

φ
′2(F, H) = φ

′2
mc(H)−∆(F,H) > 0 (4.41)

ìpou
∆(F, H) = F ′′ +

[
(lnH)′ +

2

1 + z

]
F ′ + 2

(lnH)′

1 + z
(1− F ) (4.42)

Sunep¸c, o periorismìc ìti φ′2mc(H) > 0 antikajÐstatai stic Scalar - Tensor jewrÐec me ton
φ
′2
mc(H) > ∆(F, H). 'Etsi, me thn kat�llhlh epilog  tou F ¸ste na isqÔei ∆(F, H) < 0

mporoÔme na èqoume di�sqish thc PDL.
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'Omwc, prokÔptei h ex c shmantik  er¸thsh: �An ta parathrhsiak� dedomèna gia thn F
epitrèpoun to ∆(F, H) < 0?� H ap�nthsh se aut  thn er¸thsh eÐnai jetik , ìpwc eÔkola
mporoÔme na doÔme an l�boume upìyh to ìti oi parathr seic pou gÐnontai thn paroÔsa
qronik  stigm  (z = 0) [167] (kai sugkekrimèna autèc tou hliakoÔ sust matoc[165]) eÐnai
polÔ austhrèc, apait¸ntac F ′(z) ' 0, all� den jètoun k�poio ìrio sthn deÔterh par�gwgo
F ′′(z = 0). Jètontac z = 0, F = F0 = 1, F ′ = 0 sthn exÐswsh (4.39) paÐrnoume

(
H2

H2
0

)′
(z = 0) > 3Ω0m + F ′′(z = 0)

=⇒ w(z = 0) + 1 >
F ′′(z = 0)

3(1− Ω0m)
(4.43)

ìpou ègine qr sh thc exÐswshc (3.32). Efìson den up�rqei k�poio ìrio gia to F ′′(z = 0)
mporoÔme na upojèsoume k�llista ìti F ′′(z = 0) < 0, k�ti to opoÐo epitrèpei w(z = 0) <
−1 kai sunep¸c thn di�sqish thc PDL.

EÐnai eÔkolo na gÐnei katanoht  h sumperifor� tou F pou apaiteÐtai gia thn di�sqish thc
PDL. H exÐswsh (4.42) uponoeÐ ìti mporoÔme na ikanopoi soume thn anisìthta ∆(H, F ) <
0 (kai na èqoume sunep¸c w < −1) an isqÔei F ′′ < 0, F ′ < 0 kai F > 1. Epeid  isqÔei
F ∼ G−1

eff , h sumperifor� aut  upodhl¸nei ìti h energìc stajer� thc pagkìsmiac èlxhc
aux�nei me thn erujr  metatìpish (G′′

eff > 0, G′
eff > 0) kai sunep¸c mei¸netai me ton qrìno

(G̈eff < 0, Ġeff < 0, Geff (t) > Geff (t0)) bohj¸ntac ètsi thn epitaqunìmenh diastol  pou
prokaleÐtai apì to dunamikì U . Aut  h sugkekrimènh sumperifor� eÐqe epibebaiwjeÐ kai me
èna sugkekrimèno par�deigma gia ta F (z), U(z) sthn anafor� [154], ta opoÐa antistoiqoÔn
se sunart seic H(z)−w(z) pou diasqÐzoun thn PDL. Ja prèpei na tonÐsoume wstìso ìti
montèla tou Geff pou eÐnai monotonikèc sunart seic tou qrìnou, p.q. Geff (t) ∼ t−α ìpou
α > 0, mporeÐ na odhg soun se uperbolik� austhr� ìria gia tic paroÔsec timèc twn G′

eff

kai G′′
eff qrhsimopoi¸ntac ta ìria apì thn purhnosÔnjesh [168] (an kai sthn anafor� [169]

perigr�fontai merikoÐ trìpoi gia thn qal�rwsh aut¸n twn tìso austhr¸n orÐwn).

4.2.3 Qronik� exart¸menh stajer� thc pagkìsmiac èlxhc GN

Prosdiorismìc thc GN(t) me qr sh twn dedomènwn SnIa

'Opwc eÐdame se prohgoÔmenh enìthta, mia polÔ shmantik  prìbleyh twn Scalar - Tensor
jewri¸n eÐnai ìti h stajer� thc pagkìsmiac èlxhc GN eÐnai qronik� exart¸menh. Aut 
h qarakthristik  prìbleyh twn jewri¸n aut¸n èqei me th seir� thc wc sunèpeia to ìti
oi uperkainofaneÐc astèrec tÔpou Ia den mporoÔn na jewrhjoÔn wc kajierwmèna keri�.
Wstìso, ta dedomèna aut� mporoÔn akìma na eÐnai qr sima. MporoÔn na qrhsimopoihjoÔn
gia thn tautìqronh prosarmog  twn H(z) kai G(z), me thn proôpìjesh bèbaia ìti kai
ta topik� ìria tou G(z) ikanopoioÔntai, sta plaÐsia kat�llhlwn montèlwn. Sthn enìthta
aut  ja doÔme pwc aut  h mèjodoc eÐnai dunat , qrhsimopoi¸ntac th sto Gold set. EpÐshc,
ja sugkrÐnoume thn energì katastatik  exÐswsh w(z) apì thn prosarmog  twn dedomènwn,
me aut  pou prokÔptei an agno soume thn exèlixh tou G(z).
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H exèlixh thc stajer�c thc pagkìsmiac èlxhc mac anagk�zei na deÐxoume idiaÐterh pro-
soq  kat� thn sÔgkrish twn problèyewn twn genikeumènwn jewri¸n thc barÔthtac me tic
parathr seic [170], kaj¸c h exèlixh aut  all�zei aisjht� thn fusik  twn uperkainofan¸n
astèrwn [171],[172],[173],[174]. H parathroÔmenh sqèsh metaxÔ tou fainomènou megèjouc
kai thc erujr c metatìpishc mporeÐ na metafrasteÐ sth sqèsh thc apìstashc lamprìthtac
kai erujr c metatìpishc (h opoÐa mporeÐ na odhg sei sthn eÔresh thc H(z)) mìno me thn
upìjesh ìti oi uperkainofaneÐc astèrec mporoÔn na jewrhjoÔn wc kajierwmèna keri�. H
upìjesh aut  dikaiologeÐtai apì to gegonìc ìti oi parathroÔmenec kampÔlec fwtìc twn
kontin¸n uperkainofan¸n astèrwn eÐnai polÔ kal� katanohtèc kai oi ìpoiec diaforèc meta-
xÔ touc mporoÔn eÔkola na exhghjoÔn. Parìla aut�, kaj¸c h epitaqunìmenh diastol  tou
sÔmpantoc basÐzetai sto gegonìc ìti h mègisth lamprìthta twn makrin¸n uperkainofan¸n
astèrwn faÐnetai pwc eÐnai ∼ 0.20 megèjh mikrìterh apì thn prìbleyh tou montèlou tou
�deiou sÔmpantoc kai perÐpou ∼ 0.25 megèjh mikrìterh apì ì,ti gia èna epibradunìmeno
sÔmpan me Ω0m = 0.3, eÐnai xek�jaro ìti akìma kai ta pio mikr� all� anex ghta fainìmena
exèlixhc twn uperkainofan¸n astèrwn mporoÔn drastik� na all�xoun thn trèqousa antÐ-
lhy  mac gia to epitaqunìmeno sÔmpan. Oi pijanèc sunèpeiec twn fainomènwn exèlixhc twn
uperkainofan¸n astèrwn, lìgw thc posìthtac met�llwn tou progonikoÔ asterioÔ (pro-
genitor star), èqoun prohgoumènwc melethjeÐ [175] kai brèjhke ìti allagèc ston plhjusmì
twn uperkainofan¸n astèrwn metab�loun thn mègisth fwteinìthta kat� 0.1− 0.2 megèjh
perÐpou.

Ta antÐstoiqa fainìmena exèlixhc, lìgw thc exèlixhc tou G stic scalar tensor jewrÐec,
èqoun epÐshc melethjeÐ [174],[172]. H mègisth lamprìthta tou uperkainofanoÔc astèra
eÐnai an�logh [173] thc m�zac tou nikelÐou pou par�getai ston astèra, to opoÐo eÐnai èna
stajerì posostì thc m�zac Chandrasekhar MCh, h opoÐa exart�tai apì th stajer� thc
pagkìsmiac èlxhc wc MCh ∼ G−3/2. Sunep¸c, h mègisth lamprìthta tou uperkainofanoÔc
astèra exart�tai apì thn stajer� thc pagkìsmiac èlxhc wc L ∼ G−3/2 kai to antÐstoiqo
apìluto mègejoc exelÐssetai wc

M −M0 =
15

4
log

G

G0

(4.44)

ìpou o deÐkthc 0 upodhl¸nei tic topikèc timèc twn M kai G. 'Etsi, h sqèsh fainomènou
megèjouc kai erujr c metatìpishc sta plaÐsia genikeumènwn jewri¸n barÔthtac sundèetai
me thn apìstash lamprìthtac dL(z) wc

mth(z) = M0 + 5logdL(z) +
15

4
log

G(z)

G0

(4.45)

Sto ìrio pou to G eÐnai stajerì, h (4.45) katal gei sth gnwst  thc morf . 'Omwc, stic
scalar tensor jewrÐec [43] isqÔei ìti

G(z)

G0

=
1

F

2F + 4(dF/dφ)2

2F + 3(dF/dφ)2
' 1

F
(4.46)
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Sq ma 4.1: H sun�rthsh H(z) apì thn
prosarmog  twn dedomènwn stic treic pe-
ript¸seic: th scalar tensor jewrÐa (su-
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Sq ma 4.2: H katastatik  exÐswsh w(z)
gia th scalar tensor jewrÐa (suneq c
gramm ) kai gia thn el�qista suzeugmè-
nh perÐptwsh (diakekommènh gramm ). H
gkrÐza perioq  antistoiqeÐ sthn 1σ pe-
rioq .

me tic parathr seic sto hliakì sÔsthma[176],[165] na upodhl¸noun ìti dF (φ)
dφ

∼ dF (z)
dz

' 0.
Upojètontac epipedìthta, h H(z) mporeÐ na brejeÐ apì th sqèsh

dL(z) = (1 + z)

∫ z

0

dz′
√

G0

G(z′)
1

H(z′)
(4.47)

'Etsi, an prosarmìsoume thn mth thc sqèshc (4.45) sto Gold04 set [50] kai qrhsimopoi-
 soume tic sqèseic (4.46) kai (4.47), mporoÔme na broÔme tic sunart seic H(z) kai G(z)
upojètontac tic kat�llhlec gia autèc parametropoi seic. Prèpei na anafèroume ìti an kai
h genikeumènh sqèsh fainomènou megèjouc kai erujr c metatìpishc (4.45) eÐnai gnwst  ed¸
kai arketì kairì [172], den eÐqe qrhsimopoihjeÐ prohgoumènwc se melètec gia th sÔgkrish
twn genikeumènwn jewri¸n barÔthtac me ta dedomèna twn uperkainofan¸n astèrwn.

Gia na mporèsoume na qrhsimopoi soume ta dedomèna me th sqèsh (4.45) prèpei na
jewr soume kat�llhlec parametropoi seic twn sunart sewn H(z) kai G(z), tic opoÐec
epilègoume na eÐnai thc morf c

H2(z) = H2
0{Ω0m(1 + z)3 + a1(1 + z) + a2(1 + z)2 +

(1− Ω0m − a1 − a2)} (4.48)
G(z) = G0 (1 + a z2) (4.49)
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ìpou agno jhke o grammikìc ìroc lìgw twn parathrhsiak¸n orÐwn sto hliakì sÔsthma
[165]. Qrhsimopoi¸ntac tic sqèseic (4.48) kai (4.49) elaqistopoi same to χ2 thc exÐswshc
(2.28) qrhsimopoi¸ntac ta 157 dedomèna tou Gold04 set kai tic exis¸seic (4.45), (4.47).
EpÐshc, qrhsimopoi jhke h tim  Ω0m = 0.23 [29] kai epibebai¸jhke to ìti ta apotelèsmata
den ephre�zontai polÔ apì thn tim  tou Ω0m sto eÔroc 0.18 < Ω0m < 0.32. To el�qisto
eÐnai χ2 = 173.045 kai brÐsketai gia a1 = −12.35±8.55, a2 = 5.41±3.82 kai a = 0.05±0.04.
Ta apotelèsmata aut� sugkrÐjhkan me thn antÐstoiqh el�qista suzeugmènh perÐptwsh pou
isodunameÐ me a = 0, jètontac ètsi G(z) = G0 gia k�je qronik  stigm . To antÐstoiqo
el�qisto eÐnai χ2 = 174.168 gia a1 = −4.54± 2.52, a2 = 1.96± 1.09.

Oi sunart seic H(z), w(z) kai F (z) = 1
G(z)

kai gia tic dÔo peript¸seic, th scalar tensor

jewrÐa (suneq c gramm ) kai thn el�qista suzeugmènh perÐptwsh (diakekommènh gramm )
faÐnontai sta sq mata 4.1, 4.2 kai 4.3 mazÐ me thn 1σ (gkrÐza) perioq  sf�lmatoc gia thn
kampÔlh thc scalar tensor jewrÐac.

'Ena endiafèron qarakthristikì tou sq matoc 4.3 eÐnai h sqetik� meg�lh (perÐpou 15%)
kosmologik  metabol  thc stajer� thc pagkìsmiac èlxhc. Sthn anafor� [167] èqei apo-
deiqjeÐ ìti ta ìria pou brèjhkan apì thn Kosmik  AktinobolÐa Mikrokum�twn Upob�jrou
kai apì thn èreuna SDSS gia thn katanom  thc Ôlhc se meg�lh klÐmaka epitrèpoun sthn
stajer� thc pagkìsmiac èlxhc na metab�lletai kat� èna par�gonta 2 se kosmologikèc
klÐmakec. H metabol  sthn par�metro aut  pou brèjhke apì th melèth mac eÐnai perÐpou
15% kai eÐnai entìc twn parap�nw orÐwn.

EpÐshc, eÐnai xek�jaro to ìti h katastatik  exÐswsh w(z) diasqÐzei thn gramm  w = −1
kai stic dÔo peript¸seic, thc scalar tensor jewrÐac kai thc el�qista suzeugmènhc perÐptw-
shc, sth jèsh z ' 0.2. 'Opwc èqoume  dh dei, h di�sqish thc PDL faÐnetai na protim�tai
apì to Gold set [123] all� ìqi apì to SNLS. Wstìso, sthn perÐptwsh thc scalar tensor
jewrÐac h w(z) den èqei th sun jh thc ermhneÐa wc katastatik  exÐswsh thc Skotein c
Enèrgeiac, all� apl� eÐnai mia bohjhtik  sun�rthsh orismènh sunart sei thc H(z), sÔm-
fwna me thn exÐswsh (4.38). 'Etsi, qrhsimopoioÔme thn w(z) wc èna enallaktikì trìpo
apeikìnishc thc H(z) gia eukolÐa sth sÔgkrish me �llec melètec Skotein c Enèrgeiac.

Akìmh, ènac epiplèon lìgoc gia thn fainomenik� perÐergh sumperifor� thc katasta-
tik c exÐswshc eÐnai ìti to sugkekrimèno montèlo (4.48), sthn perÐptwsh thc el�qisthc
sÔzeuxhc (α = 0) mporeÐ na deiqjeÐ ìti isodunameÐ me to �jroisma dÔo idanik¸n reust¸n
Skotein c Enèrgeiac. SÔmfwna me thn exÐswsh (3.90) h katastatik  exÐswsh faÐnetai ìti
mporeÐ na paremb�lei metaxÔ twn tim¸n w = w1 (gia α << 1) kai w = w2 (gia α >> 1),
diasqÐzontac ètsi thn gramm  w = −1.

Oi sunart seic F (z) kai H(z) mporoÔn t¸ra na qrhsimopoihjoÔn [154] (kai anaforèc
ekeÐ) me tic exis¸seic pedÐou pou brèjhkan apì th Lagkranzian  (4.25) gia na anakata-
skeuastoÔn to dunamikì U(z) kai o kinhtikìc ìroc tou pedÐou φ′(z)2. Qrhsimopoi¸ntac tic
exis¸seic (4.27), (4.28) kai (4.29), me ε = 1 kai agno¸ntac thn aktinobolÐa ρr, mporoÔme
na apaleÐyoume ton ìro φ̇2 apì thn (4.28). Jètontac

q(z) ≡ H(z)2/H2
0 (4.50)

me U → U · H2
0 , en¸ tautìqrona ekfr�zoume tic qronikèc parag¸gouc sunart sei thc
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Sq ma 4.3: H sun�rthsh F (z) = 1/G(z) gia th scalar tensor jewrÐa (suneq c gramm ) kai
thn el�qista suzeugmènh perÐptwsh (diakekommènh gramm ). Lìgw twn parathrhsiak¸n
orÐwn h F (z) parousi�zei topikì mègisto thn paroÔsa qronik  stigm .

erujr c metatìpishc z, prokÔptei ìti

F ′′ +

[
q′

2q
− 4

1 + z

]
F ′ +

[
6

(1 + z)2
− 2

(1 + z)

q′

2q

]
F

=
2U

(1 + z)2q2
+ 3

1 + z

q2
Ω0m (4.51)

φ′2 = − 6F ′

1 + z
+

6F

(1 + z)2
− 2U

(1 + z)2q2
− 6

1 + z

q2
Ω0m (4.52)

ìpou to ′ antistoiqeÐ se parag¸gish wc proc thn erujr  metatìpish ( d
dz

) kai gia thn Ôlh
èqoume upojèsei p = 0, Ω0m = 3ρ0m

H2
0
.

'Eqontac brei tic F (z) kai H(z) apì tic parathr seic, oi exis¸seic (4.51) kai (4.52)
mporoÔn na qrhsimopoihjoÔn gia thn anakataskeu  twn U(z) kai φ′(z)2. Autèc isodÔnama
dÐnoun tic sunart seic H(z) (q(z)) kai F (z) kai gia tic dÔo peript¸seic, thc scalar tensor
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Sq ma 4.4: H exèlixh tou dunamikoÔ me
thn erujr  metatìpish gia tic sunart -
seic H(z) kai F (z) gia th scalar tensor
jewrÐa (suneq c gramm ) kai thn el�qi-
sta suzeugmènh perÐptwsh (diakekommè-
nh gramm ).
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Sq ma 4.5: H exèlixh tou kinhtikoÔ ìrou
me thn erujr  metatìpish gia tic sunar-
t seic H(z) kai F (z) gia th scalar tensor
jewrÐa (suneq c gramm ) kai thn el�qi-
sta suzeugmènh perÐptwsh (diakekommè-
nh gramm ).

jewrÐac kai thc antÐstoiqhc el�qista suzeugmènhc. To dunamikì kai o kinhtikìc ìroc
faÐnontai sta sq mata 4.4 kai 4.5 antÐstoiqa.

'Ena endiafèron qarakthristikì tou sq matoc 4.5 eÐnai h allag  tou pros mou tou
kinhtikoÔ ìrou φ′2(z) pou problèpetai kai apì tic dÔo jewrÐec (gia tic paramètrouc apì
thn prosarmog  sta dedomèna) sthn erujr  metatìpish z ' 0.2 (sto Ðdio shmeÐo gÐnetai
kai h di�sqish thc PDL). Autì dhmiourgeÐ mia shmantik  prìklhsh kai gia tic dÔo jewrÐec.
En¸ autì to prìblhma  tan gnwstì gia tic jewrÐec me èna el�qista suzeugmèno bajmwtì
pedÐo, anamenìtan ìti oi scalar tensor jewrÐec, oi opoÐec mporoÔn na diasqÐzoun thn PDL
me sunep  trìpo [154],[42], den ja èpasqan apì autì to prìblhma.

4.2.4 'Oria sthn 2h qronik  par�gwgo tou GN(t)

Oi prosp�jeiec gia na antikatastajeÐ h kosmologik  stajer� apì èna el�qista suzeug-
mèno bajmwtì pedÐo (Minimally Coupled Quintessence   MCQ) èqoun odhg sei se mo-
ntèla me èna polÔ meg�lo arijmì paramètrwn k�ti to opoÐo ofeÐletai sthn aujairesÐa
tou dunamikoÔ. Parìla aut�, ta montèla thc quintessence problèpoun èna mikrì arijmì
diaforetik¸n morf¸n gia thn H(z) [42],[154]. Autì to gegonìc eÐnai euprìsdekto kaj¸c
parèqei trìpouc gia na aporrifjeÐ   na epibebaiwjeÐ aut  h jewrÐa. MÐa genÐkeush aut c
thc jewrÐac, ìpwc èqoume dei, eÐnai oi scalar-tensor theories [43],[42],[154] gnwstèc kai
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wc (Extended Quintessence   EXQ [177]). An kai aut  h om�da jewri¸n èqei isqur 
jewrhtik  b�sh, kaj¸c problèpetai wc to ìrio gia qamhlèc enèrgeiec apì pollèc apì tic
jewrÐec pou prospajoÔn na kbant¸soun th barÔthta kai na thn enopoi soun me tic �llec
dun�meic, o parametrikìc thc q¸roc eÐnai akìma pio meg�loc apì ton antÐstoiqo thc MCQ,
me ton teleutaÐo na eÐnai mia eidik  perÐptwsh thc EXQ. EÐdame ìti topikèc, apì to hliakì
sÔsthma, kai kosmologikèc parathr seic periorÐzoun ton epitrepìmeno parametrikì q¸ro
na eÐnai kont� sth Genik  Sqetikìthta. Wstìso, oi epitrepìmenec sunarthsiakèc morfèc
pou epitrèpontai apì thn EXQ eÐnai shmantik� pio pollèc apì autèc pou epitrèpontai apì
thn MCQ. 'Etsi, h leptomer c anagn¸rish twn apagoreumènwn sunarthsiak¸n morf¸n
tou H(z) kai gia tic dÔo kathgorÐec jewri¸n MCQ kai EXQ eÐnai exairetik� shmantik ,
afoÔ ja mporeÐ na epitrèyei stic mellontikèc parathr seic pou prosdiorÐzoun thn H(z) na
apokleÐsoun mÐa   kai tic dÔo apì autèc tic jewrÐec.

ProhgoÔmenec melètec [178] eÐqan kurÐwc estiasteÐ sta ìria tou H(z) thc MCQ qrhsi-
mopoi¸ntac èna sunduasmì apì epiqeir mata realistikìthtac kai arijmhtikèc prosomoi¸-
seic diafìrwn om�dwn dunamik¸n. O parametrikìc q¸roc tou H(z) sthn perioq  thc
qamhl c erujr c metatìpishc eÐqe qwristeÐ se treic perioqèc: mia apagoreumènh perioq 
pou den mporeÐ na antistoiqeÐ se kanèna realistikì montèlo, mia perioq  pou antistoiqeÐ
sto sen�rio thc pagwmènhc quintessence kai mia perioq  pou antistoiqeÐ sto sen�rio thc
xepagwmènhc quintessence. Sthn perÐptwsh thc pagwmènhc quintessence, to pedÐo φ, to
opoÐo  dh kuloÔse proc to el�qisto tou dunamikoÔ tou prin apì thn ènarxh thc epitaqu-
nìmenhc diastol c, arqÐzei na epibradÔnei (φ̈ < 0) kai telik� stamat� (pag¸nei) mimoÔmeno
thn kosmologik  stajer� kaj¸c kuriarqeÐ sto sÔmpan. AntÐjeta sthn perÐptwsh thc xe-
pagwmènhc quintessence, to pedÐo φ eÐqe arqik� stamat sei lìgw thc trib c Hubble, pou
antistoiqeÐ ston ìro 3Hφ̇ sthn exÐswsh (4.29), se mia tim  metatopismènh apì to el�qisto
mèqri prìsfata, opìte kai xepag¸nei kai arqÐzei na kul� proc to el�qisto (φ̈ > 0).

Se aut  thn enìthta ja epekteÐnoume aut  thn an�lush sthn perÐptwsh thc EXQ.
Wstìso, antÐ na qrhsimopoi soume arijmhtikèc prosomoi¸seic, oi opoÐec efarmìzontai se
sugkekrimènec om�dec dunamik¸n, ja qrhsimopoi soume genik� epiqeir mata apait¸ntac thn
eswterik  (majhmatik  kai fusik ) sunèpeia thc jewrÐac. 'Etsi h apagoreumènh perioq ,
ìtan eÐmaste sto ìrio thc MCQ, eÐnai mikrìterh all� pio genik  (mporeÐ na efarmosteÐ
se megalÔterh om�da montèlwn) apì autìn thc anafor�c [178].

To mègejoc kai h jèsh twn perioq¸n gia qamhl  erujr� metatìpish z tou parametri-
koÔ q¸rou thc H(z), exart�tai shmantik� apì tic qronikèc parag¸gouc sthn paroÔsa
qronik  stigm  sthn stajer� thc pagkìsmiac èlxhc G(t) kai sto ìrio thc MCQ, dhlad 
gia G(t) = G0 = const, teÐnei sta gnwst� apotelèsmata. Sunep¸c, anaptÔssetai mia
endiafèrousa sqèsh metaxÔ twn topik¸n barutik¸n orÐwn stic qronikèc parag¸gouc tou
G(t) (p.q. tou Ġ0

G0
  tou G̈0

G0
) kai twn kosmologik¸n parathr sewn thc H(z) se qamhlèc

erujrèc metatopÐseic. Gia par�deigma, to ìrio stic sqèseic Ġ0

G0
kai G̈0

G0
apì tic topikèc pa-

rathr seic (sto Hliakì sÔsthma) orÐzei ton apagoreumèno tomèa stic paramètrouc tou
anaptÔgmatoc qamhl c erujr c metatìpishc tou H(z)2 sta plaÐsia thc EXQ. An autèc
oi par�metroi metrhjoÔn kai brejoÔn na eÐnai sthn apagoreumènh perioq  tìte h EXQ
mporeÐ na aporrifjeÐ. Enallaktik�, an oi par�metroi autoÐ brejoÔn sthn apagoreumènh
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perioq  thc MCQ all� sthn epitrepìmenh thc EXQ (eÐte �pagwmènhc �   �xepagwmènhc
�), tìte autì ja mporoÔse na apokleÐsei thn MCQ upèr thc EXQ. 'Opwc ja deÐxoume
parak�tw, ta up�rqonta parathrhsiak� ìria thc H(z) deÐqnoun mia shmantik  epik�luyh
metaxÔ twn epitrepìmenwn perioq¸n twn MCQ kai EXQ. Autì wstìso mporeÐ k�lli-
sta na all�xei sto mèllon kaj¸c ja up�rqoun pio akrib  dedomèna gia thn H(z) kai tic
qronikèc parag¸gouc tou G(t).

