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Introduction

Many of us think that the fundamental theories that describe our world are actually
low-energy effects of a yet more fundamental theory.

This philosophy has been historically rewarded in Science. For instance, we may
mention a crucial example in high-energy Physics: Fermi invented a model to de-
scribe, within the framework of Quantum Field Theory, the weak force responsi-
ble of [-decays. Fermi’s model explains the experimental data well, but it is non-
renormalizable. This implies that the theory becomes inconsistent at high energies.
For some people this was a sign that there was something beyond Fermi’s model.
Eventually, the theory of electroweak interactions came in, being renormalizable and
yielding Fermi’s model as its effective theory.

Now String Theory could be the theory beyond the Standard Model of Particles,
providing also a quantum theory for gravitation. It is the most promising candidate
for a theory of everything giving a consistent unification of all the fundamental inter-
actions. Moreover, we could be near to a really big revolution in Science if evidence
for supersymmetry -a key ingredient of String Theory- is found at LHC.

This thesis is devoted to one topic of String Theory: the characterization of su-
persymmetric solutions of some theories of supergravity, which are classical effective
theories for strings. The supersymmetric states of the effective theory are of particular
relevance because supersymmetry protects them to get quantum corrections. Hence
they are essentially states of String Theory.

We wish to situate this thesis in the framework of fundamental theoretical Physics.
To this end it is worth making a rough overview of the present-day fundamental
theories of Nature: the Standard Model of Particles and General Relativity, and,
next, of String Theory followed by its classical effective theory, Supergravity.
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1.1 Our two fundamental theories: The Standard Model
and General Relativity

1.1.1 Basis of the Standard Model

The need of Quantum Field Theory

In the early years of twentieth century two major scientific achievements were made:
the formulation of Quantum Mechanics and Einstein’s Theory of Special Relativity.
Special Relativity is restricted to the kinematics of non-accelerated movement. Later
on, Einstein realized the deep connection between acceleration and gravitation arriving
at the Theory of General Relativity.

These revolutionary ideas constitute the basis of Modern Physics. Quantum Me-
chanics opened the doors of a very rich world. In particular, it brought us to a
probabilistic interpretation of natural phenomena rather than the deterministic phi-
losophy of the Newton’s mechanics. At the same time, Special Relativity enhanced
the symmetry concepts of Galilean relativity by placing time on the same footing as
space.

Quantum Mechanics does not possess the space-time symmetry features dictated
by Special Relativity. The Schrodinger Equation is not relativistically invariant.
Therefore Quantum Mechanics should be modified in some way in order to make
it a relativistic theory. The earliest attempts in this way were called “Relativistic
Quantum Mechanics”.

Klein and Gordon as well as Dirac made the pioneering works in Relativistic
Quantum Mechanics. Klein and Gordon studied an equation for spinless particles
and Dirac constructed an equation for particles with spin %, as the electron. These
theories came with a intriguing feature: the absence of a lower bound for the particle

energy.

In the case of the electron, the problem of the unbounded energy is solved by the
existence of the so called Dirac sea. This consists of the filling of the negative branch
of the energy by electrons, avoiding the infinite decay due to the Exclusion Principle.
Dirac sea leads to the existence of antiparticles. An electron in the Dirac sea can go
up to the positive sector by absorbing a photon. The lifted particle leaves a hole,
which is nothing but a particle of the same mass and opposite charge. This kind of
particles are called antiparticles and their prediction was one of the most important
successes of Dirac’s theory.

Now we are faced with another issue: particles can be created from the vacuum.
This leads us to conclude that Relativistic Quantum Mechanics is inconsistent because
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it is a mechanical theory of a single particle and cannot handle creation/annihilation
of particles.

Quantum Mechanics, in the Heisenberg picture, is formulated in terms of operators
which depend on time and whose eigenvalues are physical observables. By analogy,
the relativistic extension of Quantum Mechanics must be based on operators whose
expectation values are probabilities of finding particles. Thus, the number of particles
is not a conserved quantity.

Special Relativity adds one more key ingredient. Operators that only depend
on time might violate causality. The appropriate operators must depend both on
space and time and are subject to commutation relations with causal structure. An
operator which depends on space and time is called a quantum field. Thus the union
of Quantum Mechanics and Special Relativity leads to Quantum Field Theory (QFT).

The minimum scale at which QFT effects can be appreciated on the dynamics
of a particle, for instance for the particle/antiparticle pair creation, is given by the
Compton wavelength

A=m"'h/c (1.1)

where m is the mass of the particle.

Quantum Electrodynamics

Maxwell’s Electromagnetism, formulated in the last half of the nineteenth century,
provided an unified frame for the laws of electricity and magnetism. With it, Maxwell
could show that electric and magnetic fields travel in space as waves.

Electromagnetism is a theory of classical fields. It can be formulated in terms of
the field strengths which are precisely the electric and magnetic fields. These fields

can be arranged into a unique relativistically covariant object F),,, where p and v are

iz
space-time indices. The electromagnetic field interacts with charged particles obeying

classical field equations.

The theory can be alternatively formulated in terms of the vector potential, A,
whose derivatives yield the field strength. However, in classical electromagnetism the
vector potential is just a mathematical tool with no physical significance by itself.

The formulation of Maxwell’s Electromagnetism in terms of the potentials leads
to the concept of gauge invariance. Two different potentials A, and A}, related by

A=A, + 0\, (1.2)

where A is arbitrary, yield the same physical electromagnetic field. This implies
that, although the theory is formulated with these variables, they are redundant to
characterize the dynamics of the electromagnetic fields. The essence of the gauge
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invariance is that it unifies the ideas of symmetry and locality: the transformation we
perform on A, changes from point to point, A = A(z).
The QFT of Electromagnetism interacting with electrons is called Quantum Elec-

trodynamics (QED). In QED the electromagnetic field couples to matter fields, like
the Dirac field, by means of covariant derivatives. They are constructions of the form

(0, +ieA ) (1.3)

where 1) is the Dirac field of the electron and —e is the electron charge.

In the coupled theory the gauge transformation (1.2) must be accompanied of a
phase change on v
Y = ey (1.4)
Under a gauge transformation given by Eqs. (1.2) and (1.4) the covariant derivative
transforms as ¥ does. This transformation is the symmetry principle upon which
QED is based, besides the Lorentz symmetry needed by relativity.

The simplest version of QED contains one massless, spin-1 particle, the photon,

and one massive, spin-1/2 particle, the electron. The classical Lagrangian density for
this theory is (in natural units)

L= _iF;wFW + i@y“(aﬂ +ieA, )Y — mp (1.5)
where v* are constant Dirac matrices satisfying the Clifford algebra

{777} = 2" (1.6)
which allows to construct spinorial representations of the Lorentz group. The last

term in Eq. (1.5) is called a Dirac mass term. The parameter m is the bare electron
mass.

In QED the gauge symmetry is intimately related to the fact that the photon is
massless. Indeed a consistent relativistic quantum field theory for massless particles
of spin-1 requires gauge symmetry. We must say that the rigorous quantization of a
gauge theory is far from be a straightforward task.

Yang-Mills theory

Encouraged by the success of QED, Yang and Mills developed a field theory for
non-Abelian gauge groups with the hope that it could explain the nuclear strong
interactions that bound protons and neutrons in the atomic nucleus.

The Yang-Mills field is an extension of the Maxwell gauge potential A,. Besides
being a four-vector, the Yang-Mills field takes values on the algebra of the gauge
group. It can be expanded on the basis T,

Ay = AWT. (1.7)
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Upon quantization, there is one massless spin-1 particle associated to each direction
of the Lie algebra.

As in electrodynamics, in Yang-Mills theory one can introduce charged fields which
also transform under the gauge symmetry. They couple to the Yang-Mills gauge field
by means of covariant derivatives

(au - igAu)w ) (1.8)

where ¢ is the Yang-Mills coupling constant.

The gauge transformations of the theory are
_ [ _
AL:UA;LU 1—§8HUU L W =U, (1.9)

which are local transformations, U = U(z).

The classical Lagrangian for a Yang-Mills field coupled to a massless field v is
L= —ftr (FuF™) + iy (9, — igAu)t . (1.10)

In spite of its completeness, Yang and Mills regarded their theory as a pure math-
ematical development. This was because at the time no massless, spin-1 particle had
been observed besides the photon itself. One can add mass terms for the gauge bosons
in the Yang-Mills Lagrangian, breaking explicitly the gauge invariance. However, this
kind of theories are also non-renormalizable.

Nowadays the importance of the Yang-Mills theory lies on the description of the in-
teractions between fundamental particles: Electroweak and Chromodynamics theories
are particular models based on Yang-Mills theory.

Symmetry breaking and the Electroweak Theory

The Fermi model of the weak interactions governing the (3-decays consists of a four-
fermion interaction. The scale of Fermi’s model is characterized by the Fermi constant

Gp =1.166107° GeV ™2 . (1.11)

The four-fermion nature of the Fermi interaction makes the theory non-renormali-
zable (the coupling constant is dimensionful). However, the model should not be
completely wrong since it fits well with the experimental data (up to much lower
scales than the W mass, which is ~ 10 GeV).

In QED interactions between fermions are mediated by photons. Similarly, Fermi’s
model can be improved by substituting it by a Yang-Mills theory in which interactions
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between fermions are mediated by gauge bosons, rather than the direct four-fermions
interactions. However, in a pure Yang-Mills theory the gauge bosons are massless and
no massless bosons of this kind had been observed besides the photon. Indeed, by the
time it was already known that the weak interaction, unlike electromagnetism, is a
short-range interaction. Thus, if the weak interaction is going to be mediated by some
particles, these should be massive (or, alternatively, the theory could be confining, like
Quantum Chromodynamics).

As we mention, including mass terms for the gauge bosons breaks the gauge sym-
metry and makes the theory non-renormalizable. A better way to give masses to the
gauge bosons is the mechanism of Spontaneous Symmetry Breaking (SSB), giving
masses dynamically at low energies.

In the SSB mechanism there exists a bosonic scalar field, ¢, besides the gauge
bosons and the fermions, which is also charged under the gauge symmetry. The
bosonic scalar feels a potential which is invariant under the gauge symmetry, such
that the whole theory is gauge invariant. However, in the SSB scenario the ground
states of the potential are such that any of them is not gauge invariant.

At low energies the quantum dynamics of the scalar field is described by perturba-
tions around a classical state, which is given by a minimum of the potential. Therefore
the dynamics needs the scalar field to choose a minimum. The simplest case is when
the ground states are represented by constant scalar fields: the vacuum is given by an
specific constant value

<P >=¢y. (1.12)

This value is not gauge invariant. Therefore the choice of a vacuum for the scalar field
breaks the gauge symmetry. The theory breaks its symmetries by its own dynamics
at low energies.

In the process of symmetry breaking mass terms for the gauge particles are gen-
erated. The original theory has a “kinetic” term for the scalar field

+(9 — igA)d]" (0" — igA)g. (1.13)
When the scalar field is described by perturbations around some vacuum,
¢=¢o+n, (1.14)
where 7 is small, the kinetic term generates a mass term for A,

+6%(Aug0) Ay . (1.15)

This mechanism of symmetry breaking is the one in which the Electroweak theory
is based. Using it, we can describe the weak and electromagnetic interactions by means
of a Yang-Mills theory completely well-defined. The gauge group of the Electroweak
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Theory is SU(2) x U(1) which has an algebra of dimension four. The potential for
the scalar exhibiting SSB is the fourth order polynomial

V=—p?0'o + \6'¢), (1.16)

whose minima are characterized by
2

oo = % (1.17)

The choice of a specific vacuum breaks the gauge group SU(2) x U(1) down to U(1).
After the SSB at low energies, three particles get masses and these are the carriers of
the weak interaction. There is one massless gauge particle, the photon, carrying the
electromagnetic interaction.

SSB also gives masses to chiral fermions. For this kind of fermions one cannot write
a Dirac mass term like the one of Eq. (1.5) because it vanishes automatically. There
is other possibility, a Majorana mass term, but it breaks the symmetry explicitly. In
the Standard model the chiral fermions are coupled to the Higgs scalar by means of
the Yukawa couplings. After the symmetry breaking these couplings give rise to mass
terms for the fermions.

Quantum Chromodynamics

By doing experiments of inelastic scattering of protons it was discovered that nucleons
have internal structure. One of the first ideas to model the structure of nucleons was
the model of partons. This model eventually evolved into the one of quarks and
gluons.

It was not so easy to realize why quarks are not observed as free particles but
instead are strongly bounded forming nucleons. To solve this problem an extra quan-
tum number was added to the model of quarks, the colour, which is the charge under
a fundamental force, the strong interaction. Elementary fermions are divided into two
classes, quarks and leptons. The former feel the strong interaction whereas the latter
do not.

The strong interaction is described by a Yang-Mills field with gauge group SU(3).
Due to the particle content of the Standard Model, this gauge group exhibits the so
called asymptotic freedom: the strength of the interaction decreases at high energies
and increases at low energies. This behaviour is the opposite to that of the Electroweak
interaction.

The asymptotic freedom is the responsible for the gluon and quark confinement.
Since energy scales are the inverses of length scales, in QCD the strength of the
interaction grows with distance. If we tried to separate two quarks we would feel an
increasing force attracting them.
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The particle content of the Standard Model

The Standard Model of fundamental particles is the addition of Electroweak Theory
and QCD together with the observed fermions. Therefore the Standard Model is a
Yang-Mills theory with gauge group SU(3) x SU(2) x U(1) coupled to chiral fermions
and one scalar boson.

The scalar boson is called the Higgs scalar. It exhibits a SSB mechanism at low
energies breaking the SU(2) x U(1) sector down to U(1), the QED gauge group.

The gauge group SU(2) x U(1) has four gauge bosons. After the symmetry break-
ing, there are three massive bosons, W+, W~ and Z°, which are the carriers of the
weak interaction, whereas the photon is the massless particle corresponding to the
unbroken sector of the original symmetry.

The massless gauge particles of the SU(3) sector are called gluons. They have not
been observed as asymptotic free states. This is in agreement with the asymptotic
freedom behaviour of QCD.

It has been observed that all fermions belong to one of three families. Each family
is a copy of the others (same quantum numbers), but with different masses.

The fermions are chiral. The left-handed fermions are charged under the SU(2)
sector whereas the right-handed are not. There is not right-handed neutrino in the
Standard Model.

The fermions are divided into two classes: quarks and leptons. The former feel
the strong interaction, they have colour, whereas the latter do not. It is customary
to group the (left-handed) fermions into SU(2) doublets. The quarks of the three
families, with their funny names, are

up charm top
down /)’ strange )’ bottom )

The last doublet is the most massive one, hence it was the last to be found. The

(n) ()

leptons of the three families are
e
ve )’

1.1.2 General Relativity

The general relativity principle

Special relativity is restricted to the equivalence of inertial frames. The transfor-
mations that relate observers in Special Relativity are the Poincaré transformations.
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They are a special class of coordinate transformations of the form
o = A", 2” + b (1.18)

where A*, and b* are constant. These transformations are the most general ones
relating two frames with no acceleration between them. On geometrical grounds,
they preserve the line element of Minkowskian space-time.

A complete theory of kinematics should not be restricted to any special kind of
observers. The laws of Physics must be formulated in such a way that they have the
same form for all observers. This is the Principle of General Relativity.

The inclusion of acceleration leads to the inclusion of the gravitation dynamics.
Einstein realized this fundamental fact by noting that a body freely falling under
the action of a gravitational field does not feel its own weight. Hence the gravita-
tional force can always be locally canceled by an acceleration. This the Fquivalence
Principle.

The extension to accelerated observers is mathematically equivalent to the invari-
ance under General Coordinate Transformations (GCTs),

ot =M (2¥). (1.19)

Thus, the theory of General Relativity should be invariant under GCTs. These trans-
formations have an intrinsic local nature. Consider for instance infinitesimal GCTs.
They can be written as

o =t + e(x) (1.20)

where €/(x) are infinitesimal parameters. Any space-time field transforms in a definite
way under infinitesimal GCTs. For instance a scalar field ¢ transforms as

56 = —e"(2)0,0, (1.21)

which is evidently a local transformation. Thus General Relativity has naturally the
group of GCTs as a gauge group.

The Einstein equations

The Principle of General Relativity leads to the conclusion that the gravitational force
is described by a metric tensor g,, in which the non-relativistic Newtonian potential

¢ is embedded: in the weak field limit,
gn =1+2¢. (1.22)

The premise of General Relativity is that matter/energy curves space-time and at
the same time the curvature of space-time determines the movement of matter/energy.



10 Chapter 1. Introduction

Hence the theory should give a dynamics for the metric tensor. What is needed is a
relativistic equation analogous of the equation satisfied by the Newtonian potential,

V3¢ = 47Gyp, (1.23)

where p is a mass density. To this end the matter/energy, which are the sources
of space-time curvature, are represented by a energy-momentum tensor 7}, and the
strength of the gravitational field is the Riemann curvature tensor Rwaﬁ which is
constructed from second derivatives of the metric. These two objects are coupled in
the Einstein equations

G = 81G\T,, , (1.24)
where
Gu = R — 29 R, R = Ry, R=g""Ryg. (1.25)
The Einstein equations can be derived from the Einstein-Hilbert action

1

S
T 161Gy

/ d*rv/—gR. (1.26)

Weakness of gravitation

The currently accepted value of the Newton constant is (in natural units)
Gy = 0.694107% GeV 2. (1.27)

The value of Gy is extremely tiny. Indeed it is difficult to measure it with high
precision for small masses and short distances.

From Gy we can form a mass constant, the Planck mass,

he
M., =4/ — 1.28
P GN 9 ( )
whose value is
M, = 1.2210" GeV . (1.29)

The Planck mass is the scale for quantum gravity. It is much bigger than the elec-
troweak scale, which is of order ~ 10% GeV.

Gravitation and electromagnetism are the only long-range known fundamental
interactions. Moreover, gravitation, unlike electromagnetism, is always attractive.
For this reason only gravitation is relevant for the dynamics at large (from planetary
to cosmological) scales, in despite of its weakness.
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1.1.3 Beyond the Standard Model and General Relativity

If the Standard Model and General Relativity seem to work well® (after all they are
theoretically well-defined and apparently explain all the experimental data) why do we
insist in the search for more fundamental theories? In the next paragraphs we point
out some ideas for suggestions of new physics beyond the Standard Model and General
Relativity. First of all, there are the ideas of unification as philosophical motivation.
Secondly we discuss briefly three open questions in high energy Physics: the flavour
puzzle, the hierarchy problem and the cosmological constant problem. The latter
is particularly interesting because it is a failure arising when one tries to overlap
the domain of application of both theories: the cosmological constant problem is
essentially a failure of the Standard Model in explaining a cosmological measurement.

The ideas of Unification

We do not feel comfortable with the absence of a quantum description for the gravi-
tational interaction. Gravitation is known to us at large distance scales, but, what is
its behaviour at microscopic scales? The problem is that the weakness of gravitation
makes it very difficult to measure microscopically. The strength of any gravitational
effect on particles is by far below the other interactions. Nevertheless, we believe that
gravitation is a fundamental interaction and hence it is present at all scales.

Microscopic scales are the domain of Quantum Physics. Therefore, we are forced to
give a quantum explanation for gravity. Seeing Electroweak and QCD, the first thing
one would try to do is a QFT version of the General Relativity, with the graviton
as the carrier of the gravitational interaction. However, there is no way to do it
consistently because any QFT of General Relativity is non-renormalizable (at least
perturbatively).

This conceptual conflict leads us to consider that particles could arise in a different
way than pure QFT. This is one of the most important features of String Theory:
particles, including the graviton, arise as quantum excitations of a unique string,
being therefore treated in an unified way.

The ideas of unification have been present in high energy physics not only to study
quantum gravity, but more simply to extend the unification in Electroweak Theory
and Quantum Chromodynamics. In the Standard Model QCD and Electroweak inter-
actions are completely unrelated, they are just added. This suggest that there could
be a way to unify QCD with Electroweak similar to the case of electromagnetic and
weak interactions. The idea is to find a larger semisimple gauge group (hence unifying

see Ref. [1] for a recent review on experimental tests of General Relativity. The experimental
test of the Standard Model are periodically reviewed in the Review of Particle Physics [2]
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the coupling constants) with SSB such that it leads to SU(3) x SU(2) x U(1) at low
energies. These models are called Grand Unification Theories (GUTS).

The flavour puzzle

The Standard Model requires a large number of inputs that must be measured exper-
imentally. These are for example masses, charges and mixing angles between families.

The large number of free parameters is not the only question in the flavour puzzle.
For example, an intriguing issue in the flavour puzzle is why the quark masses spread
a wide range of values. The masses of the lightest quarks, u and d are by the order
of ~ 1 MeV whereas b is by ~ 1 GeV, a range of one thousand. The quark t is
even heavier. In the leptonic sector the situation is similar, even worse. The recently
measured masses for neutrinos are near to 1 eV while the mass of 7 is of order 1 GeV.
This spans nine orders of magnitude.

Should we accept that the elementary constituents of nature have chosen so differ-
ent masses? We rather think that actually they are not the fundamental constituents
of nature and their masses are different manifestations of a common structure.

The hierarchy problem

Although there is no precise way to determine the mass of the Higgs boson, its upper
bound is near of the electroweak breaking scale, which is ~ 10® GeV (see, for example,

Ref. [3]).

In the Standard Model, radiative corrections to the Higgs boson mass, computed
to one loop, are quadratically divergent,

SMpy? ~ N2, (1.30)

where A\ is some regularization cutoff. If the Standard Model is considered as an
effective theory then the cutoff has a physical meaning: it represents the scale of new
Physics. We can let A be, for example, as large as the Planck mass, M, ~ 101 GeV, in
order to reach quantum gravity, then, why the Higgs boson mass remains at 10®> GeV?
This issue is commonly known as the hierarchy problem. If we insist in maintaining
the Higgs boson mass below the electroweak breaking scale by a renormalization
procedure, we are then forced to fine-tune up to 32 decimal places the bare mass
parameter in the Lagrangian. It is believed that this is an indication that something
new is arising at those scales.

This problem in particular gets considerably better in supersymmetric extensions
of the Standard Model. There the radiative corrections come in the form of logarithm
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of the cutoff. The logarithmic behaviour allows to maintain the growth of the mass
much more controlled, no extreme fine-tunning is required.

The cosmological constant

The cosmological constant problem is nowadays one of the most important open ques-
tions in fundamental physics. Important references on the subject are Refs. [4,5].

Astronomical observations indicate that there exists a cosmological vacuum energy
in our universe. This means that the gravitational force exists even in absence of
matter. This energy enters in General Relativity in form of a volume term added to
the Einstein-Hilbert Lagrangian,

1
d'z/—g(R — 2A 1.31
oo [ dvar -2, (1.31)

where A is the cosmological constant.

General Relativity is not able to predict the value of the cosmological constant,
it is as parameter that must be measured. Astronomical observations put an upper
bound on A,

A <1077 eV2. (1.32)

Although this bound is really tiny, astronomical observations indicate that the cos-
mological constant is not zero.

One should look at the Standard Model in order to get a prediction for the value of
A. In the Standard Model there are many effects contributing to the vacuum energy.
However, one can get a feeling of the problem by a simple classical consideration
related to the electroweak SSB.

The SSB mechanism generates a constant term in the Lagrangian which is the
minimum value of the potential (independently of the chosen minimum),

1t

-
This term is completely irrelevant in the Standard Model because it is a shift in the

Vi = (1.33)

energy that any particle in SM does not feel. On the other hand, gravity feels any
shift in energy because its couples to any kind of energy. Therefore the constant V,;,
is a good candidate for the cosmological constant of General Relativity.

The parameter p is by the order of the electroweak symmetry breaking and A is
near to one, thus V,,, yields an estimate of the cosmological constant by the order of

Atiigee ~ 1072 V2 (1.34)

a failure of almost 50 orders of magnitude respect to the experimental value!
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1.2 String Theory

1.2.1 Main ideas

String Theory? proposes that the elementary components of nature are not point-like
particles but strings. Fundamental strings are characterized by a small length, /g,
such that at large enough distance scales we do not see the one-dimensional structure
of the string, we instead feel it as a particle.

A stringy structure is much richer than that of a particle. Strings can vibrate. A
spectrum of particles, with various masses and spin, appears as low-energy quantum
vibrations of a single string. This is a great advance in simplification.

String theory is formulated with a key ingredient that is supersymmetry, which is
a symmetry that mixes bosons and fermions. Of course, we do not see supersymmetry
in Nature (for instance, there is a different number of fermions and bosons) thus String
Theory requires of a supersymmetry-breaking mechanism at low-energies.

The quantum dynamics of supersymmetric strings is only well-defined in ten di-
mensional space-time. We live in four dimension, hence String Theory should be able
to explain what happens with the remaining six dimensions. The standard belief is
that extra dimensions are compactified. The size of the compactified dimensions is so
small that they are only accessible to high energies. Alternatively, it has been pos-
tulated that some constituents (the Standard Model) are confined to live in certain
dimensions (a brane) while others (gravity) can expand along the extra dimensions.
These models are called braneworlds.

The most remarkable feature of String Theory is that it contains a quantum dy-
namics for the gravitational interaction. As we already said, the low-energy spectrum
of strings is made of particles of various spins. In the massless sector there is a spin-2
particle. This is the carrier of the gravitational interaction: the graviton. Similarly,
String Theory provides a framework for a grand unification of the strong and elec-
troweak interactions.

The fundamental parameter of String Theory is the Regge slope o/. It has dimen-
sions of square length (in natural units). The string tension 7" is the energy per unit
length of the string, it is given in terms of o/ by

1
T = . 1.35
2ma ( )
In addition, the string length and mass are
— 1
gs — Oé/ 5 ms — . (136)

S

2A recent introductory textbook in String Theory is Ref. [6].
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1.2.2 Basics of String Theory

World-sheet actions

The simplest versions of String Theory are based on world-sheet formulations. These
theories are in a way incomplete since they are quantum relativistic mechanics, i. e.
first quantization. A complete quantum string field theory is still not known.

When the string moves through the space-time it spans a two-dimensional surface,
which is called the world-sheet. The theory is described by fields over this surface,
which can be parameterized by a time-like coordinate 7 and a space-like one . In
particular the position of the string in the ten-dimensional space is one of such fields.
As we said, from the ten-dimensional point of view this a mechanical picture.

The mechanical action of a particle is proportional to the length of its world-line.

The generalization for strings is an action proportional to the area of its world-sheet
2,

Sue = =T [ /= det (9 (X)0X00; X (1.37)
b

where X#(7,0), n =0, ...,9, are the world-sheet fields determining the position of the
string in the ten-dimensional space. This action for strings is known as the Nambu-
Goto action.

g (X) is the ten-dimensional metric. In world-sheet formulation objects belong-
ing to the physical space-time like g, (X) play the role of backgrounds. They must
be given as inputs for each concrete model. Moreover, upon quantization the back-
ground fields are interpreted as coupling “constants” susceptible of renormalization.
In subsection 1.3.2 we shall see that the metric g,, cannot be arbitrary.

The object
G0, X"0, X" (1.38)

is the pullback of the ten dimensional metric to the world-sheet, although it gives
a well-defined pseudo-Riemannian metric only when the X*# are immersions. There-
fore \/ det(g,,0;X*#0;X")drdo is an area element on the world-sheet and clearly the
action (1.37) is proportional to the total, induced area.

The Nambu-Goto action is classically equivalent to the action

Sp=—1T / drdo/—hh"9;X"0; X" g,,,(X), (1.39)
>
where h;; and X* are independent variables, h;; being a metric over the world-sheet

with no significance in space-time. This is known as the Polyakov action. The
Polyakov and Nambu-Goto actions are classically equivalent because they yield the
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same equations of motion upon solving the equation for h;; in the Polyakov side, which
is algebraic. The Polyakov action is advantageous because there is not square root of
the X* fields. Moreover, in flat background it is quadratic on these fields. In more
general backgrounds it is a non-linear o-model.

The Polyakov action depends on more variables than the Nambu-Goto action.
Moreover, it has one further symmetry that is not present in the Nambu-Goto action.
Both actions are invariant under reparameterizations (GCTs) on the world-sheet and
under global isometries of the metric g, (if any). The Polyakov action is also invariant
under Weyl transformations,

hi; = Q(7,0)?hs; . (1.40)

This local symmetry plays a crucial role in the quantization of the string. This
symmetry together with (part of) the world-sheet reparameterizations are enough to
put the metric in a flat form, h;; — n;; (this is due to the bi-dimensionality of the
world-sheet), allowing to put the Polyakov in a extremely simple form.

A string can couple to other background fields. These fields, like the space-time
metric itself, are associated to string massless modes. They are a space-time scalar ¢
(the dilaton) and a space-time two-form B,, (the Kalb-Ramond field). The coupling
of the string to these fields in the world-sheet formulation is

+3T / drdoe? 9, X"0; X" B, (X) — 1= / drdov—hR(h)p(X). (1.41)
% %

Notice that in the first term there is not coupling to h;;, hence it is obviously Weyl
invariant. The second term is also invariant up to a total derivative.

The position operators X* are bosonic. In addition, one can introduce fermionic
fields over the world sheet. The addition of fermionic fields is a physical requirement
since otherwise there are not fermionic particles in the space-time string spectrum.
Furthermore the vacuum of a purely bosonic string is unstable. By including fermions
we arrive at the concept of supersymmetry.

Consider the fields ¢ (7, o) which have spin-} over the world-sheet and are vectors
on space-time (X* are world-sheet scalars and coordinates on space-time). The action,
in a flat background, is

Sp=—1iT / drdo (n”'aiX“an”nW — z’@“asz) , (1.42)
>

where we have gauged-fixed the auxiliary world-sheet metric by using the Weyl sym-
metry, which is still present with fermions (actually, the supersymmetric extension of
the Polyakov action includes a super-partner for the world-sheet metric and the Weyl
symmetry is enhanced to a super-Weyl symmetry. All these have been gauged-fixed
to arrive to Eq. (1.42)).
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Supersymmetry is the condition that the action is invariant under the transforma-
tions

5. X" = et St =i PX Ve, (1.43)

where € is a infinitesimal, fermionic parameter. As can be seen from these variations,
supersymmetry mixes bosonic and fermionic degrees of freedom. The supersymmetry
of the world sheet is recovered in the low-energy spectrum. Therefore this is a theory
with space-time supersymmetry. However, the space-time supersymmetry is not a
direct result of the quantization of the above action, it holds after truncating the
spectrum in a very specific way. This projection, which is needed for the consistency
of the theory, was one of the most important step towards a consistent string theory.
It was discovered by Gliozzi, Scherk and Olive and is commonly called the GSO
projection.

Supersymmetry can also be introduced explicitly in space-time. One extends the
space time by including fermionic coordinates, thus one ends with a superspace. These
theories are difficult to quantize in a manifestly Lorentz-covariant way. What is usually
done is to quantize them in the light-cone gauge. Both formulations, world-sheet su-
persymmetry and superspace, are physically equivalent (at least in flat backgrounds).

Quantization: vibrations of strings

Let us comment on some results of the canonical quantization of a closed bosonic
string. This could help us to see the way in which particles are generated in String
Theory.

The mode expansion is

Xi(r,0) =a"+ p—iT — 14/ o Z a—;e%(””) 4 Tnem i loen) (1.44)
’ pt 2 “ln n ’

2

where i = 2,...,d—1. To arrive to this formula the components X? and X! has been
gauge-fixed. pT is a constant of motion and
_2mlr

c= et (1.45)

the string length being {5 = 27¢. Reality implies afj =a' and & = a'

n*

The quantization is achieved by imposing the commutation relations

[aim Oz;] = méijém,—n ) [&j‘n? 5‘;] = méijémrn ) [O‘in’ a;,] =0, [Izap]] = i6" )

(1.46)

which account for the appropriate commutation relations between X* and their con-
jugate momenta.
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The vacuum is defined to be annihilated by all the oscillators of, and &, with n > 0
and states are created by acting with creation operators o’ , and &', on the momen-
tum eigenstates |0, k) (eigenstates of the momentum operator p* with eigenvalue k).
There is a level matching condition to be imposed on the left- and right-number op-
erators,

NL=) o', Np=) a',al,, (1.47)
n>0 n>0
which is
Np = Ng. (1.48)

The mass operator takes the form

M? = 2mg*(Ny + N — 2) (1.49)

The lightest states that obey the level matching condition (besides the vacuum
itself, which is a tachyon) are of the form

al @l 10,k) (1.50)

they are massless and, in d = 26, they fit into Poincaré representations: the part
symmetric and traceless in ij correspond to a graviton, the trace part to a scalar, the
dilaton, and the antisymmetric part to a two-form field, the Kalb-Ramond field.

Anomaly cancellation

The reason for the critical dimension of superstrings (ten dimensions) is anomaly
cancellation. This is a rather technical issue, we can say that it is the breaking
of a classical symmetry at the quantum level. A symmetry can be present in the
classical action, but it does not imply that the path integral is invariant. In the
case of superstrings propagating through Minkowski space-time, it is precisely the
Weyl symmetry that is broken in general at the quantum level. This anomaly is only
canceled in ten dimensions.

String interactions

String amplitudes are computed from a path integral over all embeddings X* and
all world-sheet metrics h;;. The sum over metrics can be decomposed into a sum
of path integrals over world-sheets with given topologies. In doing so, one adds a
Weyl-invariant term to the Polyakov action,

—ﬁqﬁo/drda\/—_hl%(h) = —¢ox(t), (1.51)

it
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where x(t) is the Euler number for each topology. This term arises from the last term
of Eq. (1.41) when the dilaton field gets the vacuum expectation value ¢,. The path
integral for a bosonic string is (in absence of boundary conditions)

Z2=3"(er)™ / DXDh e . (1.52)
t 2,

The topologies represent the loops of the string and the loops are basically counted
by x(t). Hence the string coupling constant is given by the vacuum expectation value
of the dilaton,

gs = e (1.53)

1.2.3 The various theories of Strings

There are various theories of Superstrings, according to the field content, the number
of supersymmetries, the chirality and the gauge groups. There can be open and closed
strings and some theories only have closed strings.

The dynamics is completed by specifying boundary conditions. Here there are
many possibilities, in the case of open strings one can impose Dirichlet and Neumann
conditions at the ends of the string whereas for closed strings the fields must satisfy
certain kinds of periodicity conditions. The spectrum of the theory depends strongly
on the chosen boundary conditions.

Here we list the five theories of superstrings:

e Typel:

This is N = 1 space-time supersymmetric. Its world-sheet formulation
is basically given by the action (1.42).

e TypeIl, A and B:

These are N = 2 space-time supersymmetric. The relative handedness
of the two supersymmetry generators makes the difference between the
type A and B. In the type ITA they are of opposite handedness, the
spectrum is symmetric in left- and right-handed spinors and hence the
theory is mon-chiral. In the type IIB the supersymmetry generators
are of the same handedness and the theory manifest differences in
the spectrum between left- and right-handed spinors. This is a chiral
theory.

e Heterotic, SO(32) and Eg x Ej:
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These are N = 1 space-time supersymmetric. Heterotic strings are
a mixture between the bosonic string and the superstring (hence the
name). They only contain closed strings. Since left- and right-moving
modes on closed strings are independent, the right-moving sector is
that of the superstring while the left-movers correspond to the bosonic
string. The quantization of the bosonic strings is only well-defined
(anomaly-free) is twenty six dimensions. In Heterotic Strings the
remaining sixteen X", fields are not interpreted as coordinates of
space-time but they are compactified into an internal torus. The
massless spectrum contains a super Yang-Mills multiplet which gauges
either the group SO(32) or Eg x Eg. In contrast to the purely bosonic
string, the vacuum of the heterotic string is stable.

1.2.4 Branes and dualities

One of the most interesting features of String Theory is the physical equivalence
between its different formulations. These equivalences are called dualities.

The earliest duality to be found was T duality, which arise in compactified string
theories (a review on this subject is given in Ref. [7]). A simple way to understand
this duality is by looking at the mass spectrum of a closed bosonic string living in a
space-time with one spatial dimension compactified on a circle:

n?  R?w?

2 _
M= o+ =

+2m2(Np + Ng — 2), Ng — N =nw. (1.54)

The first term comes from Kaluza-Klein modes with quantized momentum n whereas
the second term is due to the ability of the string of winding around the circle (w
times). Notice that also the level matching condition is modified under the compact-
ification. The mass spectrum is clearly invariant under the T-duality transformation
n o« w R < g (1.55)
’ R
Therefore two bosonic string theories with one dimension compactified on a circle of
radius R and (? /R respectively have the same spectra, with the winding modes of
one of them having the same masses as the Kaluza-Klein modes of the other and
vice-versa.

T duality also holds in the interacting theory, but in this case one has to take into
account that the string coupling constants are exchanged by the rule [8]
ls

s < Y- (1.56)
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The self-dual radius of compactification is R = f5. Any theory compactified with
a radius below this value has a T dual with a compactification radius bigger that
it. Thus the self-dual radius can be interpreted as the minimal radius on which a
bosonic-string theory can be compactified.

When applied to superstrings, T duality relates the two type II and the two het-
erotic theories.

In the same way as T duality relates string theories with inverse radii of compact-
ification, S duality relates string theories with inverse coupling constant,

1
gs <& — (157)

Js

hence it is intrinsically a non-perturbative duality because it relates weak/strong
coupling regimes. The existence of this duality in String Theory was conjectured in
Ref. [9].

S duality can be easily understood from the effective theory viewpoint. 1IB Super-
gravity possess a global SL(2,R) symmetry which includes inversions on the dilaton,

e? — e ?, (1.58)

inverting, thus, the string coupling constant gs. S duality also relates type I and
heterotic SO(32) theories on inverse coupling regimes.