Ekfr�zontac tic parag¸gouc sunart sei thc erujr c metatìpishc kai apaleÐfontac to
dunamikì U apì tic exis¸seic (4.27) kai (4.28) brÐskoume [43],[154]

φ′2 = −F ′′ −
[
(lnH)′ +

2

1 + z

]
F ′ + 2

(lnH)′

1 + z
F − 3(1 + z)Ω0m

(
H0

H

)2

F0 (4.53)

ìpou to ′ upodhl¸nei par�gwgo wc proc thn erujr  metatìpish kai to F0 èqei thn tim  1
se mon�dec 1

8πG0
kai antistoiqeÐ sthn paroÔsa tim  tou F . Enallaktik�, ekfr�zontac p�li

tic parag¸gouc sunart sei thc erujr c metatìpishc, all� aut  th for� apaleÐfontac ton
kinhtikì ìro φ′2 apì tic exis¸seic (4.27) kai (4.28) brÐskoume

U =
(1 + z)2H2

2
[F ′′ +

[
(ln H)′ − 4

1 + z

]
F ′ +

+

[
6

(1 + z)2
− 2

1 + z
(ln H)′

]
F −

− 3(1 + z)

(
H0

H

)2

F0Ωm,0] (4.54)

Se teleÐwc kajar� jewrhtikì epÐpedo isqÔoun oi akìloujec entel¸c genikèc anisìth-
tec:

φ′(z)2 > 0 (4.55)
U ′(z) > 0 (4.56)

(φ′(z)2)′ > 0 (παγωµὲνo) (4.57)
(φ′(z)2)′ < 0 (ξεπαγωµὲνo) (4.58)

H anisìthta (4.55) eÐnai genik  kai apl� upodhl¸nei ìti to bajmwtì pedÐo stic scalar-
tensor jewrÐec eÐnai pragmatikì, kaj¸c sqetÐzetai �mesa me mia parathr simh posìthta
(thn stajer� thc pagkìsmiac èlxhc). H anisìthta (4.56) eÐnai epÐshc polÔ genik , kaj¸c
upodhl¸nei ìti to bajmwtì pedÐo katebaÐnei (kai den anebaÐnei) to dunamikì tou. H anisì-
thta aut  den eÐnai tìso isqur  ìso h (4.55) kaj¸c uponoeÐ thn Ôparxh enìc monotonikoÔ
dunamikoÔ. Tèloc, h anisìthta (4.57) (   (4.58) ) qarakthrÐzei èna bajmwtì pedÐo to opoÐo
epibradÔnei (  epitaqÔnei) kaj¸c katebaÐnei to dunamikì tou, antistoiq¸ntac ètsi se èna
pagwmèno (  xepagwmèno) montèlo quintessence.

AfoÔ mac endiafèroun oi parathrhsiakèc sunèpeiec twn exis¸sewn (4.55) - (4.58) se
qamhl  erujr  metatìpish, jewroÔme ta anaptÔgmata twn exis¸sewn (4.53) kai (4.54)
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gÔrw apì to z = 0, anaptÔssontac ta F (z), H(z)2, U(z) kai φ(z) wc ex c [179]:

F (z) = 1 + F1z + F2z
2 + ... (4.59)

H(z)2 = 1 + h1z + h2z
2 + ... (4.60)

U(z) = 1 + U1z + U2z
2 + ... (4.61)

φ(z) = 1 + φ1z + φ2z
2 + ... (4.62)

ìpou èqoume kanonikopoi sei sth mon�da tic paramètrouc F0, H0, U0 kai φ0.
EÐnai eÔkolo na sundèsoume tic paramètrouc Fi tou anaptÔgmatoc thc exÐswshc (4.59)

me tic twrinèc qronikèc parag¸gouc tou G(t) qrhsimopoi¸ntac thn exÐswsh (4.46) kai th
sqèsh metaxÔ tou qrìnou kai thc erujr c metatìpishc

dt

dz
= − 1

H(z)(1 + z)
(4.63)

Gia par�deigma gia to F1 èqoume

F1 =
1

F0

dF

dz
|z=0 =

Ġ0

G0H0

≡ g1 (4.64)

ìpou o deÐkthc 0 upodhl¸nei thn paroÔsa qronik  stigm  kai H0 ' 10−10 h yrs−1. Parì-
moia gia to F2 brÐskoume

F2 = g1(g1 − h1 + 2

4
)− g2

2
(4.65)

ìpou orÐsame

gn ≡ G
(n)
0

G0Hn
0

(4.66)

kai me ton ekjèth (n) upodhl¸netai h nστη qronik  par�gwgoc. MporoÔme t¸ra na qrhsi-
mopoi soume ta anaptÔgmata (4.59), (4.60), (4.62) sthn exÐswsh (4.53), antikajist¸ntac
ètsi tic paramètrouc Fi me ton kat�llhlo sunduasmì twn gn. Exis¸nontac ìrouc thc Ðdiac
t�xhc sto z kai agno¸ntac touc ìrouc pou eÐnai an�logoi tou g1 lìgw twn parathrhsiak¸n
orÐwn tou hliakoÔ sust matoc [180],[181]

|g1| < 10−13yrs−1H−1
0 ' 10−3h−1 ¿ 1 (4.67)

brÐskoume gia touc mhdenik c kai pr¸thc t�xhc ìrouc tou z

h1 − 3Ω0m + g2 = φ2
1 > 0 (4.68)

−h1(1 + h1) + 2h2 − 3Ω0m(1− h1)−
−g2(1 + h1)− g3 = 4φ1φ2 = (φ′2)′(z = 0) (4.69)

H anisìthta (4.68) orÐzei thn apagoreumènh perioq  gia tic scalar tensor jewrÐec gia k�je
tim  tou g2. Gia g2 = 0 dÐnei to gnwstì apotèlesma, ìti dhlad  h MCQ den mporeÐ
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na diasqÐsei thn gramm  w = −1 (dec kai exÐswsh (4.85) parak�tw). H exÐswsh (4.69)
mporeÐ na qrhsimopoihjeÐ[183] mazÐ me tic (4.57) kai (4.58) gia na qwristeÐ o epitrepìmenoc
parametrikìc q¸roc (h1, h2) se dÔo tm mata, to pagwmèno (φ′(z)2)′ > 0 kai to xepagwmèno
(φ′(z)2)′ < 0, gia k�je zeÔgoc twn paramètrwn (g2, g3).

Dustuq¸c, oi parathr seic proc to parìn èqoune d¸sei ìria gia to g1 [180] (exÐswsh
(4.67) ) all� ìqi kai gia ta gi me i ≥ 2. H èlleiyh aut  den ofeÐletai sthn poiìthta twn
dedomènwn, all� sto gegonìc ìti stouc up�rqontec arijmhtikoÔc k¸dikec èqei parametro-
poihjeÐ to G(t) me ton aploÔstero dunatì trìpo, dhlad  wc grammik  sun�rthsh tou t.
EÐnai sunep¸c dunatì sto mèllon na sumperilhfjoÔn perissìterec par�metroi kai ètsi na
brejoÔn ìria kai gia ta gi me i ≥ 2.

Oi up�rqousec parathr seic sto hliakì sÔsthma gÐnontai me metr seic thc apìstashc
thc Sel nhc me qr sh laser [181] kai uyhl c akrÐbeiac dedomèna et siwn astronomik¸n
hmerologÐwn twn planht¸n [180], me skopì th sÔgkrish twn troqi¸n touc me autèc pou
problèpontai apì th Genik  Sqetikìthta. Pijanèc apoklÐseic apì tic problèyeic thc Geni-
k c Sqetikìthtac parametropoioÔntai [181] qrhsimopoi¸ntac tic paramètrouc β kai γ thc
meta-Neut¸neiac an�lushc (parameterized post-Newtonian formalism   PPN formalism)
kai thc pr¸thc qronik c parag¸gou thc stajer�c thc pagkìsmiac èlxhc thn paroÔsa qro-
nik  stigm  Ġ0

G0
. Ta peir�mata aut� sugkentr¸noun dedomèna gia èna qronikì di�sthma ∆t

pou antistoiqeÐ se pollèc dekaetÐec [181],[180] dhlad  ∆t = O(100yrs). Ta up�rqonta 1σ
ìria [180]

|Ġ0

G0

| = | − 0.2± 0.5| × 10−13yrs−1 < 10−13yrs−1 (4.70)

uponooÔn èna �nw ìrio sthn olik  metabol  ∆G
G0

, kat� th qronik  klÐmaka ∆t, thc t�xhc

|∆G

G0

| ' |Ġ0

G0

|∆t < 10−11 (4.71)

To Ðdio ìrio brÐsketai kai an jewr soume to sqetikì sf�lma stic periìdouc perifor�c T
thc Ghc kai �llwn planht¸n, to opoÐo se 1σ epÐpedo empistosÔnhc eÐnai [180]

∆T

T
< 10−12 (4.72)

Dedomènou tou ìti h perÐodoc perifor�c eÐnai

TK =

√
4π2r3

Gm
∼ G− 1

2 (4.73)

prokÔptei ìti

|∆T

T
| = 1

2
|∆G

G0

| < 10−12 (4.74)

to opoÐo eÐnai se sqetik� kal  sumfwnÐa me thn (4.71).
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Qrhsimopoi¸ntac to �nw ìrio (4.71) kai apodÐdontac k�je metabol  tou G se tetra-
gwnikoÔc ìrouc tou ∆t, brÐskoume ìti

|∆G

G0

| ' |G̈0

G0

|(∆t)2 < 10−11 (4.75)

to opoÐo uponoeÐ ìti

|G̈0

G0

| < 10−15yrs−2 =⇒ |g2| < 105h−2 (4.76)

dÐnontac ètsi mia qondrik  ektÐmhsh thc t�xhc megèjouc tou g2.
Pr¸ima apotelèsmata apì thn an�lush twn dedomènwn tou hliakoÔ sust matoc èdeixan

ìti [182]
G̈0

G0

' (4± 5) · 10−15yrs−2 (4.77)

k�ti to opoÐo den eÐnai makri� apì thn qondrik  ektÐmhsh thc exÐswshc (4.76). GenikeÔontac
ta parap�nw epiqeir mata gia tuqaÐa t�xh gia to ∆t brÐskoume ìti

|gn| < 108n−11h−n (4.78)

to opoÐo uponoeÐ ìti ta up�rqonta test tou hliakoÔ sust matoc den mporoÔn na d¸soun
qr sima kosmologik� ìria gia tic paramètrouc gn gia n ≥ 2.

MporoÔme t¸ra na gurÐsoume stic exis¸seic (4.68) kai (4.69) kai na qrhsimopoi soume
thn anisìthta (4.56). Qrhsimopoi¸ntac ta anaptÔgmata[183] (4.59), (4.60) kai (4.61) sthn
exÐswsh (4.54) kai exis¸nontac touc ìrouc pr¸thc t�xhc wc proc z brÐskoume

U1 = U ′(z = 0) =
1

2
(5h1 − 2h2 − 9Ω0m + 5g2 + g3) > 0 (4.79)

ìpou wc sun jwc agno jhkan oi ìroi pou eÐnai an�logoi tou g1 lìgw thc sqèshc (4.67).
MporoÔme t¸ra na qrhsimopoi soume tic (4.68), (4.69) kai (4.79) gia na orÐsoume tic
akìloujec perioqèc ston parametrikì q¸ro h1 − h2 gia stajer� g1, g2:

• H perioq  I eÐnai apagoreumènh kaj¸c h anisìthta (4.68) parabi�zetai.

• H perioq  II eÐnai epÐshc apagoreumènh, afoÔ h anisìthta (4.79) parabi�zetai all�
ìqi h (4.68).

• H perioq  III antistoiqeÐ se `pagwmènh' EXQ diìti oi anisìthtec (4.55), (4.56) kai
(4.57) isqÔoun, en¸ h (4.58) parabi�zetai.

• H perioq  IV antistoiqeÐ se `xepagwmènh' EXQ diìti oi anisìthtec (4.55), (4.56) kai
(4.58) isqÔoun, en¸ h (4.57) parabi�zetai.

129



-1 0 1 2 3 4
h1

-2.5

0

2.5

5

7.5

10

h 2

Freezing

Thawing

HIL

HaL
HIIL HIIIL

HIVL

g2 = 1.97

-1 0 1 2 3 4
h1

-2.5

0

2.5

5

7.5

10

h 2

-1 0 1 2 3 4
h1

-2.5

0

2.5

5

7.5

10

h 2

g2 = 0.HbL

-1 0 1 2 3 4
h1

-2.5

0

2.5

5

7.5

10

h 2
-1 0 1 2 3 4

h1

-2.5

0

2.5

5

7.5

10

h 2

g2 = -1.91HcL

-1 0 1 2 3 4
h1

-2.5

0

2.5

5

7.5

10

h 2

Sq ma 4.6: Oi perioqèc h1− h2 thc EXQ: H perioq  I eÐnai apagoreumènh kaj¸c to baj-
mwtì pedÐo gÐnetai fantastikì. H perioq  II eÐnai epÐshc apagoreumènh kaj¸c antistoiqeÐ
se èna bajmwtì pedÐo to opoÐo anebaÐnei to dunamikì tou. H perioq  III antistoiqeÐ se
`pagwmènh' EXQ diìti to pedÐo epibradÔnetai kaj¸c katebaÐnei to dunamikì tou. H perio-
q  IV antistoiqeÐ se `xepagwmènh' EXQ, diìti to pedÐo epitaqÔnetai kaj¸c katebaÐnei to
dunamikì tou. O apagoreumènoc tomèac I mei¸netai ìtan h stajer� thc pagkìsmiac èlxhc
fjÐnei me to qrìno (g2 > 0) en¸ h pagwmènh perioq  diastèlletai (4.6a). Ta ìria twn
perioq¸n brÐskontai apì tic (4.68),(4.69) kai (4.79). Oi 1σ kai 2σ elleÐyeic empistosÔnhc
tou χ2 brèjhkan me qr sh tou set SNLS gia Ω0m = 0.24 me qr sh tou montèlou CPL
(3.92).

Oi perioqèc autèc[183] faÐnontai sto sq ma 4.6 gia Ω0m = 0.24[29], g3 = 0 kai treic timèc
tou g2: g2 = 1.97, g2 = 0 kai g2 = −1.91. EpÐshc, sto sq ma 4.6 faÐnontai kai oi 1σ kai 2σ
elleÐyeic empistosÔnhc tou χ2 ston parametrikì q¸ro h1−h2 qrhsimopoi¸ntac to montèlo
twn Chevalier-Polarski-Linder (CPL) thc exÐswshc (3.92) kai mazÐ me to an�ptugma thc
exÐswshc (4.60) eÐnai eÔkolo na deiqjeÐ ìti

h1 = 3(1 + w0 − Ω0mw0) (4.80)

h2 =
3

2
(2 + 5w0(1− Ω0m) +

+ (1− Ω0m)(3w2
0 + w1)) (4.81)

ètsi ¸ste oi gn¸rimec elleÐyeic empistosÔnhc tou χ2 ston parametrikì q¸ro w0−w1 (dec
p.q. [70]) na mporoÔn eÔkola na metatrapoÔn ston parametrikì q¸ro h1−h2 tou sq matoc
4.6.

H par�metroc w(z) eÐnai idiaÐtera qr simh kai fusik� shmantik  sto ìrio thc MCQ
gia gi → 0. Se autì to ìrio h w(z) eÐnai h katastatik  exÐswsh thc MCQ, dhlad 

w(z) =
pMCQ

ρMCQ

=
1
2
φ̇

2 − U(φ)

1
2
φ̇

2
+ U(φ)

(4.82)

ìpwc eÔkola mporeÐ na deiqjeÐ apì tic exis¸seic Friedmann gia thn MCQ. Oi timèc tou g2

pou qrhsimopoi jhkan sta sq mata 4.6a kai 4.6c epilèqjhkan ¸ste na up�rqei el�qisth
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kai antÐstoiqa mègisth epik�luyh tou apagoreumènou tomèa I kai thc 2σ èlleiyhc sto q¸ro
h1 − h2.

Sqetik� me to sq ma 4.6 mporoÔn na gÐnoun ta akìlouja sqìlia:

• Gia timèc thc paramètrou g2 < −1.91, oi 2σ elleÐyeic empistosÔnhc pou brèjhkan me
qr sh tou set SNLS brÐskontai entel¸c sthn apagoreumènh perioq . To ìrio autì
eÐnai entel¸c anex�rthto tou g3 to opoÐo den upeisèrqetai sthn anisìthta (4.68).
Sunep¸c, sta plaÐsia tou EXQ to ìrio to opoÐo brÐskoume gia thn par�metro g2 me
qr sh twn dedomènwn SNLS me 2σ empistosÔnh eÐnai

g2 =
G̈0

G0H2
0

> −1.91 (4.83)

AxÐzei na shmeiwjeÐ h dramatik  beltÐwsh autoÔ tou orÐou (se sqèsh me to kat¸tero
ìrio), sugkrinìmeno me to anamenìmeno ìrio −105 < g2 < 105 apì tic parathr seic
sto hliakì sÔsthma (exÐswsh (4.76) )!

• O parametrikìc q¸roc III thc pagwmènhc quintessence eÐnai shmantik� mikrìteroc apì
thn perioq  IV thc xepagwmènhc quintessence kai h diafor� aut  faÐnetai entonìtera
gia mikrì g2.

• Gia g2 > 0 o epitrepìmenoc parametrikìc q¸roc aux�netai shmantik� se sqèsh me
thn MCQ (g2 = 0). Sunep¸c, an mellontikèc kosmologikèc parathr seic deÐxoun
mia protÐmhsh gia touc apagoreumènouc tomeÐc I   II tou sq matoc 4.6b (MCQ) autì
ja mporoÔse na ermhneujeÐ wc endeÐxeic upèr twn scalar tensor jewri¸n me g2 > 0
(dec kai ta sqìlia stic anaforèc [154],[152],[179]).

Parìlo pou ta sq mata 4.6 sullamb�noun ìlo to fusikì perieqìmeno twn apotelesm�-
twn, eÐnai qr simo na ekfr�soume tic perioqèc I - IV sunart sei �llwn paramètrwn pou
apantoÔn suqnìtera sth bibliografÐa apì tic h1−h2. Tètoiec eÐnai oi suntelestèc wi tou
anaptÔgmatoc w(z)

w(z) = w0 + w1z + w2z
2 + ... (4.84)

h opoÐa sqetÐzetai me thn H(z) mèsw thc exÐswshc (3.32). AnaptÔssontac kai ta dÔo
mèlh thc exÐswshc (3.32) kai qrhsimopoi¸ntac tic exis¸seic (4.60) kai (4.84) mporoÔme na
ekfr�soume tic paramètrouc hi sunart sei twn wi, xanabrÐskontac ètsi tic sqèseic (4.80)
kai (4.81) gia i = 0 kai i = 1. To apotèlesma eÐnai tautìshmo, kaj¸c oi par�metroi
w0, w1 tou anaptÔgmatoc thc exÐswshc (4.84) sumpÐptoun me tic paramètrouc w0, w1 tou
montèlou CPL me to w(z) na dÐnetai apì thn exÐswsh (3.92). To pleonèkthma thc qr shc
twn paramètrwn w0 − w1, antÐ gia tic h1 − h2, eÐnai ìti dieukolÔnoun th sÔgkrish me
prohgoÔmenec melètec kai ìti me autèc faÐnetai eukolìtera to gegonìc ìti ìtan g2 > 0
mporeÐ na isqÔei w0 < −1 kai na èqoume di�sqish thc gramm c w = −1 sta plaÐsia twn
EXQ montèlwn.
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Sq ma 4.7: Oi perioqèc I - IV thc sqèshc 4.6 ston parametrikì q¸ro w0 − w1. Oi epitre-
pìmenec perioqèc epekteÐnontai sto w0 < −1 gia g2 > 0.

Qrhsimopoi¸ntac tic exis¸seic (4.80) kai (4.81) mporoÔme na ekfr�soume tic exis¸seic
(4.68), (4.69) kai (4.79) pou orÐzoun tic perioqèc I - IV sto sq ma 4.6 sunart sei twn
w0 − w1. 'Etsi paÐrnoume

3(1− Ω0m)(1 + w0) + g2 = φ2
1 > 0 (4.85)

3(1− Ω0m)((1 + w0)(3Ω0mw0 − 2) + w1)−
−g2(4 + 3(1− Ω0m)w0)− g3 = (φ

′2)′(z = 0) (4.86)
3
2
(1− Ω0m)(3(1− w2

0)− w1) + 5
2
g2 + g3

2
> 0 (4.87)

Sto ìrio thc MCQ (g2 → 0, g3 → 0) h exÐswsh (4.87) èqei epÐshc brejeÐ apì thn anafor�
[184] wc èna genikì ìrio thc MCQ. Qrhsimopoi¸ntac tic sqèseic (4.85)-(4.87) mazÐ me
tic elleÐyeic empistosÔnhc tou χ2 ston parametrikì q¸ro w0 − w1 kai qrhsimopoi¸ntac
to SNLS set [51],[70] mporoÔme na kataskeu�soume to sq ma 4.7. 'Ena endiafèron shmeÐo
tou sq matoc 4.7 eÐnai ìti gia g2 > 0 (4.7a) h apagoreumènh perioq  I mei¸netai shmantik�
se sqèsh me thn MCQ (4.7b) epitrèpontac ètsi w0 < −1.

To teleutaÐo zeÔgoc paramètrwn pou ja melethjeÐ eÐnai oi suntelestèc tou anaptÔg-
matoc thc apìstashc lamprìthtac dL(z), h opoÐa se èna epÐpedo sÔmpan sundèetai me thn
H(z) wc

H(z)−1 =
d

dz

(
dL(z)

1 + z

)
(4.88)

AnaptÔssontac thn dL(z) wc

dL(z) = z + dL2z
2 + dL3z

3 + ... (4.89)

kai qrhsimopoi¸ntac to an�ptugma (4.60) sthn exÐswsh (4.88), mporoÔme na ekfr�soume
touc suntelestèc h1 − h2 sunart sei twn dL2 − dL3 wc ex c

h1 = 4(1− dL2) (4.90)
h2 = 6(1− 3dL2 + 2d2

L2 − dL3) (4.91)
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Sq ma 4.8: Oi perioqèc I - IV tou sq matoc 4.6 metafrasmènec ston dL2−dL3 parametrikì
q¸ro. AxÐzei na shmeiwjeÐ ìti h apagoreumènh perioq  se aut  thn perÐptwsh eÐnai sta
dexi� (meg�lo dL2).

Antikajist¸ntac tic exis¸seic (4.90), (4.91) stic (4.68), (4.69) kai (4.79) paÐrnoume tic
exis¸seic twn perioq¸n ston parametrikì q¸ro twn dL2 − dL3

4(1− dL2)− 3Ω0m + g2 = φ2
1 > 0 (4.92)

4dL2(2dL2 + g2 − 3Ω0m) + 9Ω0m−
−8− 12dL3 − 5g2 − g3 = (φ

′2)′(z = 0) (4.93)
4 + 8dL2 − 12d2

L2 + 6dL3 − 9
2
Ω0m+

+5
2
g2 + g3

2
> 0 (4.94)

Qrhsimopoi¸ntac tic exis¸seic (4.90) kai (4.91), gia na metatrèyoume tic elleÐyeic empi-
stosÔnhc tou χ2 apì ton q¸ro twn h1 − h2 se autì twn dL2 − dL3, kai me tic exis¸seic
(4.92)-(4.94) gia na kataskeu�soume touc tomeÐc I - IV, paÐrnoume to sq ma 4.8. To
pleonèkthma tou sq matoc 4.8 se sqèsh me ta 4.6 kai 4.7 eÐnai ìti anafèretai stic paramè-
trouc dL2−dL3, oi opoÐec eÐnai �mesa parathr simec apì ta dedomèna twn uperkainofan¸n
astèrwn.

'Enac shmantikìc lìgoc pou periorÐzei ton, sumbatì me tic MCQ kai EXQ, parametrikì
q¸ro eÐnai to gegonìc ìti to dunamikì tou pedÐou mporeÐ na prokalèsei epitaqunìmenh
diastol , all� ìqi pèra apì to ìrio pou antistoiqeÐ sthn kosmologik  stajer� (w(z) =
−1), h opoÐa antistoiqeÐ sth stigm  pou to pedÐo eÐnai pagwmèno. Epiplèon epit�qunsh
mporeÐ mìno na up�rxei sta plaÐsia thc EXQ mèsw thc qronik c metabol c thc stajer�c
thc pagkìsmiac èlxhc G. 'Otan h G(t) mei¸netai me to qrìno, autì eunoeÐ thn epiplèon
epitaqunìmenh diastol , k�ti pou antanakl�tai kai sta parap�nw apotelèsmata. Brèjhke
ìti, dedomènou tou Ġ0 ' 0 (agno¸ntac to g1 kaj¸c |g1| < 10−4 apì tic parathr seic tou
hliakoÔ sust matoc) an isqÔei G̈0 > 0 (g2 > 0) tìte o apagoreumènoc tomèac mei¸netai kai
autì epitrèpei phantom sumperifor� (w0 < −1). All� to gegonìc ìti Ġ0 ' 0, me G̈0 > 0,
uponoeÐ ìti briskìmaste kont� se èna el�qisto tou G(t), me to G(t) na eÐnai megalÔtero
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Sq ma 4.9: An isqÔei g2 > 0 autì uponoeÐ mia stajer� thc pagkìsmiac èlxhc h opoÐa
mei¸netai (G(t)

G0
' 1 + 1

2
g2(H0(t− t0))

2 th stigm  t = t0).

sto pareljìn, dhlad 
G(t)

G0

' 1 +
1

2
g2(H0(t− t0))

2 (4.95)

Epomènwc, an to G(t) mei¸netai autì antistoiqeÐ se G̈0 > 0 (g2 > 0) (dec kai to sq ma
4.9) to opoÐo me th seir� tou uponoeÐ ìti oi apagoreumènoi tomeÐc eÐnai mikrìteroi kai ètsi
epitrèpetai h epiplèon epit�qunsh (phantom sumperifor�), se sumfwnÐa me ta parap�nw.

'Ena epiplèon endiafèron shmeÐo eÐnai h kataskeu  twn elleÐyewn empistosÔnhc tou χ2

twn sqhm�twn 4.6 - 4.8. Gia thn an�lush twn dedomènwn SNLS den l fjhke upìyh h pijan 
exèlixh twn uperkainofan¸n astèrwn lìgw thc qronik c ex�rthshc tou G(t). H exèlixh
tou G mporeÐ na lhfjeÐ �mesa upìyh sÔmfwna me aut� pou eÐpame sthn prohgoÔmenh
enìthta[71]. Gia na elegqjeÐ h euaisjhsÐa twn elleÐyewn sthn exèlixh tou G epanal�bame
thn kataskeu  touc qrhsimopoi¸ntac to montèlo

G(z) = G0

(
1 + α

z2

(1 + z)2

)
(4.96)

to opoÐo paremb�lletai omal� metaxÔ thc shmerin c tim c G = G0 kai thc tim c se uyhl 
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erujr  metatìpish G = G0(1 + α) upono¸ntac ìti

α =
∆G

G0

(4.97)

To montèlo (4.96) eÐnai sunepèc kai me tic parathr seic sto hliakì sÔsthma [180] ( Ġ0

G0
' 0)

kai me ta ìria apì thn purhnosÔnjesh[168]

|Gnuc −G0

G0

| < 0.2 (4.98)

se epÐpedo empistosÔnhc 1σ, gia |α| < 0.2.
Oi par�metroi g1, g2, g3 mporoÔn eÔkola na upologistoÔn sunart sei tou α qrhsimo-

poi¸ntac to montèlo thc exÐswshc (4.96) kai thn exÐswsh (4.63). To apotèlesma eÐnai

g1 = 0 (4.99)
g2 = 2α (4.100)

g3 = 3α (−1 + 3w0(−1 + Ω0m)) (4.101)

Qrhsimopoi¸ntac thn tim 
α = 0.2 (4.102)

mporoÔme na epanal�boume thn an�lush twn dedomènwn, lamb�nontac upìyh thn exèlixh tou
apolÔtou megèjouc twn uperkainofan¸n astèrwn M lìgw tou exelissìmenou G [171],[71].
Oi elleÐyeic empistosÔnhc tou χ2 ston parametrikì q¸ro twn w0−w1 faÐnontai sto sq ma
4.10 (diakekommènh gramm ) mazÐ me tic antÐstoiqec elleÐyeic gia stajerì G (suneq c
gramm ).