A new paradigm entered in String Theory in the middle nineties. It was discov-
ered that the theory contains higher-dimensional extended objects besides the strings.
These objects are called branes and play an essential role in dualities. Among the
branes, there are the D-branes, which are needed as macroscopical objects in order
to introduce the T duality in open strings [10], defined by the condition of being ex-
tended objects where open strings can have their end points attached. This condition
enables us to have an effective theory for the dynamics of the D-brane obtained from
the quantum excitations of the strings attached to it [11]. In 1995 Polchinski [12] found
that the D-branes are fundamental objects charged under the fields of the Ramond-
Ramond sector of the string. In addition, the mass of a D-brane is proportional to
the inverse of the string coupling constant gs.

As a consequence of dualities, it has been postulated that there must be a quan-
tum theory covering all the theories of superstrings, that is a Mother Theory which
yields all the formulations of superstrings at different limits and configurations. This
hypothetical theory for the moment has a name: M Theory. Most importantly, it is
known that the low-energy effective dynamics of M Theory is d = 11 Supergravity.
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1.3 Effective Theories of Strings

1.3.1 Supergravity

Supergravity® can be seen as the gauge theory for the Super-Poincaré group. The
Poincaré group is the group of the symmetries of flat space-time, they are spatial
rotations, rotations between space and time and translations in space and time.
The Super-Poincaré group extends these symmetries by including the supersymme-
try transformations, which mix bosons and fermions. At first sight it could seem
very strange that a symmetry of this kind could be related to space-time symmetries.
However, this is indeed the case: two consecutive supersymmetry transformations give
rise to a space-time translation.

On simple grounds we can say that Supergravity is a theory of gravity coupled to
bosonic and fermionic fields in such a way that the theory is locally supersymmetric.
Among these fields there is in particular the supersymmetric partner for the graviton:
the gravitino. It is a spin—% fermion, described by the Rarita-Schwinger field. The
graviton and the gravitino are part of the supergravity multiplet.

As a classical theory, Supergravity can be formulated in several dimensions and
with different numbers of supersymmetries. Depending on the dimension and the
number of supersymmetries there could be extra fields in the Supergravity multiplets.

In the early days Supergravity was also studied as a QFT. For some special cases
the supersymmetry makes the theory finite and this a very interesting property. It
was though that Supergravity could be a theory of everything, but the presence of
anomalies discarded this point of view and nowadays the importance of Supergravity
lies mainly on the fact that it is the low-energy limit of Superstring Theory.

1.3.2 Supergravity as low-energy effective dynamics of strings

As we mentioned, Supergravity is the low-energy limit of String Theory. This means
that Supergravity appears at the tree level and o/ — 0 limit of strings. One can also
consider o/-corrections to Supergravity, which contain higher-order derivatives (R?
terms and higher).

One can see this from three points of view:
e Kinematic arguments:

The massless spectrum of Superstrings are in correspondence with su-
pergravity multiplets. The five models of superstrings exhibits mass-

3A recent review of Supergravity is Ref. [13].
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less spectra of particles which run for spin-0 (scalars) to spin-2 (ten-
sors) particles, including fermions. All these modes can be accom-
modated into supergravity and super Yang-Mills multiplets. This is
the easiest way to see that the low energy limit of superstrings is a
supergravity theory.

e String amplitudes:

This is the rigorous way. To obtain the classical effective dynamics
of a field theory one should compute the amplitudes and then go to
a limit in which the quantum effects can be neglected. The effective
action is the one which reproduces the amplitudes in this limit.

For the case of strings, the classical limit holds at tree level and when
o/ — 0. This is equivalent to go to scales at which the string length
ls can be neglected.

e Weyl invariance:

As we have mentioned in subsection 1.2.2, in the world-sheet formu-
lations of strings the geometry of the space-time must be given as an
input. Geometrical fields appear in the string action as coupling con-
stant. Indeed when one computes string amplitudes these fields are
subject to renormalization.

The Weyl symmetry of the theory requires vanishing of the 3 func-
tions. Since the couplings are just the background fields, the condition
6 = 0 yields field equations for the background. It turns out that these
equations are just the equation of motion of a gravity theory. This
program works only for bosonic strings. One extends the conclusion
to Supergravity by taking into account the kinematic arguments (the
supermultiplets are unique).

It is illustrative to see how the third approach is used to obtain the string effective
action. We are going to do it for the bosonic string (d = 26). As we already say in
subsection 1.2.2, the coupling of the string to background field breaks the local Weyl
invariance even at the classical level. This is due to the coupling to the dilaton. Most
importantly, the Weyl invariance is broken by quantum effects.

To restore the Weyl symmetry one demands the vanishing of the corresponding /3
functionals. To lowest order in o/, they are

9 = o (Ru — 2V,0,0 + LH, P H,0p) + O(?), (1.59)

1%
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D = Lae®Vu(e?H,") + 0, (1.60)
B? = —1d/ [V2—(9¢)* — LR(g) — LH?] + O(”). (1.61)

The vanishing of these 8 functions, up to first order in o/, yields a set of equations
that are equivalents to the equation of motions of the action

2

_ m / dBxy/=ge ™ [R — 4(09)* + 5 H? . (1.62)

This a action of gravity coupled to a scalar and two-form field. It is defined in
twenty six dimension and in the String frame (observe the scale factor e=2¢ in front of
the usual Einstein-Hilbert term). It can be brought to the usual Einstein frame by a
conformal rescaling. As we have mentioned, the approach of the Weyl symmetry for
obtaining effective theories yields the equations of motion only for the bosonic sector.
For Supergravity, one already knows how to handle with the fermions because the
supermultiplets are determined.

1.3.3 Supersymmetric solutions of Supergravity

Unbroken symmetries

This Thesis deals with configurations that preserve supersymmetry. Thus, it is worth
discussing a bit the meaning of this concept.

Symmetries are present at several levels in Physics. We have seen that gauge
symmetry is the guiding principle for the Standard Model and GCTs are for General
Relativity. String Theory possesses a further symmetry: supersymmetry.

In general, a theory has a symmetry if it remains (physically) unaltered under a
change of the variables upon which it is defined, that is, a transformation. Moreover,
a particular configuration can posses (some of) the symmetries of the theory. These
special configurations remains unaltered under some symmetry transformation of the
theory, that is, they are their own images.

Symmetric configurations are particularly important for effective theories. For
example, in subsection 1.1.1 we mentioned that the SSB mechanism of the Standard
Model lies on the fact that the vacuum breaks the symmetries of the theory. We may
modify the potential (1.16) in such a way the minimum is reached at the zero value of
the field (zero is already a critical point of this potential, but it is a local maximum).
If we change the sign of the quadratic term, then the minimum of the potential is
unique, given by

<¢p>=0. (1.63)
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This configuration is invariant under the symmetry transformation. Roughly speak-
ing, the symmetry rotates the field around the zero point, the zero being obviously its
own image under this transformation. Hence we say that this vacuum preserves the
symmetry. If we made perturbation theory around this vacuum we would have the
whole gauge symmetry in the effective theory. Of course, in the Standard Model we
choose the potential with the negative sign because we are interested in breaking the
symmetries.

In gravity we also have configurations with unbroken symmetries. The gauge sym-
metry of General Relativity is the group of GCTs, which is an infinite-dimensional
group. In general a given configuration (metric) will not be invariant under an ar-
bitrary change of coordinates, but it can be invariant under a reduced, finite global
subgroup of coordinate changes. These are the isometries of the metric generated by
vectors, called Killing vectors, whose integral lines are directions of symmetry of the
geometry.

The most relevant example of such unbroken symmetries in gravity is the Minkows-
ki space-time and the Poincaré group. Minkowski space-time is a vacuum solution
(without cosmological constant) and the Poincaré group describes the set of coordi-
nate transformations that leave it invariant. Minkowski space-time is an example of
maximally symmetric space: it is known that the maximum number of symmetries
of any configuration is d(d 4+ 1)/2. There are other vacuum solutions that preserve
part of the Poincaré group, like the Schwarzschild solution which has the spherical
and time-translations symmetries.

Supersymmetry is part of the gauge symmetries of Supergravity. Following the
preceding ideas, there could be configurations which preserve some or all of the su-
persymmetries of the theory. These are called supersymmetric configurations. 1If they
are also solutions then they are supersymmetric solutions.

By definition, supersymmetric configurations are invariant under a supersymmetry
transformation. For infinitesimal supersymmetry transformations, supersymmetric
configurations satisfy

Seb=6.f =0, (1.64)

for some €(x), where b and f represent the bosonic and fermionic fields. One is mainly
interested in purely bosonic configurations because one wants to find macroscopic so-
lutions of the theory and fermions only make sense at microscopic (quantum) scales,
hence one considers all the fermions equal to zero. Thus the condition 6.6 = 0 is
automatically satisfied. The conditions d.f = 0 are called the Killing spinor equa-
tions (KSEs, and their solutions €(x) are called Killing spinors, by analogy to the
Killing vectors) and finding all backgrounds for which they admit solutions is the
main objective of this Thesis.

The gravitino (spin 2) is the fermion characterizing supergravity. Its supersym-
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metry transformation contains the space-time derivatives of the supersymmetry pa-
rameter. There could be other fermions in the theory and their supersymmetry trans-
formations do not contain derivatives of the susy parameter. Therefore the KSEs of
supergravity are in general a system of linear first-order differential equations plus
algebraic equations. Hence the Killing spinors factorize in the form

e(z) = er(x), (1.65)

where € is an infinitesimal Grassmann-odd number and x(z) is a Grassmann-even par-
ticular solution (for a given background) of the KSEs. To analyze the characterization
of the supersymmetric configurations we consider only the Grassmann-even part of
the Killing spinors, k().

The KSEs, as opposed to the equations of motion, are first-order equations. This
is the property that makes them easier to study. Therefore, in order to obtain the
supersymmetric solutions one first tries to extract all the possible information from
the KSEs and then analyzes the consequences of these conditions on the equations of
motion.

BPS states of Supergravity

Supersymmetric solutions in Field Theory are related to BPS states. These quantum
states are supersymmetric and their mass is subject to a lower bound.

In the context of non-Abelian Yang-Mills theory, Bogomol'nyi [14] and indepen-
dently Prasad and Sommerfield [15] studied the stability of solitonic configurations.
In particular they studied certain limit of the 't Hooft-Polyakov monopole of the
SU(2) gauge theory [16,17]. It turns out that the mass of such objects is subject to a
lower bound (commonly called Bogomol'nyi or BPS bound, and the states saturating
the lower bound are called BPS states). The bound is determined by the electric
charge, whose discreteness guarantees the stability of the BPS state under quantum
fluctuations.

Although those original works were not in the context of supersymmetry, later
on [18] it was realized that any supersymmetric configuration of super Yang-Mills
theory saturates a kind of BPS bound. This can be seen from the very underlying
superalgebra.

The original BPS bound was found for theories with global supersymmetry. It is
also present in theories with local supersymmetry, that is, Supergravity, for asymp-
totically flat configurations. This is a way to connect supersymmetry with important
physical properties. For example, it has been shown that in any supersymmetric
theory the Hamiltonian is positive.
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Certain configurations already known in purely bosonic contexts are actually su-
persymmetric solutions when embedded in supersymmetric theories, hence they are
related to BPS states. For example, the extremal Reissner-Nordstrom black hole is
a supersymmetric solution of pure N = 2, d = 4 Supergravity, whose purely bosonic
sector is the Einstein-Maxwell theory. The solution saturates the inequality

M > 2|q|, (1.66)

where M and ¢ are the mass and the electric charge of the black hole.

Supersymmetric black holes

Black holes have played an important role in General Relativity. They have been also
used to study certain quantum effects in gravity: by doing QFT in curved space-time,
Hawking [19,20] showed that a black hole radiate as a black body at finite temperature.
Black holes are equally important in Supergravity, supersymmetric black holes being
particularly popular since the supersymmetry condition makes them more easier to
be found and analyzed.

A black hole is a region of space-time from which nothing (neither matter nor
radiation) can scape: the frontier of the black hole cannot be reached from its interior
with velocities slower or equal to the velocity of light. The boundary of a black hole
is called the event horizon. Solutions of the Einstein equations that represent black
holes typically have singularities in the region inside the event horizon. The simplest
of such solutions is the Schwarzschild solution of pure gravity. In higher dimensions
there could be black holes and also higher-dimensional extended objects called black
p-branes.

In contrast to black holes, there could be solutions of gravity with naked singular-
ities, that is singularities which are not surrounded by an event horizon. Singularities
are rather problematic because the Einstein equations are not satisfied there, more-
over naked singularities could be seen by all observers. It has been conjectured that
this kind of configurations can not be generated dynamically from a regular, initial
configuration. This, roughly speaking, is the cosmic censorship conjecture [21].

It is known that black holes exhibit thermodynamical behaviour. It turns out that
the entropy of a black hole is proportional to the horizon area A [19,20,22-24],

1

which is known as the Bekenstein-Hawking entropy. The thermodynamical behaviour
of black holes suggests the existence of a statistical-mechanics (microscopic) descrip-
tion for them. What one now expects is that a microstate-counting approach yields
the above law.
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In 1996 Strominger and Vafa [25] showed that a counting of degenerated states in
String Theory yields exactly, at zeroth order in o/, the Bekenstein-Hawking entropy of
black holes. These authors considered type IIB string theory compactified on K3 x S*,
where K3 is a specific four-dimensional Calabi-Yau manifold (this theory is T dual to
a type IIA theory). Hence they considered a five-dimensional theory. On one hand
they computed the area of the extremal five-dimensional Reissner-Nordstrom black
hole, which is a solution of the effective theory, in terms of the charges of the black
hole. On the other hand they evaluated the degeneracy of D-branes states in the
theory, which are BPS states, that are related to the Reissner-Nordstrom solution
(basically, the relation is established upon the amount of unbroken supersymmetry).
As usual from statistical-mechanics considerations, the degeneracy of the states is the
entropy of the macroscopical configuration. It turns out that this entropy agrees, for
large values of the charges, with the Bekenstein-Hawking entropy computed directly
from the area of the horizon. We must stress that this analysis yields exactly the 1/4
factor of proportionality between the entropy and the area of the horizon.

Beyond any doubt, this is a major result of String Theory. It is the only theory
able to predict statistically (microscopically) the Bekenstein-Hawking entropy. This
can be regarded as a “theoretical laboratory” testing String Theory, being its first
quantitative success.

Due to all this, supersymmetric solutions of supergravity are important pieces
of String Theory. One would like to determine or at least characterize all these
configurations for every supergravity theory. This objective, to which this Thesis is
devoted for certain theories, has motivated a lot of work. Let us briefly comment (part
of) the history of the characterization of supersymmetric solutions in supergravity.

The pioneering work was made by Tod [26]. He was encouraged by the discovery
of Gibbons and Hull [27] of the presence of a Bogomol’'nyi bound on gravitation which
is saturated precisely by the supersymmetric solutions of N = 2, d = 4 Supergravity.
Tod investigated all the possible backgrounds that admit Killing spinors in this theory
(actually, part of the classification was initiated in the paper of Gibbons and Hull). He
firstly found the necessary conditions on the background for the existence of the Killing
spinors and then he found that these conditions are also sufficient. He introduced
bilinears of the Killing spinors and also he extracted information about the equations
of motions from the integrability conditions of the KSEs. In his analysis, he used the
Newman-Penrose formalism.
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The results of Tod fall into two classes (the null and time-like classes) depending
on the vanishing or not of the scalar bilinear of the Killing spinor. In the time-like
class he found that all the supersymmetric metrics have the “conformastationary”
form, which we detail in appendix C.1. This kind of metric is the most general for a
geometry with a time-like Killing vector. Tod found that the spatial base manifold is
flat and the conformal factor is harmonic with respect to the flat three-dimensional
metric (actually, Tod considered the presence of external sources). In the null class he
found the Brinkmann metric, which is the most general metric possessing a covariantly
constant null vector. Among these metrics there are the pp-waves and Tod found that
all null-class metrics have flat transverse metric.

Some years later Tod [28] advanced in the characterization program. He began the
analysis for N = 4, d = 4 Supergravity, which is reconsidered and completed in this
Thesis. Although he completed the characterization in the null case, in the time-like
case he found only partial results by imposing certain condition on the Killing spinors,
called by him the “internal rigidity” hypothesis. He found the same conformastation-
ary metric with flat base metric and that the axidilaton and the field strength are also
given in terms of harmonic functions. The same solutions were found independently
by Bergshoeff, Kallosh and Ortin [29], who showed that these solutions are general-
izations of the Israel-Wilson-Perjés [30, 31] solutions of the Einstein-Maxwell theory
and include all the known supersymmetric black holes of the theory [32-45].

The topic of supersymmetric solutions of supergravity enjoyed a revival after the
publishing of Ref. [46] showing a new maximally supersymmetric solution of type 11B
Supergravity. This solution is analogous to the maximally supersymmetric solution
of d = 11 Supergravity described by Kowalski and Glikman [47,48]. New maximally
supersymmetric solutions were subsequently found in five and six dimensions [49].
Later on it was shown [50] that all maximally supersymmetric solutions in ten and
eleven dimensions are:

1. Minkowski, AdS; x S*, AdS, x ST and Kowalski-Glikman for d = 11 Supergravity
(the latter being called Hpp-waves in Ref. [46]).

2. Minkowski for the type IIA Supergravity and Minkowski, AdSs; x S° and Hpp-
waves for the type IIB Supergravity.

We stress that the condition of maximal supersymmetry is quite restrictive hence those
configurations are generally the easiest to characterize. Basically, all the information
needed is contained in the integrability conditions of the KSEs.

The work that gave the final impulse to the characterization program was done
by Gauntlett et al. in 2003 [51]. They achieved the characterization of all supersym-
metric solutions of pure (minimal), ungauged N = 1, d = 5 Supergravity in a very
precise way. This work refined and established the method of the spinor bilinears
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used by Tod in Refs. [26,28], which is the one we use in this Thesis. Unlike Tod, they
developed the formalism using ordinary tensor calculus, which has the advantage of
being adaptable to any dimension. Gauntlett et al. found that the Killing spinors
bilinears can be identified with geometrical structures and hence the geometry of the
background is determined by them (they called this approach “G-structures”). As in
four dimensions, in pure N = 1, d = 5 Supergravity the supersymmetric solutions are
classified according to the time-like and null classes. In the time-like class the met-
ric is conformastationary with the spatial base metric being a hyperKéahler manifold
(SU(2) holonomy). In the null class waves have flat transverse metric. In both cases
the solutions are 1/2 BPS. They also showed new, explicit supersymmetric solutions
of the theory.

The success of Ref. [51] motivated several works on the characterization of super-
symmetric solutions of Supergravity. Soon after the publication of Ref. [51], two of
those authors [52] extended the analysis by gauging the pure N = 1, d = 5 theory.
They found that, in the time-like class, the gauging uplifts the holonomy from hy-
perKéhler to Kéahler (U(2) holonomy). In the null class the holonomy of the transverse
space is uplifted to the full SU(2) group. In addition, the gauging lowers the amount
of unbroken supersymmetry to 1/4 in both cases.