H allag  stic timèc twn w0−w1 kai ta antÐstoiqa sf�lmata den eÐnai arket� shmantikèc
me b�sh ta up�rqonta dedomènwn twn uperkainofan¸n astèrwn, kai eidik� sth dieÔjunsh
tou w0. Sumperasmatik�, oi oriakèc timèc tou g2 den all�zoun sqedìn kajìlou parìlo
pou l�bame upìyh thn exèlixh tou G, k�ti to opoÐo dikaiologeÐ to ìti agno same thn
exèlixh tou G sthn kataskeu  twn elleÐyewn empistosÔnhc. Wstìso, kaj¸c h poiìthta
twn dedomènwn twn uperkainofan¸n astèrwn aux�netai, faÐnetai xek�jara kai apì to
sq ma 4.10 ìti h epÐdrash thc exèlixhc tou G, akìma kai an eÐnai sumbat  me ta ìria
apì thn purhnosÔnjesh kai tic parathr seic sto hliakì sÔsthma, ja eÐnai shmantik ! To
endeqìmeno autì ja eÐnai akìma pio shmantikì an up�rqoun epiplèon epidr�seic apì thn
exèlixh tou G sthn an�lush twn dedomènwn. Gia par�deigma [185],[186] eÐnai pijanì ìti o
par�gontac elastikìthtac s (sq ma 2.1) mporeÐ na exart�tai apì thn m�za Chandrasekhar
kai sunep¸c kai apì thn stajer� thc pagkìsmiac èlxhc G. Wstìso, deÐxame ìti akìma
kai tètoia fainìmena na sumperilhfjoÔn sthn an�lush twn uperkainofan¸n astèrwn, ta
apotelèsmata tou sq matoc 4.10 (diakekommènh gramm ) den all�zoun perissìtero apì
10%.
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Sq ma 4.10: An l�boume upìyh mia metabol  tou G sumbat  me ta ìria apì thn pu-
rhnosÔnjesh kai tic parathr seic sto hliakì sÔsthma tìte metab�llontai oi elleÐyeic
empistosÔnhc tou χ2 ston parametrikì q¸ro twn w0 − w1 oi opoÐec wstìso den eÐnai ar-
ket� shmantikèc me b�sh ta up�rqonta dedomèna twn uperkainofan¸n astèrwn (gia th
diakekommènh gramm  isqÔei α = 0.2 kai gia th suneq  α = 0).

4.2.5 An�lush me qr sh dunamik¸n susthm�twn
Se aut  thn enìthta, ja anakataskeu�soume to dunamikì U(φ) kai th sÔzeuxh F (φ) me
èna entel¸c diaforetikì, all� polÔ endiafèrwn trìpo. AntÐ na kajorÐsoume di�forec
morfèc gia ta U(φ) kai F (φ) kai met� na prosdiorÐsoume thn kosmologik  exèlixh, ja
upojèsoume ìti h kosmologik  exèlixh perigr�fetai apì to ΛCDM kai ja prosdiorÐsoume
tic antÐstoiqec morfèc twn U(φ) kai F (φ). H arqik  mèjodoc gia thn anakataskeu 
twn scalar-tensor jewri¸n apì mia dedomènh H(z), parousi�sthke sthn anafor� [42] kai
efarmìsthke se di�forec peript¸seic stic anaforèc [43],[154]. Wstìso, h mèjodoc pou ja
akolouj soume ed¸ ja eÐnai diaforetik  gia dÔo lìgouc:

• Ja qrhsimopoi soume to formalismì twn dunamik¸n susthm�twn kai ja broÔme ta
krÐsima shmeÐa ta opoÐa kajorÐzoun th genik  exèlixh tou sust matoc.

• Ja xekin soume thn anakataskeu  apì thn epoq  thc aktinobolÐac, antÐ na esti�-
soume thn prosoq  mac mìno sthn epoq  kat� thn opoÐa èqoume epit�qunsh.
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AfoÔ h mèjodoc aut  upojètei ìti h exèlixh tou upob�jrou eÐnai kajorismènh, h staje-
rìthta twn krÐsimwn shmeÐwn prèpei na ermhneujeÐ me prosoq  kai autì giatÐ an kai to
H(z) eÐnai kajorismèno, up�rqoun diataraqèc sth sÔzeuxh F (φ) kai sto dunamikì U(φ).
Sthn kanonik  melèth, dhlad  me qr sh twn dunamik¸n susthm�twn, h sÔzeuxh F (φ) kai
to dunamikì U(φ) eÐnai stajer�, all� epitrèpontai oi diataraqèc sth sun�rthsh H(z) ¸-
ste na prosdioristeÐ h stajerìthta twn troqi¸n sto q¸ro twn f�sewn. Wstìso, afoÔ
aut  h mèjodoc eÐnai pio fusik , all� den odhgeÐ sthn anakataskeu  twn F (φ) kai U(φ),
ja asqolhjoÔme me tic timèc twn krÐsimwn shmeÐwn kai ja ermhneÔsoume th stajerìthta
touc mìno wc èna test thc antÐstoiqhc arijmhtik c exèlixhc tou sust matoc. 'Etsi, ìla
ta krÐsima shmeÐa eÐnai exÐsou shmantik�, anex�rthta apì th stajerìthta touc.

Gia na melet soume thn kosmologik  exèlixh pou sunep�gontai oi exis¸seic (4.27),
(4.28) kai (4.29) ja tic ekfr�soume wc èna dunamikì sÔsthma diaforik¸n exis¸sewn pr¸thc
t�xhc[187]. Gia na to petÔqoume autì, ja metatrèyoume thn (4.27) se adi�stath morf 

1 =
ρm

3FH2
+

ρr

3FH2
+ ε

φ
′2

6F
+

U

3FH2
− F ′

F
(4.103)

ìpou
′ =

d

dlna
≡ d

dN
=

1

H

d

dt
(4.104)

MporoÔme t¸ra na orÐsoume tic adi�statec metablhtèc x1, ..., x4 wc ex c

x1 = −F ′

F
, (4.105)

x2 =
U

3FH2
, (4.106)

x2
3 =

φ
′2

6F
, (4.107)

x4 =
ρr

3FH2
= Ωr . (4.108)

ìpou mporoÔme na susqetÐsoume to x4 me to Ωr kai ton ìro x1 + x2 + εx2
3 ≡ ΩDE me th

Skotein  Enèrgeia. EpÐshc, orÐzontac Ωm ≡ ρm

3FH2 , mporoÔme na gr�youme thn exÐswsh
(4.103) wc

Ωm = 1− x1 − x2 − εx2
3 − x4 (4.109)

MporoÔme t¸ra na qrhsimopoi soume thn exÐswsh (4.104) gia na ekfr�soume thn (4.28)
wc

H ′

H
= − ρm

2FH2
− 2

3

ρr

FH2
− ε

φ
′2

2F
− F ′′

2F
− H ′F ′

2FH
+

F ′

2F
(4.110)

 

x′1 = 3− 2x1 − 3x2 + x4 + 3εx2
3 + x2

1 + 2
H ′

H
− x1

H ′

H
(4.111)

ParagwgÐzontac th metablht  x4 thc exÐswshc (4.108) wc proc N , èqoume

x′4 =
ρ′r

3FH2
− ρr

3FH2

F ′

F
− 2ρr

3FH2

H ′

H
(4.112)
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x′4 = −4x4 + x4x1 − 2x4
H ′

H
(4.113)

ìpou qrhsimopoi same thn (4.31). Parìmoia, paragwgÐzontac thn (4.106) wc proc N ,
brÐskoume

x′2 = x2

[
x1(1−m)− 2

H ′

H

]
(4.114)

ìpou
m ≡ U,φ/U

F,φ/F
(4.115)

kai to ,φ dhl¸nei thn par�gwgo wc proc to pedÐo φ. Tèloc, paragwgÐzontac thn (4.107)
wc proc N kai qrhsimopoi¸ntac thn (4.29), brÐskoume

ε(x2
3)
′ = εx2

3x1 − 6εx2
3 − 2x1 + mx2x1 − 2εx2

3

H ′

H
− x1

H ′

H
(4.116)

To sÔsthma twn exis¸sewn (4.111), (4.113), (4.114) kai (4.116) perigr�fei th duna-
mik  exèlixh twn Scalar-Tensor jewri¸n. EpÐshc, to sÔsthma autì emperièqei[187] kai ta
antÐstoiqa dunamik� sust mata thc Quintessence kai twn f(R) jewri¸n antÐstoiqa [188].
Wstìso, prèpei na anaferjeÐ ìti stic Scalar-Tensor jewrÐec, se sqèsh me tic f(R), up�rqei
ènac epiplèon bajmìc eleujerÐac afoÔ plèon èqoume duo aujaÐretec sunart seic, dhlad 
tic F (φ) kai U(φ). 'Etsi, en gènei, ja mporoÔsame na prosjèsoume mia epiplèon par�metro
n h opoÐa na sqetÐzetai me ta F,φ kai F,φφ, ektìc apì to m. 'Omwc, an den prospajoÔme na
anakataskeu�soume thn F (φ), tìte aut  h sun�rthsh mporeÐ na kajoristeÐ apì prin kai h
antÐstoiqh par�metroc n ja mporoÔse na isoÔtai me F,φ/F .

Se aut  thn perÐptwsh h H(N) den ja  tan kajorismènh, ìpwc sthn perÐptwsh mac,
all� ja èprepe na kajoristeÐ apì to autìnomo sÔsthma. Aut  h mèjodoc akolouj jhke
sthn anafor� [189], ìpou to F,φ/F den up rqe wc metablht  sto autìnomo sÔsthma kaj¸c
to F (φ)  tan kajorismèno apì prin. Oi par�metroi sthn anafor� [189] eÐnai o ekjèthc tou
dunamikoÔ n kai to ξ, thc sÔzeuxhc F (φ) = ξφ2. Se aut  thn perÐptwsh, to H(N) kai oi
diataraqèc tou epitrèpetai na metab�llontai. Wstìso, sthn perÐptwsh pou to H(N) eÐnai
prokajorismèno, en¸ to F,φ/F (kai oi diataraqèc tou) epitrèpetai na metab�llontai, to
F (φ) mporeÐ na anakataskeuasteÐ apì to autìnomo sÔsthma. Tèloc, ìpwc ja doÔme kai
sthn epìmenh enìthta, oi F (φ) kai U(φ) mporoÔn na brejoÔn anex�rthta kai apì pr¸tec
arqèc, apait¸ntac thn Ôparxh miac summetrÐac Noether. AfoÔ ta apotelèsmata kai apì
tic dÔo mejìdouc sumpÐptoun (oi F (φ) kai U(φ) eÐnai Ðdiec kai stic dÔo peript¸seic), autì
upodeiknÔei ìti h mèjodoc pou akolouj jhke eÐnai sunep c.
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'Opwc ja doÔme kai sthn epìmenh enìthta, jètontac U = FR−f
2

[190] kai qrhsimopoi¸-
ntac touc metasqhmatismoÔc

x1 → x̃1 (4.117)
x2 → x̃2 + x̃3 (4.118)
x4 → x̃4 (4.119)
H ′

H
→ x̃3 − 2 (4.120)

φ → R (4.121)
ε → 0 (4.122)

paÐrnoume tic exis¸seic tou dunamikoÔ sust matoc gia tic f(R) jewrÐec (dec kai tic exis¸-
seic (2.15), (2.17) kai (2.21) thc anafor�c [191] ), ìpou oi posìthtec me ˜ eÐnai autèc twn
f(R) jewri¸n:

x̃′1 = −1− x̃3 − 3x̃2 + x̃2
1 + x̃4 (4.123)

x̃′2 = −x̃′3 − 2x̃3(x̃3 − 2)− x̃2(2x̃3 − x̃1 − 4) (4.124)

x̃′4 = −2x̃3 x̃4 + x̃1 x̃4 (4.125)

EpÐshc, to akìloujo set metasqhmatism¸n dÐnei to autìnomo sÔsthma gia thn perÐptw-
sh thc Quintessence (exis¸seic (175) kai (176) sthn anafor� [166]):

x1 → 0 (4.126)
x2 → y2 (4.127)
x2

3 → x2 (4.128)
x4 → 0 (4.129)

me tic exis¸seic na eÐnai

x′ = −3x +

√
6

2
ελy2 +

3

2
x(εx2 + 1− y2) (4.130)

y′ = −
√

6

2
λxy +

3

2
y(εx2 + 1− y2) (4.131)

kai λ = −U,φ/U .
AxÐzei na anafèroume ìti ta apotelèsmata thc an�lus c mac den exart¸ntai apì kami�

sugkekrimènh morf  gia to H(z). H mình apaÐthsh eÐnai ìti to sÔmpan pern� apì tic treic
epoqèc, thn epoq  thc aktinobolÐac (se uyhl  erujr  metatìpish), thn epoq  thc Ôlhc (se
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PÐnakac 4.1: Ta krÐsima shmeÐa (K.S.) tou sust matoc (4.111), (4.113), (4.114), (4.116)
kai oi idiotimèc touc se kajemi� apì tic treic epoqèc (epoq  aktinobolÐac N < −lnΩ0m

Ω0r
,

epoq  Ôlhc −lnΩ0m

Ω0r
< N < −1

3
ln ΩΛ

Ω0m
, epoq  deSitter N > −1

3
ln ΩΛ

Ω0m
).

Epoq  K.S. x1 x2 x2
3 x4 Ωm ΩDE Idiotimèc

R1 2 0 -1 0 0 1 (2,3,1,6-2m)

R2 1 0 0 0 0 1 (1,2,-1,5-m)

Aktinob. R3 -1 0 0 0 2 -1 (-1,-2,-3,3+m)

weff = 1
3 R4

4
−1+m

15−8m+m2

3(m−1)2
2(m−5)m
3(m−1)2 0 0 1 ( 4

m−1 , m+3
m−1 , dec [192])

R5 0 0 0 1 0 0 (1,-1,-2,4)

M1 2 0 -1 0 0 1 (1,2, 12 ,5− 2m)

M2 3/2 0 -1/2 0 0 1 ( 1
2 ,

3
2 ,-

1
2 ,− 3

2 (m− 3))

'Ulhc M3 0 0 0 0 0 0 (-1,- 3
2 ,-2,3)

weff = 0 M4
3

m−1
15−11m+2m2

4(m−1)2
1−9m+2m2

4(m−1)2 0 0 1 ( 4−m
m−1 , 3

m−1 , dec [193])

M5 1 0 -1/4 1/4 0 3/4 (1,-1
2 ,-1,4−m)

Λ1 2 0 -1 0 0 1 (-2,-1,-1,2− 2m)

Λ2 3 0 -2 0 0 1 (-1,0,1,3− 3m)

deSitter Λ3 3 0 -2 0 0 1 (-1,0,1,3− 3m)

weff = −1 Λ4 0 1 0 0 0 1 (-4,-3, dec [194] )

Λ5 4 0 -4 1 0 0 (1,1,2,4− 4m)

endi�mesh erujr  metatìpish) kai tèloc thn epoq  thc epit�qunshc (deSitter) (se qamhl 
erujr  metatìpish) ). H antÐstoiqh energìc katastatik  exÐswsh eÐnai

weff = −1− 2

3

H ′(N)

H(N)
(4.132)

h opoÐa se k�je epoq  eÐnai stajer  kai Ðsh me

weff =
1

3
επoχὴ ακτινoβoλὶας

weff = 0 επoχὴ ὺλης (4.133)
weff = −1 επoχὴ deSitter

Wstìso gia q�rh thc plhrìthtac, ja upojèsoume mia sugkekrimènh morf  gia to H(z)
h opoÐa antistoiqeÐ sto ΛCDM, kai sunart sei tou N eÐnai

H(N)2 = H2
0

[
Ω0me−3N + Ω0re

−4N + ΩΛ

]
(4.134)
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ìpou N ≡ lnα = −ln(1 + z) kai ΩΛ = 1 − Ω0m − Ω0r. EpÐshc, qrhsimopoi¸ntac thn
(4.134) mporoÔme na upologÐsoume thn H′(N)

H(N)
, mia posìthta h opoÐa qrei�zetai sth lÔsh

tou dunamikoÔ sust matoc, h opoÐa mporeÐ na brejeÐ ìti eÐnai Ðsh me

H ′(N)

H(N)
=

−3 Ω0me−3N − 4 Ω0re
−4N

2 (1− Ω0m − Ω0r + Ω0me−3N + Ω0re−4N)
(4.135)

Oi shmantikèc, all� genikèc, idiìthtec thc H′(N)
H(N)

eÐnai h tim  thc kat� thn di�rkeia thc
k�je epoq c:

H ′(N)

H(N)
= −2 N < Nrm (4.136)

H ′(N)

H(N)
= −3

2
Nrm < N < NmΛ (4.137)

H ′(N)

H(N)
= 0 N > NmΛ (4.138)

ìpou Nrm ' −lnΩ0m

Ω0r
kai NmΛ ' −1

3
ln ΩΛ

Ω0m
eÐnai oi timèc tou N gia tic metab�seic apì thn

epoq  thc aktinobolÐac sthn epoq  thc Ôlhc kai apì thn epoq  thc Ôlhc sthn epoq  thc
epit�qunshc. Gia Ω0m = 0.3, Ω0r = 10−4 èqoume Nrm ' −8, NmΛ ' −0.3. H akrib c
qronik  stigm  gia tic metab�seic metaxÔ aut¸n twn epoq¸n exart�tai apì to montèlo,
all� epeid  eÐnai arket� sÔntomec oi metab�seic kajautèc den paÐzoun shmantikì rìlo
sthn an�lus  mac.

MporoÔme eÔkola na melet soume th dunamik  tou sust matoc (4.111), (4.113), (4.114)
kai (4.116) brÐskontac ta krÐsima shmeÐa kai melet¸ntac thn stajerìthta touc se kajemi�
apì treic epoqèc. Parìlo pou autì to dunamikì sÔsthma den eÐnai autìnomo (epeid  up�rqei
rht  ex�rthsh tou sust matoc apì to qrìno) mporoÔme na upojèsoume ìti eÐnai se kajemi�
apì tic treic epoqèc ìtan to H′(N)

H(N)
eÐnai sqedìn stajerì. Ta krÐsima shmeÐa kai oi idiotimèc

touc faÐnontai ston PÐnaka 4.1. 'Ena endiafèron shmeÐo tou PÐnaka 4.1 eÐnai ìti se k�je
epoq  up�rqoun pènte krÐsima shmeÐa, all� mìno èna apì aut� eÐnai stajerìc elkust c
gia dedomènh tim  tou m. EpÐshc, epeid  o kinhtikìc ìroc tou bajmwtoÔ pedÐou prèpei na
eÐnai jetikìc (dec thn anafor� [179]) kai ekfr�zetai wc

Φ′2 =
3

4

(
F ′

F

)2

+
εφ′2

2F
> 0 (4.139)

, ìpou Φ to pedÐo sto sÔsthma Einstein (Einstein frame), tìte èqoume sunart sei twn
adi�statwn metablht¸n

x2
1

4
+ x2

3 > 0 (4.140)

'Ola ta shmeÐa tou PÐnaka 4.1 ikanopoioÔn th sqèsh (4.140), ektìc apì ta R4 kai M4.
Gia na mporeÐ to R4 na ikanopoieÐ thn (4.140), prèpei na èqoume m < 2   m > 3, en¸ gia
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Sq ma 4.11: H energìc katastatik  exÐswsh weff (N) tou dunamikoÔ sust matoc (brèjhke
apì th sqèsh (4.132) qrhsimopoi¸ntac thn (4.134) ).

to M4 prèpei na isqÔei m < 2   m > 5/2. Sunep¸c, h epitrepìmenh perioq  tou m, ¸ste
ta krÐsima shmeÐa na èqoun fusikì perieqìmeno (x2

1

4
+ x2

3 > 0), eÐnai

m ≤ 2 or m ≥ 3 (4.141)

T¸ra, sqetik� me thn �elktik � sumperifor� tou sust matoc se k�je epoq  xeqwrist�,
blèpoume ìti

• Epoq  AktinobolÐac: To R3 eÐnai elkust c gia m < −3 en¸ to R4 eÐnai elkust c
gia −3 < m < 1.

• Epoq  'Ulhc: To M4 eÐnai elkust c gia m < 1;

• Epoq  deSitter: To Λ1 eÐnai elkust c gia m > 1 kai to Λ4 eÐnai elkust c gia m < 1.

'Ena endiafèron shmeÐo twn krÐsimwn shmeÐwn tou PÐnaka 4.1 eÐnai ìti se ìlec tic peri-
pt¸seic, oi opoÐec diafèroun apì th Genik  Sqetikìthta, o rujmìc diastol c prokaleÐtai
apì th Skotein  Enèrgeia (ΩDE = 1), k�ti to opoÐo uponoeÐ ìti to bajmwtì pedÐo φ ja
mporoÔse epÐshc na paÐxei kai to rìlo thc skotein c Ôlhc an oi diataraqèc tou brejoÔn na
èqoun thn kat�llhlh morf . Gia na epibebai¸soume thn dunamik  exèlixh pou perigr�fe-
tai apì touc �elkustèc � tou PÐnaka 4.1, lÔsame arijmhtik� to dunamikì sÔsthma (4.111),
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(4.113), (4.114) kai (4.116) qrhsimopoi¸ntac to montèlo (4.135) gia na upologÐsoume ton
ìro H′(N)

H(N)
me Ω0m = 0.3 kai Ω0r = 10−4. To montèlo autì gia ton ìro H′(N)

H(N)
odhgeÐ sthn

energì katastatik  exÐswsh weff (N) h opoÐa faÐnetai sto sq ma 4.11. Qrhsimopoi jhkan
arqikèc sunj kec tètoiec ¸ste to sÔsthma na xekin sei thn exèlix  tou apì to shmeÐo R4

me m = −0.5. 'Opwc faÐnetai kai sta sq mata 4.12 kai 4.13 to sÔsthma akoloujeÐ thn
exèlixh tou shmeÐou R4 apì thn epoq  thc aktinobolÐac, sthn epoq  thc Ôlhc (M4) kai
telik� sthn epoq  deSitter (Λ4). Prèpei na anaferjeÐ ìti elègxame to ìti an epileqjoÔn
arqikèc sunj kec pou den sumpÐptoun akrib¸c me k�poio apì ta krÐsima shmeÐa tìte to
sÔsthma aiqmalwtÐzetai apì ton elkust  R4 kai akoloujeÐ thn troqi� pou anafèrame pio
prin, dhlad  (init) → R4 → M4 → Λ4. Tèloc, an oi arqikèc sunj kec epileqjoÔn ¸ste na
sumpÐptoun akrib¸c me k�poio apì ta �lla krÐsima shmeÐa tìte to sÔsthma ja katal xei
sto shmeÐo Λ1.

H epilog  ìti h par�metroc m ja eÐnai stajer� dikaiologeÐtai apì to gegonìc ìti ta x1

kai x2
3 eÐnai stajer� se k�je epoq  (sq ma 4.12). EpÐshc, oi morfèc tou dunamikoÔ U(φ)

kai thc sÔzeuxhc F (φ) pou qrhsimopoioÔntai perissìtero sth bibliografÐa eÐnai ekjetik�,
ta opoÐa profan¸c dÐnoun stajerì m (dec exÐswsh (4.115) ).

Anakataskeu  twn F (φ) kai U(φ)

Se aut  thn upoenìthta ja broÔme th morf  tou dunamikoÔ U(φ) kai thc sÔzeuxhc F (φ)
pou antistoiqeÐ se kajèna apì ta krÐsima shmeÐa tou PÐnaka 4.1. Ac jewr soume èna
krÐsimo shmeÐo thc morf c (x̄1, x̄2, x̄

2
3, x̄4). Qrhsimopoi¸ntac th sqèsh (4.105), brÐskoume

F = F0e
−x̄1N (4.142)

ìpou F0 = F (N = 0) eÐnai h tim  tou F thn paroÔsa qronik  stigm . Apì thn exÐswsh
(4.107) brÐskoume ìti

φ(N) = −2
√

6
x̄3

x̄1

F
1/2
0 e−x̄1N/2 + C

= 2
√

6
x̄3

x̄1

F
1/2
0

(
1− e−x̄1N/2

)
+ φ0 (4.143)

ìpou
C = φ0 + 2

√
6

x̄3

x̄1

F
1/2
0 (4.144)

kai φ0 ≡ φ(N = 0). Oi exis¸seic (4.142) kai (4.143) mac epitrèpoun na apaleÐyoume to N
proc ìfeloc tou pedÐou φ, kai na deÐxoume ìti

F (φ) =
1

24

x̄2
1

x̄2
3

(φ− C)2 ≡ ξ(φ− C)2 (4.145)

ìpou ξ ≡ 1
24

x̄2
1

x̄2
3
. H morf  aut  tou F (φ) ja doÔme sthn epìmenh enìthta ìti mporeÐ na

brejeÐ kai me èna teleÐwc diaforetikì trìpo, epib�llontac mia Noether summetrÐa sth
Lagkranzian  thc scalar-tensor jewrÐac.
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Sq ma 4.12: H exèlixh twn metablht¸n x1(N), x2(N), x2
3(N) kai x4(N). To sÔsthma

akoloujeÐ thn exèlixh tou �elkust � kat� th di�rkeia twn tri¸n epoq¸n.
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Sq ma 4.13: Oi troqièc stouc fasikoÔc q¸rouc x1− x2 (sq ma 4.13a) kai x2
3− x4 (sq ma

4.13b).

Apì thn exÐswsh (4.106), èqoume
U(N) = x̄2 · 3F (N)H(N)2 (4.146)
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Qrhsimopoi¸ntac t¸ra thn H(N) (exÐswsh (4.134) ), mporoÔme na broÔme ton kurÐarqo
ìro tou H(N) se k�je epoq :

H(N)2/H2
0 =





Ω0re
−4N , επoχὴ ακτινoβoλὶας

Ω0me−3N , επoχὴ ὺλης
1− Ω0r − Ω0m, επoχὴ deSitter

'Etsi qrhsimopoi¸ntac thn exÐswsh (4.143) mporoÔme na broÔme to H(φ):

H(φ)2/H2
0 =





Ω0r

F
4/x̄1
0

[ξ(φ− C)2]
4/x̄1 , επoχὴ ακτινoβoλὶας

Ω0m

F
3/x̄1
0

[ξ(φ− C)2]
3/x̄1 , επoχὴ ὺλης

1− Ω0r − Ωm, επoχὴ deSitter

kai na ekfr�soume thn (4.146) sunart sei tou pedÐou φ gia na broÔme to dunamikì

U(φ) = λ(φ− C)2+α (4.147)

ìpou,

λ =





3x̄2
Ω0r

F
4/x̄1
0

ξ1+4/x̄1 , επoχὴ ακτινoβoλὶας

3x̄2
Ω0m

F
3/x̄1
0

ξ1+3/x̄1 , επoχὴ ὺλης

3x̄2ξ(1− Ω0r − Ω0m), επoχὴ deSitter

kai, α =





8/x̄1, επoχὴ ακτινoβoλὶας
6/x̄1, επoχὴ ὺλης
0, επoχὴ deSitter

Qrhsimopoi¸ntac tic exis¸seic (4.115), (4.145) kai (4.147), eÐnai eÔkolo na deÐxoume
ìti

2 + α = 2m (4.148)

me thn exÐswsh (4.147) na gr�fetai

U(φ) = λ(φ− C)2m (4.149)

Prèpei na anaferjeÐ ìti parìlo pou h idiotim  x̄1 all�zei kat� th met�bash R4 → M4, o
ekjèthc 2 + α paramènei stajerìc.