The characterization program with couplings to matter multipletsin N =1,d =5
Supergravity was initiated in Ref. [53]. The authors analyzed the (Abelian) gauged
theory coupled to vector multiplets restricting the target manifold of the scalars (the
special manifold) to be a symmetric space and analyzing only the time-like class.
In this framework, they studied the general supersymmetric AdSs; black holes and
also they showed that the maximally supersymmetric solutions of this theory are the
same of the pure Supergravity theory. There were already some works [54,55] which
analyzed black holes preserving one half of the supersymmetries of this theory coupled
to vector multiplets. Later on, the analysis of Ref. [53] was extended in Ref. [56] by
considering the null class and also relaxing the condition of symmetry on the target.
Finally, the analysis of the N = 1 five dimensional theory has been extended in
two of the works on which this Thesis is based [57,58] by adding the coupling to
hyperscalars both in ungauged and gauged cases. The coupling to hyperscalar was
previously analyzed by Celi et al. in Refs. [59-61] who considered in particular the
spherically symmetric supersymmetric configurations.

Caldarelli and Klemm [62] made the characterization for pure, U(1)-gauged N = 2,
d = 4 Supergravity, extending the work initiated by Tod on this theory. They found
that the gauging, in the time-like class, uplifts the holonomy of the base manifold
from flat (trivial holonomy) to U(1) holonomy. In the null class the transverse space
is no longer flat.

The classification program on ungauged N = 2, d = 4 Supergravity coupled to
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vector multiplets was made in Ref. [63]. In that work it was found that all the solutions
belonging to the time-like class are those previously found in Ref. [64], which have,
as in the pure theory analyzed by Tod, flat base metric and the whole solutions are
given in terms of harmonic functions. In the null class they also found the Brinkmann
metric. The analysis was further extended in Ref. [65] by the addition of hyperscalars,
which enhance the holonomy of the base manifold in the time-like class from flat to the
full SU(2) group. The authors found that the spatial spin connection is the pullback
of the SU(2) connection of the quaternionic Kéhler manifold which is the target of
the hyperscalars. This result is very closed to what we shall show about the N =1,
d = 5 theory coupled to hyperscalars.

Recently, it has appeared [66] a further classification in the gauged N =2, d = 4
theory, based on the method of the spinorial geometry [67], in which the supersym-
metric solutions are rigorously classified according to the amount of supersymmetry
preserved.

The earliest complete classification in six dimensions was achieved in Ref. [68]
(see also Ref. [69]) finding all the supersymmetric solutions of the minimal super-
gravity. Six dimensions are special for supersymmetric solutions since there is only
the null class. Cariglia and Conamhna achieved the characterization of the U(1) and
SU(2)-gauged N = (1,0) theory. Later on the coupling to vector-, tensor- and hy-
permultiplets was analyzed in Ref. [70]. In particular, this work is closely related
to our analysis in five dimensional theories since any u-independent six-dimensional
configuration can be reduced to a time-like class configuration.

In seven dimensions Cariglia et al. [71] achieved the characterization of the time-
like class in the minimal ungauged and SU(2)-gauged Supergravity.

In ten and eleven dimensions the program is much more involved. In Refs. [72,73]
the method of the spinor bilinears was used to classify some of the supersymmetric
solutions of eleven dimensional supergravity. In particular the authors of Ref. [73]
characterized the supersymmetric solutions of the null class. On the other hand,
Papadopoulos et al. [67] proposed the method of spinorial geometry to deal with
supersymmetric solutions of eleven dimensional supergravity. The method has been
also used in ten dimensional type IIB backgrounds [74-76] and recently the complete
characterization of type I backgrounds has been achieved [77].

We devoted this Thesis to two important theories of supergravity in four and five
dimensions. We also use the characterization formalism to gain some insight in the
cosmic censorship conjecture.

The remainder of this Thesis is organized as follows:

1. In chapter 2 we present the Killing spinor identities derived in Ref. [78] and
show how them can be used to relate the equation of motion evaluated on
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supersymmetric configurations.

. In chapter 3 we perform the characterization of supersymmetric solutions of

ungauged N = 1 supergravity in five dimensions coupled to matter vector- and
hypermultiplets.

. Chapter 4 deals with the gauged version of the theory analyzed in chapter 3.

. Chapter 5 deals with the characterization of supersymmetric solutions of pure

N = 4 supergravity in four dimensions.

. In chapter 6 we present in simple grounds how the supersymmetry can be used

as criterion to elucidate some physical properties of cosmological solutions. With
this analysis we show the practical importance of knowing the characterization
of supersymmetric solutions of supergravity.

. Finally we point out some conclusions about our results.



Killing spinor identities

The content of this chapter has been previously published in Ref. [79].

To find supersymmetric solutions of Supergravity it is customary to introduce
first an Ansatz that incorporates the relevant fields and symmetries into the Killing
spinor equations in order to constrain the form of the solution and make sure that the
required amount of supersymmetry will be preserved. Then one still has to solve all the
equations of motion, but this task is usually not too difficult once the supersymmetry
test is passed. It it, however, possible, to use the Killing spinor equations in more
efficient ways, as we are going to see.

For instance, recently, in Ref. [80] it has been proven that, for supersymmetric con-
figurations of massive type IIA supergravity, if the equations of motion and Bianchi
identities are satisfied for all the p-form potentials and the dilaton, then the Einstein
equations (and also the dilaton equation) are also satisfied, under certain mild con-
ditions. Similar results had been obtained earlier in the context of minimal d = 5
and d = 11 supergravity in Refs. [51,72,81]. In this chapter we are going to show
that this result is a simple consequence of the general Killing Spinor Identities de-
rived in Ref. [78]. These identities are relations between equations of motion of the
bosonic fields of supergravity theories and using them we can show that the results
of Refs. [51,72,80,81] hold in any theory of supergravity. These relations are the
reason why supersymmetric solutions depend on a very reduced number of indepen-
dent functions that solve simple equations. The advantage of this method is that it is
conceptually more clear and it does not require the computation of the commutator
of two supercovariant derivatives (the integrability conditions for the Killing spinor
equation), which is often algebraically quite involved.

The Killing Spinor Identities (KSI) of any supergravity theory with bosonic and
fermionic fields ¢, ¢/, and invariant under local supersymmetry transformations d.¢°,
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5.¢', can be derived as follows: from the supersymmetry variation of the action of
the theory, which vanishes by hypothesis, we obtain the identity

6.8 = /ddx(SJ, 50" + S 607 =0. (2.1)

Here S(s) are the first variations of the action with respect to the bosonic (fermionic)
fields, i.e. their equations of motion. Summation over the indices b, f is understood.
Strictly speaking, the r.h.s. of this formula is a boundary term odd in fermion fields
which we have assumed vanish on the boundary. This is an acceptable assumption
since we are going to set all the fermionic fields to zero in the end.

Now we vary this equation w.r.t. the fermionic fields and evaluate the expression
for vanishing fermionic fields, getting

{S,bf2 5€¢b + S,b (5E¢b),f2 + S,f1f2 5€¢f1 + S,fl (5e¢f1)7f2 }¢f:0 =0. (2‘2)

Since the bosonic equations of motion S and the supersymmetry variations of the
fermions 6.¢7 are necessarily even in fermions

S7bf2|¢f:0 = (56¢f1),f2‘¢f:0 =0, (2.3)

and we are left with only two terms

{S,b (5e¢b),f2 + S,f1f2 56¢f1 }¢f:0 =0. (2'4)

This expression is valid for any values of the bosonic fields ¢* and supersymmetry
parameters €, but it takes a most useful form when we specialize it for supersymmetry
parameters which are Killing spinors which we denote by « and which satisfy, by
definition, the Killing spinor equation

050" | 4y = 0. (2.5)

Thus, supersymmetric (i.e. admitting Killing spinors) bosonic configurations sat-
isfy the following Killing Spinor Identities (KSI) found in Ref. [78] that relate their
equations of motion

Syb (5n¢b),f

Of course, these equations are a particularly useful subset of the supersymmetric

o =0 (2.6)

gauge identities which relate all the equations of motion of a locally supersymmetric
theory, and their content is highly non-trivial even if each term vanishes separately
on-shell. This is the reason behind the well-known fact that supersymmetric solutions
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are given in terms of a very small number of functions that satisfy certain equations:
each equation of motion is a simple combination of the equations satisfied by those
few functions and that is how the equations of motion are related by the KSI, on-
or off-shell. For example, in simple p-brane solutions, all the equations of motion are
proportional to the Laplacian of a single function.

The KSI can be used, for instance, to reduce the number of independent equations
of motion that need to be solved explicitly! to make sure that a configuration satisfies
them all. Let us consider a few examples.

The action of the bosonic sector of d = 11 supergravity is?

_ [ m 121
S—/d Rvarl [R WL (144)2\/EGGGC : (2.7)

and the supersymmetry variations of the bosonic fields are

dee, = —%EF“ Yy,
(2.8)
0eChwp = %@F[W V) -
Defining
Ea“(e) = 1 05 - _9 {Ga“ _ 1 [Gabch“de _ lea“GQ}}
NERED o 12 8 ’
Elﬂ’l)(C) =_1 05 1 V,Gorr — #Euvw\r-%mmuc;/\ LG
\/M5C#yp 40 3! 9-27 /gl 1A~y | o
(2.9)
we immediately get the KSI of d = 11 supergravity
R [E(e)y" + 3iE"(C)yw) = 0. (2.10)

If the equation of motion of the 3-form is satisfied (the Bianchi identity is always as-
sumed to be satisfied in this formalism), then, a bosonic configuration always satisfies

RE (e)y* =0. (2.11)

!The contracted Bianchi identity V,,G*” = 0 is used in General Relativity in a similar fashion:
it implies >, V. TH (¢?) = 0 and, given that V, T+ (¢") is always proportional to the equation of
motion of the field ¢ (it only vanishes on-shell), we get a relation between the equations of motion
of all the matter fields #*. For a single minimally-coupled scalar field, for instance, if the Einstein
equation is satisfied, we get (V2¢)(V¥¢) = 0 and, if V¥¢ # 0 we get V2¢ = 0, and if V¥¢ = 0 we
get the same result.

20ur notation and conventions in this chapter are those of Refs. [82] and [13].
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This is the equation obtained in Ref. [51,72,80,81] by computing the commutator of
two supercovariant derivatives. Now we can follow the reasoning in Refs. [51,72] to
see under which conditions this equation implies Einstein’s E,*(e) = 0. Multiplying
by ix on the right, we get

E, Ve =0, (2.12)

where

V* =1iRkyk , (2.13)

is always a non-spacelike vector. If we multiply by Ey”(e)y® and symmetrize in the
free indices we get

EM(e) By (e)n™ = 0. (2.14)

If V is spacelike, introducing a frame in which e’ = V| Eq. (2.12) implies that all the
components Fy*(e) vanish® and Eqgs. (2.14) can be seen as positive- or negative-definite
scalar products of vectors and one concludes that E,"(e) = 0.

If V is null, we construct a frame

ds* = 2eTe” — e'e’, i=1,--,9. (2.15)

with e™ = V. Now Eq. (2.12) implies that all the components E_#(e) vanish and
Egs. (2.14) imply that £,.* = E;* = 0. The only component of the Einstein equation
that one needs to impose independently is E, ™ = 0.

Let us now consider the example directly studied in Ref. [80]: massive type ITA
supergravity. The action of this theory is

L 42

2-4!

S = /dlox \g\{e‘mS R — 4(0¢)* + s H?| — 3m? — 162 —

2-3!

1

ke

_ ICBICH B + LmdCPBBB + $m>BBBBB] } ,
(2.16)

where the field strengths are given by

3In Ref. [80] this condition was imposed by hand. In this case, we see that it follows from
Eq. (2.12). In the null case that we consider next, only part of this condition has to be imposed by
hand.
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H =308, G? =200V +mB, GW =490 —4HCY +3mBB, (2.17)

and the supersymmetry transformation rules of the bosonic fields are

o, = —ielY,,
5€Buy = —2i€F[MF111/JV] ,
0ep = —3EN, (2.18)
560(1)# = —6¢€F11 (1/1“ - %Fuk) y

The equations of motion of the different fields, using the same notation as in the
11-dimensional case, are

Eu(e) = —2e7% {RW —2V,Vb+ LH P Hypo — 26230 004 ﬁT(")W}
—59uB(9)
E(¢) = —2e2{R+4(0¢)" — 4V2¢ + 5 H?}
Em(B) = —%{Vp(e*%Hp“”) + mG@hr %G(4) uvaﬁg(maﬂ

1 du/al'"064,@1"'64G(4)a1ma4G(4)[31...ﬁ4}

+2~<4!>2\/E

—3E“”a(0(3))0(1)a ’

E”(C(l)) = V,G@vr 4 %Hal..-agG(@al“'%“,

E#VP<C(3)) = %{VUG(AL) THYP —3!.4!1 o] G'ul/palma3’61..'B4Ho¢1‘..a3G(4)ﬁ1mﬁ4} )
(2.19)
where T w are the energy-momentum tensors of the RR fields:
T(n)w _ G(")upl""’"*l G(n)up1-~-pn,1 _ %g}w(;(n)?’ (2'20)

and, for n =0
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T(O);u/ = _%mQQ;w . (221)

The KSI of (massive) type IIA supergravity associated to the variations with
respect to the gravitino and the dilatino take, then, the form

R {E,"(e)l* + 2E(B)L,I'y — ie? BH(C)T'yy
+3i B (CP) [Ty, — 21CW, [, I1]} = 0, (2.22)

R{E(¢) +ie? B4 (COT T, — ie? E(CNT .} = 0.

The second equation tells us that, in presence of some unbroken supersymmetries, if
the equations of motion of the RR potentials are satisfied, then the equation of motion
of the dilaton is automatically solved. If also the equation of motion of the NSNS
2-form is solved, then we get KE,*I'* = 0 as in the 11-dimensional case and, following
again the reasoning of Ref. [72] we arrive at the same results.

By now, given that the Vielbein supersymmetry transformation rule always has the
same form, it should be clear that similar results are going to hold in all supergravity
theories.

For the sake of completeness we can also compute the KSI of type IIB supergrav-

ity. The equations of motion can be derived from the non-self-dual (NSD) action of
Ref. [83]

Snsp = /dmx 171 {672% [R(5) — 4(09)" + 2-%,!7'{2]
(2.23)

3G+ GO+ 56O — e ac<4>ac<2>3} ,

where the field strengths are given by

H=30B, G =000, G® =390% _-HC® K GO =50C" —10HC? .
(2.24)

The NSD action has to be supplemented, after variation, with the self-duality of the
5-form field strength

GO =Gt (2.25)

The equations of motion that one derives from the NSD action are
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Bu(e) = —2e7% {RW — 2V, Voo + R Hopo + 5677 Don—13 (n+1)!T(n)W

+rae T} = 59w E(p),

E(p) = —2e7% {R +4(0p)? — 4V%p + ﬁ?‘@} )
Em(B) = _% {Vp(€*2¢HP/W) — G praq® %G(E’H””QIQWSG(?’)MW%}

—COEm(CP) — 3!EWQ5(C<4>)C(2)QB 7

BOO) = {7,600+ 60}
E“V(C(2)) _ _%{VPGB) prv | %G(5)+Mua1--.a3’]-{a1_“a3} ,
1 1 RV YeRRe Yo"
Er 'u4(0(4)) = _ﬁ{VPG(E))pm e (3!)2\/m€/“ e 35152ﬁ3H&1a2&3G(3)ﬁ1,@253}'

(2.26)
The last equation is automatically satisfied once the self-duality of G®) is taken into
account, and we will eliminate it from now on. Taking the self-duality of G® into
account the equation of B also takes a simpler form:

Em(B) = _% {Vp(e—2¢HpMV> — GO e %G(ﬁi) uua1a2a3G(3)a1a2a3}
(2.27)
—COEmw (@),
The supersymmetry variations of the bosonic fields are
0.€,t = —iel(,,
5€(10 - _%§X>
55[)’#,, = —22'8_03F[MCV] ,
(2.28)
5.0 = leveg?y,

550(2);w = 22'6—%050—11“[” (Cl,] — %LFV]X) + C(O)ésBuu7

560(4)Wpa = —de 20T, (gol - %FU]X) +60% w0 By
and the KSI of type IIB supergravity are given by
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R{E,*(e)T* + E*(B)o’T, — 2E*(C®)[e~?a! — O3 T,} = 0,
(2.29)
F{E(p) +iE(C)e 90?4+ E®(C®)e %0}

I
o

If the equation of C'? is satisfied, those of the two scalars ¢, C(®) are automatically
satisfied. Further, if the equation of B is satisfied, we arrive again at KE,"(e)['* = 0.

Another use (the one originally proposed in Ref. [78]) is to constrain the form of
corrections (due to quantum effects or to the presence of external sources) to super-
symmetric solutions. The main assumption here is that the supersymmetry transfor-
mation rules themselves do not get any corrections. Under these conditions, if the
bosonic fields satisfy now the equations

Sy=b, (2.30)

then the sources J, must satisfy

Ty (8x0") 1| ys_ = 0- (2.31)

Since the integration of the sources gives the charges of the object that generates the
fields of the solution, the KSI identities give BPS relations between those charges.
Observe that this method does not allow for magnetic sources or charges, since the
Bianchi identities are assumed to hold from the beginning, although perhaps it might
be generalized to overcome this problem.

Let us consider a simple example: N = 2,d = 4 ungauged supergravity. The
action for the bosonic fields g,,, A, is

S = /d%« GI[R—1F?,  F=204, (2.32)

and the supersymmetry variations of the bosonic fields are

dee, = —iey*y, +c.c.,
(2.33)
0A, = —2iey, +c.c..
The equations of motion are
Et(e) = —2{G,}" — % [FabF“b — }Lea”]ﬂ] },
(2.34)

EH(A) = V,For,
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and the KSI are given by

R{E (e)y* +2E*(A)} =0. (2.35)

These equations lead to relations between sources as those found in Refs. [26] and [84]
in which off-shell configurations of N = 2,d = 4 ungauged and gauged supergravity
were considered.

Observe that, according to the standard argument, in the timelike case, these
equations tell us that one only has to solve the Maxwell equations and Bianchi identi-
ties for the vector field strength in order to have a solution of the full set of equations
of motion, and these equations reduce to just two equations for two real functions
(combined into a complex function thanks to electric-magnetic duality). The same
argument goes through in the gauged case, studied in Refs. [62,85], where it can be
seen that there are only two equations for two real functions becasue the extra real
function and the equation that it satisfies can be deduced from the other two.

Defining sources for the fields E,*(e) = 27,* and E#(A) = J* and multiplying the
KSI by ix from the right gives

T, (e)V® + aJ"(A) = 0, (2.36)

where we have defined the real bilinears
Ve =iry'K, a = iRk . (2.37)
Let us now make assume that

1. Our supersymmetric configuration satisfies the condition that all the compo-

nents £,%(e), a # 0 vanish (which is valid for the kind of static configuration

that we have in mind in this simple example). Then, taking p = 0 in the above
equation, we get

T (e)V° + aJ%(A) =0, (2.38)

2. The Killing spinor satisfies a projection condition of the form

(1+9")x=0. (2.39)
Then, V? = Fa and we get a relation between gravitational and electric sources

Tyl (e) ¥ J4(A) =0, (2.40)
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that will give M = |@| upon integration.

Clearly, similar arguments a and use of projectors lead to the relation between
mass and charge of the M2-brane in 11-dimensional supergravity.



Supersymmetric solutions of N =1, d =5
Supergravity

The content of this chapter has been previously published in Ref. [57].

In this chapter we will extend further the results obtained in ungauged N =1,d =
5 SUGRA to include, on top of vector multiplets, hypermultiplets. This problem was
considered before by Cacciatori, Celi and Zanon in Refs. [59-61], making progress
towards a full solution of the problem which we present here.

Similar works in 4- and 6-dimensional SUGRAs with 8 supercharges (N = 2,d = 4
and N = (1,0),d = 6) coupled to vector multiplets and hypermultiplets have been
recently published [65,70]. As the observant reader will see, there is a staggering
similarity between the results found in those works and the ones presented here. The
reason for this is simply because the hypermultiplets have a very characteristic, and
minimal, way of coupling to the rest of the fields, a coupling that is roughly the same
in the 3 theories with 8 supercharges, wherefore the resulting structures should be
comparable.

3.1 Results

Let us describe the results of this chapter qualitatively: all the supersymmetric solu-
tions can be seen as deformations of supersymmetric solutions with the same electric
and magnetic charges but frozen hyperscalars (which is effectively the same as having
only vector multiplets), which were classified in Ref. [52]. The effect of defrosting the
hyperscalars is an electric and magnetic charge preserving deformation of those solu-
tions; the deformations consist in a deformation of the base space in the timelike case
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and of the wavefront space in the null case. To be more precise, in the timelike case,
the metrics of all the supersymmetric solutions have the general conformastationary
form

ds? = f2(dt +w)* — f hppdz™dz™ . (3.1)

Ry is the time-independent base space metric and when dealing with frozen hyper-
multiplets, it has to be hyper-Kéhler. The metric, with f = 1 and w = 0 and vanishing
matter fields is a supersymmetric solution by itself and can be seen as a background
which is excited when electric and magnetic charges are turned on. The functions
f and w are essentially determined by the electric and magnetic charges and satisfy
covariant differential equations in the base space.

When the hyperscalars are turned on A, is no longer a hyper-Kéhler manifold:
the form of this metric is dictated by two requirements

1. The hyperscalars ¢ (z) are quaternionic maps' from the base space to the
quaternionic-Kahler target manifold.

2. The anti-selfdual part of the spin connection of the base manifold has to be
equal (up to gauge transformations) to the pullback of the su(2) connection
characterizing the quaternionic-Kéhler target manifold.

These two conditions are interwoven but, as we will show in an explicit example, can
be solved simultaneously.

Now, the metric, with f = 1 and w = 0, vanishing vector multiplets but unfrozen
hyperscalars is a supersymmetric solution by itself and can be seen as a background
which is excited when electric and magnetic charges are turned on. The functions f
and w satisfy the same covariant differential equations as before but in the new base
space metric.

These solutions generically preserve only 1/8 of the available 8 supersymmetries.

In the null case, the metric is generically of the form

ds® = 2fdu(dv + Hdu + w) — f*y.dx"dz® (3.2)

where 7, s = 1, 2, 3 and all functions are v-independent. The functions f and H and the
1-form w depend on the electric and magnetic charges and satisfy differential equations
in the background of the 3-dimensional wavefront metric 7,,. When the hyperscalars
are frozen, this metric is flat; when they are turned on, the 3-dimensional metric is

Please see the discussion after Eq. (3.74) for more information about the notion of quaternionic
maps.



3.1 Results 45

determined by exactly the same two conditions that the base space of supersymmetric
solutions of N = 2,d = 4 SUGRA coupled to hypermultiplets satisfy, namely

1. The hyperscalars must satisfy

2.¢% fx o) = 0. 3.3
q

2. The spin connection of the 3-dimensional metric must be equal (up to gauge
transformations) to the pull-back of the the su(2) connection that characterizes
the quaternionic-Kéahler target manifold.

This suggests a relation with the 4-dimensional solutions. We thus consider the
particular case in which the metric has an additional isometry and is, in particular,
u-independent. It is not difficult to see that in general the solutions of the null case
describe pp-waves propagating along a string. Solutions which are u-independent can
be compactified along the direction in which the wave propagates, i.e. along the string
and give solutions belonging to the 4-dimensional timelike class, 7.e. black hole-type
solutions.

This set of 5-dimensional solutions and their reductions are presented here for the
first time and allow an uplifting of 4-dimensional black-hole-type solutions (with or
without hypermultiplets) to d = 5 dimensions different from the one considered in
Refs. [86-92]. There, 4-dimensional black holes were uplifted to 4-dimensional black
holes in a KK monopole background. Here we are dealing with the electric-magnetic
dual uplift since the simplest 5-dimensional pp-wave and the Sorkin-Gross-Perry KK
monopole [93,94] are related by dimensional reduction to d = 4 dimensions and 4-
dimensional electric-magnetic duality, the 4-dimensional solution being the so-called
“KK black hole”, which in this simple case is singular. This relation is known in
the general case under the name of “r-map”, whence the r-map will relate these new
string-pp-wave upliftings® to the known black hole-KK monopole upliftings.

This uplift may be more convenient to understand the black hole solutions from
a higher-dimensional point of view since they are direct realizations of the D1-D5-W
model. It may shed light on Mathur’s conjecture [96,97] on the realization of D1-D5-W
microstates as supergravity solutions [98-104]

For the sake of completeness we have also worked out the timelike case with
one additional isometry as, with frozen hyperscalars, all of the interesting solutions
(supersymmetric rotating black holes and black rings [105]) seem to belong to this
class [51,106,107]. The base space manifold is now a generalization of the Gibbons-
Hawking instanton metric [108]. The Gibbons-Hawking instanton metric is the most

2A particular case of this kind of uplifting was also observed in Ref. [95], although the 5-
dimensional solutions were interpreted as rotating strings.
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general 4-dimensional hyper-Kéhler metric with one isometry and can be used as a
base space metric h,,, in absence of hyperscalars. It has the form

dsa) = H Ydz+ x)* + Ho,odx"dx®, 7,5=1,2,3, (3.4)

where H is a function harmonic on 3-dimensional Euclidean space.

In presence of unfrozen hyperscalars the metric to be considered is

d5?4) = H ' (dz+ x)* + Hypedx"da®, r,s =1,2,3, (3.5)

where the spin connection of the 3-dimensional metric v, has to be equal (up to gauge
transformations) to the pullback of the su(2) connection of the hyperscalar manifold.

3.2 Matter-coupled, ungauged N = 1,d = 5 supergravity

In this section we describe briefly the supergravity theories we will be working with:
N = 1,d = 5 (minimal) ungauged supergravity coupled to n, vector multiplets and
np, hypermultiplets?.

The supergravity multiplet consists of the graviton e?,, the graviphoton A, and
the gravitino 1/JZ. The gravitino and the rest of spinors in the theory are pairs of
symplectic-Majorana spinors i = 1,2 as explained in Appendix B.2.1.

Each of the n, vector multiplets, labeled by « = 1,---,n, consists of one real
vector field A7, a real scalar ¢* and a gaugino A% The scalars ¢, parametrize a
Riemannian manifold which we call ”the scalar manifold”. The full theory is formally
invariant under an SO(n, + 1) symmetry that mixes the matter vectors A*, with the
supergravity vector 4, = A%, and so it is convenient to treat all the vector fields on
the same footing denoting them by Af p I =20,---,n, The symmetry that rotates
the vectors acts on the scalars as well and, to make it manifest one defines n, + 1
functions of the physical scalars h!(¢). These functions satisfy the constraint

Crixh'h’h" =1, (3.6)

where Cyyk is a fully symmetric real constant tensor which characterizes completely
the couplings in the vectorial sector. In particular it determines the metric of the

3We follow essentially the notation and conventions of Ref. [109] with some minor changes to
adapt them to those in Refs. [110,111]. The original references on matter-coupled N = 1,d = 5
SUGRA are [112] and [113]. The origin of these theories from compactifications of 11-dimensional
supergravity on Calabi-Yau 3-folds was studied in Ref. [114].
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scalar manifold g,,(¢) on the target of ¢, the couplings between scalars and vector
fields ay;(¢) and the coupling constants of the vector field Chern-Simons terms. The
relations between these fields are given in the Appendix D.1.

Each of the nj, hypermultiplets consists of four real scalar-fields (hyperscalars)
¢, X = 1,---,4n;, and two spinor fields (hyperinos) ¢4, A = 1,...,2n;. The in-
dex 7 associated to the symplectic-Majorana condition is embedded into the index A.
The hyperscalars ¢X parametrize a quaternionic-Kahler manifold, described in Ap-
pendix D.2, that we will refer to as the hypervariety. In particular we observe that the
connection of quaternionic-Kéhler manifolds can be decomposed in an sp(1) ~ su(2)
and an sp(ny,) component whose pullback to spacetime will act on objects with index
¢t and A, respectively.

The bosonic part of the action is

S = / &z /g {R+ggwaﬂwawu§gXYquXaqu

(3.7)

ghvpoa
1 I J 1 I J K
_ZCL[JF K #V—FWEOIJK—F NVF pgA a}.

V9

Observe that the hyperscalars do not couple to any of the fields in the vector
multiplets and couple to the supergravity multiplet only through the metric. This is
similar to what happens in N = 2,d = 4 theories and will have similar consequences.

We use the following notation for the equations of motion

1 0S 1 68 1 6S 1 S
Efz———7-—, E=———, Ex=—r=—, Ef=——+, (3.8
2./g 8¢, Voot TR T geg T T T oAl (3:8)
which are given by
Ew = Gu— %GU (FIMpFJWJ - zllguVFIpUFprf)
+%gxy (aﬂ¢xa}/¢y - %gwjap¢xap¢y)
+%gXY (aqu&qu - %g,uuaquaqu) ) (39)

gE, = D,0"¢" + 1g™0yar, F POF ,, (3.10)
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g E = D,.0%¢", (3.11)

6uupao¢
& = Vila P + 2Cryx——=F7 ) F . (3.12)

V9

To these definitions we add the following notation for the Bianchi identities of the
vector fields:

B, =3V,F,,. (3.13)

In these equations @, is the covariant derivative in the spacetime and in the
corresponding scalar manifold. Then, Eq. (3.11) states that ¢ is a harmonic map from
spacetime to the hypervariety.

The supersymmetry transformation rules for the fermionic fields, evaluated on
vanishing fermions, are

56¢L - Duei - #gh]FIaﬁ (’7/1&6 - 4gua’7ﬁ) Ei 9 (314>
ST = 5 (Po" — 57 FT) €, (3.15)
50t = 1M P0¥e, (3.16)

where D, is the Lorentz- and SU(2)-covariant derivative

D' =V, + €A, (3.17)
and the su(2) connection is the pullback of the su(2) connection of the hypervariety:
A", = 0,4 wx", Al = A" 0" (3.18)

Observe that the hyperscalars only appear in the gravitino’s and gauginos’ super-
symmetry transformation rules precisely through the su(2) connection.

Finally, the supersymmetry transformation rules of the bosonic fields are

e, = Ley™l (3.19)

S AN, = —DBhlEy + Lhlgy AT (3.20)
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09" = Le\"", (3.21)

6q* = —ifiaNEct. (3.22)

3.3 KSIs and integrability conditions

The bosons’ supersymmetry transformation rules lead to the following KSIs [78, 79|
associated to the gravitino, gauginos and hyperinos resp.:

(& + PHIEL) € = 0, (3.23)
(& —hL &r)e = 0, (3.24)
fia*Exe = 0. (3.25)

It is an implicit assumption, used to derive the KSIs, that the Bianchi identities are
satisfied. This affects, in particular, the first two KSIs, where the vector field equations
appears. It is, therefore, useful to derive them from the integrability conditions of the
KSEs, even if the derivation requires much more work, because in this case, contrary
to what happens in N = 2, d = 4 theories [63], there is no electric-magnetic symmetry
indicating in what combination the Bianchi identities should accompany the Maxwell
equations.

The integrability condition of the KSE associated to the gravitino supersymmetry
transformation gives

4'}/VD[“(56’¢J£] = {(guo - %gug 5pp) o

b h! [ (£ + bars BY) +3 (1 + Sars BY) 7] pei = 0.

(3.26)

To obtain this equation we need to use Eqgs. (D.30)-(D.32), with v = —1 as to

ensure the correct normalization of the hyperscalars’ energy-momentum tensor. It is

a well-known result that manifolds with the opposite sign of v cannot be coupled to
supergravity and here we are just recovering this result.

Acting with v* from the left, we get
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|:(c/'pp + \/Tghl(éf[ - %au $J>:| Ei = 0, (327)

which can be used to eliminate £,” from the integrability equation:

(&7 + LR BT ) s+ e, ] e =0 (3.28)

On the other hand, from the gauginos’ supersymmetry transformation rule we get

2PN = [E, — hl (&1 + tary B)] € =0. (3.29)

Egs. (3.28) and (3.29) are the modifications to the two KSIs Eq. (3.23) and
Eq. (3.24) that we were seeking for.

Let us now obtain tensorial equations form the spinorial KSIs: acting with i€y,
from the left on Eq. (3.28) and taking into account the properties of the spinor bilinears
discussed in Appendix B.2.2, we get

f (gup + \/TghI*Blﬂp> + \/75]1[5[#% = 0, (330)

whose symmetric and antisymmetric parts give independent equations.
Doing the same on Egs. (3.29) and (3.25), we get

EVP—fhlgr = 0, (3.31)

ExVP = 0. (3.32)

Finally, acting with i€; on Eqs. (3.28), (3.29) and (3.25) from the left we get respec-
tively

(5W+§h,*zsfup> Ve BrpIE, = 0, (3.33)
fE€ —hLELVP = 0, (3.34)
Exf = 0. (3.35)

which can be obtained from Egs. (3.30)-(3.32) only in the timelike f # 0 case.

Summarizing, in the timelike case, defining the unimodular timelike vector v* =

V] f, we have
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gm = —Bplg ) (3.36)
hi* Bl = —plg ), (3.37)
E = hLE ", (3.38)
Ex = 0, (3.39)

which imply that all the supersymmetric configurations automatically solve the equa-
tion of motion of the hyperscalars and that, if the Maxwell equations are satisfied,
then the Einstein and scalar equations and the projections h;B! of the Bianchi iden-
tities are also satisfied. Therefore, in the timelike case, the necessary and sufficient
condition for a supersymmetric configuration to also be a solution of the theory, is
that it must solve the Maxwell equations and the Bianchi identities. Observe that,
contrary to the 4-dimensional cases in which only one component of the Maxwell
equations and Bianchi identities (the time component) need to be checked because
the rest are automatically satisfied, in this 5-dimensional case we need to check all
the components of the Maxwell equations and of the Bianchi identities.

In the null (f = 0) case, we get, renaming V#* as [*

Eplt = —LhrBL0°, (3.40)

Weér, = 0, (3.41)
hLE P = 0, (3.42)
E = 0, (3.43)

Ex = 0, (3.44)

which imply that the scalar and hyperscalars equations are automatically satisfied
and so are certain projections of the Maxwell and Einstein equations.
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3.4 Supersymmetric configurations and solutions

3.4.1 General setup and first results

In this section we will follow the procedure of Ref. [51] to obtain supersymmetric
configurations of supergravity, which consists in deriving equations for all the bilinears
that can be constructed from the Killing spinors. These equations contain the lion’s
part of the information contained in the KSEs and can be used to constrain the form
of the bosonic fields. These constraints are necessary conditions for the configurations
to be supersymmetric and subsequently one has to prove that they are also sufficient
(or find the missing conditions, as will happen in the null case). Finally one has
to impose the equations of motion on the supersymmetric configurations in order to
have classical supersymmetric solutions. The KSIs, derived in the previous section,
simplify this task since only a small number of equations of motion are independent
for supersymmetric configurations.

As we remarked in section 3.2, the hyperscalars appear only implicitly in the grav-
itino and gauginos supersymmetry transformations through the pullback of the su(2)
connection. The equations we are going to obtain for the fields in the supergravity
and vector multiplets are, therefore, formally identical to the case without hypermul-
tiplets considered in Ref. [53], but containing implicitly the su(2) connection and its
consequences. This is similar to what happens in the coupling of N = 2, d = 4 theories
to hypermultiplets considered only recently in Ref. [65]

Our goal is to find all the field configurations for which the KSEs

{D“ - ﬁﬁhlplaﬂ <7uaﬁ - 4gua75)} e = 0, (3.45)
(96" —3hi F') € = 0, (3.46)
x4 P¥e = 0, (3.47)

admit at least one solution €. We are going to assume its existence and we are
going to derive necessary conditions for this to happen. These conditions will arise as
consistency conditions of the equations satisfied by the tensors that can be constructed
as bilinears of the Killing spinor whose existence was assumed from the onset.

As explained in Appendix (B.2.2), the tensor-bilinears that can be constructed
from a symplectic-Majorana spinor are a scalar f, a vector V' and three 2-forms .
f and V are SU(2)-singlets whereas the ®s form an SU(2)-triplet.
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The fact that the Killing spinor satisfies Eq. (3.45) leads to the following differential
equations for the bilinears:

df = \/ighﬂvFI, (3.48)
ViV, = 0, (3.49)
v = —%thF’ — \/%hl* (F'AV), (3.50)
Doa®"p, = _\/LghIFIM (gp[ﬁ*q)rv}w — 9pa” P pye — %ga[ﬁ*q)rv]pv> , (3.51)
where
Da® 5, = Vo® 5, + 2™ A%, D5, . (3.52)

These equations are formally identical to those obtained in Ref. [53] but now the
covariant derivative that acts on the triplet of 2-forms is an SU (2)-covariant derivative.

Egs. (3.46) and (3.47) lead to algebraic equations for the tensor bilinears: con-
tracting Eq. (3.46) with i¢; and 0" 7€, we get

£yt = 0, (3.53)

hjFL@7 " = 0, (3.54)
and the contraction of Eq. (3.47) with i€ yields
Lyg* =0. (3.55)
Contracting now Eq. (3.46) with i7" and o”;7€;v* we get
fd¢® = —h¥iyF', (3.56)
0 = 00" + tepap, hfF 0", (3.57)
and, finally, operating on Eq. (3.47) with &~*

fOu* + 97,1 0,¢" Ty =0, (3.58)
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where we have identified the complex structures of the target quaternionic-Kahler
manifold,

Iy = /L i (3.59)

Eq. (3.49) says that V' is an isometry of the space-time metric. The differential
equation of ®" (3.51) implies

dD™ 1 27HAS A Bt = 0, (3.60)

i.e. the three 2-forms are covariantly closed respect to the induced su(2) connection.

In order to make further progress, it is necessary to separate the timelike (f # 0)
and null (f = 0) cases.