EpÐshc, afoÔ h par�metroc m eÐnai stajer  (dec thn exÐswsh (4.148) ) h exÐswsh
(4.115) mac epitrèpei na gr�youme to dunamikì U sunart sei thc sÔzeuxhc F , dhlad 

U = cFm (4.150)

H parap�nw an�lush eÐnai sunep c mìno ìtan oi idiotimèc x̄1, x̄2 kai x̄2
3 eÐnai diaforetikèc

tou mhdenìc, ìpwc gia par�deigma isqÔei gia to shmeÐo R4   gia thn perÐptwsh pou èqoume
diatar�xei tic arqikèc sunj kec gÔrw apì èna krÐsimo shmeÐo. Se k�je �llh perÐptwsh,
isqÔei ìti an

• x̄2 = x̄2
3 = 0, opìte φ = φ0 =staj., kai to F = F (N) dÐnetai apì thn exÐswsh (4.142)

kai U = 0, ìpwc p.q. isqÔei gia ta R2 kai R3.
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• x̄1 = x̄2
3 = 0 kai eÐmaste sthn epoq  deSitter, opìte φ = φ0 =staj., F = F0 kai

U = U0, ìpwc p.q. isqÔei gia to Λ4.

• x̄1 = x̄2 = x̄2
3 = 0, opìte φ = φ0 =staj., F = F0 kai U = 0, ìpwc p.q. isqÔei gia to

R5.

Prèpei na anaferjeÐ ìti an jewroÔsame �lla (mh krÐsima) shmeÐa, ìqi mìno h mèjo-
doc aut  ja perieÐqe qronik  ex�rthsh, all� den ja mporoÔsame na anakataskeu�soume
tautìqrona ta F (φ) kai U(φ) apì th sun�rthsh (4.134). Oi dÔo aujaÐretec sunart seic
profan¸c qrei�zontai dÔo gnwstèc sunart seic gia na anakataskeuastoÔn sth genik  pe-
rÐptwsh (dec kai tic anaforèc [154],[42],[43]). Sth dik  mac perÐptwsh ìmwc to gegonìc ìti
h anakataskeu  sumbaÐnei p�nw sta krÐsima shmeÐa, shmaÐnei ìti h par�metroc m eÐnai sta-
jer  kai ètsi to sÔsthma twn exis¸sewn (4.111), (4.113), (4.114) kai (4.116) eÐnai kleistì,
epitrèpontac mac ètsi na proqwr soume me thn anakataskeu  arijmhtik� kai analutik�.

EpÐshc, eÐnai eÔkolo na deiqjeÐ ìti oi anakataskeuasmènec sunart seic den eÐnai tÐpota
perissìtero apì Brans-Dicke jewrÐec me dunamikì. An jèsoume F = βφBD = ξφ2 tìte
φ =

√
β
ξ
φBD kai h Lagkranzian  (4.25) gÐnetai

L =
βφBD

2
R− 1

2

ωBD

φBD

gµν∂µφBD∂νφBD − U(φBD) + Lm (4.151)

ìpou ωBD ≡ εβ
ξ

= constant.
'Ena endiafèron qarakthristikì thc parap�nw mejìdou eÐnai ìti oi exis¸seic (4.150)

kai (4.145) eÐnai akrib¸c oi ikanèc sunj kec gia thn Ôparxh miac Noether summetrÐac twn
Scalar-Tensor jewri¸n, ìpwc ja doÔme sthn enìthta pou akoloujeÐ.

4.2.6 Noether summetrÐec kai Scalar-Tensor jewrÐec
Genik� gia th mèjodo

Oi lÔseic thc Lagkranzian c (4.25) mporoÔn epÐshc na brejoÔn me th mèjodo thc Noether
summetrÐac [195]. Aut  mac epitrèpei, toul�qiston sthn jewrÐa, na broÔme kuklikèc me-
tablhtèc pou sqetÐzontai me diathr simec posìthtec, epitrèpontac na lujeÐ epakrib¸c h
dunamik  tou probl matoc. Ex�llou, h Ôparxh summetri¸n kajorÐzei th sÔzeuxh F (φ),
to dunamikì U(φ) kai dÐnei th metaxÔ touc sqèsh. ProtoÔ efarmìsoume th mèjodo sto
sugkekrimèno prìblhma ja thn perigr�youme sÔntoma.

Ac eÐnai L(qi, q̇i) mia kanonik  kai mh ekfulismènh shmeiak  Lagkranzian  dosmènh
sunart sei twn suntetagmènwn qi (oi �jèseic�), ìpou

∂L
∂λ

= 0 ; detHij ≡ det

∣∣∣∣
∣∣∣∣

∂2L
∂q̇i∂q̇j

∣∣∣∣
∣∣∣∣ 6= 0 (4.152)

kai Hij o pÐnakac Hessian pou sqetÐzetai me thn L.
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H teleÐa sumbolÐzei thn par�gwgo wc proc th metablht  λ h opoÐa en gènei antistoiqeÐ
sto qrìno t. Se ì,ti akoloujeÐ ja jewr soume metasqhmatismoÔc oi opoÐoi eÐnai shmeiakoÐ.
K�je antistrèyimoc kai suneq c metasqhmatismìc twn �jèsewn� Qi = Qi(q) prokaleÐ èna
metasqhmatismì stic �taqÔthtec � tètoiec ¸ste

Q̇i(q) =
∂Qi

∂qj
q̇j . (4.153)

O pÐnakac J = ||∂Qi/∂qj|| eÐnai h Iakwbian  tou metasqhmatismoÔ twn jèsewn kai prèpei
na eÐnai mh mhdenikìc. Gia thn Iakwbian  J̃ tou nèou metasqhmatismoÔ mporeÐ eÔkola na
brejeÐ ìti isqÔei J 6= 0 → J̃ 6= 0.

Sun jwc, h sunj kh aut  den ikanopoieÐtai se ìlo to q¸ro all� sth geitoni� enìc
shmeÐou, opìte lègetai ìti eÐnai shmeiakìc metasqhmatismìc. 'Enac tètoioc metasqhmati-
smìc Qi = Qi(q) mporeÐ na exart�tai apì mÐa   perissìterec paramètrouc. En gènei, ènac
apeirostìc shmeiakìc metasqhmatismìc anaparast�tai apì èna dianusmatikì pedÐo pou dra
sto q¸ro {qi, q̇i}. O metasqhmatismìc pou prokaleÐtai apì thn (4.153) anaparast�tai apì
to di�nusma

X = αi(q)
∂

∂qi
+

(
d

dλ
αi(q)

)
∂

∂q̇i
. (4.154)

ìpou to X eÐnai o genn torac tou metasqhmatismoÔ. MÐa sun�rthsh f(q, q̇) eÐnai analloÐ-
wth k�tw apì to metasqhmatismì X, an isqÔei

LXf ≡ αi(q)
∂f

∂qi
+

(
d

dλ
αi(q)

)
∂f

∂q̇i
= 0 , (4.155)

ìpou LXf eÐnai h Lie par�gwgoc thc f . Sugkekrimèna, an

LXL = 0 , (4.156)

tìte to X ekfr�zei mia summetrÐa thc Lagkranzian c L.
Gia na doÔme pwc sqetÐzontai to je¸rhma Noether kai oi kuklikèc metablhtèc, ac

jewr soume mia Lagkranzian  L kai tic antÐstoiqec exis¸seic Euler-Lagrange

d

dλ

∂L
∂q̇j

− ∂L
∂qj

= 0 . (4.157)

Ac jewr soume kai to dianusmatikì pedÐo thc exÐswshc (4.157) kai mazÐ me touc ìrouc αi,
paÐrnoume

αj

(
d

dλ

∂L
∂q̇j

− ∂L
∂qj

)
= 0 . (4.158)

Epeid  isqÔei ìti

αj d

dλ

∂L
∂q̇j

=
d

dλ

(
αj ∂L

∂q̇j

)
−

(
dαj

dλ

)
∂L
∂q̇j

, (4.159)
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apì thn (4.158) prokÔptei ìti

d

dλ

(
αi ∂L

∂q̇i

)
= LXL . (4.160)

Wc sunèpeia, to Je¸rhma Noether lèei ìti:
An isqÔei ìti LXL = 0, tìte h sun�rthsh

Σ0 = αi ∂L
∂q̇i

, (4.161)

eÐnai mia stajer� thc kÐnhshc.

H perÐptwsh thc Scalar-Tensor

H parap�nw mèjodoc mporeÐ na qrhsimopoihjeÐ gia na brejoÔn lÔseic twn exis¸sewn kÐnh-
shc thc Lagkranzian c (4.25). Sugkekrimèna, h Lagkranzian  (4.25) mporeÐ na metatrapeÐ
se shmeiak 

L = −3aȧ2F − 3F,φφ̇a2ȧ + a3

(
1

2
φ̇2 − U(φ)

)
−Da−3(γ−1) , (4.162)

ìpou gia q�rh thc aplìthtac, jewr same mìno thn perÐptwsh tou bajmwtoÔ quintessence
pedÐou (h genÐkeush sthn phantom perÐptwsh eÐnai profan c). H stajer� D sqetÐzetai me
thn puknìthta tou idanikoÔ reustoÔ kai eÐnai ρm = D(a0/a)3γ, ìpou to eÔroc 1 ≤ γ ≤ 2
orÐzei thn perioq  Zel’dovich gia thn katastatik  exÐswsh thc Ôlhc. To dunamikì sÔsthma
(4.27), (4.28), (4.29) mporeÐ eÔkola na brejeÐ jewr¸ntac th sunj kh thc enèrgeiac kai tic
exis¸seic Euler-Lagrange gia th Lagkranzian  (4.162). Sthn perÐptwsh thc Ôlhc, γ = 1, o
teleutaÐoc ìroc sthn (4.162) gÐnetai mia apl  stajer�. Kaj¸c o parametrikìc q¸roc tou
sust matoc eÐnai o {a, φ}, to prìblhma eÐnai disdi�stato kai tìte o apeirostìc genn torac
thc summetrÐac Noether eÐnai o:

X = α
∂

∂a
+ β

∂

∂φ
+ α̇

∂

∂ȧ
+ β̇

∂

∂φ̇
, (4.163)

ìpou α kai β eÐnai sunart seic pou exart¸ntai apì ta a kai φ, en¸

α̇ ≡ ∂α

∂a
ȧ +

∂α

∂φ
φ̇ ; β̇ ≡ ∂β

∂a
ȧ +

∂β

∂φ
φ̇. (4.164)

H sunj kh gia thn Ôparxh thc summetrÐac Noether eÐnai LXL = 0. Aut  dÐnei rht�
mia exÐswsh deutèrou bajmoÔ sta ȧ kai φ̇, thc opoÐac oi suntelestèc prèpei na eÐnai mhdèn
lìgw tou ìti jewroÔntai grammik¸c anex�rthtoi. Tìte autì to sÔsthma twn suntelest¸n
dhmiourgeÐ to akìloujo sÔsthma diaforik¸n exis¸sewn me merikèc parag¸gouc [195],

α + 2a
∂α

∂a
+ a2∂β

∂a

F,φ

F
+ aβ

F,φ

F
= 0 (4.165)
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(
2α + a

∂α

∂a
+ a

∂β

∂φ

)
F,φ + aF,φφβ + 2F

∂α

∂φ
− a2

3

∂β

∂a
= 0 (4.166)

3α− 6F,φ
∂α

∂φ
+ 2a

∂β

∂φ
= 0 (4.167)

U,φ

U
= −3α

aβ
(4.168)

H exÐswsh (4.168) mporeÐ na xanagrafteÐ sthn morf 

U,φ

U
= m · F,φ

F
(4.169)

ìpou
m ≡ −3α

aβ

F

F,φ

(4.170)

Prèpei na anafèroume ìti h exÐswsh (4.169) eÐnai mia sqèsh metaxÔ tou dunamikoÔ
kai thc sÔzeuxhc kai sumpÐptei akrib¸c me thn (4.115). LÔsh tou parap�nw sust matoc
shmaÐnei na brejoÔn oi sunart seic {α, β, F, U} kai gia autì to skopì jewroÔme ton ex c
qwrismì twn metablht¸n,

α = A1(a)A2(φ) (4.171)

β = B1(a)B2(φ) (4.172)

Tìte apì thn exÐswsh (4.167) prokÔptei ìti

B1a

6A1

= − A2

4B′
2

+
A′

2F
′

2B′
2

= C (4.173)

ìpou h C eÐnai mia stajer� olokl rwshc. H lÔsh thc (4.173) eÐnai apl  kai paÐrnoume

A1 =
B1a

6C
(4.174)

kai

B′
2 = −A2 − 2A′

2F
′

4C
(4.175)

Qrhsimopoi¸ntac tic exis¸seic (4.171) kai (4.172) sthn (4.165) èpetai ìti

− a

B1

dB1

da
=

3(A2F + 2CB2F
′)

2(A2F + 3CB2F ′)
= −s (4.176)
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ìpou s eÐnai mia stajer� olokl rwshc. Sunep¸c, apì tic exis¸seic (4.174) kai (4.176)
paÐrnoume

B1 = Bas (4.177)

kai
A1 =

B

6C
as+1 (4.178)

ìpou h B eÐnai mia stajer� olokl rwshc. EpÐshc, apì thn exÐswsh (4.176) èqoume

F ′

F
= − 2s + 3

6C(s + 1)

A2

B2

(4.179)

Qrhsimopoi¸ntac tic exis¸seic (4.177), (4.178) kai (4.167) prokÔptei h sqèsh

2FA′
2 + (A2(s + 3) + 6CB′

2) F ′ − 2B2C (s− 3F ′′) = 0 (4.180)

'Etsi, apèmeinan oi treic exis¸seic (4.175), (4.179) kai (4.180) gia na lÔsoume gia tic
treic �gnwstec sunart seic A2, B2 kai F . Qrhsimopoi¸ntac tic (4.175) kai (4.179) gia ta
B2 kai B′

2 sthn exÐswsh (4.180) paÐrnoume

FA′
2 +

F ′

4
(A2(2s + 3) + 6A′

2F
′) +

A2F (2s + 3) (s− 3F ′′)
6(s + 1)F ′ = 0 (4.181)

EpÐshc, qrhsimopoi¸ntac thn exÐswsh (4.179) sthn (4.175) brÐsketai h sqèsh

2A′
2F

′
(
3(s + 1) (F ′)2

+ F (2s + 3)
)

+

+A2

(
(s + 3) (F ′)2 − 2F (2s + 3)F ′′

)
= 0 (4.182)

Epiplèon, mporoÔme na qrhsimopoi soume tic (4.181) kai (4.182) gia na apaleÐyoume ta
A2 kai A′

2 proc ìfeloc tou F ,

F ′′ =
3s(s + 1)(s + 2)F ′4

(2s + 3)F 2
+

+
(s + 1) (8s2 + 16s + 3) F ′2

2(2s + 3)F
+

s(2s + 3)

3
(4.183)

H exÐswsh (4.183) eÐnai mh grammik  kai h pl rhc lÔsh eÐnai èna elleiptikì olokl rwma
deutèrou eÐdouc, to opoÐo eÐnai arket� polÔploko. Wstìso, mia lÔsh mporeÐ na brejeÐ ìti
eÐnai h

F = ξ(φ− φ0)
2 (4.184)

Qrhsimopoi¸ntac thn (4.184) sthn (4.183) brÐskoume ìti ξ = − (2s+3)2

24(s+1)(s+2)
  ξ = −1

6
,

ìpou to teleutaÐo antistoiqeÐ sth sÔmmorfh sÔzeuxh[196]. H eleÔjerh par�metroc s èqei
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xek�jaro fusikì nìhma kaj¸c sqetÐzetai me to lìgo twn krÐsimwn shmeÐwn x̄1 kai x̄3 kai
thc sÔzeuxhc. Gia aut  th morf  tou F (φ) mporoÔme na prosdiorÐsoume to A2 apì thn
(4.181)   thn (4.182) kai to B2 apì thn (4.179) kai telik� na broÔme th lÔsh gia tic α kai
β. Gia tic dÔo timèc tou ξ kai tic exis¸seic (4.181) kai (4.182) paÐrnoume treic ekfulismènec
lÔseic gia ta α kai β, dhlad  antistoiqoÔn sthn Ðdia morf  tou dunamikoÔ U (dec kai thn
exÐswsh (4.168) ). Oi lÔseic eÐnai:

α1 =
as+1AB(φ− φ0)

2s(s+2)
2s+3

6C

β1 =
asAB(2s + 3)(φ− φ0)

2s(s+2)
2s+3

+1

12C(s + 1)

α2 =
as+1AB(φ− φ0)

s(2s+3)
2(s+1)

12C(s + 1)

β2 =
asAB(2s + 3)(φ− φ0)

s(2s+3)
2(s+1)

+1

12C(s + 1)

α3 =
as+1AB(φ0 − φ)s

6C

β3 =
asAB(2s + 3)(φ0 − φ)s+1

12C(s + 1)

EÐnai eÔkolo na deÐxoume ìti kai gia tic treic peript¸seic èqoume

m(s) =
3(s + 1)

2s + 3
(4.185)

kai apì thn exÐswsh (4.169) paÐrnoume

U(φ) = U0(φ− φ0)
6(s+1)
2s+3 = U0(φ− φ0)

2m(s) (4.186)

ìpou to U0 eÐnai mia stajer� h opoÐa kajorÐzei thn klÐmaka tou dunamikoÔ kai den eÐnai
apeujeÐac metr simh, all� mporeÐ na xanagrafteÐ sunart sei twn parathr simwn megej¸n
H0, q0, Ωm. 'Ena axioprìsekto qarakthristikì thc exÐswshc (4.186) eÐnai ìti sumpÐptei
akrib¸c me thn (4.149), upodeiknÔontac ìti mporeÐ na up�rqei mh tetrimmènh fusik  se aut 
thn om�da jewri¸n scalar-tensor.

Gia na broÔme th lÔsh stic exis¸seic kÐnhshc prèpei na brejeÐ h tim  thc stajer�c thc
kÐnhshc Σ0 apì thn exÐswsh (4.161). Aut  eÐnai,

Σ0 =
b(2s + 3)2

(s + 1)2(s + 2)(s + 3)

d(as+3(φ− φ0)
2s(s+2)
2s+3

+2)

dt
(4.187)
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ìpou b = − AB
48C

. Olokl rwsh thc (4.187) dÐnei

φ− φ0 = a−
2s+3
2s+2 c1+ 3

2s t
2s+3

2s2+8s+6 (4.188)

ìpou c =

(
(s+1)2(s2+5s+6)Σ0

b(2s+3)2

) s
(s+1)(s+3)

.

Qrhsimopoi¸ntac tic (4.186) kai (4.188) sthn (4.27) mporoÔme na broÔme ta a(t) kai
φ(t):

a(t) = t
s+2
s+3

(
8cs(s + 1)(s + 2)(s + 3)2U0t

s+6
s+3

(s + 6)(2s + 3)2
+ a0

)1+ 1
s

(4.189)

kai

(φ(t)− φ0)
2 = c2+ 3

s t−
2s+3
s+3 ·

(
8cs(s + 1)(s + 2)(s + 3)2U0t

s+6
s+3

(s + 6)(2s + 3)2
+ a0

)−2− 3
s

(4.190)

ìpou to a0 eÐnai stajer� olokl rwshc.
Lìgw thc dom c thc parap�nw genik c lÔshc, oi peript¸seic s =0,-1,-3/2,-2 kai s = −3

prèpei na melethjoÔn xeqwrist�. Oi lÔseic gia s = 0 kai s = −3 antistoiqoÔn sthn
el�qisth sÔzeuxh, gia thn opoÐa F = F0 kai U = Λ, kai sthn perÐptwsh ìpou F ∼ φ2 kai
U ∼ φ4. Se autèc tic peript¸seic oi lÔseic eÐnai ekjetikèc   talantwtikèc.

Arijmhtik� apotelèsmata

Sumperasmatik�, gia na epibebai¸soume thn akrÐbeia thc an�lushc mac ja lÔsoume arij-
mhtik� to dunamikì mac sÔsthma gia na sugkrÐnoume th morf  tou dunamikoÔ U kai th
sÔzeuxh F twn exis¸sewn (4.145) kai (4.149) (ta opoÐa brèjhkan epÐshc kai me th mèjodo
thc summetrÐac Noether), me thn antÐstoiqh apì thn arijmhtik  an�lush. Ta b mata pou
èginan gia th sÔgkrish eÐnai ta akìlouja:

• LÔjhke arijmhtik� to sÔsthma (4.111), (4.113), (4.114)kai (4.116) gia na broÔme ta
x1(N), x2(N), x2

3(N) kai x4(N). Oloklhr¸nontac thn (4.105) prokÔptei ìti

F (N) = F0e
− RN

Nmin
x1(N ′)dN ′

(4.191)

kai qrhsimopoi¸ntac thn exÐswsh (4.107) sth morf 

φ′(N)2 = 6x2
3(N)F (N) (4.192)

brÐskoume to φ(N). H telik  morf  tou F (φ) upologismènou arijmhtik� (kìkkinh
suneq c gramm ) thc exÐswshc (4.191) kai h analutik  prosèggish (mple teleÐec)
thc exÐswshc (4.145) faÐnontai sto sq ma 4.14.
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• Qrhsimopoi¸ntac thn exÐswsh (4.106) mporoÔme na broÔme to dunamikì U(N) arij-
mhtik� (kìkkinh suneq c gramm ) wc

U(N) = 3x2(N)F (N)H(N)2 (4.193)

kai na sugkrÐnoume me thn analutik  morf  (mple teleÐec) tou sq matoc (4.149) ìpwc
faÐnetai sto sq ma 4.15.

Sth mèjodo pou anafèrame parap�nw qrhsimopoi same tic akribeÐc timèc twn paramè-
trwn x̄1, x̄2, x̄2

3 kai x̄4 apì ton PÐnaka 4.1 se k�je epoq  gia tic analutikèc sqèseic twn
exis¸sewn (4.145) kai (4.149). EpÐshc, oi arqikèc sunj kec pou qrhsimopoi jhkan sthn
arijmhtik  exèlixh  tan F (N = −30) = φ(N = −30) = 1. Wc èna �llo par�deigma,
prosarmìsame tic F (N) kai U(N) pou brèjhkan arijmhtik� apì tic exis¸seic (4.191) kai
(4.193) antÐstoiqa gia na broÔme tic paramètrouc twn analutik¸n sqèsewn (4.145) kai
(4.149) kai br kame ìti ta apotelèsmata eÐnai se polÔ kal  sumfwnÐa (dec sta sq mata
4.14 kai 4.15 tic pr�sinec diakekommènec grammèc). 'Ena axioshmeÐwto qarakthristikì twn
sqhm�twn 4.14 kai 4.15 eÐnai èna mikrì epÐpedo to opoÐo emfanÐzetai kat� thn epoq  de-
Sitter (dec th megejusmènh perioq  sto sq ma 4.14). O lìgoc gia thn Ôparxh autoÔ tou
epipèdou eÐnai ìti kaj¸c o sÔsthma exelÐssetai proc thn epoq  deSitter h sÔzeuxh F (φ)
�pag¸nei �, kaj¸c x1(NdS) → 0 (dec thn exÐswsh (4.105) kai to sq ma 4.14a), polÔ pio
gr gora apì to pedÐo φ.
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Sq ma 4.14: H morf  tou log(F (φ)) sthn arijmhtik  anakataskeu  (kìkkinh suneq c
gramm ), h analutik  tou prosèggish (mple teleÐec) kai mia prosarmog  sthn arijmhtik 
anakataskeu  qrhsimopoi¸ntac thn exÐswsh (4.191) (pr�sinh diakekommènh gramm ). H
sumfwnÐa metaxÔ twn tri¸n mejìdwn eÐnai polÔ kal . O lìgoc gia thn Ôparxh tou mikroÔ
epipèdou eÐnai ìti kaj¸c to sÔsthma exelÐssetai proc thn epoq  deSitter h sÔzeuxh F (φ)
�pag¸nei� pio gr gora apì to pedÐo φ.
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Sq ma 4.15: H morf  tou log(V (φ)) sthn arijmhtik  anakataskeu  (kìkkinh suneq c
gramm ), h analutik  prosèggish (mple teleÐec) kai mia prosarmog  sthn arijmhtik  a-
nakataskeu  qrhsimopoi¸ntac thn exÐswsh (4.191) (pr�sinh diakekommènh gramm ). H
sumfwnÐa metaxÔ twn tri¸n mejìdwn eÐnai polÔ kal . To dunamikì parousi�zei to mikrì
epÐpedo sthn epoq  deSitter gia to Ðdio lìgo me to F (φ) (dec sq ma 4.14).
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4.3 Montèla tÔpou f (R)

4.3.1 JewrÐa
Mia eidik  all� polÔ endiafèrousa perÐptwsh thc Lagkranzian c (4.1) eÐnai ìtan h su-
n�rthsh f eÐnai mÐa genik  sun�rthsh tou bajmwtoÔ Ricci, dhlad  f = f(R). Oi jewrÐec
autèc eÐnai genikeÔseic thc Genik c Sqetikìthtac (thc opoÐac h Lagkranzian  eÐnai apl�
L = R− 2Λ) kai h dr�sh touc mporeÐ na grafteÐ wc

S =

∫
d4x

√−g

[
1

2
f(R) + Lrad + Lm

]
(4.194)

ìpou Lm kai Lrad eÐnai oi Lagkranzianèc puknìthtec thc Ôlhc kai thc aktinobolÐac, kai
èqoume jèsei 8πG = 1. Oi jewrÐec autèc emfanÐzontai se di�fora jewrhtik� plaÐsia:
Sthn kbantik  jewrÐa pedÐou se kampÔlo qwrìqrono[197], sto ìrio qamhl c enèrgeiac thc
D = 10 jewrÐac uperqord¸n[198] kai sthn dr�sh tou kenoÔ stic JewrÐec thc Meg�lhc
EnopoÐhshc (GUTs).