3.4.2 The timelike case

The equations for the bilinears

In this case the Killing vector V is a timelike, V? = f? > 0. We introduce an
adapted time coordinate t: V = 0,. With this choice of coordinates the metric can be
decomposed in the following way

ds? = f2(dt +w)* — f hppdz™dz" (3.61)

where w is a time-independent 1-form and h,,, is a time-independent Riemannian
four-dimensional metric.* Eqgs. (3.48),(3.53) and (3.55) imply that with our choice of
coordinates the scalars f, ¢* and ¢ are time-independent.

Following Ref. [51] we define the following decomposition

fdw=G"+G, (3.62)

where G and G~ are the selfdual and anti-selfdual parts respect to the metric h.

The Fierz identity Eq. (B.101) indicates that the ®"s have no time components
and the Fierz identity Eq. (B.102) implies that they are anti-selfdual respect to the
spatial metric h. Moreover, the identity Eq. (B.103) becomes

O, "D P = —0755,P + D, P (3.63)

4Appendix C.3 contains a Vielbein basis and the non-vanishing components of the connection
and Ricci tensor in that basis.
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where all operations on the spatial indices refers to the spatial metric h. This is the
algebra of the imaginary unit quaternions, whence we may conclude that the spatial
manifold is endowed with an almost quaternionic structure.

The next step is to obtain the form of the supersymmetric vector fields from
Eqgs. (3.48), (3.50), (3.54) and (3.56): these equations contain no explicit contributions
from the hyperscalars and, therefore lead to the same form of the vector fields found
in Ref. [53], namely

—V3{d [fr! (dt +w)] + 0O}, (3.64)
where the ©'s are spatial selfdual 2-forms and

Gt =-3n0". (3.65)

From (3.51) information about the derivatives of the two-forms ®” can be extracted
using the above expression for F: first, by introducing the spin connection of the
metric given in Appendix C.3 we may obtain the spatial components of the five-
dimensional covariant derivative,

v§)¢rnq = f3/2vmq)nq_§ (5m[nap]f3/2q)rpq - 5m[qap]f3/2q)rpn - ame/Q(I)rnq) ) (3-66)
where V,, is the covariant derivative of the four-dimensional spatial metric. On the
right hand side of this expression all of the flat indices refers to the Vielbein v,,t. On
the other hand, the spatial components of the equation (3.51) are

V@ g +2 27 Ay @l = = Z2 FRLFTP (6@ g — Gpm® g — O @' ) (3.67)

where we have used the fact that ®" are spatial, anti-selfdual 2-forms. Now from
Eq. (3.64) we read

hiFIP0 = /37120, f (3.68)

and by comparing Egs. (3.66) and (3.67) we find that the 2-forms ®" are SU(2)- and
Lorentz-covariantly constant over the 4-dimensional spatial manifold:

Von® o+ 26" A By = 0Dy — 2o 1P g + 267 A, B = 0, (3.69)

Here ¢ is the standard spin connection of the 4-dimensional spatial manifold.
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Had the base space not been 4-dimensional, the conclusion would have been that
we are dealing with a quaternionic-Kahler manifold. But in four dimensions the
above equation, taken at face value, is rather void: given a Vierbein we can construct
a kosher quaternionic structure by inducing the one from R* and then the unique A
solving Eq. (3.69), is given by

A = % e @l V,, &3P (3.70)

In the case at hand, however, said arbitrariness is nothing but an illusion since the
connection A is the one induced from an sp(1) connection on a quaternionic-Kahler
manifold and is therefore not to be chosen but to be deduced. At this point one can
then already appreciate the interwoven nature of the problem: Since the quaternionic
structure on the 4-dimensional space is basically known, Eq. (3.69) determines, part
of, the spin connection in terms of the pull-back of an sp(1) connection. This pull-
back, however, is defined by means of a harmonic map satisfying Eq. (3.58), which
presupposes knowing the Vierbein, and hence also the spin connection.

A ‘trivial’ solution to the requirement that the hyperscalars form a harmonic map
satisfying Eq. (3.58), is to take them to be constant: Eq. (3.69) then states that
® defines a covariantly constant hypercomplex structure, so that the 4-dimensional
manifold has to be hyper-Kéhler, and we recover the results of [51,53]. As is well-
known the holonomy of a 4-dimensional hyper-Kéhler space is su(2) C so0(4), and in a
suitable frame the spin connection can be taken to be selfdual. The technical reason
why the spin connection can be taken to be selfdual lies in the fact that the ®s are
anti-selfdual and that the split into anti- and selfdual components corresponds to the
Lie algebraic split s0(4) = su(2); @ su(2)_; if we then take the ®s to be induced
from the ones on R*, called J, and denote the projection of the spin connection onto
su(2)+ by &%, then Eq (3.69) can be expressed as [¢,,J"] = 0, which immediately
implies £~ = 0.

In the general case there will still be no constraint on £*, but we can solve equation
(3.69) to give

— —

Enn® = —Am - 7, (3.71)

where as above, we made use of the quaternionic structure induced from flat space.

In the above we were able to match things up without much ado, since the relevant
su(2)s both acted in the vector representation. When considering the Killing spinor
equation, however, the representations do not add up that nicely, and one finds that
a necessary condition for having unbroken supersymmetry is that the generators of
su(2) and su(2)_ should have identical actions on the Killing spinors, i.e.
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e io’; = 1 V™" € (3.72)

and these conditions will appear as projectors II"*;/ acting on the Killing spinors,
where

s/ =16 £ 4 Je] 7, (3.73)

In principle we only need to impose one such constraint for each non-trivial component
A"

The last constraint on the bosonic fields comes from Eq. (3.58). In the timelike
case this equation is purely spatial and in 4-dimensional notation reads

O = O™ Oug” Iy X. (3.74)

This condition implies that ¢ is what Ref. [115] calls a quaternionic map. In said
reference it is shown that a quaternionic map between hyper-Kéahler manifolds implies
that the map is harmonic, 7.e. it solves

D,0" ¢~ =0. (3.75)

Here, however, we are not dealing with maps between hyper-Kahler manifolds, yet
the KSIs state that ¢ is automatically harmonic. The question then is: Apart from
being quaternionic, what properties must ¢ satisfy in order to be harmonic?

Let us be a bit more general and consider the situation in which the sp(1) connec-
tion A appearing in Eq. (3.69) is not the pull-back of the sp(1) connection, denoted
B, defined on the hypervariety. By then differentiating Eq. (3.74), using Egs. (3.69)
and the formulas in App. (D.2), we obtain

Qmanqx = —2e [Asn - an BSZ] CDtmpﬁqu erX
(3.76)
+O7,P D0y Ty X
Contracting the free indices, we find that
@maqu — 2832&7‘ [Asm o mqZ BSZ} (I)t nmaanerX ) (377)

In our case, we have A = dq - B whence the fact that ¢ is a quaternionic map, by
itself, implies that it is harmonic.

Therefore, supersymmetric configurations of the hyperscalars consist of quater-
nionic maps ¢ such that the su(2)_ connection of the 4-dimensional space manifold is
canceled by the pullback of the one on the hypervariety.
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In the next section we are going to check whether the conditions that we have
derived on the fields are sufficient to have unbroken supersymmetry, i.e. identically
solve the KSEs.

Solving the Killing spinor equations

We begin with Eq. (3.46), from the gaugino supersymmetry transformation. After
use of the expression of the vectorial fields Eq. (3.64), it can be put in the form

(2 DT — L @1> Ré =0, (3.78)

where we have defined the projectors R*

RF=1(1+7"). (3.79)

Obviously, this equation can always be solved by imposing the projection

R€=0, (3.80)

which is equivalent to a chirality condition on the spinors over the spatial manifold

1234

due to the relation /Y = v!23*, RT and R~ have rank 2 and therefore this projection

breaks/preserves 1/2 of the original supersymmetries.

Now we analyze Eq. (3.47), from the hyperinos supersymmetry transformations.
Using Eq. (3.74) we can rewrite it in the form

fXjA @(]X 35Jz + i Z J(T)O-(T)ji,yo € — ,mermnaanerXinAR—ei =0, (381)
which can be solved by imposing the projection Eq. (3.80) and

e =0, (3.82)

where the II"%,s are the objects defined in Eq. (3.73). The IT""; satisfy the algebra

T = LI 4 Jet — ettt — LR (3.83)

and are idempotent (and, therefore, projectors) only in the subspace of spinors satis-
fying the projection Eq. (3.80).

Observe that, in principle, we need to impose the three projections r = 1,2, 3 on
the Killing spinors. The above algebra shows that only two of them are independent
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and it is easy to see that they preserve only 1/4 of the supersymmetries preserved by
the projection Eq. (3.80), i.e. only 1/8 of the supersymmetries is generically preserved
in presence of non-trivial hyperscalars.

We turn now to Eq. (3.45) from the gravitino supersymmetry transformation. We
consider separately the timelike and spacelike components of this equation. By using
the spin connection of the five-dimensional metric Eqs. (C.17) and the expression of
the vector fields Eq. (3.64), the timelike component takes the form

e+ [2pPP (- 1) 6T -4 EIRE=0, (38)

which is automatically solved by time-independent Killing spinors satisfying the pro-
jection Eq. (3.80).
The space-like components of Eq. (3.45) take, after use of Eq. (3.80), the form

Vo' + WAL5 = 0, 0= 2% (3.85)

To solve this equation, the quaternionic nature of the 4-dimensional spatial man-
ifold comes to our rescue: in the special Vierbein basis and SU(2) gauge in which
Eq. (3.71) holds, the 2-forms ®",,, are the constants J",,,. Using this splitting, the
above equation takes the form

Vin' 4+ i AT, (07 4+ L ) =0, Vin' = (0m + 2 ¢ 0", (3.86)

Using the projections Eq. (3.82) for each non-vanishing component of the pull-back
of the su(2) connection A" xd,,¢* we are left with

Vini=0, (3.87)

which is solved by constant spinors that satisfy the projection Eq. (3.80), i.e. if they
are chiral in the 4-dimensional spaces of constant time.

It should be clear from the discussion of the gravitino variations, that, for some
configurations, not all of the projections II need be imposed, e.g. when turning on
only an u(1) in su(2)_. The analysis of Eq. (3.81), however, indicates that still all 3 of
the projections ought to be implemented. This is true if we disregard the possibility
of a special coordinate dependency of the quaternionic map. As an extreme example
we have the case with frozen hyperscalars which effectively is like not having them at
all. A less-trivial example to this effect is fostered by the trivial uplift of the c-mapped
cosmic string analyzed in [65, Sec. (4.4)], in which case the map is holomorphic.®

®In fact, part of Chen and Li’s article [115] consists of showing that there are quaternionic maps
between hyper-Kéhler manifolds that are not holomorphic w.r.t. some complex structure.
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Supersymmetric solutions

In Section 3.3 we proved that timelike supersymmetric configurations solve all the
equations of motions if they solve the Maxwell equations and Bianchi identities which
we rewrite here in differential form language for convenience:

vE = —d" (aF’) + 5CrxFY NFE, (3.88)

B = dF’. (3.89)

We may evaluate these expressions for supersymmetric configurations using the
formula (3.64). The result is

V3

& = ~L P (/D) - 10" 0" (3.90)
Er = —2v3f2C 1 rh’ (x@dO )™, (3.91)
(*BI> om _ _\/§f3/2(*(4)d@l)m ) (392)

where, as usual, all the objects in the r.h.s. of the equations are written in terms
of the 4-dimensional spatial metric A. The components (*(4) B! )mn vanish identically,
and it is immediate to see that the KSI Eq. (3.37) is satisfied.

Then, the supersymmetric solutions have to satisfy only these two equations:

Vi (hi/f) = 1oe’-ef = o, (3.93)

de’ = 0, (3.94)

which are identical to those found in Ref. [53] in absence of hypermultiplets, the
difference being the quaternionic nature of the 4-dimensional space.

3.4.3 Some explicit examples

In the recent paper Ref. [70] Jong, Kaya and Sezgin gave an explicit example with non-
trivial and not-obviously-holomorphic hyperscalars taking values in the symmetric
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space Hy = SO(4,1)/SO(4). In this section we are going to use the same set-up
to find 5-dimensional supersymmetric solutions and discuss the possible gravitational
effects.

The four coordinates of the target are denoted by ¢X, X =1,...,4, and take the
metric on the hypervariety to be

1

_ A2 2y _
gx v = Noxy , A(Q)_l——(f’

P = g* <. (3.95)

As one might have suspected this metric is Einstein, and since the space is conformally
flat, it is also trivially selfdual, meaning that we are really dealing with an authentic
4-dimensional quaternionic-Kéhler manifold.

A Vierbein for this metric is

9
Og¥’

In both the coordinate and the Vierbein basis the three complex structures are

EX = Ay dg*, Ex = A 'oxY (3.96)

given by the 't Hooft symbols p" yy (= J%y ), which are real, constant and antisym-
metric matrices in the X,Y indices. Moreover they are anti-selfdual® and satisfy

O xy Plyz = =6 0xz + € plxz, (3.97)

P'xy P'wz = Oxw Oyz —0xz Oyw — €xywz. (3.98)

The anti-selfdual part of the spin connection is

where ¢% = 6%y ¢¥.
In order to construct the hyperscalars, we assume that also the base manifold is
conformally flat, i.e.

By da™dz™ = Q?da™dz™ QO =Q>?)), 1 = g™ (3.100)

and thence take the Vierbein on the base manifold to be

V= Q6" da™ Vi = Q716,,220,, . (3.101)

5They can be seen as the three anti-selfdual combinations of generators of s0(4), i.e. the generators
of the su(2)_ subalgebra.
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In this basis we can identify the complex structures of the base manifold with
those of the hypervariety

I = 65T %0y = (3.102)
The anti-selfdual part of the spin connection on the base manifold is

QI
g — 2@ (xlmyml — Lemnpagpya) (3.103)

where 2™ = 6™, ™.

Now we analyze the conditions for supersymmetry on the hyperscalars ¢%. The
first condition is that they must constitute a quaternionic map, i.e. Eq. (3.74),
w.r.t. the chosen quaternionic structures. In our setting this equations takes the form

Oma™ = (Omy Onx — OmxOny — €mnyx) Ong™ (3.104)

whose symmetric and antisymmetric parts give

O™ = 0, (3.105)

a[mqm = _%Emnpq8QQQ; (3106)

where ¢, = ¢™.

A solution to these equations is

= = ™ot (3.107)

where we have chosen a possible multiplicative constant to be unity.

The second condition on the hyperscalars states that the anti-selfdual part of the
spin connection of the base manifold must be related to the su(2) connection induced
from the target,

—

fi = _Km . an7 (3108)
An = OngXdx ., (3.109)

where Wy is the su(2) connection of the target. We observe that the reasoning leading

to the relation (3.108) can be applied on the target manifold as well,”, where the

"Indeed it can be applied in any four-dimensional Riemannian manifold.
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involved connections are wyy and Wy and therefore we may establish the following
relation on the target

wxy? = —Bx - JyZ. (3.110)

By contrasting Egs. (3.108)-(3.110) we conclude that in our settings the anti-selfdual
part of the spin connection of the base manifold is induced from the one of the hy-
pervariety,

67 = By oy (3.111)
This condition is satisfied if
v = 1 (3.112)
Q  22(a6—1) '

The solution to this equation is

Q=1 - 9", (3.113)

where, as above, we chose a certain multiplicative integration constant. We would like
to point out that in this case the whole spin connection on the base manifold, rather
than only its anti-selfdual part, is induced by the connection on the hypervariety.

A small investigation of the curvature invariants for the metric on the base space,
shows that the point 22 = 1 corresponds to a naked curvature singularity.

We have, thus, found the following 1/8 BPS, static, asymptotically flat, spherically
symmetric, solution with only unfrozen hyperscalars in the SO(1,4)/S0O(4) coset:

1\2/3
ds? = dtz—(l——G) dx™dx™
x
(3.114)
g = P

which, as was said above, presents a naked singularity at 22 = 1. Since there are
no conserved charges in this system, the no hair conjecture suggests that black-hole
type (i.e. spherically symmetric) solutions of this and similar systems will always be
singular, but a more detailed study is needed to reach a final conclusion since they may
be excluded by a mechanism like the one discussed in Ref. [116-118]. Furthermore, a
higher-dimensional stringy interpretation of this, and similar solutions, is also needed
as to interpret this singularity correctly.
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As a further example let us now consider how solutions of minimal N =1,d =5
SUGRAS are deformed by the coupling to these hyperscalars. For the sake of simplicity
we consider the simplest static (© = w = 0) solution which is determined, according
to Eq. (3.93), by a single function f~' = K which is harmonic w.r.t. the metric on
the base manifold. The supersymmetric solution can be written as

2 -2 2 A 28
ds* = K2dt* — K (1+ =] dada™,
T

A = —\BEdt, (3.115)
m xm
qg— = F-

If the harmonic function is chosen as to have an asymptotically flat, spherically
symmetric solution with positive mass, the harmonic function is, with frozen hyper-
scalars,

K=1+"% (3.116)

and the solution is the 5-dimensional Reissner-Nordstrom black hole [119] which has
an event horizon at x = 0 that covers all singularities.

When the hyperscalars are unfrozen and we have the above base manifold, K,
determined again by imposing asymptotic flatness and spherical symmetry, is given
by

F ( 12, 4. x—G)

201 ) 9 )

K=1+Q 3 3x23 , (3.117)
where o F} is a Gaufl hypergeometric function. It is easy to see that lim, . K = 1
and that oF (%, % ; % ; x_ﬁ) /z?% is a real, strictly positive and monotonically decreas-

ing function on the interval 2> € (1,00). The real question then is: what happens at
r? =17 Eq. [120, 15.1.20] gives a straightforward answer

1) = M ~ 1.76664 , (3.118)

r(3)

which implies that there is a naked singularity at 2 = 1.

1 2,
2F1(§7§7

SIS

8In our notation this means that n, =0, C11; = 1 and h! = 1.
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Solutions with an additional isometry

To make contact with the families of solutions with one additional isometry found in
Refs. [51,107] we make the following Ansatz for the 4-dimensional spacelike metric

hmndz™dz™ = H ' (dz + x)* + Hy,edz"dz®, r,s =1,2,3, (3.119)

where the function H, the 3-dimensional metric 7,, and the 1-form y = x,dz" are all
independent of the coordinate z. This Ansatz covers all 4-dimensional metrics with
one isometry. We also require all fields in the solution to be independent of z.

As we have seen, supersymmetry requires the anti-selfdual part of the spin con-
nection of this metric to be identical to the pullback of the su(2) connection of the
hypervariety. With the orientation €,193 = +1 and the Vierbein basis

V:=HY*dz + ), V= HY", (3.120)

where the v" is the Dreibein for the 3-dimensional metric 7,,, the anti-selfdual part
of the spin connection 1-form is given by

£ = LHP9H — (kdx),]V?
(3.121)
+ieraH 3 P{[0H — (kdx)i)dsu — 2Hmus } V",

where hatted objects refer to the 3-dimensional metric.

Observe that the z-independence of all fields means that the pullback of the su(2)
connection has no z component. Then, the supersymmetry condition Eq. (3.71) leads
to

dH =%dy, = V?H =0, (3.122)

which is a condition on the 4-dimensional metric, and

fgzs _ _%8stu wﬂt’u — _QASX 8£qX’ (3123)

which is a condition on the hyperscalars and the 3-dimensional metric.

Observe that the above 4-dimensional metric is a generalization of the Gibbons-
Hawking instanton metric [108]. The non-trivial 3-dimensional metric destroys the
selfduality of the connection. However, the generalized metric admits a quaternionic
structure which is the straightforward generalization of that of the Gibbons-Hawking
metric [121] and is, therefore, associated to the three hyper-Kéhler 2-forms
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J =VEAVT = 2™V AVE (3.124)

It is trivial to check that they satisfy the quaternionic algebra since the tangent space
components of these 2-forms are identical to those of the Gibbons-Hawking metric
and are proportional to the anti-selfdual generators of SO(4). Unlike the Gibbons-
Hawking case, however, the hyper-Kahler 2-forms are not closed. Instead, a simple
calculation shows that they satisfy

dJ — @ A JP =0, (3.125)

which, on account of Eq. (3.123), can be written in the form

dJ" + 2e™'A° AN JP=0. (3.126)

Thus, the 4-dimensional metric Eq. (3.119) and hyperscalars subject to Egs.
(3.122) and (3.123) (plus Eq. (3.74)) are the most general ones associated to su-
persymmetric solutions with one isometry. Using them it can be shown that the
general solutions found in Ref. [107] are formally identical, the only difference being
that the 27+ 2 harmonic functions K’, L;, M, H on which these solutions depend, are
harmonic functions w.r.t. the 3-dimensional metric 7.

To be explicit, in terms of these harmonic functions, the scalars, the closed selfdual
2-forms ©, and the 1-form w take the form

hi/f = CryxK’KE/H+ Ly,
o = [(dz+x)Nd(K!/H)+ Hxd(K!/H)],
w = ws(dyp+x)+o, (3.127)
Ws = M+%H’lL[KI%—H’ZCUKKIKJKK,

x@do = HdM — MdH + 3(K'dL; — L;dK").

The function f has to be determined case by case using the constraint C;h!h/hE =
1, but an explicit expression for symmetric spaces is given in Ref. [107]. In the n =0
case, i.e. only one function K° = K and one function Ly = L, it is given by

f'=K*/H+L. (3.128)

The metric of these solutions can be cast in the form
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ds* = —k*dz+ BJ?

— s -1 - T ]85
+k1 {((f—lepragpm) (dt +@)? — ((f_lelfifQ‘ug)l/Q) Yrsda" dx } ,

o= fH -

B = x+ flusk™2(dt + ).
(3.129)
In this form, comparing with the results of Refs. [63,65] it is easy to see the form of the
N = 2,d = 4 supersymmetric solution that will appear after dimensional reduction.
The metric

inl ) fol -1 o
o = (G ) @~ () et
(3.130)

is that of a solution in the timelike class, to which all N = 2,d = 4 supersymmetric

black holes belong, and there is an additional scalar (k) and an additional vector field
(B). If the 5-dimensional solution is static ws = 0 and the vector field B = x is
magnetic and corresponds to a KK monopole or a generalization thereof. This fact
has been used in Refs. [86-92] to relate 4- and 5-dimensional black hole solutions.

3.4.4 The null case

Denote the null Killing vector by [#. Following the same considerations as in Refs. [51,
56], we find that we can choose null coordinates u and v such that

L da" = fdu, 149, = 0, (3.131)

where f may depend on u but not on v, and the metric can be put in the form

ds* = 2fdu(dv + Hdu + w) — f*y..da"da® (3.132)

where 7, s,t = 1,2,3 and the 3-dimensional spatial metric «,; may also depend on u
but not on v. Egs. (3.53) and (3.55) state that the scalars are v-independent.

The above metric is completely equivalent to the one used in Refs. [51,56], but
we find this form more convenient; a Vielbein, and the corresponding spin connection
and curvature for it are given in Appendix C.4.
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In the null case the Fierz identities (B.101,B.102) and (B.103) imply that the
2-forms bilinears ®" are of the form
Q" =du v, (3.133)

where the 1-forms v” are an orthogonal basis for the 3-dimensional spatial metric 7.
Eq. (3.60) then implies the equation

du N Dv" =0, (3.134)

i.e. the spatial components of the pullback of the su(2) connection are related to the
spin connection coefficients of the basis v" (computed for constant u) by

@, = 2P APx 0,¢% . (3.135)

This equation is identical to the one found in Ref. [65] in the context of ungauged
N = 2,d = 4 supergravity coupled to hypermultiplets. Actually, substituting the
2-forms we found into Eq. (3.58) we arrive at

Orq* fxo"7 =0, (3.136)

which is identical to the equation that the hyperscalars have to satisfy in a supersym-
metric configuration of ungauged N = 2,d = 4 supergravity [65]. Observe that the
last two equations together with Eq. (D.30) (for v = —1) imply that the Ricci scalar
of the 3-dimensional metric v satisfies

Rys(v) = —59xv0,q* 0sq" . (3.137)

Let us now determine the vector field strengths: Eqgs. (3.48,3.54) and (3.56) lead
to

I"Fl, =0, (3.138)

and, using the basis given in Appendix C.4, we can write

FI=Fl et Ne + %Flrser Ne*=F1 dunv” + %f_QFITsvT Av°. (3.139)

From Eq. (3.50) we get’

9Unless stated otherwise (as is the case of F,;) all quantities with flat spatial indices refer to
the 3-dimensional metric and Dreibein basis.
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h[FIrs = —\/§€T5tatf, 3,5 = Uﬁ@s . (3140)

The same result can be obtained from D x ®". From Eq. (3.57) we get

thUFIrs = _grstf at(bxa (3141)

which, together with the previous equation and the definition of A7 give

F72F L = VBEAD/ ) s (3.142)

From the + + r components of Eq. (3.51) we get

hiFly = = f2(6F), (3.143)
where
F=dw. (3.144)

The components h*F!,, are not determined by supersymmetry and we parame-
trize them by 1-forms ¢! satisfying h;y)! = 0. In conclusion, the vector field strengths
are given by

F' =[5 PD5F — ') A du+ V3kd(h' /). (3.145)

Solving the Killing spinor equations

Let us continue our analysis by plugging our configuration into Eq. (3.46): using the
Vielbein, Eq. (3.141) and some Clifford algebra manipulations, we see that

0= /" [&@x + REI 4T + %28@’” atrs’yrsfy_] e, (3.146)
so, if we want the scalars ¢ and the 1! to be non-trivial, we are forced to impose
yTe = 0. (3.147)

As is usual in wave-like supersymmetric solutions, the — component of the susy vari-
ation (3.45) is identically satisfied by an v-independent spinor, and the remainder
of the components simplify greatly due to the lightlike constraint: The ones in the
r-directions reduce, after using Eqs. (3.140,3.143), to
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0 = fDye = f[@, — Loyt + z‘A’-&T] e
(3.148)
= [0 + AP (1 = inP(a®)7) ] e,

where in the last step we made use of Eq. (3.135). If we then introduce the projection
operators (no sum over p!)

I, =

P

(1 — mp(a@))T) ; I2 =10, ; [IL,I,] =0, (3.149)

N |

the above equation is solved by imposing the condition
II,e=0, (3.150)

for every p for which AP does not vanish, leading to a Killing spinor that can only
depend on u.

Each of the projections given in Egs. (3.147) and (3.150) breaks/preserve one half
of the supersymmetries. In the general case one must impose the three projections
given in Eq. (3.150). It should be noted that in this case the projection (3.147) is
already implied by the whole system of projections (3.150). Thus we have that the
general supersymmetric configurations preserve 1/8 of the supersymmetries.

The penultimate equation that needs to be checked is the gravitino variation in
the u-direction.

0 = Oye + %v}aﬂvst ~vSe + iKU-ETe = Ou€ — [Apu + ieprsvﬁauvsﬁ ~vPe . (3.151)

Generically the factor v,£0,vs is spacetime dependent, which, in order to avoid
an inconsistency with the z-independency of the Killing spinor, means that we must
have

Apu = _lesprs vrt (91"03; . (3152>

A consequence of this analysis is that the Killing spinor is constant.

Eq. (3.47) is the only one left to be analyzed. In fact it is straightforward to
see that, given the constraints obtained thus far, Eq. (3.47) is tantamount to (3.136)
contracted with €;. In order to get this far, however, one has to make use of all the

constraints, meaning that if we do not want even more constraints, Eq. (3.136) must
hold.
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Equations of motion

In the null case, the KSIs contain far less restrictive information than in the timelike
case, and as one can see from Egs. (3.40)-(3.44), there are more equations of motion
to be checked.

In order to get on with the show, let us analyze the gauge sector: the non-vanishing
components of the Bianchi identities are immediately found to be

BT = VBEAVERS), (3.153)
FUBl = [%d(%ﬂhl%F—W)]mL\/g[%8H%d(h’/f)] . (3.154)

and the Maxwell equations take the form

4°E; = —/3du A { fhi AF 4 2 [dGbr/ ) = 2C10” A*d(RE) f)} } . (3.155)

and satisfy the KSIs Egs. (3.41) and (3.42).
Eq. (3.153) is solved by 72 = n, + 1 harmonic!® functions K7:

Wif =k, VPK! =0, (3.156)

KT+ 0, which, as in the timelike case, determines f to be

3 = KK!', K; = CrygK’ K. (3.157)

Since the K are harmonic, we may introduce 7 local, 3-dimensional 1-forms o =

ol (u, F)dx" which satisfy

r

do' = *dK', (3.158)

such that each of is determined, up to a 3-dimensional gradient, in terms of K’ and
~. This gauge freedom will be relevant soon.

Egs. (3.154) become

' = Jod (f*h'*F) + V3da', (3.159)

where & = dé dx". The general, local solution to this equation is

10T this section, harmonic means harmonic on the 3-dimensional Euclidean space with metric 7.
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W' = L PRF +dM + V3a! (3.160)
where the M7s are some functions. The constraint A - ¢ = 0 implies
S [PAF + hpdM" + V3ha! = 0. (3.161)

Due to the relation F' = cfw, the above is the equation that, if we manage to fix the
Ms, will determine w.

Plugging Eq. (3.160) into the Maxwell equations we see that

VL, + V3Cix |V, (K76) +0,K7 (a"), ] = 0, (3.162)

where we have defined the combinations

L; = Crx K7 M¥. (3.163)

At this point we take advantage of the gauge freedom of (3.158) in order to simplify
the Maxwell equations: fix the gauge by imposing

Croxc Ve (K765) + 0.K7 (%), | = 0, (3.164)

thus determining o completely in terms of the K! and ~. In this gauge the functions
L; are harmonic,

VL, =0, (3.165)

and we determine the functions M7 in terms of the harmonic functions K’ and L; by
Eq. (3.163).

Another advantage of the above gauge is that the equation for w, Eq. (3.161),
takes on the rather nice form:

kdw = V3 (LidK'" — K'dL;) — 3Ka'. (3.166)

In the analysis of the Einstein equations it is useful to perform the following change
of variables

H = -iL,M" + N. (3.167)

With this redefinition £, becomes
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Evi = —IVAN+ [ |Vo@), +3@),0,log f + 5 (e + /P32 = 414 ()

. . . 2
—3C KK’ <KJKK +(67),(65), + %(aJ)TaTMK) 12/ (KIKI>

L ard ] (3.168)

In general there is a gauge freedom in setting the one-form w given in (3.166),
corresponding to shifts in the coordinate v. If we choose to fix this gauge freedom by
demanding

V(@) +3@), 0 log f = —2f3E ) — L2+ 3 (3)er — 3 P axvd ¥ d

+3C K (KRR +(07),(65), + Z5(a”),0,M)

2
V3

DY (K1K1>2 , (3.169)

then &£, vanishes identically if N is a real, harmonic function. &£, becomes

S_H« = _%Vs(':)/)rs + %ar(;y)ss + %f3KIaTKI + %QXYC}X&«CIY ’ (3170)

whereas &, is identically satisfied by the configuration as we have it.

u-independent solutions

The equations that need to be solved, simplify greatly if we consider the case that
the solutions do not depend on the coordinate u: in that case the gauge-fixings
Egs. (3.164,3.169) and the remaining equation of motion, Eq. (3.170), vanish identi-
cally, meaning that now the solutions are completely determined by the hyperscalars,
the 3-dimensional metric and the 2n + 1 real, harmonic functions L;, K! and N.
Given these ingredients, in order to fully specify the solution we need calculate f, H,
w and ! through the following, simplified equations.
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7 = K/ K' , Ly = CnxK’ M¥,
H = LM+ N, kdw = VB|LidK' — K'dL;|
h'(¢) = fK' . vl = PKI(LydK? — K7dLy) +dM!.

(3.171)

Solutions that belong to this family, but depending on a smaller number of har-
monic functions have been given e.g. in Refs. [55,122-124].

Apart from being one of the nicest subclasses of solutions, the u-independent one
becomes doubleplus interesting when we observe that if we reduce a solution in the
null class over the spacelike direction v/2y = u — v, which implies u-independence,
we end up with a solution in the timelike class of N = 2 d = 4 SUGRA. In fact,
comparing the constraints in this section with the ones in [65, Sec. (5)], one finds the
same constraints on the hyperscalars and the 3-dimensional metric.

The metric Eq. (3.132) can be put in an y-adapted system, and one finds

1/2 —1/2
ds? = —k[dy + AP + k! {(lf}{) (dt + J5w)* = (fH) %sdﬂf’"dﬂf} )

A = —(1-H) (Hdt + Jw).

(3.172)

The 4-dimensional solutions can be easily read from these. Apart from the scalar
k and the vector field A, which is purely electric if the 5-dimensional solution is static
(w = 0), the metric takes the form

, f3 1/2 ) ) f3 -1/2
and belongs to the N = 2, d = 4 timelike class to which all black-hole-type solutions
belong in d = 4.

This 4-dimensional solution should be compared to the one in Eq. (3.129), which
is the one one obtains when imposing an extra isometry on the four dimensional
spacelike manifold in the timelike case. the main difference between them is the
electric or magnetic nature of the KK vector field. In the simplest case this solutions
would give a 4-dimensional electric KK black hole and the other one a 4-dimensional
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magnetic KK black hole, related by 4-dimensional electric-magnetic duality, as we
discussed in the introduction.






Supersymmetric solutions of gauged
N =1, d =5 Supergravity

The content of this chapter has been previously published in Ref. [58].

In the simplest cases (ungauged supergravities coupled to vector multiplets) the
equations that have to be solved are uncoupled, typically linear, and can be solved in a
systematic way. We can then construct supersymmetric solutions for those theories in
a systematic way. The coupling to hypermultiplets [57,65,70] introduces new equations
which, not only are non-linear but are coupled and have to be solved simultaneously.
In particular one finds supersymmetry implies that the hyperscalar functions have to
solve a nonlinear equation and, at the same time, they must be such that the pullback
of the quaternionic SU(2) connection is gauge equivalent to the anti-selfdual part of
the spin connection of the base space. Finding base spaces and hyperscalars that
satisfy these two conditions is highly non-trivial and it is not known how to do it
systematically. Still, once those two conditions are solved, the remaining equations
are linear and uncoupled (Laplace equations for independent functions on the base
space).

As we are going to see, the introduction of non-Abelian gaugings leads to yet more
non-linear and coupled equations. This was to be expected since, for instance, the
requirement of having unbroken supersymmetry in Euclidean d = 4 super-Yang-Mills
theories still leaves us with non-linear equations to be solved, namely finding gauge
potentials that give self- or anti-self-dual field strengths. In the case that we are
going to study, timelike supersymmetry implies that the hyperscalar functions have
to solve a nonlinear equation which involves, not only the hyperscalars, but the gauge
potentials and the scalars belonging to the vector multiplets which, at the same time,
must satisfy other equations. Simultaneously, the hyperscalar functions must be such
that the covariant pullback of the quaternionic SU(2) connection is gauge equivalent
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to the anti-selfdual part of the spin connection of the base space. This is another
condition that involves the hyperscalars, the gauge connection and the base space
metric.

Our results are, thus, less satisfactory than in the simplest cases, even if they are
complete characterizations of the necessary and sufficient conditions for any field con-

figuration to be a supersymmetric solution. Constructing supersymmetric solutions of
these theories is a difficult problem even though we know the minimal set of equations

that should be solved®.

4.1 N =1,d =5 supergravity with gaugings

In this section we are going to briefly describe the action, equations of motion and
supersymmetry transformation rules of gauged N = 1, d = 5 supergravities [112,113],
which we take from Ref. [109], relying in the description of the ungauged theories
given in Ref. [57], whose conventions we follow. Appendix E contains a description
of the gauging of the isometries of the scalar manifolds of the theory in which the
definitions of the covariant derivatives ®©, gauge transformations and momentum map
13} can be found.

The bosonic action of N = 1,d = 5 gauged supergravity is given by

S = /dsl’\/g {R + %gw@%b“?@“gby + %gXYgqugqu + V(¢7 Q) - %laIJFIMVFJuV

ghvpoo
+ﬁgC[JK— (FIMVFJpJAKOc - %gfLMIFJuVAKpALJAMa
V9
"’1_1092fLMIfNPJAK,uALVAMpANUAPa)} )
(4.1)

where

V(o,q) =g’ <4CIJKhI]3J - PK %hthkIXkJYgXY> ; (4.2)

is the potential for the scalars. In the limit of pure supergravity, ng = ny = 0, V
becomes a cosmological constant.

The equations of motion, for which we use the same notation as in Ref. [57], are

LA solutions could be immediately constructed, though, by dimensionally reducing the 6-
dimensional dyonic string of Ref. [70].
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Ew = G —zars (FIPF, = 19 17 F ;)
592y (90" D00 — 59D ,0"D° ")

+%9XY (@ququY - %guugpqxgpqy) - %guuva (43)

grE, = D, + 10%ar FIF ,, — 0"V (4.4)
gFVE = 9,94 -9'V, (4.5)
UV po o

&M = DM+ L ———CrkF P a + g (k’u@”W‘i‘/ﬁX@” )

4[ \/—
(4.6)

The supersymmetry transformation rules for the fermionic fields, evaluated on
vanishing fermions, are

0y, = Due' = gmhiF 7 (Yuag — 4guas) € + 5imgh’ e Prjt, - (47)
ST = L(De" — 1ny P e+ ghid Py (4.8)
6Ch = Lfx (@qx +V3gh k™ ) €. (4.9)

The supersymmetry transformation rules of the bosonic fields are exactly the same
as in the ungauged case [57]. This implies that the form of the Killing spinor identities
(KSIs) relating the bosonic equations of motion that one can derive from them [78,79]
have the same form as in the ungauged case, given in [57], although the equations of
motion are now those given above, which differ from those of the ungauged case by
g-dependent terms.