'Eqei deiqjeÐ ìti[199] gia kat�llhlec morfèc thc f(R) h dr�sh (4.194) mporeÐ me fusi-
kì trìpo na exhg sei thn epitaqunìmenh diastol  tou sÔmpantoc se prìsfatouc qrìnouc
se sumfwnÐa me ta dedomèna twn uperkainofan¸n astèrwn [200]. To pleonèkthma aut¸n
twn jewri¸n eÐnai ìti den eis�goun kainoÔriouc bajmoÔc eleujerÐac kai h epitaqunìmenh
diastol  prokÔptei apì to bajmwtì Ricci (skotein  barÔthta) tou opoÐou h fusik  pro-
èleush eÐnai kal� katanoht . Wstìso, to kÔrio meionèkthma aut¸n twn jewri¸n eÐnai ìti
(ìpwc kai oi perissìterec genikeumènec jewrÐec barÔthtac) eÐnai shmantik� periorismènec
apì tic topikèc parathr seic thc barÔthtac [201],[202],[203]. M�lista mporeÐ na deiqjeÐ
[201] ìti oi f(R) jewrÐec eÐnai isodÔnamec me tic jewrÐec tÔpou Brans-Dicke me ω = 0 kai
èna sugkekrimèno tÔpo dunamikoÔ. AfoÔ oi parathr seic sto hliakì sÔsthma thc Genik c
Sqetikìthtac upodhl¸noun ìti ω > 4× 104 [180], autèc oi jewrÐec mporoÔn na eÐnai sum-
batèc me tic parathr seic mìno an to bajmwtì R susqetisteÐ me mia polÔ meg�lh (�peirh)
energì m�za. 'Opwc èqei deiqjeÐ [204] sugkekrimènec morfèc thc sun�rthshc f(R) mporoÔn
na d¸soun thn �peirh energì m�za pou apaiteÐtai ¸ste na ikanopoioÔntai oi periorismoÐ
apì to hliakì sÔsthma all� kai thn aparaÐthth epitaqunìmenh diastol  se prìsfatouc
qrìnouc.

To ìti oi f(R) jewrÐec mporoÔn na jewrhjoÔn mia upoperÐptwsh twn scalar-tensor
jewri¸n shmaÐnei ìti h anakataskeu  thc sun�rthshc f(R) apì mia sugkekrimènh H(z)
mporeÐ na gÐnei me trìpo parìmoio me tic scalar-tensor jewrÐec [42],[154]. Wstìso, h mh
Ôparxh miac paramètrou Brans-Dicke apaiteÐ k�poiec allagèc sth mèjodo thc anakata-
skeu c kai eidik� ìtan aut  kalÔptei ìlh thn kosmik  istorÐa kai sugkekrimèna tic epoqèc
thc aktinobolÐac kai thc Ôlhc.

H kataskeu  bi¸simwn kosmologik¸n montèlwn, sumbat¸n dhlad  me tic kosmologikèc
parathr seic, ta opoÐa problèpoun thn epitaqunìmenh diastol  tou sÔmpantoc me b�sh tic
f(R) jewrÐec, èlabe meg�lh prosoq  ta teleutaÐa qrìnia. Mia endiafèrousa suz thsh
xekÐnhse apì thn anafor� [205] sthn opoÐa deÐqjhke ìti oi f(R) pou sumperifèrontai wc
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dun�meic tou R gia meg�lec   mikrèc timèc tou R, den eÐnai bi¸simec kosmologik� giatÐ
prokaloÔn lanjasmèno rujmì diastol c kat� thn epoq  thc kuriarqÐac thc Ôlhc (α ∼ t1/2

antÐ gia α ∼ t2/3). To sumpèrasma autì antikroÔsthke sthn anafor� [188] ìpou kai
uposthrÐqjhke ìti pollèc om�dec f(R) montèlwn pou perilamb�noun f�seic ìpou kuriarqeÐ
h Ôlh, all� kai f�seic epit�qunshc mporoÔn na anakataskeuastoÔn fainomenologik� apì
ta parathrhsiak� dedomèna. H suz thsh suneqÐsthke sthn anafor� [190] ìpou ègine
mia genik  kai leptomer c dunamik  melèth thc kosmologik c exèlixhc twn f(R) jewri¸n.
EkeÐ epÐshc apodeÐqjhke ìti parìlo pou oi perissìterec sunarthsiakèc morfèc f(R) den
eÐnai kosmologik� bi¸simec, lìgw thc apousÐac thc epoq c thc kuriarqÐac thc Ôlhc pou
apaiteÐtai apì ta dedomèna, up�rqoun eidikèc morfèc thc f(R) oi opoÐec eÐnai bi¸simec
(sunepeÐc me ta dedomèna) gia tic kat�llhlec arqikèc sunj kec.

Se aut  thn enìthta ja k�noume mia genik  kai anex�rthth apì montèla an�lush twn
f(R) jewri¸n. AntÐ na kajorÐsoume di�forec morfèc gia thn f(R) kai met� na broÔme thn
antÐstoiqh kosmologik  exèlixh, ja apait soume h exèlixh aut  na perigr�fetai apì to
ΛCDM kai ja prospaj soume na prosdiorÐsoume thn morf  thc f(R). Sunep¸c, kai sto
pneÔma thc prohgoÔmenhc enìthtac, ja prospaj soume na anakataskeu�soume thn f(R)
apì thn kosmologik  exèlixh tou upob�jrou.

4.3.2 An�lush me qr sh dunamik¸n susthm�twn
Ac jewr soume thn dr�sh (4.194) h opoÐa perigr�fei tic f(R) jewrÐec sto sÔsthma Jordan.
Oi genikeumènec exis¸seic Friedmann se aut  thn perÐptwsh dÐnontai apì tic exis¸seic
(4.4), (4.5) kai eÐnai

3FH2 = ρm + ρrad +
1

2
(FR− f)− 3HḞ (4.195)

−2FḢ = ρm +
4

3
ρrad + F̈ −HḞ (4.196)

ìpou jèsame F ≡ df
dR

kai oi ìroi ρm, ρrad anaparistoÔn thn puknìthta enèrgeiac thc Ôlhc
kai thc aktinobolÐac antÐstoiqa. Autèc upakoÔoun tic exis¸seic diat rhshc

ρ̇m + 3Hρm = 0 , (4.197)
ρ̇rad + 4Hρrad = 0 . (4.198)

Gia na melet soume thn kosmologik  exèlixh pou perigr�foun oi exis¸seic (4.195) kai
(4.196) ja tic ekfr�soume wc èna autìnomo sÔsthma diaforik¸n exis¸sewn pr¸tou bajmoÔ[190].
Gia na to petÔqoume autì, pr¸ta ja gr�youme thn (4.195) se adi�stath morf  wc

1 =
ρm

3FH2
+

ρrad

3FH2
+

R

6H2
− f

6FH2
− F ′

F
(4.199)

ìpou
′ =

d

dlnα
≡ d

dN
=

1

H

d

dt
(4.200)
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MporoÔme t¸ra na orÐsoume tic adi�statec metablhtèc x1, ..., x4 wc

x1 = −F ′

F
, (4.201)

x2 = − f

6FH2
, (4.202)

x3 =
R

6H2
=

H ′

H
+ 2 , (4.203)

x4 =
ρrad

3FH2
= Ωr . (4.204)

ìpou sthn (4.203) qrhsimopoi same to gegonìc ìti

R = 6
(
2H2 + Ḣ

)
= 6

(
2H2 + H ′H

)
, (4.205)

kai susqetÐsame th metablht  x4 me thn Ωr kai ton ìro x1 +x2 +x3 ≡ ΩDE me th Skotein 
Enèrgeia.

EpÐshc, orÐzontac Ωm ≡ ρm

3FH2 mporoÔme na gr�youme thn exÐswsh (4.199) wc

Ωm = 1− x1 − x2 − x3 − x4 (4.206)

MporoÔme t¸ra na qrhsimopoi soume thn (4.200) gia na ekfr�soume th sqèsh (4.196) wc

H ′

H
= −1

2

(
ρm

FH2
+

4

3

ρrad

FH2
+

F ′′

F
+

H ′

H

F ′

F
− F ′

F

)
(4.207)

 
x′1 = −1− x3 − 3x2 + x2

1 + x4 (4.208)
EpÐshc, paragwgÐzontac to x4 thc exÐswshc (4.204) wc proc N prokÔptei ìti

x′4 =
ρ′rad

3FH2
− ρrad

3FH2

F ′

F
− 2ρrad

3FH2

H ′

H
(4.209)

 
x′4 = −2x3x4 + x1x4 (4.210)

ìpou qrhsimopoi same thn (4.198). Parìmoia, paragwgÐzontac thn exÐswsh (4.202) wc
proc N brÐsketai ìti

x′2 =
x1x3

m
− x2(2x3 − x1 − 4) (4.211)

ìpou
m ≡ F ′R

f ′
=

f,RR R

f,R
(4.212)

kai o ìroc ,R upodhl¸nei par�gwgo wc proc R. Tèloc, paragwgÐzontac thn exÐswsh
(4.203) wc proc N brÐskoume

x′3 = −x1x3

m
− 2x3(x3 − 2) (4.213)
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Oi exis¸seic (4.208), (4.211), (4.213) kai (4.210) apoteloÔn to genikì autìnomo sÔsthma
to opoÐo perigr�fei thn kosmologik  exèlixh twn f(R) jewri¸n. Se antÐjesh me to du-
namikì sÔsthma twn scalar-tensor jewri¸n (4.111), (4.114), (4.116) kai (4.113), autì to
sÔsthma eÐnai autìnomo, dhlad  den exart�tai rht� apì to qrìno. EpÐshc, autì to sÔsth-
ma èqei melethjeÐ ekten¸c sthn anafor� [190] gia di�forec f(R) (  isodÔnama di�forec
morfèc tou m) kai brèjhke ìti stic perissìterec peript¸seic h dunamik  exèlixh thn opoÐa
perigr�fei eÐnai asÔmbath me tic parathr seic afoÔ den perilamb�nei thn kat�llhlh epoq 
thc kuriarqÐac thc Ôlhc. Merikèc morfèc thc f(R) brèjhkan ìti odhgoÔn se kosmologik 
exèlixh pou eÐnai sumbat  me tic parathr seic. Gia na melet soume autèc tic peript¸seic se
perissìterh leptomèreia ja akolouj soume mia diaforetik  mèjodo. AntÐ na melet soume
to parap�nw autìnomo sÔsthma gia di�fora m(f(R)) ja apaleÐyoume thn par�metro m
apì to sÔsthma epilègontac mia sugkekrimènh morf  gia to H(N), dhlad  gia thn metablh-
t  x3(N) (dec th sqèsh (4.203) ) h opoÐa eÐnai sumbat  me tic kosmologikèc parathr seic.
Apì th stigm  pou to x3(N) eÐnai gnwstì mporoÔme na lÔsoume thn exÐswsh (4.213) wc
proc x1x3

m
kai antikajist¸ntac sthn (4.211) brÐskoume

x′2 = −x′3 − 2x3(x3 − 2)− x2(2x3 − x1 − 4) (4.214)

h opoÐa mazÐ me tic (4.208) kai (4.210) apoteloÔn èna nèo dunamikì sÔsthma to opoÐo eÐnai
anex�rthto tou m.

Ta apotelèsmata thc an�lushc aut c den exart¸ntai apì th qr sh k�poiac sugkekri-
mènhc morf c tou x3(N) (dhlad  tou H(z)). H mình apaÐthsh eÐnai ìti to sÔmpan pern�
apì thn epoq  thc kuriarqÐac thc aktinobolÐac (se meg�lec erujrèc metatopÐseic), thn
epoq  thc kuriarqÐac thc Ôlhc (se endi�mesec erujrèc metatopÐseic) kai tèloc thn epoq 
thc epit�qunshc (se mikrèc erujrèc metatopÐseic). H antÐstoiqh olik  energìc katastatik 
exÐswsh eÐnai en gènei

weff = −1− 2

3

H ′(N)

H(N)
(4.215)

en¸ se k�je epoq 

weff =
1

3
επoχὴ ακτινoβoλὶας

weff = 0 επoχὴ ὺλης (4.216)
weff = −1 επoχὴ deSitter

Wstìso, gia q�rh plhrìthtac, ja upotejeÐ mia sugkekrimènh morf  gia thn H(z), h opoÐa
antistoiqeÐ sto ΛCDM kai sunart sei tou N paÐrnei th morf 

H(N)2 = H2
0

[
Ω0me−3N + Ω0re

−4N + ΩΛ

]
(4.217)

ìpou N ≡ lnα = −ln(1 + z) kai ΩΛ = 1−Ω0m −Ω0r. MporoÔme na qrhsimopoi soume tic
sqèseic (4.203) kai (4.217) gia na broÔme to x3(N) wc

x3(N) = 2− 3

2

Ω0me−3N + 4
3
Ω0re

−4N

Ω0me−3N + Ω0re−4N + (1− Ω0m − Ω0r)
(4.218)
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PÐnakac 4.2: Ta krÐsima shmeÐa tou sust matoc (4.210), (4.208) kai (4.214) kai h staje-
rìtht� touc se kajemi� apì tic treic epoqèc. Ta stajer� shmeÐa (elkustèc) èqoun mìno
arnhtikèc idiotimèc, ta samaroeid  shmeÐa èqoun an�meikta prìshma stic idiotimèc touc kai
tèloc ta astaj  èqoun jetikèc idiotimèc.

Epoq  EÔroc tou N x1 x2 x3 x4 Idiotimèc

-1 0 0 0 (3,-2,-1)

AktinobolÐa N < −lnΩ0m
Ω0r

1 0 0 0 (5,2,1)

weff = 1
3 -4 5 0 0 (-5,-4,-3)

0 0 0 1 (4,-1,1)

1 -3/8 1/2 -1/8 (4.386,1,0.114)

'Ulh −lnΩ0m
Ω0r

< N < − 1
3 ln ΩΛ

Ω0m
0 -1/2 1/2 0 (3.386,-1,-0.886)

weff = 0 0.886 -0.386 1/2 0 (4.272,0.886,-0.114)

-3.386 3.886 1/2 0 (-4.386, -4.272, -3.386)

0 -1 2 0 (-4, -3, 1)

deSitter N > − 1
3 ln ΩΛ

Ω0m
-1 0 2 0 (-5, -4, -1)

weff = −1 3 0 2 0 (4, 3, -1)

4 0 2 -5 (5, 4, 1)

Oi timèc tou x3(N) stic epoqèc thc aktinobolÐac, thc Ôlhc kai thn deSitter eÐnai:

x3(N) = 0 N < Nrm (4.219)

x3(N) =
1

2
Nrm < N < NmΛ (4.220)

x3(N) = 2 N > NmΛ (4.221)
ìpou Nrm ' −lnΩ0m

Ω0r
kai NmΛ ' −1

3
ln ΩΛ

Ω0m
eÐnai oi timèc tou N gia tic metab�seic apì

thn epoq  thc aktinobolÐac se aut  thc Ôlhc kai apì aut  thc Ôlhc sth deSitter. Gia
Ω0m = 0.3, Ω0r = 10−4 èqoume Nrm ' −8, NmΛ ' −0.3. H met�bash metaxÔ aut¸n twn
periìdwn exart�tai apì to ek�stote montèlo, all� eÐnai arket� sÔntomh kai den ja paÐxei
shmantikì rìlo sthn an�lus  mac.

Gia na melet soume th dunamik  exèlixh tou sust matoc (4.208), (4.214), (4.210) jè-
toume x′i = 0 ¸ste na broÔme ta krÐsima shmeÐa kai th stajerìthta touc se kajemÐa apì
tic treic epoqèc pou antistoiqoÔn stic (4.219)-(4.221). Prèpei na tonisteÐ ìti parìlo pou
autì to sÔsthma eÐnai dunamikì kai ìqi autìnomo, an� p�sa qronik  stigm  mporeÐ na pro-
seggisteÐ wc autìnomo ìtan to x3 eÐnai kat� prosèggish stajerì. Ta krÐsima shmeÐa kai
h stajerìtht� touc faÐnontai ston PÐnaka 4.2.
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PÐnakac 4.3: Ta krÐsima shmeÐa ta opoÐa eÐnai elkustèc se k�je epoq .

Epoq  EÔroc tou N x1 x2 x3 x4 weff Ω0m ΩDE Ωrad

AktinobolÐa N < −lnΩ0m
Ω0r

-4 5 0 0 1/3 0 1 0

'Ulh −lnΩ0m
Ω0r

< N < −ln ΩΛ
Ω0m

-3.386 3.886 1/2 0 0 0 1 0

deSitter N > − 1
3 ln ΩΛ

Ω0m
-1 0 2 0 -1 0 1 0

PÐnakac 4.4: Ta samaroeid  krÐsima shmeÐa se k�je epoq . Aut� eÐnai epÐshc ta shmeÐa ta
opoÐa antistoiqoÔn sth Genik  Sqetikìthta f(R) = R− 2Λ (dec exÐswsh (4.234) ).

Epoq  EÔroc tou N x1 x2 x3 x4 weff Ω0m ΩDE Ωrad

AktinobolÐa N < −lnΩ0m
Ω0r

0 0 0 1 1/3 0 0 1

'Ulh −lnΩ0m
Ω0r

< N < −ln ΩΛ
Ω0m

0 -1/2 1/2 0 0 1 0 0

deSitter N > − 1
3 ln ΩΛ

Ω0m
0 -1 2 0 -1 0 1 0

Gia thn an�lush tou PÐnaka 4.2 upotèjhke ìti x3 =staj., me sunèpeia na mhn eÐnai
Ðdia me thn pl rh an�lush stajerìthtac, sthn opoÐa to x3 ja mporoÔse na metab�lle-
tai. H sun jhc an�lush stajerìthtac upojètei èna sugkekrimèno kosmologikì montèlo
(p.q. mia sugkekrimènh f(R)   m) kai sta plaÐsia autoÔ tou `fusikoÔ nìmou', ereun�tai h
stajerìthta twn H(N).

Wstìso, sth mèjodo thc anakataskeu c h an�lush thc stajerìthtac twn krÐsimwn
shmeÐwn èqei diaforetikì nìhma. Se aut  th mèjodo, den epilègoume to montèlo f(R)
( �fusikìc nìmoc � ), all� epilègoume thn kosmik  istorÐa H(N) kai epitrèpoume sto
fusikì nìmo f(R) na metab�lletai. AfoÔ o fusikìc nìmoc èqei epileqjeÐ  dh apì th
fÔsh, oi metabolèc pou brÐskoume den èqoun fusikì nìhma, all� eÐnai mìno qr simec gia
thn analutik  katanìhsh twn troqi¸n pou akoloujeÐ to sÔsthma sto fasikì q¸ro, oi
opoÐec brèjhkan arijmhtik�. Oi fusik� shmantikèc posìthtec eÐnai oi timèc twn krÐsimwn
shmeÐwn pou br kame se k�je epoq  sta plaÐsia tou ΛCDM. Autèc mac parèqoun touc
pijanoÔc fusikoÔc nìmouc pou mporoÔn na anapar�goun to ΛCDM. 'Opwc faÐnetai ston
PÐnaka 4.2, ènac apì autoÔc eÐnai h Genik  Sqetikìthta, gia thn opoÐa f(R) = R− 2Λ.

'Ena shmantikì shmeÐo tou PÐnaka 4.2 eÐnai ìti se k�je epoq  up�rqoun tèssera krÐsima
shmeÐa èna ek twn opoÐwn antistoiqeÐ sth Genik  Sqetikìthta, kai ìti trÐa apì ta tèssera
krÐsima shmeÐa se k�je epoq  den eÐnai stajer�. Autì wstìso den shmaÐnei ìti ta shmeÐa
den eÐnai qr sima kosmologik�. Ta krÐsima shmeÐa tou PÐnaka 4.2, ta opoÐa eÐnai elkustèc
eÐnai qr sima mìno gia teqnikoÔc lìgouc, kaj¸c epitrèpoun th sÔgkrish metaxÔ thc arij-
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Sq ma 4.16: H energìc katastatik  exÐswsh weff (N) tou dunamikoÔ sust matoc me b�sh
tic exis¸seic (4.215) kai (4.217) ). H paratetamènh diakekommènh kìkkinh gramm  xekin�
thn epoq  thc aktinobolÐac en¸ h sÔntomh mple gramm  xekin� thn epoq  thc Ôlhc kai
agnoeÐ thn aktinobolÐa (Ω0r = 0).

mhtik c exèlixhc kai thc analutik c prìbleyhc gia thn exèlixh tou sust matoc. Se mia
pio realistik  kat�stash ìpou den ja up rqan diataraqèc sto fusikì nìmo f(R), ìla ta
krÐsima shmeÐa ja antistoiqoÔsan se mia sunep  anakataskeu  thc kosmik c istorÐac tou
ΛCDM.

An epitrèyoume na up�rqoun diataraqèc sthn f(R) (all� ìqi sthn H(N)), tìte to
sÔsthma akoloujeÐ thn exèlixh twn elkust¸n tou PÐnaka 4.2 stic treic epoqèc kai h opoÐa
faÐnetai ston PÐnaka 4.3 ston opoÐo parousi�zontai oi elkustèc se k�je epoq . Prèpei
na tonÐsoume ìti aut  den eÐnai aparaÐthta h protim¸menh kosmologik  troqi� gia touc
lìgouc pou anafèrjhkan parap�nw.

Ta krÐsima shmeÐa tou PÐnaka 4.4 eÐnai ta mìna ta opoÐa, ektìc apì to ìti problèpoun
thn kat�llhlh exèlixh tou sÔmpantoc, èqoun kai tic kat�llhlec timèc gia tic paramètrouc
(Ωr, Ωm, ΩDE) se k�je epoq . 'Opwc ja doÔme parak�tw, aut� ta samaroeid  krÐsima
shmeÐa antistoiqoÔn sth Genik  Sqetikìthta, dhlad  f(R) = R − 2Λ. EÐnai ètsi xek�-
jaro ìti mh grammikèc sunart seic gia tic f(R) jewrÐec mporoÔn na eÐnai parathrhsiak�
apodektèc, all� ìqi me tic kat�llhlec timèc twn (Ωr, Ωm, ΩDE) se k�je epoq . Prèpei
na tonÐsoume ìti sthn an�lus  mac den èqoume apokleÐsei thn pijanìthta oi par�metroi
(Ω0r, Ω0m, ΩDE) na èqoun tic kat�llhlec timèc me th qr sh montèlwn pou parousi�zoun
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Sq ma 4.17: H exèlixh twn metablht¸n x1(N), x2(N), x3(N) kai x4(N) gia arqikèc sun-
j kec pou xekinoÔn thn epoq  thc aktinobolÐac (kìkkinh gramm  me teleÐec) kai thn epoq 
thc Ôlhc (mple diakekommènh gramm ). Tuq¸n diataragmènec troqièc gr gora parasÔro-
ntai apì touc elkustèc thc k�je epoq c. FaÐnetai epÐshc h arijmhtik  exèlixh pou brèjhke
arijmhtik� me b�sh ta samaroeid  shmeÐa tou PÐnaka 4.2 (suneq c pr�sinh gramm ). Oi
ast�jeiec aut c thc troqi�c mporoÔn na xeperastoÔn qrhsimopoi¸ntac to sÔsthma (4.223)-
(4.224) antÐ gia to pl rec sÔsthma (4.208), (4.214) kai (4.213).

talant¸seic gÔrw apì thn anamenìmenh tim  tou weff se k�je epoq    èna weff to opoÐo
exelÐssetai suneq¸c. Wstìso, autèc oi eidikèc peript¸seic endeqomènwc na mporoÔn na
perioristoÔn parathrhsiak�.

Gia na perigr�youme thn dunamik  exèlixh pou perigr�fetai apì touc elkustèc tou
PÐnaka 4.2, lÔsame arijmhtik� to dunamikì sÔsthma (4.208), (4.214) kai (4.210) qrhsi-
mopoi¸ntac to montèlo (4.218) gia thn metablht  x3 me Ω0m = 0.3 kai Ω0r = 10−4. To
montèlo autì gia thn x3(N) dÐnei thn katastatik  exÐswsh weff (N) pou faÐnetai sto sq ma
4.16. Oi arqikèc sunj kec pou qrhsimopoi same  tan sthn stantarnt epoq  thc aktinobo-
lÐac, kont� sto samaroeidèc shmeÐo (0, 0, 0, 1). 'Opwc faÐnetai sta sq mata 4.17 kai 4.18
polÔ protoÔ xekin sei h epoq  thc Ôlhc (N ≡ Nrr ' −25 < −8 ' Nrm) h mikr  (all�
mh amelhtèa) exèlixh tou x3(N) anagk�zei thn troqi� sto q¸ro twn f�sewn na apoqw-
r sei apì to samaroeidèc shmeÐo (0, 0, 0, 1) kai na kinhjeÐ proc ton elkust  thc epoq c
thc aktinobolÐac (−4, 5, 0, 0), ston opoÐo kai paramènei kat� th di�rkeia aut c thc epoq c
(weff ' 1

3
).
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Sq ma 4.18: Oi troqièc tou prohgoÔmenou sq matoc sto fasikì q¸ro twn x1−x2 (sq ma
4.18a) kai twn x3 − x4 (sq ma 4.18b) gia arqikèc sunj kec pou xekinoÔn thn epoq  thc
aktinobolÐac (kìkkinh gramm  me teleÐec) kai thn epoq  thc Ôlhc (mple diakekommènh gram-
m ). FaÐnetai epÐshc h arijmhtik  exèlixh pou brèjhke arijmhtik� me b�sh ta samaroeid 
shmeÐa tou PÐnaka 4.2 (suneq c pr�sinh gramm ). Ta shmeÐa A1, A2 kai A3 antistoiqoÔn
stouc elkustèc k�je epoq c (aktinobolÐac, Ôlhc kai epit�qunshc antÐstoiqa) en¸ ta sh-
meÐa B1, B2, B3 antistoiqoÔn sta samaroeid  shmeÐa thc k�je epoq c (dec touc PÐnakec
4.3 kai 4.4). Prèpei na anaferjeÐ ìti sthn probol  tou sq matoc 4.18b oi elkustèc A2,
A3 sumpÐptoun me ta shmeÐa B2, B3.

Sunep¸c, ìtan to x3(N) mpaÐnei sthn epoq  thc Ôlhc (weff = 0) th stigm  Nrm ' −8,
h troqi� akoloujeÐ thn exèlixh tou elkust  kai kateujÔnetai proc ton elkust  thc epo-
q c thc Ôlhc (−3.386, 3.886, 0.5, 0) agno¸ntac to samaroeidèc shmeÐo (0,−1/2, 1/2, 0) thc
epoq c thc Ôlhc. Telik�, met� to tèloc thc epoq c thc Ôlhc, h troqi� kateujÔnetai proc
ton elkust  deSitter (−1, 0, 2, 0) o opoÐoc diafèrei apì to samaroeidèc shmeÐo thc epoq c
deSitter (0,−1, 2, 0). O elkust c deSitter den eÐnai sumbatìc me tic parathr seic lìgw tou
ìti prokaleÐ meg�lh metabol  sthn energì stajer� thc pagkìsmiac èlxhc G(N) = 1

F (N)

parìlo pou to prìblhma autì mporeÐ na diorjwjeÐ me di�forouc mhqanismoÔc tÔpou qamai-
lèonta [206]. H exèlixh twn paramètrwn (Ωr, Ωm, ΩDE) pou antistoiqeÐ stic troqièc twn
sqhm�twn 4.17 kai 4.18 faÐnetai sto sq ma 4.19a. Prèpei na anaferjeÐ ìti èqoume Ωm = 0
kat� th di�rkeia pou h exèlixh tou sust matoc akoloujeÐ touc elkustèc.

EpÐshc, dokim�same di�forec arqikèc sunj kec sthn epoq  thc Ôlhc xekin¸ntac apì to
samaroeidèc shmeÐo (0,−1

2
, 1

2
, 0) pou antistoiqeÐ sth stantarnt epoq  thc Ôlhc. Se aut 

thn perÐptwsh agno same thn aktinobolÐa jètontac Ω0r = 0. To sÔsthma (dec ta sq mata
4.17, 4.18 kai 4.19b) xekin� apì thn stantarnt epoq  thc Ôlhc Ωm = 1 gia perÐpou δN = 3
prin xekin sei h epoq  thc epit�qunshc kai na parasurjeÐ apì ton elkust  proc to krÐsimo
shmeÐo (−1, 0, 2, 0).

Akìmh, mporoÔme na anapar�goume troqièc pou pern�ne apì krÐsima shmeÐa ta opoÐa
den eÐnai stajer�, gia par�deigma mporoÔme na p�roume thn ex c troqi� h opoÐa pern� apì
ta samaroeid  shmeÐa

(0, 0, 0, 1) → (0,−1

2
,
1

2
, 0) → (0,−1, 2, 0) (4.222)

163



-30 -25 -20 -15 -10 -5 0
N

0

0.2

0.4

0.6

0.8

1

W

-6 -4 -2 0 2 4 6
N

0

0.2

0.4

0.6

0.8

1

W

HaL HbL

Sq ma 4.19: H exèlixh twn paramètrwn Ωm (paratetamèna diakekommènh gramm ), Ωrad

(teleÐec) kai ΩDE (sÔntoma diakekommènh) gia tic `st�ntarnt' arqikèc sunj kec thc akti-
nobolÐac (sq ma 4.19a) kai tic `st�ntarnt' arqikèc sunj kec thc Ôlhc (sq ma 4.19b). Kai
stic dÔo peript¸seic oi elkustèc tou PÐnaka 4.3 polÔ sÔntoma parasèrnoun tic troqièc.

jètontac x1 = 0 sto sÔsthma (4.208), (4.214) kai (4.210) kai metatrèpont�c to sto sÔ-
sthma

− 1− x3 − 3x2 + x4 = 0 (4.223)
−2x3x4 = x′4 (4.224)

to opoÐo mporeÐ eÔkola na lujeÐ qrhsimopoi¸ntac th sqèsh (4.218)
(dec kai ta sq mata 4.17 kai 4.18). H enallaktik  prosèggish tou na lÔname to aposu-
zeugmèno sÔsthma (4.211) kai (4.210) den dÐnei ta swst� apotelèsmata giatÐ oi diataraqèc
thc f(R) den eÐnai apenergopoihmènec kai o desmìc (4.206) den ikanopoieÐtai.

'Etsi, eÐnai eÔkolo na anakataskeu�soume tic sunart seic f(R) oi opoÐec antistoiqoÔn
sthn troqi� thc Genik c Sqetikìthtac (4.222) all� kai twn elkust¸n tou PÐnaka 4.3. Oi
sunarthsiakèc morfèc tou f(R) mporoÔn epÐshc na anakataskeuastoÔn kai se opoiod pote
apì ta krÐsima shmeÐa tou PÐnaka 4.2.

4.3.3 Prosdiorismìc thc sumbat c me tic parathr seic sun�r-
thshc f(R)

Se aut  thn enìthta ja anakataskeu�soume th sun�rthsh f(R) pou antistoiqeÐ se kajèna
apì ta krÐsima shmeÐa tou sust matoc, ta opoÐa faÐnontai ston PÐnaka 4.2. H mèjodoc
aut  parèqei basik� mia prosèggish sthn f(R) sth geitoni� tou krÐsimou shmeÐou. EÐnai
idiaÐtera qr simh kaj¸c to megalÔtero mèroc thc dunamik c exèlixhc lamb�nei q¸ra kont�
sta krÐsima shmeÐa. Ac jewr soume èna tètoio shmeÐo me suntetagmènec (x̄1, x̄2, x̄3, x̄4).
Qrhsimopoi¸ntac th sqèsh (4.201) brÐskoume

F = F0e
−x̄1N (4.225)
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ìpou h F0 eÐnai mia stajer� olokl rwshc. MporoÔme na apaleÐyoume to N proc ìfeloc
tou R qrhsimopoi¸ntac th sqèsh gia to H(N) (exÐswsh (4.217) sthn (4.205) apì thn opoÐa
paÐrnoume (jètontac H2

0 = 1)

R(N) = 3
[
4ΩΛ + Ω0me−3N

]
(4.226)

h opoÐa odhgeÐ sth sqèsh

F = F0

(
R− 12ΩΛ

3Ω0m

) x̄1
3

(4.227)

kai met� apì olokl rwsh prokÔptei ìti

f(R) =
3F0(3Ω0m)−

x̄1
3 (R− 12ΩΛ)

x̄1
3

+1

x̄1 + 3
+ f0 (4.228)

ìpou h f0 eÐnai stajer� olokl rwshc. Ekfr�zontac thn (4.228) sunart sei tou N , qrh-
simopoi¸ntac thn (4.226), brÐsketai ìti

f(N) =
9F0Ω0me−(x̄1+3)N

x̄1 + 3
+ f0 (4.229)

EÔkola t¸ra mporoÔme na qrhsimopoi soume tic sqèseic gia tic f(N), R(N) kai H(N)
gia na upologÐsoume tic metablhtèc x2(N) (exÐswsh (4.202) ), x3(N) (exÐswsh (4.218) )
kai x4(N) (exÐswsh (4.204) ). 'Etsi, prokÔptei ìti

x2(N) = −

(
3Ω0m

2(x̄1+3)
e−3N + f0

6F0
ex̄1N

)

Ω0me−3N + Ω0re−4N + ΩΛ

(4.230)

kai
x4(N) =

Ω0re
(x̄1−4)N

F0(Ω0me−3N + Ω0re−4N + ΩΛ)
(4.231)

en¸ to x3(N) dÐnetai apì th sqèsh (4.218). Qrhsimopoi¸ntac tic sqèseic (4.230), (4.218)
kai (4.231) mporoÔme na epibebai¸soume tic timèc twn x̄2, x̄3, x̄4 se kajèna apì ta krÐsima
shmeÐa, lamb�nontac upìyh to kat�llhlo eÔroc tou N se k�je epoq  kai thn kat�llhlh
tim  tou x̄1. An apait soume na up�rqei sunèpeia me tic timèc tou PÐnaka 4.2, mporoÔme na
broÔme tic timèc twn stajer¸n f0 kai F0.

Wc par�deigma ac melet soume thn troqi� (4.222) pou antistoiqeÐ stic `stantarnt' ko-
smologikèc epoqèc (PÐnakac 4.4). EÔkola faÐnetai, qrhsimopoi¸ntac to gegonìc ìti x̄1 = 0
kai to kat�llhlo eÔroc gia to N stic sqèseic (4.230), (4.218) kai (4.231), ìti paÐrnoume
tic swstèc timèc gia ta x̄2, x̄3 kai x̄4 stic epoqèc thc aktinobolÐac kai thc Ôlhc gia k�je
F0, f0. Sthn epoq  deSitter (N >> 1) h tim  tou f0 prèpei na kajoristeÐ ¸ste na up�r-
qei sumfwnÐa me thn tim  x̄2 = −1 tou PÐnaka 4.2. Sugkekrimèna, apì th sqèsh (4.230)
brÐskoume ìti

x̄2 = − f0

6F0ΩΛ

= −1 (4.232)
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Sq ma 4.20: H morf  thc log(F (N)) apì thn arijmhtik  anakataskeu  (diakekommènec
grammèc) kai h analutik  thc prosèggish qrhsimopoi¸ntac ta b mata 1-3 (teleÐec) kai thn
analutik  sqèsh (4.229) gia k�je epoq  (paqièc pr�sinec grammèc). H sumfwnÐa metaxÔ
twn tri¸n mejìdwn eÐnai polÔ kal . a: `st�ntarnt' arqikèc sunj kec gia thn epoq  thc
aktinobolÐac, b: `st�ntarnt' arqikèc sunj kec gia thn epoq  thc Ôlhc.

to opoÐo sunep�getai ìti
f0 = 6F0ΩΛ (4.233)

Qrhsimopoi¸ntac t¸ra th sqèsh (4.233) kai jètontac x̄1 = 0 sthn (4.228) prokÔptei to
anamenìmeno apotèlesma

f(R) = F0(R− 6ΩΛ) (4.234)

to opoÐo isqÔei gia k�je mia apì tic treic epoqèc afoÔ se aut  thn troqi� h tim  tou x̄1

paramènei stajer . Parìmoia mporoÔme na anakataskeu�soume thn f(R) gia k�je krÐsimo
shmeÐo twn tri¸n epoq¸n.

Sumperasmatik�, deÐxame ìti oi f(R) jewrÐec mporoÔn na eÐnai bi¸simec mìno se po-
lÔ eidikèc peript¸seic kai ìti akìma kai autèc den mporoÔn na anapar�goun to ΛCDM
montèlo ìtan to weff eÐnai stajerì kat� tic epoqèc tic aktinobolÐac kai thc Ôlhc kai oi
par�metroi Ω0r kai Ωm paÐrnoun tic anamenìmenec touc timèc. 'Etsi, eÐnai xek�jaro ìti an h
epitaqunìmenh diastol  tou sÔmpantoc ofeÐletai se èxtra fusik  ìson afor� th barÔthta,
eÐnai polÔ pijanì ìti aut  h jewrÐa ja prèpei na eÐnai pio genik  apì thn f(R).

Arijmhtik  an�lush

Sthn perÐptwsh twn metab�sewn apì krÐsima shmeÐa pou aforoÔn diaforetikèc timèc tou
x̄1, h anakataskeu  mporeÐ na gÐnei eÐte upologÐzontac arijmhtik� th sun�rthsh x1(N)  
proseggÐzontac thn me sunart seic b matoc. Gia par�deigma, ta b mata ta opoÐa apaitoÔ-
ntai gia thn anakataskeu  thc troqi�c tou elkust , h opoÐa faÐnetai sta sq mata 4.17
kai 4.18 eÐnai ta akìlouja:

1. Qrhsimopoi¸ntac th sqèsh (4.201) mazÐ me thn arijmhtik  lÔsh x1(N) mporeÐ na
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Sq ma 4.21: H morf  thc f(R) apì thn arijmhtik  anakataskeu  (diakekommènec grammèc)
kai h analutik  thc prosèggish qrhsimopoi¸ntac ta b mata 1-3 (teleÐec) kai thn analutik 
sqèsh (4.228) gia k�je epoq  (paqièc pr�sinec grammèc). a: `st�ntarnt' arqikèc sunj kec
gia thn epoq  thc aktinobolÐac me tic suneqeÐc pr�sinec grammèc na antistoiqoÔn sthn epoq 
thc aktinobolÐac (megalÔtero R) kai thn epoq  thc Ôlhc (mikrìtero R). b: `st�ntarnt'
arqikèc sunj kec gia thn epoq  thc Ôlhc me tic suneqeÐc pr�sinec grammèc na antistoiqoÔn
sthn epoq  thc Ôlhc. Kai stic dÔo peript¸seic h epoq  deSitter den faÐnetai kaj¸c
antistoiqeÐ se èna kai mìno shmeÐo (stajerì R).

brejeÐ h sun�rthsh F (N) = f,R (N) wc

F (N) = F0e
− RN

Nmin
x1(N ′)dN ′

(4.235)

H arijmhtik  lÔsh x1(N) tou sq matoc 4.17a mporeÐ na proseggisteÐ qrhsimopoi¸-
ntac sunart seic b matoc oi opoÐec ja kajorÐzontai apì touc antÐstoiqouc elkustèc
se k�je epoq  kai tic arqikèc sunj kec, dhlad 

x1(N) = 0 − 30 < N < Nrr (4.236)
x1(N) = −4 Nrr < N < Nrm (4.237)
x1(N) = −3.386 Nrm < N < NmΛ (4.238)
x1(N) ' −1 NmΛ < N (4.239)

(ìpou Nrr ' −25) dÐnontac ètsi mia analutik  prosèggish gia thn F (N). H telik 
morf  thc ln(F (N)) sthn arijmhtik  anakataskeu  kai thn analutik  prosèggish
faÐnetai sto sq ma 4.20 (4.20a: `st�ntarnt' arqikèc sunj kec gia thn epoq  thc
aktinobolÐac, 4.20b: `st�ntarnt' arqikèc sunj kec gia thn epoq  thc Ôlhc).

2. Qrhsimopoi¸ntac thn exÐswsh (4.202) mporoÔme na upologÐsoume to f(N) apì to
F (N), dhlad 

f(N) = −6x2(N)F (N)H(N)2 (4.240)
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PÐnakac 4.5: Oi par�metroi F0, x̄1 kai f0 gia thn anakataskeuasmènh f(R) twn sqh-
m�twn 4.21a kai 4.21b.

Arq. Sunj. gia thn epoq  thc aktinobolÐac x̄1 Log(F0) Log(−f0)
Epoq  thc aktinobolÐac -3.99 96.73 90.92

Epoq  thc Ôlhc -3.45 92.17 90.59
Epoq  deSitter -1.01 92.62 94.03

Arq. Sunj. gia thn epoq  thc Ôlhc x̄1 F0 f0

Epoq  thc Ôlhc 0 1 -1.51
Epoq  deSitter -1.02 4.83 -16.56

ìpou to H(N) dÐnetai apì thn exÐswsh (4.217), to x2(N) brÐsketai arijmhtik� kai
faÐnetai sto sq ma 4.17b kai to F (N) èqei brejeÐ apì to prohgoÔmeno b ma. Parì-
moia me to x1(N), kai to x2(N) mporoÔme na to proseggÐsoume analutik� wc

x2(N) = 0 − 30 < N < Nrr (4.241)
x2(N) = 5 Nrr < N < Nrm (4.242)
x2(N) = 3.886 Nrm < N < NmΛ (4.243)
x2(N) ' 0 NmΛ < N (4.244)

kai qrhsimopoi¸ntac touc antÐstoiqouc elkustèc gia na broÔme mia analutik  èkfra-
sh gia to f(N).

3. H morf  tou f(N) mporeÐ tìte na sunduasteÐ me thn exÐswsh (4.226) gia to bajmwtì
Ricci R(N) gia na anakataskeu�soume th sun�rthsh f(R). H telik  morf  tou
f(R) faÐnetai sto sq ma 4.21 gia thn arijmhtik  anakataskeu  kai thn analutik 
thc prosèggish (4.21a: arqikèc sunj kec gia thn epoq  thc aktinobolÐac, 4.21b:
arqikèc sunj kec gia thn epoq  thc Ôlhc).

MporoÔme na prosarmìsoume thn anakataskeuasmènh f(R) twn sqhm�twn 4.21a kai
4.21b sthn analutik  sqèsh thc exÐswshc (4.228) gia k�je epoq  antÐstoiqa, ètsi ¸ste
na upologÐsoume tic paramètrouc F0, x̄1 kai f0. Ta apotelèsmata faÐnontai ston PÐnaka
4.5.

Prèpei na anaferjeÐ ìti oi timèc twn x̄1 apì thn prosarmog  thc anakataskeuasmènhc
f(R) sumpÐptoun me ta antÐstoiqa krÐsima shmeÐa twn elkust¸n tou PÐnaka 4.3 ìpwc ana-
mènetai, k�ti to opoÐo epibebai¸nei thn orjìthta twn apotelesm�twn mac. Mia parìmoia
an�lush mporeÐ na gÐnei kai gia k�je �llh akoloujÐa krÐsimwn shmeÐwn apì ta opoÐa pern�
mia troqi�. 'Opwc anafèrjhke kai sthn prohgoÔmenh enìthta, k�je tètoia akoloujÐa sh-
meÐwn eÐnai endiafèrousa kosmologik� kaj¸c h Ôparxh twn elkust¸n eÐnai kajar� teqnht 
kai ofeÐletai stic diataraqèc thc f(R).
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4.4 Montèla me èxtra diast�seic

4.4.1 JewrÐa
Mia endiafèrousa enallaktik  twn parap�nw genikeÔsewn thc Genik c Sqetikìthtac ba-
sÐzetai sthn kosmologÐa bran¸n, ìpou h Skotein  Enèrgeia eÐnai ekd lwsh twn èxtra
diast�sewn. H basik  idèa aut¸n twn jewri¸n eÐnai ìti to oratì tetradi�stato sÔmpan
kai sunep¸c ìla ta swmatÐdia tou Kajierwmènou Montèlou eÐnai periorismèna se mia u-
perepif�neia (brane), h opoÐa brÐsketai mèsa se èna uperq¸ro (bulk) 4 + d diast�sewn.
Oi epiplèon diast�seic mporeÐ na eÐnai sumpageÐc (compact), sthn opoÐa perÐptwsh to pa-
rathr simo sÔmpan perièqei tic èxtra diast�seic kai se autì to plaÐsio h anafor� tou
uperq¸rou den eÐnai aparaÐthth. 'Ena endiafèron qarakthristikì aut¸n twn jewri¸n eÐnai
ìti dÐdetai mia ex ghsh tou giatÐ h barÔthta eÐnai pio asjen c se sqèsh me tic �llec dun�-
meic, lÔnontac ètsi to legìmeno prìblhma thc ierarqÐac. Autì eÐnai dunatì giatÐ oi treic
dun�meic tou Kajierwmènou Montèlou (o hlektromagnhtismìc, h asjen c kai h isqur  dÔ-
namh) eÐnai periorismènec sth br�nh, en¸ antÐjeta h barÔthta eÐnai eleÔjerh na diadÐdetai
se ìlec tic diast�seic kai ètsi meg�lo mèroc thc elktik c thc dÔnamhc drapeteÔei ston
uperq¸ro. Sunep¸c, h dÔnamh thc barÔthtac ja prèpei na faÐnetai shmantik� pio isqur 
se mikrèc klÐmakec (upoatomikèc   to polÔ thc t�xhc merik¸n mikr¸n).

To montèlo pou ja melet soume[207], to opoÐo eÐqe arqik� parousiasteÐ stic anafo-
rèc [208] kai [209], lamb�nei upìyh thn antallag  enèrgeiac metaxÔ thc br�nhc kai tou
uperq¸rou. 'Etsi, prokaleÐtai epitaqunìmenh diastol  se prìsfatouc qrìnouc all� kai
h katastatik  exÐswsh weff diasqÐzei th gramm  weff = −1. Upojètontac ìti to pe-
rieqìmeno tou uperq¸rou eÐnai arg� kinoÔmeno idanikì reustì eÐqe deiqjeÐ ìti mporeÐ na
gÐnei di�sqish thc PDL qwrÐc na parabi�zetai h asjen c energeiak  sunj kh, all� me thn
proôpìjesh ìti o ìroc thc skotein c aktinobolÐac èqei arnhtikì prìshmo. Wstìso, aut 
h apaÐthsh mporeÐ na parakamfjeÐ me th qr sh k�poiac genikìterhc parametropoÐhshc.
'Omwc, ed¸ ja k�noume thn upìjesh, pou ègine kai sthn anafor� [209], ìti sto reustì
tou uperq¸rou oi kurÐarqec suneisforèc proèrqontai apì thn pÐesh kai thn antallag 
enèrgeiac, en¸ h skotein  aktinobolÐa eÐnai amelhtèa sthn perioq  0 ≤ z ≤ 1. Skopìc
mac se aut  thn enìthta eÐnai na k�noume mia leptomer  an�lush tou epitrepìmenou pa-
rametrikoÔ q¸rou qrhsimopoi¸ntac to Gold set dedomènwn twn uperkainofan¸n astèrwn
gia na diapist¸soume an oi timèc twn paramètrwn tou montèlou apì thn prosarmog  twn
dedomènwn epitrèpoun thn epitaqunìmenh diastol  kai th di�sqish thc gramm c w = −1,
antÐ na apait soume aut  th sumperifor� apì prin.

Sugkekrimèna, to montèlo to opoÐo ja melet soume [208],[209],[207] apoteleÐtai apì
mÐa tetradi�stath br�nh enswmatwmènh se èna pentadi�stato uperq¸ro (bulk). EpÐshc,
jewroÔme ìti o uperq¸roc, all� kai h br�nh, mporoÔn na fèroun k�poio energeiakì perie-
qìmeno, en¸ eÐnai dunatì na up�rqei kai antallag  enèrgeiac metaxÔ twn dÔo. Me b�sh
aut�, oi exis¸seic Einstein eÐnai

GMN ≡ RMN − 1

2
GMNR =

1

4M3
TMN . (4.245)
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ìpou M eÐnai h 5D m�za Planck, en¸ o tanust c enèrgeiac orm c TMN eÐnai

TMN = T
(B)
MN + T

(b)
MN −GMNΛ − gµν σ δ(y) δµ

Mδν
N , (4.246)

O pr¸toc kai o deÔteroc ìroc antistoiqoÔn sto perieqìmeno tou uperq¸rou kai thc br�nhc
antÐstoiqa, en¸ o trÐtoc proèrqetai apì thn kosmologik  stajer� tou uperq¸rou kai
o tètartoc apì thn t�sh thc br�nhc. H upìjesh pou k�noume gia thn metrik  gia na
melet soume thn kosmologÐa miac Friedmann-Robertson-Walker br�nhc eÐnai

GMN =



−n2(y, t) 0 0

0 α2(y, t)γij 0
0 0 b2(y, t)


 , (4.247)

ìpou γij eÐnai h metrik  gia èna mègista summetrikì trisdi�stato q¸ro sth br�nh. Gia ton
tanust  enèrgeiac orm c tou uperq¸rou T

(B)
MN ja jewr soume th genik  morf 

T (B)M

N =




−ρB 0 P5

0 PBδi
j 0

−n2

b2
P5 0 PB


 , T

(B)
MN =




ρBn2 0 −n2P5

0 PBa2γij 0
−n2P5 0 PBb2




(4.248)
O mh diag¸nioc ìroc T 0

5 = P5 upodhl¸nei th ro  enèrgeiac proc   apì th br�nh, en¸
prèpei na tonÐsoume ìti en gènei PB 6= PB. Parìmoia, gia ton tanust  enèrgeiac orm c thc
br�nhc T

(b)
MN ja jewr soume th genik  morf 

T (b)M

N =
δ(y)

b



−ρ 0 0
0 pδi

j 0
0 0 0


 , T

(b)
MN =

δ(y)

b




ρn2 0 0
0 pa2γij 0
0 0 0


 . (4.249)

Akolouj¸ntac tic [208],[210] (kai anaforèc ekeÐ) mporoÔme na qrhsimopoi soume tic
sunj kec sÔndeshc (junction conditions) sth br�nh ¸ste na broÔme thn energì exÐswsh
Friedmann h opoÐa kajorÐzei thn kosmologik  exèlixh stic tèsseric diast�seic. 'Epeita,
epilègontac kat�llhla montèla gia thn pÐesh tou uperq¸rou kai ton ìro antallag c
enèrgeiac kai upojètontac ìti h puknìthta enèrgeiac sth br�nh eÐnai arket� mikr , ¸ste
na mporoÔme na agno soume tetragwnikoÔc ìrouc tou ρ, mporoÔme na lÔsoume to sÔsthma
twn exis¸sewn kai na broÔme thn energì exÐswsh Friedmann. H upìjesh thn opoÐa k�noume
gia ton tanust  enèrgeiac orm c tou uperq¸rou eÐnai

PB = D αν , P5 = F

(
α̇

α

)
αµ . (4.250)

kai thn opoÐa mporoÔme na thn dikaiolog soume fusik� me thn upìjesh ìti to perieqìmeno
tou uperq¸rou eÐnai èna arg� kinoÔmeno, kat� thn pèmpth di�stash, idanikì reustì. 'Etsi,
h perÐptwsh µ = ν antistoiqeÐ se èna arg� kinoÔmeno reustì me katastatik  exÐswsh
w = −1− µ/3 en¸ sthn perÐptwsh pou p�nw apì èna reust� eÐnai parìnta èqoume, PB =
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∑
j Dj ανj kai P5 = α̇

α

∑
j Fj αµj . Tìte eÐnai dunatì na èqoume D1 À Di, en¸ F1 ¿ Fi

(i 6= 1) kai sunep¸c se prìsfatouc qrìnouc ja èqoume PB ≈ D1 αν1 kai P5 ≈ F2

(
α̇
α

)
αµ2 ,

to opoÐo lamb�nei upìyh di�forouc ekjètec.
Antikajist¸ntac autèc tic ekfr�seic, brÐskoume thn energì exÐswsh Friedmann:

(
α̇

α

)2

+
k

α2
=

8π

3
GN ρeff , (4.251)

ìpou GN = 3γ/4π = 3σ/4π(24M3)2 eÐnai h 4D stajer� thc pagkìsmiac èlxhc kai h
energìc puknìthta enèrgeiac ρeff eÐnai Ðsh me

ρeff =
C̃

α3(1+w)
+
C/2γ
α4

− 2δ

γ(ν + 4)
αν +

2(3w − 1)F

(µ + 4) [3(1 + w) + µ]
αµ . (4.252)

ìpou γ ≡ σ(24M3)−2 kai èqoume orÐsei δ ≡ D/24M3. EpÐshc, upojèsame ìti p = wρ gia
thn Ôlh sth br�nh. H stajer� C̃ eÐnai apl� mia stajer� olokl rwshc gia thn puknìthta
enèrgeiac p�nw sth br�nh ρ(α). H stajer� olokl rwshc C thc skotein c aktinobolÐac
sqetÐzetai me tic olikèc idiìthtec tou uperq¸rou en¸ o trÐtoc kai tètartoc ìroc sthn ρeff

proèrqontai apì thn pÐesh ston uperq¸ro P̄B kai ton ìro antallag c enèrgeiac metaxÔ
tou uperq¸rou kai thc br�nhc P5 antÐstoiqa. Oi timèc twn paramètrwn C, D, F , ν kai µ,
sqetÐzontai me ton ìro thc skotein c aktinobolÐac kai tic suneisforèc apì ton uperq¸ro
kai eÐnai aparaÐthtec gia na diapist¸soume to profÐl thc kosmik c diastol c.

H genikeumènh exÐswsh Friedmann mporeÐ na grafteÐ sth morf 

H2

H2
0

= Ωb α−3(1+w) + ΩDR α−4 + ΩB αν + Ω5 αµ , (4.253)

ìpou orÐsame tic paramètrouc gia thn Ôlh thc br�nhc, tou uperq¸rou kai gia th skotein 
aktinobolÐa wc

Ωm

(
C̃

)
≡ 8πGN

3H2
0

C̃ , ΩDR (C) ≡ C

H2
0

, (4.254)

ΩB (D, ν) ≡ − 4D

24M3H2
0 (ν + 4)

, (4.255)

kai
Ω5 (F, µ) ≡ 8πGN

3H2
0

2 (3w − 1) F

(3 (1 + w) + µ) (µ + 4)
. (4.256)

H par�metroc thc Ôlhc sth br�nh Ωm antistoiqeÐ sthn parathr simh puknìthta Ôlhc
kai èqei tim  Ωm ' 0.27 [29] kai ja upojèsoume thn tim  w = 0 stic parap�nw ekfr�seic.
Oi tèsseric par�metroi puknìthtac periorÐzontai apì thn apaÐthsh na èqoume epipedìthta,
h opoÐa dÐnei th sqèsh

Ω5 = 1 − Ωm − ΩDR − ΩB . (4.257)

kai ètsi, mporoÔme na apaleÐyoume thn Ω5 proc ìfeloc thc ΩB. Blèpoume ìti aut  exar-
t�tai apì thn par�metro D, h opoÐa qarakthrÐzei thn pÐesh ston uperq¸ro, all� kai ston
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ekjèth ν. Gia na faÐnetai �mesa h ex�rthsh apì thn par�metro ν mporoÔme na xanagr�-
youme thn par�metro wc ΩB = Ω̃B

ν+4
.

Qrhsimopoi¸ntac tic parap�nw ekfr�seic, eÐmaste plèon se jèsh na prosarmìsoume to
montèlo sta dedomèna twn uperkainofan¸n astèrwn. Oi par�metroi pou prèpei na brejoÔn
eÐnai tèsseric kai eÐnai oi ΩDR, Ω̃B, ν kai µ. 'Eqontac prosdiorÐsei tic timèc twn paramètrwn
aut¸n, eÐnai eÔkolo na brejeÐ h qronik  ex�rthsh thc paramètrou epibr�dunshc q, all�
kai thc energoÔ katastatik c exÐswshc weff . O lìgoc gia ton opoÐo thn anafèroume wc
energì eÐnai ìti den eÐnai �mesa sqetizìmenh me k�poia morf  Ôlhc, all� antikatoptrÐzei ta
sunolik� apotelèsmata thc antallag c enèrgeiac metaxÔ tou uperq¸rou kai thc br�nhc,
all� kai tou ìrou thc skotein c aktinobolÐac o opoÐoc up�rqei lìgw twn èxtra diast�sewn.
H par�metroc weff mporeÐ na grafteÐ wc [211]

w
(D)
eff = −1 − 1

3

d ln(δH2)

d ln α
, (4.258)

ìpou o ìroc δH2 = H2/H2
0 − Ωma−3 lamb�nei upìyh ìlouc touc ìrouc sthn exÐswsh

Friedmann pou den sqetÐzontai me thn Ôlh sth br�nh. Antikajist¸ntac sthn parap�nw
èkfrash paÐrnoume

weff (α) = −1 − 1

3

(−4ΩDR + ν ΩB αν+4 + µ Ω5 αµ+4

ΩDR + ΩB αν+4 + Ω5 αµ+4

)
, (4.259)

apì ìpou mporoÔme na prosdiorÐsoume thn exèlixh thc weff me to qrìno kai ìpwc faÐnetai
ìlh h qronik  ex�rthsh proèrqetai apì touc ìrouc tou uperq¸rou. EpÐshc, endiafèron
parousi�zei h par�metroc epibr�dunshc q, h opoÐa dÐnetai apì th sqèsh

q ≡ − 1

H2

α̈

α
=

Ωmα−3 + 2ΩDRα−4 − (ν + 2) ΩBαν − (µ + 2) Ω5α
µ

2 (Ωmα−3 + ΩDRα−4 + ΩBαν + Ω5αµ)
. (4.260)

Gia th melèth aut  ìmwc, ja prèpei na ekfr�soume tic q kai weff sunart sei thc erujr c
metatìpishc z, antÐ tou par�gonta klÐmakac α. Autèc oi dÔo posìthtec sqetÐzontai wc α =
α0

1+z
, ìpou α0 eÐnai o par�gontac klÐmakac thn paroÔsa qronik  stigm  sto tetradi�stato

sÔmpan.

4.4.2 Qr sh twn dedomènwn
Se aut  thn enìthta ja qrhsimopoi soume to set dedomènwn Gold (Gold06) apì thn anafo-
r� Riess et al. [68], gia na broÔme tic paramètrouc tou montèlou (4.253). Qrhsimopoi same
thn tim  Ω0m = 0.27 kai akolouj same tic parak�tw treic mejìdouc ElaqistopoÐhsh, Pe-
rijwriopoÐhsh - ElaqistopoÐhsh kai ElaqistopoÐhsh - Mèsoc 'Oroc, me ta apotelèsmata
na eÐnai sunep  metaxÔ twn tri¸n mejìdwn. Leptomer¸c, oi mèjodoi autoÐ eÐnai[207]:

• ElaqistopoÐhsh: Elaqistopoi same thn exÐswsh (2.19) wc proc ìlec tic paramè-
trouc (ΩDR, Ω̃B, ν kai µ). Ta b mata pou akolouj jhkan gia thn elaqistopoÐhsh
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thc (2.19) perigr�fontai kai sto kef�laio 2. To pleonèkthma aut c thc mejìdou
eÐnai ìti sumperifèretai me ton Ðdio trìpo se ìlec tic paramètrouc kai dÐnei �mesh
plhroforÐa kai gia tic tèsseric. Wstìso, aux�netai shmantik� o arijmìc twn para-
mètrwn tou sust matoc, prokal¸ntac ètsi meg�la sf�lmata.

• PerijwriopoÐhsh-ElaqistopoÐhsh: Se aut  th mèjodo, perijwriopoi same tic
paramètrouc ΩDR ∈ [−1.5, 5] kai Ω̃B ∈ [−10, 2] kai elaqistopoi same wc proc ν kai
µ. Gia na epilèxoume to eÔroc sto opoÐo ja gÐnei h perijwriopoÐhsh, efìson den
up�rqei prohgoÔmenh plhroforÐa gia tic dÔo paramètrouc, elaqistopoi same to χ2

gia arket� zeÔgh tim¸n twn ν kai µ kai br kame èna eÔroc arket� meg�lo ¸ste na
perièqontai ìlec oi timèc twn ΩDR kai Ω̃B. EpÐshc, elègxame ìti ta apotelèsmata
mac den ephre�zontai apì thn epilog  tou eÔrouc. To perijwriopoihmèno χ̃2 orÐzetai
wc:

χ̃2(ν, µ) = −2 ln

∫
e−χ2/2 dΩDR dΩ̃B , (4.261)

kai elaqistopoieÐtai wc proc ν kai µ, pou sqetÐzontai �mesa me tic posìthtec P̄B

kai P5. Aut  h mèjodoc èqei ligìtero ekfulismì se sqèsh me thn prohgoÔmenh all�
den parèqei k�poia èndeixh gia tic timèc twn ΩDR kai Ω̃B. Wstìso, oi timèc twn
paramètrwn aut¸n eÐnai aparaÐthtec gia ton prosdiorismì thc weff (z), pou orÐzetai
apì thn exÐswsh (4.258). 'Etsi, epilègoume tic timèc twn paramètrwn ν kai µ se
autèc pou brèjhkan prin kai elaqistopoioÔme to χ2 wc proc ΩDR kai Ω̃B.

• ElaqistopoÐhsh-Mèsoc 'Oroc: Oi timèc twn ΩDR kai Ω̃B pou brèjhkan apì thn
prohgoÔmenh mèjodo epibebai¸jhkan kai diaforetik�, kai sugkekrimèna paÐrnontac
to mèso ìro twn tim¸n twn paramètrwn pou elaqistopoioÔn to χ2. 'Etsi, orÐzoume
tic mèsec timèc twn paramètrwn wc:

< Ωpar >=

∫
Ωpare

−χ2/2 dΩDR dΩ̃B∫
e−χ2/2 dΩDR dΩ̃B

, (4.262)

ìpou par = {ΩDR, Ω̃B}.
Oi timèc twn paramètrwn pou brèjhkan me tic parap�nw mejìdouc faÐnontai ston PÐ-

naka 4.6. H pr¸th mèjodoc den mporeÐ na qrhsimopoihjeÐ gia to sqhmatismì asfal¸n
sumperasm�twn sqetik� gia to montèlo mac lìgw twn meg�lwn sfalm�twn twn paramè-
trwn. Wstìso, h mèjodoc thc perijwriopoÐhshc faÐnetai na upodeiknÔei ìti ν ∼ −3 kai ìti
h par�metroc Ω̃B eÐnai arnhtik , k�ti to opoÐo antistoiqeÐ se jetik  pÐesh ston uperq¸ro
PB (dec exis¸seic (4.250) kai (4.254) ). EpÐshc, to ìti h par�metroc Ω5 eÐnai jetik  anti-
stoiqeÐ se P5 < 0, to opoÐo shmaÐnei ìti h enèrgeia rèei apì ton uperq¸ro proc th br�nh.
Autì eÐnai èna diaisjhtik� anamenìmeno apotèlesma to opoÐo parèqei endeÐxeic gia thn Ô-
parxh enìc idanikoÔ reustoÔ Ôlhc ston uperq¸ro to opoÐo kineÐtai me taqÔthta v kat� thn
pèmpth di�stash [208, 209]. O ìroc thc skotein c aktinobolÐac èqei deiqjeÐ ìti sqetÐzetai
me thn genikeumènh omokinoÔmenh m�za M tou reustoÔ ston uperq¸ro [212] kai h par�me-
troc thc ΩDR eÐnai jetik . Autì eÐnai èna epijumhtì apotèlesma tou montèlou, kaj¸c mia
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Sq ma 4.22: H energìc katastatik  exÐswsh weff gia th mèjodo thc `ElaqistopoÐhshc '
(sq ma 4.22a) kai thc `PerijwriopoÐhshc - ElaqistopoÐhshc ' (sq ma 4.22b). H meg�lh
perioq  tou sf�lmatoc sto sq ma 4.22a ofeÐletai ston meg�lo ekfulismì tou montèlou
en¸ h mikrìterh perioq  tou sq matoc 4.22b sto ìti oi timèc twn ν kai µ jewr jhkan
stajerèc kat� thn elaqistopoÐhsh wc proc ΩDR kai Ω̃B.
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Sq ma 4.23: H par�metroc epibr�dunshc q gia th mèjodo thc `ElaqistopoÐhshc ' (sq ma
4.23a) kai thc `PerijwriopoÐhshc - ElaqistopoÐhshc ' (sq ma 4.23b). H meg�lh perioq 
tou sf�lmatoc sto sq ma 4.23a ofeÐletai ston meg�lo ekfulismì tou montèlou en¸ h
mikrìterh perioq  tou sq matoc 4.23b sto ìti oi timèc twn ν kai µ jewr jhkan stajerèc
kat� thn elaqistopoÐhsh wc proc ΩDR kai Ω̃B.
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PÐnakac 4.6: Oi timèc twn paramètrwn apì thn prosarmog  twn dedomènwn me k�je mia apì
tic treic mejìdouc. Prèpei na anaferjeÐ ìti oi posìthtec pou brèjhkan me thn mèjodo tou
mèsou ìrou thc exÐswshc (4.262) den èqoun sf�lma lìgw thc fÔshc thc mejìdou.

Mèjodoc ν µ ΩDR Ω̃B Ω5

ElaqistopoÐhsh 0.75± 5.09 −3.55± 5.77 0.29± 2.45 3.39± 0.76 −0.27± 2.57

Per.-Elaq. −3.0± 1.1 −0.8± 0.3 0.49± 0.25 −1.00± 0.49 1.24± 1.23

Per.-M.O. −3.0± 1.1 −0.8± 0.3 0.52 −1.05 1.26

arnhtik  tim  ja antistoiqoÔse kai se arnhtik  m�za M. Tèloc, ìpwc faÐnetai kai ston
PÐnaka 4.6, oi dÔo mèjodoi `PerijwriopoÐhshc - ElaqistopoÐhshc ' kai `PerijwriopoÐhshc -
Mèsoc 'Oroc ' eÐnai se kal  sumfwnÐa.

Oi grafikèc parast�seic thc katastatik c exÐswshc weff (z) faÐnontai sta sq mata
4.22 kai 4.23 gia tic dÔo pr¸tec mejìdouc (`ElaqistopoÐhshc ' kai `PerijwriopoÐhshc -
ElaqistopoÐhshc '). Par� ta meg�la sf�lmata, oi weff (z) kai q(z) brÐskontai se kal 
sumfwnÐa. Oi grafikèc pou antistoiqoÔn sthn trÐth mèjodo (`PerijwriopoÐhshc - Mèsoc
'Oroc ') eÐnai praktik� Ðdiec me autèc twn sqhm�twn 4.22b kai 4.23b thc mejìdou `Perijw-
riopoÐhshc - ElaqistopoÐhshc ' (dec kai ton PÐnaka 4.6).

'Ena endiafèron qarakthristikì twn sqhm�twn 4.22a kai 4.23a eÐnai h Ôparxh twn perio-
q¸n me elattwmèna sf�lmata (“sweet-spots”) sta shmeÐa z ∼ 0.2 kai z ∼ 0.55. H Ôparxh
twn perioq¸n aut¸n se diaforetikèc erujrèc metatopÐseic kai montèla, kurÐwc polu¸numa,
èqei melethjeÐ prohgoumènwc [153] kai brèjhke ìti eÐnai kajar� sunèpeia tou montèlou pou
qrhsimopoieÐtai kai ìqi twn dedomènwn. Wstìso, qrhsimopoi¸ntac th mèjodo thc perijw-
riopoÐhshc h perioq  tou sf�lmatoc tou sq matoc 4.22b eÐnai polÔ pio omal  apì aut 
tou 4.23a.
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Kef�laio 5

SUMPERASMATA

Sthn paroÔsa didaktorik  diatrib  exet�sthkan merikèc apì tic pio endiafèrousec lÔseic
gia to prìblhma thc epitaqunìmenhc diastol c tou sÔmpantoc, oi opoÐec perilamb�noun
sugkekrimènec genikeumènec jewrÐec barÔthtac all� kai jewrhtik� montèla sta plaÐsia
thc Genik c Sqetikìthtac. Gia to skopì autì qrhsimopoi jhkan ta trèqonta kosmologik�
dedomèna, ìpwc gia par�deigma eÐnai oi uperkainofaneÐc astèrec tÔpou Ia kai h Kosmik 
AktinobolÐa Mikrokum�twn Upob�jrou, gia elegqjoÔn tìso h sumbatìthta me tic para-
thr seic, ìso kai oi endeqìmenec parathrhsiakèc upografèc twn jewri¸n aut¸n.

Sto kef�laio 2 parousi�same analutik� ta eÐdh twn kosmologik¸n parathr sewn ta
opoÐa qrhsimopoi jhkan sth melèth aut , kaj¸c kai ta set dedomènwn apì tic di�forec
èreunec pou qrhsimopoi jhkan gia thn eÔresh parathrhsiak¸n periorism¸n sta plaÐsia,
all� kurÐwc kai pèra apì aut�, thc Genik c Sqetikìthtac. Autèc oi parathr seic, ì-
pwc eÐdame, mporoÔn na qwristoÔn se dÔo kathgorÐec [49] sÔmfwna me tic mejìdouc pou
qrhsimopoi jhkan gia na brejeÐ h H(z):

• Oi Gewmetrikèc parathr seic aniqneÔoun thn gewmetrÐa tou sÔmpantoc se meg�-
lh klÐmaka mèsw thc ex�rthshc twn di�forwn kosmologik¸n apost�sewn (dL(z)  
dA(z)) sthn erujr  metatìpish z. Sunep¸c, prosdiorÐzoun thn H(z) anex�rthta apì
to an isqÔoun oi exis¸seic Einstein.

• Oi Dunamikèc parathr seic prosdiorÐzoun thn sun�rthsh H(z) metr¸ntac thn exèli-
xh thc puknìthtac enèrgeiac (tou upob�jrou   twn diataraq¸n) kai qrhsimopoi¸ntac
mia jewrÐa barÔthtac gia na ta susqetÐsei me thn gewmetrÐa, dhlad  thn H(z). Au-
tèc oi mèjodoi basÐzontai sthn gn¸sh twn dunamik¸n exis¸sewn pou sundèoun thn
gewmetrÐa me thn enèrgeia kai sunep¸c mporoÔn na qrhsimopoihjoÔn se sunduasmì
me tic gewmetrikèc parathr seic gia na elegqjoÔn oi dunamikèc exis¸seic.

ParadeÐgmata gewmetrik¸n mejìdwn eÐnai:
1. H metroÔmenh apìstash lamprìthtac dL(z)[31],[50],[51], h opoÐa gia èna epÐpedo

sÔmpan sqetÐzetai me thn H(z) wc ex c

dL(z) = (1 + z)

∫ z

0

dz′

H(z′)
(5.1)
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2. H metroÔmenh gwniak  diametrik  apìstash[29],[52] dA(zrec) wc ton hqhtikì orÐzonta
rs(zrec) thn epoq  thc epanasÔndeshc

dA(zrec) =
1

1 + zrec

∫ zrec

0

dz′

H(z′)
(5.2)

3. H klÐmaka tou hqhtikoÔ orÐzonta metroÔmenh se pio mikrèc erujrèc metatopÐseic
(zBAO) mèsw twn sunart sewn susqètishc (correlation functions) apì tic èreunec
erujr c metatìpishc thc dom c meg�lhc klÐmakac [53]

DV (z) =

[(∫ zBAO

0

dz

H(z)

)2
zBAO

H(zBAO)

]1/3

(5.3)

4. To posostì thc m�zac twn baruonÐwn thc Ôlhc se sm nh galaxi¸n me b�sh tic èreunec
me aktÐnec Q

fgas =
Mgas

Mtot

(5.4)

h opoÐa jewreÐtai stajer  gia ìla ta sm nh kai an�logh thc posìthtac Ωb

Ω0m
h opoÐa

aniqneÔei thn gwniak  diametrik  apìstash [54],[55],[56] se k�je sm noc.

'Ena par�deigma dunamik c mejìdou anÐqneushc thc gewmetrÐac eÐnai h uperpuknìthta
twn diataraq¸n thc Ôlhc δ(α) (matter overdensity all� gnwst  kai wc growth factor) pou
orÐzetai wc [22]

δ(α) ≡
δρ
ρ
(α)

δρ
ρ
(α = 1)

(5.5)

Sto kef�laio 3 melet same jewrhtik� montèla kai eÐdame touc parathrhsiakoÔc pe-
riorismoÔc sta plaÐsia thc Genik c Sqetikìthtac. Sugkekrimèna, sugkentr¸same èna set
apì dedomèna pou apoteleÐtai apì thn par�metro paramìrfwshc thc erujr c metatìpishc
β(z) (redshift distortion parameter) kai thn mèsh diakÔmansh thc m�zac σ8(z) (rms mass
fluctuation) se mÐa sfaÐra aktÐnac R = 8h−1Mpc se di�forec erujrèc metatopÐseic ìpwc
brèjhkan apì èreunec parat rhshc galaxi¸n kai tou fainomènou Ly−α. Qrhsimopoi¸ntac
autì to set dedomènwn prosdiorÐsame th morf  thc uperpuknìthtac twn diataraq¸n thc
Ôlhc δ(z) me b�sh thn parametropoÐhsh (2.105) kai jewr¸ntac Ω0m = 0.3. H tim  thc
paramètrou γ pou brèjhke apì thn prosarmog  twn dedomènwn eÐnai γ = 0.674+0.195

−0.169 kai
brÐsketai se kal  sumfwnÐa me thn tim  gia to ΛCDM γ = 6

11
. EpÐshc, to Ðdio sumpèrasma

bg ke qrhsimopoi¸ntac kai mia genÐkeush tou test thc anafor�c [106].
O sunduasmìc gewmetrik¸n (H(z)) kai dunamik¸n (δ(z)) parathr simwn posot twn pou

qrhsimopoi jhkan gia ton èlegqo tou ΛCDM ja mporoÔsan epÐshc na qrhsimopoihjoÔn
kai gia ton èlegqo twn genikeumènwn jewri¸n barÔthtac, k�ti to opoÐo den eÐnai eÔkolo
qrhsimopoi¸ntac mìno ta gewmetrik� test. Wstìso, se aut  thn perÐptwsh qrei�zetai
prosoq , kaj¸c prèpei na xanagÐnei h an�lush twn fasm�twn dÔnamhc qrhsimopoi¸ntac
thn kat�llhlh morf  tou H(z) gia th metatrop  twn erujr¸n metatopÐsewn se apost�seic.
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'Omwc, dedomènhc thc abebaiìthtac stic parathr seic tou rujmoÔ diataraq¸n thc Ôlhc,
eÐnai bèbaio ìti ja qreiastoÔn dedomèna polÔ kalÔterhc poiìthtac gia na eÐnai dunat  h
di�krish metaxÔ tou ΛCDM kai twn genikeumènwn jewri¸n thc barÔthtac. Ta dedomèna
aut� mporoÔn na proèljoun apì èreunec asjen¸n barutik¸n fak¸n meg�lhc klÐmakac ìpwc
h èreuna DUNE, h opoÐa anamènetai na metr sei thn katastatik  exÐswsh thc Skotein c
Enèrgeiac me akrÐbeia kalÔterh apì 5% [109].

EpÐshc, melet jhke h exèlixh barutik� dèsmiwn susthm�twn se diastellìmena upìba-
jra kai idiaÐtera sthn perÐptwsh thc epitaqunìmenhc diastol c pou ofeÐletai se phantom
pedÐa (w < −1). Sugkekrimèna, brèjhke h qronik  ex�rthsh thc aktÐnac twn dèsmiwn
susthm�twn kai prosdiorÐsthke o qrìnoc aposÔzeuxhc twn susthm�twn aut¸n lìgw twn
akraÐwn apwstik¸n fainomènwn twn phantom pedÐwn. Akìmh, sqedi�zontac thn troqi� tou
dèsmiou sust matoc kat� thn epoq  thc aposÔzeuxhc apodeÐqjhke ìti ta dèsmia sust mata
ekr gnuntai aktinik� met� thn aposÔzeuxh. Ta apotelèsmat� mac aut� sugkrÐjhkan me
prohgoÔmena kai brèjhkan se poiotik  all� ìqi posotik  sumfwnÐa.

Wstìso, se aut  th melèth jewr same stajer  katastatik  exÐswsh w. H epèkta-
sh twn apotelesm�twn sthn perÐptwsh qronik� exelissìmenhc w(z) eÐnai profan c. Mia
pijan  beltÐwsh sthn akrÐbeia twn apotelesm�twn mporeÐ na epèljei apì th qr sh pio
akriboÔc metrik c gia thn parembol  metaxÔ thc metrik c Schwarzschild kai thc metrik c
FRW[119]. Mia tètoia beltÐwsh ja  tan shmantik  gia isqur¸c dèsmia sust mata, dhlad 
sthn perÐptwsh pou den isqÔei h prosèggish twn asjen¸n pedÐwn kai mikr¸n taqut twn.

'Ena �llo shmantikì shmeÐo pou eÐdame se autì to kef�laio eÐnai kai h qr sh twn
dedomènwn twn uperkainofan¸n astèrwn gia thn eÔresh twn pio sumbat¸n me tic para-
thr seic kosmologik¸n montèlwn. Qrhsimopoi¸ntac to set dedomènwn Gold04, epilègo-
ntac Ω0m = 0.3 kai upojètontac epipedìthta, eÐdame ìti se mikrèc erujrèc metatopÐseic
(z < 0.5) ìla ta montèla plhsi�zoun thn tim  w(z) ' −1, all� ta perissìtera (ìqi ì-
mwc ìla) problèpoun pwc h tim  aut  eÐnai elafr� mikrìterh tou −1 wc −1.3 gia mikrèc
erujrèc metatopÐseic sto eÔroc [0, 0.5]. Up�rqoun kai merik� polÔ kal� montèla, ta opoÐa
ìmwc èqoun χ2

min to opoÐo eÐnai mikrìtero apì to mèso ìro gia ton opoÐo w(z) > −1. Autì
shmaÐnei ìti h phantom enèrgeia [114] (w < −1) eÐnai sumbat  me ta dedomèna, all� ìqi
aparait twc pio pijan  apì thn quintessence (w > −1).

Genikìtera, ìpwc èqoume anafèrei, eÐnai polÔ shmantikì na brejoÔn sugkekrimènec
parathrhsiakèc upografèc me tic opoÐec ja  tan dunatì na gÐnei di�krish thc Skotein 
Enèrgeia apì tic genikeumènec jewrÐec barÔthtac wc phgèc thc epitaqunìmenhc diastol c
tou sÔmpantoc. H di�sqish thc PDL w = −1 mporeÐ na jewrhjeÐ wc mÐa tètoia upograf ,
h opoÐa basÐzetai stic gewmetrikèc parathr seic. 'Opwc eÐdame, oi aploÔsterec jewrhtik�
parakinoÔmenec jewrÐec pou eÐnai sumbatèc me aut  eÐnai oi genikeumènec jewrÐec barÔthtac
kai mia apì tic pio qarakthristikèc kl�seic jewri¸n eÐnai oi scalar-tensor jewrÐec.

Parìlo pou proc to parìn den up�rqoun apìluta xek�jarec parathrhsiakèc endeÐxeic
gia th di�sqish thc PDL, up�rqoun arket� eÐdh parathr sewn pou deÐqnoun mia protÐmhsh
gia aut  th di�sqish se sqèsh me mia stajer  katastatik  exÐswsh gia th Skotein  Enèr-
geia. Autèc oi parathr seic perilamb�noun to set uperkainofan¸n astèrwn tÔpou Gold
gia sqedìn opoiod pote logikì eÔroc thc paramètrou Ω0m, h par�metroc metatìpishc R
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tou f�smatoc thc Kosmik c AktinobolÐac Mikrokum�twn Upob�jrou, oi akoustikèc tala-
nt¸seic twn baruonÐwn all� kai h uperpuknìthta twn diataraq¸n thc Ôlhc gia mÐa sqetik�
mikr  tim  thc paramètrou Ω0m (Ω0m

<∼ 0.25). AntÐjeta, mia mh exelissìmenh w ' −1 faÐ-
netai na protim�tai apì ta dedomèna twn uperkainofan¸n astèrwn tou pr¸tou ètouc thc
èreunac SNLS.

Mia �llh, Ðswc kai pio endiafèrousa, parathrhsiak  upograf , h opoÐa ja mporoÔse
na aporrÐyei thn Skotein  Enèrgeia proc ìfeloc twn genikeumènwn jewri¸n barÔthtac,
brÐsketai qrhsimopoi¸ntac th mètrhsh tou grammikoÔ rujmoÔ twn diataraq¸n f thc exÐsw-
shc (2.105) se di�forec erujrèc metatopÐseic. Autì to test qrhsimopoieÐ dunamikèc (antÐ
gia gewmetrikèc) parathr seic, kai ìpwc eÐdame, en gènei eÐnai se jèsh na xeqwrÐsei autèc
tic dÔo om�dec jewri¸n. EpÐshc, diapist¸jhke ìti ta trèqonta parathrhsiak� dedomèna
2dFGRS faÐnetai pwc eÐnai sumbat� me to ΛCDM sta plaÐsia thc Genik c Sqetikìthtac
kai den deÐqnoun ìti up�rqei an�gkh gia genikeumènec jewrÐec barÔthtac.

Suzht jhke epÐshc to oloklhrwtikì fainìmeno Sachs - Wolfe (ISW effect), to opoÐo
eÐnai euaÐsjhto sthn uperpuknìthta twn diataraq¸n thc Ôlhc se mikrèc erujrèc metatopÐ-
seic, wc èna en dun�mei qr simo dunamikì test gia thn Skotein  Enèrgeia. DeÐxame ìti sta
plaÐsia thc Genik c Sqetikìthtac, gia stajer  par�metro metatìpishc R̄ kai stajer  Ω0m,
to fainìmeno ISW tou f�smatoc thc Kosmik c AktinobolÐac Mikrokum�twn Upob�jrou
kai h uperpuknìthta twn diataraq¸n thc Ôlhc D(α) faÐnetai na mhn exart¸ntai apì thn
katastatik  exÐswsh thc Skotein c Enèrgeiac. O ekfulismìc tou f�smatoc thc Kosmik c
AktinobolÐac Mikrokum�twn Upob�jrou me stajer  par�metro metatìpishc R̄ èqei meleth-
jeÐ kai prohgoumènwc [213], all� se aut  thn perÐptwsh h par�metroc Ω0m metaballìtan
tautìqrona me thn w(z) = w0 = const ¸ste na diathrhjeÐ h R̄ stajer . Sunep¸c, to
f�sma thc Kosmik c AktinobolÐac Mikrokum�twn Upob�jrou se meg�lec klÐmakec (mikr�
l) �llaze lìgw thc metabol c tou D(α) (fainìmeno ISW).

AxÐzei na anaferjeÐ ìti oi metr seic tou f�smatoc gia arket� mikr� l eÐnai ek fÔsewc
dÔskolec kai me meg�la sf�lmata kaj¸c up�rqei èna ìrio [22] (cosmic variance) sthn
akrÐbeia me thn opoÐa mporoÔme na metr soume to f�sma isqÔoc thc Kosmik c AktinobolÐac
Mikrokum�twn Upob�jrou, dhlad  tic paramètrouc Cl pou orÐzontai mèsw thc sqèshc
(2.52). Autì ofeÐletai sto ìti oi par�metroi αlm pou orÐzontai apì thn exÐswsh (2.51)
eÐnai tuqaÐec metablhtèc kai epeid  gia opoiod pote l up�rqoun 2l + 1 par�metroi αlm, h
plhroforÐa pou paÐrnoume gia ta Cl gia polÔ mikr� l eÐnai periorismènh.

O ekfulismìc pou parathr jhke mporeÐ na qrhsimopoihjeÐ wc èna epiplèon ergaleÐo gia
th di�krish metaxÔ thc Genik c Sqetikìthtac kai twn genikeumènwn jewri¸n barÔthtac. Gia
par�deigma, an to fainìmeno ISW diafèrei apì thn anamenìmenh morf  tou pou brÐsketai
apì th metroÔmenh par�metro metatìpishc R̄ kai thc Ω0m, tìte autì ja mporoÔse na
jewrhjeÐ wc èndeixh gia thn Ôparxh epekt�sewn thc Genik c Sqetikìthtac. Metabolèc
sto fainìmeno ISW anamènontai gia par�deigma se jewrÐec pou problèpoun mia qronik�
exart¸menh stajer� thc pagkìsmiac èlxhc. Sugkekrimèna, sthn anafor� [214] eÐqe deiqjeÐ
ìti sto montèlo DGP se prìsfatouc qrìnouc, oi diataraqèc upeisèrqontai se mia perioq 
ìpou h energìc tim  thc stajer�c thc pagkìsmiac èlxhc aux�netai kaj¸c h puknìthtac
thc Ôlhc tou upob�jrou mei¸netai. Autì prokaleÐ th meÐwsh tou fainomènou ISW, me
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apotèlesma to montèlo DGP na brÐsketai se oriak� kalÔterh sumfwnÐa me ta dedomèna
WMAP apì ìti to kajierwmèno ΛCDM.

H Ôparxh twn phantom bajm¸n eleujerÐac pou apaitoÔntai gia th di�sqish thc PDL,
h opoÐa eÐnai mia gewmetrik  upograf , dhmiourgeÐ arket� jewrhtik� probl mata. Ta
phantom pedÐa (w < −1) [122],[140] parabi�zoun thn Isqur  Sunj kh Enèrgeiac (Strong
Energy Condition), thn KurÐarqh Sunj kh Enèrgeiac (Dominant Energy Condition) kai
mporeÐ na eÐnai fusik� astaj  afoÔ h enèrgei� touc den eÐnai apì k�tw fragmènh kai
epitrèpei thn aposÔnjesh tou kenoÔ mèsw thc paragwg c alhjin¸n swmatidÐwn uyhl c
enèrgeiac kai fantasm�twn (ghosts) arnhtik c enèrgeiac [141],[142],[143],[144]. AntÐjeta,
oi genikeumènec jewrÐec barÔthtac den p�sqoun apì kanèna apì aut� ta probl mata, èqoun
pio stèrea jewrhtik  b�sh kai h di�sqish thc PDL gÐnetai polÔ eÔkola sta plaÐsia twn
jewri¸n aut¸n, me apotèlesma na eÐnai ètsi pio elkustikèc apì ta el�qista suzeugmèna
(minimally coupled) phantom pedÐa.

Apì thn �llh, h dunamik  upograf  (h uperpuknìthta twn diataraq¸n thc Ôlhc) u-
pojètei ìti oi diataraqèc thc Skotein c Enèrgeiac mporoÔn na agnohjoÔn se klÐmakec
mikrìterec tou orÐzonta kai den mporoÔn na mimhjoÔn ta apotelèsmata twn genikeumènwn
jewri¸n barÔthtac. Apì autèc tic upojèseic faÐnetai ìti eÐnai shmantikì na anagnwri-
stoÔn peraitèrw eÐdh parathrhsiak¸n upograf¸n pou ja mporoÔn na qrhsimopoihjoÔn se
sunduasmì me tic parap�nw kai na d¸soun pio isqur� test pou ja diakrÐnoun tic dÔo om�dec
twn jewri¸n.

'Opwc eÐdame, to set dedomènwn Gold deÐqnei mia protÐmhsh gia dunamik� exelissìmenh
Skotein  Enèrgeia pou diasqÐzei thn PDL sto shmeÐo z ' 0.2, se sqèsh me thn kosmologik 
stajer� en¸ autì den gÐnetai gia to SNLS. Gia na melet soume se megalÔtero b�joc th
diafor� aut  qrhsimopoi same trÐa set dedomènwn twn uperkainofan¸n astèrwn: to pl rec
Gold (FG) (157 shmeÐa sta eÔroc 0 < z < 1.7), to kommèno Gold (TG) (140 shmeÐa sta
eÔroc 0 < z < 1) kai to SNLS (115 shmeÐa sto eÔroc 0 < z < 1). Qrhsimopoi¸ntac trÐa
diaforetik� montèla gia thn H(z) ta opoÐa epitrèpoun th dunamik  exèlixh thc Skotein c
Enèrgeiac kai èqoun apì dÔo paramètrouc, ¸ste na epitrèpoun th di�sqish thc PDL,
exet�same th sumbatìthta an�mesa sta trÐa set sqetik� me to pìso kal� mporoÔn na
periorÐzoun tic timèc twn paramètrwn. Br kame ìti, parìlo pou ta trÐa set eÐnai metaxÔ
touc sumbat� se epÐpedo empistosÔnhc 95.4%, to set Gold deÐqnei mia xek�jarh protÐmhsh
gia th di�sqish thc PDL, h opoÐa den up�rqei sta �lla set dedomènwn twn uperkainofan¸n
astèrwn. Sugkekrimèna parathr jhke ìti:

• H katastatik  exÐswsh w(z) pou brÐsketai apì thn prosarmog  twn dedomènwn SNLS
den diasqÐzei thn PDL w = −1 kai paramènei kont� sth gramm  w = −1 gia ìlo to
eÔroc thc erujr c metatìpishc 0 < z < 1. Akìmh, oi timèc twn paramètrwn (w0, w1)
twn dunamik� exelissìmenwn w(z) montèlwn brÐskontai polÔ kont� sto parametrikì
q¸ro me to ΛCDM (w0 = −1, w1 = 0). Sunep¸c, ta dedomèna den faÐnetai na
apaitoÔn   kai na qrhsimopoioÔn touc èxtra bajmoÔc eleujerÐac twn dunamik¸n w(z)
montèlwn. Autì eÐnai èna endiafèron qarakthristikì twn dedomènwn to opoÐo eunoeÐ
to ΛCDM montèlo. AntÐjeta, h katastatik  exÐswsh w(z) h opoÐa brÐsketai apì thn
prosarmog  twn dedomènwn Gold (kai to pl rec kai to kommèno) xek�jara diasqÐzei
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thn PDL kai apoklÐnei shmantik� apì th gramm  w = −1. SÔmfwna me ta parap�nw
ta set dedomènwn to ΛCDM montèlo eÐnai sumbatì me aut� all� ìqi protim¸meno
kaj¸c eÐnai perÐpou 2σ makri� apì to el�qisto.

• Oi timèc twn paramètrwn (Ω0m, ΩΛ) apì thn prosarmog  twn dedomènwn gia to ΛCDM
montèlo lamb�nontac upìyh thn kampulìthtac parousÐasan endiafèrousec diaforèc
an�mesa sta set Gold kai SNLS. Sugkekrimèna, to SNLS èdeixe mia protÐmhsh gia
epÐpedo sÔmpan perissìtero apì to Gold set. Wstìso, kai ta trÐa set paramè-
noun sumbat� me èna epÐpedo ΛCDM se epÐpedo empistosÔnhc 95.4% en¸ to SCDM
apokleÐetai apì ìla me perissìtera apì 10σ empistosÔnhc.

Oi parap�nw diaforèc metaxÔ twn Gold kai SNLS mporoÔn na sunoyistoÔn anafèrontac
ìti to SNLS parèqei perissìterec endeÐxeic upèr enìc epÐpedou ΛCDM apì ìti to Gold.

To gegonìc ìti ta pio prìsfata dedomèna twn uperkainofan¸n astèrwn twn set HST
kai SNLS faÐnetai na uposthrÐzoun to ΛCDM, perissìtero apì ta paliìtera dedomèna
HZSST, faÐnetai na upodeiknÔei ìti Ðswc ta paliìtera dedomèna èqoun perissìtera susth-
matik� sf�lmata. 'Opwc eÐdame kat� th melèth thc omoiogèneiac tou set Gold06, eÐnai
dunatì na apomonwjoÔn oi uperkainofaneÐc autoÐ apì to set HZSST, oi opoÐoi eÐnai peris-
sìtero upeÔjunoi gia thn protÐmhsh tou HZSST gia dunamik� exelissìmenh katastatik 
exÐswsh w(z), kai brèjhke pwc eÐnai ta SN99Q2, SN00ee, SN00ec, SN99S, SN01fo, SN99fv.
EÐnai loipìn anamenìmeno pwc ta susthmatik� sf�lmata ta opoÐa od ghsan sthn sumpe-
rifor� aut  tou HZSST megistopoioÔntai gia autoÔc touc èxi uperkainofaneÐc astèrec.
Enallaktik�, oi èxi autoÐ uperkainofaneÐc astèrec mporoÔn na aporrifjoÔn apì to set
Gold06 se mia prosp�jeia na beltiwjeÐ h omoiogèneia tou set kai na gÐnei pio sumbatì me
tic upìloipec parathr seic.

Sumperasmatik�, eÐdame ìti par� thn beltiwmènh an�lush kai bajmonìmhsh, to Gold06
set perièqei akìma statistikèc anomoiogèneiec, ìpwc faÐnetai apì thn Ôparxh twn 6 pro-
anaferjèntwn shmeÐwn. Dedomènou tou ìti ta ne¸tera dedomèna SNLS kai HST eÐnai
omogen  kai statistik� sunep  metaxÔ touc, an kai proèrqontai apì teleÐwc diaforetikèc
ereunhtikèc om�dec, eÐnai pijanì ìti h phg  twn susthmatik¸n sfalm�twn brÐsketai sta
paliìtera dedomèna kai m�lista sto uposÔnolo HZSST .

Sto kef�laio 4 melet same mia meg�lh om�da genikeumènwn jewri¸n barÔthtac pou
perilamb�nei genikeÔseic thc Lagkranzian c thc Genik c Sqetikìthtac, ìpwc bajmwt�
pedÐa mh el�qista suzeugmèna (non-minimally coupled) me to barutikì pedÐo, gnwstèc
wc scalar-tensor jewrÐec, all� kai thn endiafèrousa perÐptwsh pou h Lagkranzian  aut 
eÐnai genik  sun�rthsh tou bajmwtoÔ Ricci, dhlad  f = f(R). EpÐshc, melet same kai mia
endiafèrousa enallaktik  twn parap�nw genikeÔsewn thc Genik c Sqetikìthtac, h opoÐa
basÐzetai sthn kosmologÐa bran¸n (branes) kai perilamb�nei antallag  enèrgeiac metaxÔ
thc br�nhc kai tou uperq¸rou (bulk).

Sugkekrimèna, sta plaÐsia scalar-tensor jewri¸n upojèsame aplèc parametropoi seic
gia tic sunart seic H(z) kai G(z) kai qrhsimopoi¸ntac ta dedomèna twn uperkainofan¸n
astèrwn elègxame thn sumbatìthta touc me tic parathr seic. Brèjhke ìti h G(z) upo-
deiknÔei mia bradèwc fjÐnousa me to qrìno stajer� thc pagkìsmiac èlxhc   antÐstoiqa
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mia aÔxousa F (z) = 1
G(z)

se prìsfatouc qrìnouc. H antÐstoiqh sun�rthsh gia thn ka-
tastatik  exÐswsh, orismènh mèsw thc exÐswshc (4.38), brèjhke na diasqÐzei th gramm 
w = −1 kai stic dÔo peript¸seic ìpou jewr jhke stajer  kai qronik� exart¸menh G. 'O-
mwc, sthn teleutaÐa perÐptwsh h w(z) brèjhke na metab�lletai perissìtero me thn erujr�
metatìpish.

H tautìqronh gn¸sh twn F (z) kai H(z) mac epitrèpei thn monos manth anakataskeu 
thc scalar-tensor jewrÐac lÔnontac tic genikeumènec exis¸seic Friedmann. H sugkekrimènh
anakataskeuasmènh apì ta dedomèna jewrÐa brèjhke ìti p�sqei apì to Ðdio prìblhma me tic
el�qista suzeugmènec jewrÐec, twn opoÐwn o kinhtikìc ìroc all�zei prìshmo se prìsfatec
epoqèc. H qr sh pio polÔplokwn parametropoi sewn gia tic G(z) kai H(z) ìqi mìno eÐqe
mikr  epÐdrash sta apotelèsmata, all� oÔte èluse to prohgoÔmeno prìblhma.

'Etsi, an oi sunart seic H(z) kai G(z) brejoÔn apì mellontikèc parathr seic uperkai-
nofan¸n astèrwn na èqoun thn proanaferjeÐsa morf , tìte autì ja upodeÐknue ìti oÔte
oi el�qista suzeugmènec jewrÐec, oÔte kai oi scalar-tensor pragmatopoioÔntai sth fÔsh.
Se aut  thn perÐptwsh ta dedomèna twn uperkainofan¸n astèrwn mporeÐ na eÐnai sumbat�
eÐte me epekt�seic thc Genik c Sqetikìthtac, ìpwc p.q. eÐnai ta montèla twn bran¸n,   me
sunduasmoÔc phantom kai quintessence pedÐwn, dec p.q. [145] kai gia �llec enallaktikèc
[140],[139].

Wc mia �llh mèjodoc an�lushc aut¸n twn montèlwn qrhsimopoi jhkan oi anisìth-
tec pou prokÔptoun apì thn apaÐthsh gia eswterik  sunèpeia twn jewri¸n aut¸n gia
th melèth tou parametrikoÔ q¸rou pou dÐnei el�qista suzeugmènec (Minimally Coupled
Quintessence - MCQ) kai mh el�qista suzeugmènec   scalar-tensor, gnwstèc kai wc (Ex-
tended Quintessence - EXQ), jewrÐec pou eÐnai sunepeÐc me tic parathr seic. Oi anisì-
thtec autèc eÐnai entel¸c genikèc me thn ènnoia ìti eÐnai anex�rthtec apì ta sugkekrimèna
qarakthristik� tou dunamikoÔ, apait¸ntac mìno thn eswterik  sunèpeia thc jewrÐac. Oi
eurejeÐsec apagoreumènec perioqèc, autèc dhlad  pou parabi�zoun tic parap�nw anisì-
thtec, èqoun shmantik  epik�luyh me ton parametrikì q¸ro pou eÐnai sumbatìc me tic
parathr seic se epÐpedo empistosÔnhc 2σ. Aut  h epik�luyh, h opoÐa exart�tai apì tic
qronikèc parag¸gouc tou G, èqei d¸sei austhroÔc periorismoÔc sth deÔterh par�gwgo
tou G (exÐswsh (4.83) ) pou eÐnai pio endiafèrontec se sqèsh me touc antÐstoiqouc (4.76)
apì tic parathr seic sto hliakì sÔsthma.

'Enac shmantikìc lìgoc pou periorÐzei ton parathr simo parametrikì q¸ro pou eÐnai
sumbatìc me tic MCQ kai EXQ eÐnai to gegonìc ìti to dunamikì mporeÐ na prokalèsei
epitaqunìmenh diastol , all� ìqi pèra apì to ìrio pou antistoiqeÐ sthn kosmologik 
stajer� w(z) = −1, h opoÐa antistoiqeÐ sthn perÐptwsh pou h exèlixh tou pedÐou eÐnai
pagwmènh. Epiplèon epit�qunsh mporeÐ na paraqjeÐ mìno sta plaÐsia twn genikeumènwn
jewri¸n EXQ mèsw thc qronik c exèlixhc thc G. MÐa fjÐnousa me to qrìno G(t) eunoeÐ
ìqi mìno thn epitaqunìmenh diastol  all� kai thn epiplèon epit�qunsh pou anafèrjhke
prohgoumènwc. Br kame ìti, dedomènou Ġ0 ' 0 (agno¸ntac to g1 afoÔ |g1| < 10−4 apì tic
parathr seic tou hliakoÔ sust matoc) an èqoume G̈0 > 0 (g2 > 0), tìte o apagoreumènoc
q¸roc mei¸netai kai ètsi mporoÔme na èqoume w0 < −1. All� to ìti Ġ0 ' 0 me G̈0 > 0
sunep�getai ìti eÐmaste kont� se èna el�qisto tou G(t), me to G(t) na eÐnai megalÔtero
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sto pareljìn, dhlad 
G(t)

G0

' 1 +
1

2
g2(H0(t− t0))

2 (5.6)

Sunep¸c, èna fjÐnwn G(t) antistoiqeÐ se G̈0 > 0 (g2 > 0) pou me th seir� tou sunep�getai
mikrìterec apagoreumènec perioqèc epitrèpontac ètsi thn epiplèon epit�qunsh se sumfwnÐa
me to prohgoÔmeno epiqeÐrhma.

EpÐshc, parousi�same kai mia endiafèrousa enallaktik  mèjodo gia thn anakataskeu 
thc sÔzeuxhc F (φ) kai tou dunamikoÔ U(φ) twn scalar-tensor jewri¸n. Aut  sthrÐzetai
sthn an�lush me th qr sh dunamik¸n susthm�twn kai sthn apaÐthsh ìti h jewrÐa ana-
par�gei to ΛCDM exelissìmeno apì thn epoq  thc aktinobolÐac weff = 1

3
, sthn epoq 

thc Ôlhc weff = 0 kai tèloc sthn epoq  deSitter weff = −1. Brèjhke ìti ektìc apì th
sun jh genik  sqetikistik  lÔsh, h opoÐa èqei stajer  sÔzeuxh F (φ) = F0 kai dunamikì
U(φ) = U0 (pou antistoiqoÔn stic stajerèc thc pagkìsmiac èlxhc kai thn kosmologik 
stajer�), up�rqei �llh mia sumbat  lÔsh h opoÐa anapar�gei thn Ðdia kosmologik  exèlixh.
SÔmfwna me aut  th lÔsh

F (φ) = ξ(φ− C)2 (5.7)
U(φ) ∼ F (φ)m (5.8)

ìpou oi m, C eÐnai aujaÐretec stajerèc (to m wstìso eÐnai arnhtikì).
Ja prèpei na anaferjeÐ ìti, ìqi mìno oi elkustèc, all� kai ta krÐsima shmeÐa pou

upologÐsame èqoun endiafèron, epeid  gia mia pio realistik  an�lush stajerìthtac ja
epilegìtan h sÔzeuxh F (N) kai ja epitrepìntan sthn H(N) na metab�lletai, eis�gontac
ètsi kai katastrèfontac trìpouc ast�jeiac. Epomènwc, to fusik� endiafèron mèroc thc
an�lushc mac eÐnai oi timèc twn krÐsimwn shmeÐwn kai ìqi h stajerìthta touc, h opoÐa ja
mporoÔse na all�xei an epitrèpontan sthn H(N) na metab�lletai. 'Oson afor� ton arijmì
twn paramètrwn thc metablht c m, ja prèpei na tonÐsoume ìti, an eÐqame qrhsimopoi sei
thn par�metro n ∼ F,φ/F sthn an�lush mac (epilègontac ètsi th sÔzeuxh F (φ) kai epi-
trèpontac sthn H(N) na metab�lletai), to autìnomo sÔsthma ja  tan diaforetikì kai
analìgwc me tic timèc tou n, h stajerìthta kai h morf  tou H(N) ja �llaze analìgwc.
Mia endiafèrousa enallaktik  ja  tan na epilèxoume tic F kai U , ìpwc stic exis¸seic
(5.7) kai (5.8), kai na epitrèyoume sthn H(N) na metab�lletai kont� sto ΛCDM, ìpwc
sthn anafor� [189]. Endeqomènwc, aut  h mèjodoc ja pareÐqe mia endeleq  an�lush thc
stajerìthtac tou ΛCDM, afoÔ ja perieÐqe kai tic kat�llhlec diataraqèc tou H(N).

'Ena �llo polÔ endiafèron shmeÐo eÐnai ìti sta plaÐsia aut¸n twn jewri¸n pragma-
topoieÐtai polÔ eÔkola phantom sumperifor� kai autì eÐnai èna elkustikì shmeÐo twn
jewri¸n aut¸n. M�lista, ja mporoÔsame na eÐqame epilèxei diaforetikèc morfèc gia thn
H(N) oi opoÐec dÐnoun phantom sumperifor� se prìsfatouc qrìnouc paÐrnontac ètsi dia-
foretikèc morfèc gia thn F (N) se prìsfatouc qrìnouc kai diaforetik� krÐsima shmeÐa.
Autì to eÐdoc thc anakataskeu c ègine kai stic anaforèc [152] kai [215]. Xek�jara, h
sumperifor� se pr¸imouc qrìnouc thc anakataskeuasmènhc apì ta dedomèna F (N) den ja
�llaze akìma kai sthn phantom perÐptwsh.
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'Enac entel¸c anex�rthtoc trìpoc pou ja mporoÔse na odhg sei kai sth lÔsh pou brè-
jhke ed¸, exis¸seic (5.7) kai (5.8), eÐnai h epibol  mia summetrÐac Noether sth Lagkran-
zian  thc scalar-tensor jewrÐac. DeÐxame ìti epib�llontac mia tètoia summetrÐa odhgeÐ
monos manta sthn Ðdia morf  twn (5.7) kai (5.8). EpÐshc, odhgeÐ kai se èna diathroÔmeno
fortÐo Σ0 to opoÐo epitrèpei thn eÔresh thc akriboÔc lÔshc twn exis¸sewn kÐnhshc gia
thn par�gonta klÐmakac α(t) kai to bajmwtì pedÐo φ(t). Aut  h endiafèrousa sÔmptwsh
twn dÔo mejìdwn upodeiknÔei ìti up�rqei mh tetrimmèno fusikì perieqìmeno se aut  thn
om�da scalar-tensor jewri¸n.

H �llh meg�lh om�da genikeumènwn jewri¸n thc barÔthtac pou melet jhke eÐnai oi
f(R) jewrÐec. DeÐxame arijmhtik� all� kai analutik� me thn mèjodo twn autìnomwn
susthm�twn ìti mh grammikèc f(R) mporoÔn na anapar�goun thn H(z) thc exèlixhc tou
upob�jrou pou upodeiknÔetai apì tic parathr seic akìma kai an h f(R) den teÐnei sth
Genik  Sqetikìthta se pr¸imouc qrìnouc. Se aut  thn perÐptwsh to sÔmpan kuriarqeÐtai
apì skotein  barÔthta antÐ gia aktinobolÐa   Ôlh. To apotèlesma autì basÐzetai stic
timèc twn krÐsimwn shmeÐwn pou brèjhkan upojètontac mìno ìti h epoq  thc aktinobolÐac
antistoiqeÐ se stajer  katastatik  exÐswsh weff = 1

3
en¸ h epoq  thc Ôlhc se weff = 0.

H an�lush aut  upodeiknÔei ìti ta f(R) montèla mporoÔn na eÐnai bi¸sima (sumbat� me
tic parathr seic) akìma kai an apoklÐnoun apì th Genik  Sqetikìthta se pr¸imec epoqèc.
Sunep¸c mia bi¸simh f(R) jewrÐa prèpei na ikanopoieÐ èna apì ta parak�tw:

• EÐte h f(R) na teÐnei sth Genik  Sqetikìthta se pr¸imec epoqèc, all� na apoklÐnei
apì aut  se prìsfatouc qrìnouc

• 'H h skotein  barÔthta (f(R)) na mimeÐtai thn exèlixh thc aktinobolÐac   thc Ôlhc ìqi
mìno sto epÐpedo tou upob�jrou all� kai twn diataraq¸n. To teleutaÐo profan¸c
apaiteÐ thn xeqwrist  melèth twn diataraq¸n thc jewrÐac k�ti to opoÐo eÐnai pèra
apì ta ìria aut  thc melèthc.

Tèloc, ègine melèth kai enìc montèlou pou basÐzetai sthn kosmologÐa bran¸n kai to
opoÐo perilamb�nei antallag  enèrgeiac metaxÔ thc br�nhc kai tou uperq¸rou, me th qr sh
tou set dedomènwn twn uperkainofan¸n astèrwn Gold06 [68]. Skopìc thc melèthc  tan
na gÐnei mia ektÐmhsh twn protimhtèwn paramètrwn tou montèlou. To pleonèkthma tou
montèlou autoÔ eÐnai ìti èqei xek�jarh fusik  proèleush kai, parìlo pou o arijmìc twn
paramètrwn eÐnai sqetik� meg�loc kai dhmiourgoÔntai ètsi meg�la sf�lmata, o sunduasmìc
diaforetik¸n mejìdwn èdwse endiafèronta ìria stic paramètrouc.

Lìgw tou meg�lou meg�lou ekfulismoÔ tou montèlou pou qrhsimopoi jhke, h pr¸th
mèjodoc elaqistopoÐhshc èdwse tic paramètrouc apì thn prosarmog  twn dedomènwn me
meg�la sf�lmata (dec ton PÐnaka 4.6) den epitrèpei th diexagwg  asfal¸n sumperasm�-
twn. AntÐjeta, h mèjodoc thc perijwriopoÐhshc (marginalization) parèqei endeÐxeic gia thn
Ôparxh enìc idanikoÔ reustoÔ ston uperq¸ro, to opoÐo kineÐtai me taqÔthta v kat� thn
pèmpth di�stash, en¸ h antallag  thc enèrgeiac metaxÔ thc br�nhc kai tou uperq¸rou
antistoiqeÐ se arnhtik  pÐesh pou shmaÐnei ìti rèei enèrgeia apì ton uperq¸ro proc th
br�nh. Par� to gegonìc ìti brèjhkan oi anamenìmenec timèc twn paramètrwn, h energìc
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katastatik  exÐswsh weff diasqÐzei th gramm  w = −1. EpÐshc, to montèlo autì ana-
par�gei thn epitaqunìmenh diastol  se prìsfatouc qrìnouc, me thn met�bash apì thn
epitaqunìmenh f�sh sthn epibradunìmenh se z ≈ 0.5, to opoÐo eÐnai sunepèc me prohgoÔme-
nec melètec [51],[68]. Autì apodeiknÔei ìqi mìno thn ikanìthta aut c thc om�dac montèlwn
bran¸n na diasqÐsoun th gramm  w = −1, all� kai ìti ta kosmologik� dedomèna parèqoun
tic anamenìmenec timèc gia tic paramètrouc tou montèlou.

186



PARARTHMA

Se autì to par�rthma ja parajèsoume endeiktik� èna mèroc apì ton k¸dika gia thn
an�lush twn dedomènwn twn uperkainofan¸n tÔpou Ia. O k¸dikac eÐnai grammènoc se
Mathematica 5.2 .
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