Apart from the identities derived in Ref. [57] we have found that, in the null case,
there are additional identities that were overlooked in that reference. We will discuss
them in Section 4.2.2.
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4.2 Supersymmetric configurations and solutions

Following the standard procedure, we assume that the KSEs

Due' = 53t P (Yuop — A9ua¥0) € + im0 W' Pyt = 0, (4.10)
(Po" — 3h7 F) e +29iP'7 = 0, (411)
fx (@qx + \/gghIkIX> e = 0, (4.12)

admit at least one solution € and we start deriving from them the equations satisfied
by the tensor bilinears that can be constructed from the Killing spinor: the scalar f,
the vector V' (both SU(2) singlets) and the three 2-forms ®”, which form an SU(2)-
triplet.

The fact that the Killing spinor satisfies Eq. (4.10) leads to the following differential
equations for the bilinears:

df = %hﬂva, (4.13)
VW = 0, (4.14)
AV = —ZfhF' = Zohyx (FTAV) = Zegh'Pr - @, (4.15)
ga(f)ﬂv = _\/LghIFI'M (9/)[6 * cf)ﬂcw ~ 9pa ¥ cf)ﬁw - %ga[ﬁ * 57]/)(?)
+Lgh! (13] X (3B, + 2ga[ﬂvﬂﬁ[) , (4.16)
where
D,Pp, = Vabs, + 2B, x Dy, . (4.17)

The differential equation for " (4.16) implies
d®" 4 2™ B A O = /3ghle™t P « dF (4.18)

The fact that the Killing spinor satisfies Eqgs. (4.11) and (4.12) leads to the follow-
ing algebraic equations for the tensor bilinears:
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VED, 6" = 0, (4.19)

hiFl 8% = dgfhiP", (4.20)

VD" = —V3Bgfhkr, (4.21)
[0,6° — hiF V" = 0, (4.22)

B, 070" + Le s, NIFI0O = —2gh?P'V, (4.23)
0,45 +0",0,¢" I'yY = —V3gh kA V. (4.24)

We are now ready to extract consequences of these equations. To start with,
Eq. (4.14) says that V' is an isometry of the space-time metric. It is convenient to
partially fix the G gauge using the condition

ivAl +V3fhl =0, (4.25)

since then Egs. (4.21) and (4.19) become just

Lyvq® =Lyop™ =0, (4.26)

after use of the explicit expression of the Killing vectors k/* Eq. (E.6). Then, in this
gauge, the scalars ¢X,¢* and f are independent of the coordinate adapted to the
isometry (see Eq. (4.13).

We now consider separately the timelike (f # 0) and null (f = 0) cases.

4.2.1 The timelike case

The equations for the bilinears

By definition this is the case in which V* is timelike, V2 = f? > 0. Introducing an
adapted time coordinate ¢t: V' = J; the metric can be written in the same form as in
the ungauged case:

ds* = f2(dt + w)* — f hppda™dz" (4.27)
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with w and A, independent of time. As we mentioned in the previous section, in the
(partially) fixed G-gauge (A’, = —/3fh!) f,¢" and ¢* are also time-independent.
The spatial metric Ay, is endowed with an almost quaternionic structure, ®",,".

This is an algebraic property that only depends on the Fierz identities.

The next step is to obtain the form of the supersymmetric vector field strength
from Eqgs. (4.13), (4.15), (4.20) and (4.22). In order to write the result it is convenient
to split the gauge potential A’ into an electric part, which is determined by the partial
gauge fixing A, = —v/3fh! and a magnetic part A’ with only spatial components

Al = —V3BRle® 4+ AT, (4.28)

Al = A, —V3fhlw,. (4.29)

Observe that, unlike the spatial components A’,,, the components A7, are invari-
ant under local shifts of the time coordinate: ¢t — t + 0t(z), w — w — dét(x) which do
not change the form of the metric and, in particular, leave the 4-dimensional metric
hmy invariant. It is the correct 4-dimensional potential in the Kaluza-Klein sense.

In terms of the new variables A’ the field strengths are given by

FI = —/39D(hle®) + FT, (4.30)

where D is the 4-dimensional spatial covariant derivative? with respect to A’ and F7
is the non-Abelian field strength of A’ and it is related to w and the scalars by

hi B = S (fdw)t, (4.31)
Fl= = —2gf'CVEh,Pyx - ®. (4.32)

F+ is related to the 2-forms called ©7 in the ungauged case [51,56,57] by

A

ol = - Lpt, (4.33)

al-

It is also convenient to introduce the spatial SU(2) connection B

2Strictly speaking the action of a 4-dimensional spatial covariant derivative on ¢ which contains
dt is not well-defined. It is understood that ©(fdt) = D f A dt.
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B = A+1l4A'P, (4.34)
B = -8B+ B, (4.35)

and extend the definition of @m as the spatial G- and SU(2)-covariant derivative made

from the hatted connections A? and B , including also the affine and spin connections
of the base spatial manifold.

The Eq. (4.24) is purely spatial in the timelike case and it becomes, in 4-dimensio-
nal notation?

~

O =", D" Ty ¥ (4.36)

We notice that this equation, even though it is written in terms of covariant deriva-
tives, imposes no integrability condition on the gauge connections. That is, as equa-
tion for ¢ it has always local solution for any given vector fields A”.

Projecting this equation along the Killing vectors k; yields an important relation,

k])(@qu = —Q(I;mn@nﬁ[ . (437)

This projection is the one which appears in the Maxwell equations (4.6).

Let us study the differential equations for the two-forms ®. The projection of
Eq. (4.18) along V says that they are time-independent in the gauge (4.25):

OBy = 0. (4.38)

The components of Eq. (4.16) can be explicitly evaluated using the 5-dimensional
metric Eq. (4.27) and the expression for the field strengths Eq. (4.30). Only the spatial
components of the 5-dimensional covariant derivative give new information:

A

9Py = 0. (4.39)

This is a condition for the anti-self-dual part of the spin connection & of the base
spatial manifold. Indeed we can solve for £~ in an arbitrary frame and SU(2) gauge:

fimnp = _ém : (ﬁnp - Lllamq_)»nq : 5qp7 (440)

where we have used the (Fierz) identity

3From now on spatial flat indices refer to the 4-dimensional spatial metric hp,.
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Brn - Bpg = OmipOng — OmaOnp — Emmpa - (4.41)

The meaning of relation (4.40) becomes clearer in a frame and SU(2) gauge in which

the ®s are constant: the SU (2) connection B is embedded into the anti-self-dual part
of the spin connection of the base manifold. The same happenend in the ungauged
case [57] and, again, this embedding requires the action of the SU(2) generators in
the fundamental and spinorial representation on spinors to be identical, i.e.

¢ ig;t = L3, €, (4.42)

and these conditions will appear as projectors

i = 1[5+ & 00 5, (4.43)

4 7

acting on the Killing spinors.

It is interesting to study the integrability condition of Eq. (4.39), which is

LR i@+ B (B)| % By =0, (4.44)

where R,,,(B) is the curvature of B, which is given by

émn(é) = @quf)nqyﬁxy(ﬁ)—l—%gﬁénﬁl = —i@quénqijy‘l—%gﬁ’]mnﬁ], (4.45)
hence the integrability condition yields

R i ® — @qu@anjXY + QQFImnﬁ[ =0. (4.46)

We stress that this condition is equivalent to Eq. (4.40).

Now if we contract this expression with P we can compare it with Eq. (E.27)
and doing so we obtain an expression involving the Ricci tensor of the spatial metric
hm

Rmn(h) == _%équgnqngY + 292.](.710[]1(}7'[?’] : ﬁKémn + 9F1+mp5pn : ﬁ[ ) (447>

where we have used again the identity (4.41), and consequently the Ricci scalar

R(h) = _%équémqngY + 892](710[]}(]1115’] . ﬁK . (4.48)
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In the ungauged case the Eq. (4.47) says that the Ricci tensor of the spatial metric
Nn 1s proportional to the induced metric

Rmn<h) = _%8quanqngY . (449)

On the other hand in the gauged case we can solve the Eq. (4.48) for f,

f=842CY"EnP; - Py)/(R(h) + %@quﬁmqygxy) : (4.50)

Solving the Killing spinor equations

We are now going to prove that the necessary conditions for having unbroken super-
symmetry that we have derived in the previous section are also sufficient. Thus, we
are going to assume that we have a configuration with a metric of the form Eq. (4.27),
a non-Abelian gauge potential of the form Eq. (4.28) with a field strength of the form
Eq. (4.30) satisfying Eqs. (4.31) and (4.32), and hyperscalars such that Egs. (4.36)
and (4.40) are satisfied.

Substituting these expressions in the KSE associated to the gaugino SUSY trans-
formation rule Eq. (4.11), and expressing all terms in 4-dimensional language we get

12 (2 Do — L2 é”) Ré +2ght P! . (ﬁji ~1 ;iiaji) d=0. (451
where

RF=1(1+7"), I+ =

The projections

I+l =0, R € =0, (4.53)

are sufficient to solve it. All of them are necessary in the general case but in particular
cases in which the coefficients of the projectors in the above and following equations
vanish, only some of them may be necessary. The discussion is entirely analogous to
that of the ungauged case [57].

Substituting now in Eq. (4.12) we get

Fx M2 Dar e+ 2v3gh kX xR} = 0. (4.54)

The last term vanishes with the second projection of Eqs. (4.53). On the other hand,
from Eq. (4.36) we can derive the identity
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inA CgZ)qXR+ — _f'XjA @QXZ (Hr+ _Hrf)ji' (455)
Acting on ¢; and imposing again the projections (4.53) we see that it leads to

XD e = 3" Do = fxDgte=0. (4.56)
Hence the hyperino KSE (4.54) is also solved.

is automatically satisfied by constant Killing spinors upon the use of the projec-
tions Eqgs. (4.53).

Finally, the spatial components of the same equation take, using R™¢! = 0, the
form

Vo) + 177 Crit =0, 0= f12% (4.57)
Using the relation (4.40) and the projections, it becomes
Ol + 750m B =0, (4.58)

where ®,;7 = ig;? - .

The solution of this equation is given in terms of the path-ordered exponential

xT

7 (o.0) = Pesp | 55 [ dof'0, () | (4.50)

Z0

where 7}, is a constant spinor, or in a frame and SU(2) gauge where P is constant, it
is just the constant spinor 7}

The analysis of the amount of unbroken supersymmetry is identical to that of the
ungauged case [57].

Supersymmetric solutions

As we discussed at the end of Section 4.1, the KSIs of the gauged theories have the
same form as those of the ungauged ones, which are given in Ref. [57]. There it was
proven that timelike supersymmetric configurations solve all the equations of motions
if they solve the Maxwell equations. We are now going to impose those equations on
the supersymmetric configurations. It is possible to show that the Bianchi identities
imply the spatial components of the Maxwell equations for supersymmetric configu-
rations using Eq. (4.37)
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m J K\ O0m
7 = . .
& QC[JKh (*@F ) (4 60)

Thus we only need to impose the time component of the Maxwell equations on the
supersymmetric configurations. This equation takes the form

D2 (ht/f) — 5CrxF? - FX 4 S CLh’ FX -G 420" gk k) B = 0, (4.61)

where

G = fdw. (4.62)

This is the only equation that has to be solved if we have a configuration which
we know is supersymmetric and admits a gauge potential. It differs from that of the
ungauged case in the gauge-covariant derivatives and in the last two terms. The first
of these is implicitly first-order in g, due to Eq. (4.32) and the second one is manifestly
second-order in g.

Constructing a supersymmetric configuration is, now, considerably more complex
than in the ungauged or Abelian-gauged cases and it seems not possible to give an
algorithm which automatically returns supersymmetric configurations. At any rate,
a possible recipe to construct a supersymmetric configuration of a given N =1,d =5
gauged supergravity theory is the following.

1. The objects that have to be chosen are

(a) The 4-dimensional spatial metric h,,,(z) and an almost complex structure
®,,,,. The former determines the anti-selfdual part of its spin connection:

gimnp'
(b) A spatial 1-form wy,.
(c) The 4ny hyperscalar mappings ¢ (z) from the 4-dimensional spatial man-

ifold to the quaternionic-Kéhler manifold. They determine the (pullbacks
of) the momentum map* P; and the SU(2) connection A, = 8¢~ &x

(d) A spatial vector gauge potential Al m- 1t determines the spatial gauge field
strength F7,,, and, together with the pullback of the SU(2) connection
A,, and the momentum map, it determines the spatial SU(2) connection

B whose definition we rewrite here for convenience:

§5g+%gﬁlﬁ1.

4Tf ny = 0 they are constant Fayet-Iliopoulos terms as explained in footnote 3 of appendix E.
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(e) m = ny + 1 scalar functions h;/f. They determine, upon use of the con-
straint Crygh’h’hY = 1 the ny scalars ¢® and the metric function f°.
Together with A7, and w,, they give the full 5-dimensional gauge poten-
tial A7,

A= —/3hle" + AT

2. These objects now have to satisfy the following equations:

(a) Bq. (4.40) that embeds the spatial SU(2) connection B into the spin con-
nection of the base spatial manifold.

~
—

S_mnp - _Bm : (I)np - lamq)nq ' CI)qp>

(b) Eq. (4.36) that characterizes the hyperscalar mappings

~

O™ = 0"," Dog” Ty~ .
(c) Egs. (4.31) and (4.32)
h P = \/lg(fdw)Jr,
FI= = —2¢f 'CEp, Py - ®.
(d) Finally, Eq. (4.61)
D% (h1/f) _TBCIJKFJ‘FK‘F%CIJKhJFK'Gi+292f72gXYkIXkJYhJ =0.

As we see, finding supersymmetric solutions remains a difficult problem.

4.2.2 The null case

The equations for the bilinears

As usual, we denote the null Killing vector by [* and choose null coordinates v and v
such that

Lda' = fdu, 10, =0,, (4.63)

®One can also use Eq. (4.50) to determine f.
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where f may depend on u but not on v. The metric can be put in the form

ds* = 2fdu(dv + Hdu + w) — f*y..da"da® (4.64)

where r,s,t = 1,2,3 and the 3-dimensional spatial metric v,; may also depend on
u but not on v. With these coordinates the partial gauge fixing (4.25), for g # 0,
becomes just A} = 0. Eqs. (4.19) and (4.26) state that the scalars are v-independent.

In the null case Fierz identities imply that the 2-forms bilinears ®" are given by

Q" =duNv", (4.65)

where the v" are 1-forms that can be used as Dreibein for the spatial metric 7.

We decompose the gauge potential as

Al = Al du+ AT (4.66)

where A is a spatial one-form. Under a u-independent G-transformation Al trans-
forms as a gauge connection whereas A’, transforms homogeneously. We denote by
D the spatial covariant derivative made with the three-dimensional affine and spin
connections and the gauge connection Al

Eq. (4.18) becomes

du A [dv’" . (257'“1%” +/3g f*lhfpfw) A US] ~0, (4.67)

where, again, B is B' with A’ replaced by A’. This equation relates the the tridi-
mensional spin connection (computed for constant u) to the spatial components of

the pullback of the SU(2):

@ = 2" B — 2V/3gf R Pl v (4.68)
Substituting the 2-forms we found into Eq. (4.24) we arrive at

D,¢5 T Y =V3gf Wk, (4.69)

which is the condition that must be satisfied by the mappings ¢* in order to have
supersymmetry.

Let us now determine the vector field strengths: Eqs. (4.13) and (4.22) lead to

F', =0, (4.70)

which implies that the field strengths have the general form
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FI=Fl et ne + %fQFITSe”/\eS = FI+TduAv”+%FITSUTAv5 = F]+Tdu/\v”+f7].

(4.71)
From Eq. (4.15) we get
hiF! = /3xdf '+ 29f 2hI% Py (4.72)
where P; is the spatial 1-form
Pr=P . (4.73)
On the other hand Eq. (4.23) yields
REET = —fTHD" + 2gf 2 hAPT (4.74)
which, together with the previous equation and the definition of A7 give
RET = V3D f) +29f 2P (4.75)
From the + + r components of Eq. (4.16) we get
hiF!,, = — 5 [P (kF), (4.76)
where
F=dw. (4.77)

The components h*F!,, are not determined by supersymmetry and we parame-
trize them by 1-forms ¢! satisfying h;y)! = 0. In conclusion, the vector field strengths
must take the general form

Fl = (B PPHI5F =) Ndu+ V33 (DO ) + Zaf 2P| (478)

Solving the Killing spinor equations

It is not difficult to check that, for field configurations with metric of the form
Eq. (4.64), vector field strengths of the form Eq. (4.78) and hyperscalars satisfy-
ing Eq. (4.69), the KSEs admit solutions which are constant spinors satisfying the
constraint

vt =0, (4.79)
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and a constraint of the form
IMe =0, (4.80)

for every r for which BT and gfh!Pr do not vanish, where II" is the projector
Iy =3 (6—irWe™) 7 I =1 ; [0, II°] =0. (4.81)

Each of these projections breaks/preserve one half of the supersymmetries. In the
general case one must impose the three projections given in Eq. (4.80). It should be
noted that in this case the projection (4.79) is already implied by the whole system
of projections (4.80). Thus we have that the general supersymmetric configurations
preserve 1/8 of the supersymmetries.

As it happened in Ref. [57] consistency with the space-independence of the Killing
spinors requires the u-component of B to have the form

V" Oy gy = —2e,4B", . (4.82)

Equations of motion

We now want to impose the equations of motion on the supersymmetric configurations
that we have identified. On supersymmetric configurations only a few equations of
motion are independent, since they are related by the Killing Spinor Identities (KSIs)
[78,79] which, as discussed in Section 4.1, for these theories were computed in Ref. [57].
A few KSIs were overlooked, however, in the reference. They reduce considerably the
number of independent equations to be checked and we start by computing them.

Additional KSIs

According to Eq. (4.65) the only non-vanishing components of the 2-forms ®” are

T = §"5 (4.83)

We can use this result to find additional constraints in the equations of motion
from the KSIs [57]

[(&c + By % bec) ¥+ %ghf&b} e =0, (4.84)
(€. —hL (&1 + 2ar; B)] ¢ = 0. (4.85)

Acting with (07)7;6;7* on Eq. (4.84), we get
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(Sbc + Ly« bec) Sy (4.86)

Taking a = —, r we get, respectively
& = —LhrxBly,, (4.87)
& = —BhxBly . (4.88)

The second identity was already found in [57]. The symmetry of the l.h.s. and the
antisymmetry of the r.h.s. of both identities and the combination of both implies

E_ = h*xB,_ =0, (4.89)

Es = hrxBly=0. (4.90)
Eqgs. (4.87)-(4.90) leave us with only three non-vanishing components of the Ein-
stein equations, namely £, ,,&, £y, of which the last two are proportional to com-

ponents of the Bianchi identities. Thus, the only independent component of the
Einstein equation is &, ;.

Acting now with (¢")7;€; on Eq. (4.85), we get

hig % Blgp® =0, = hp,+B_, =0, (4.91)

which, together with Eq. (4.89) leads to
*B' ., =0. (4.92)
Acting with (0")7;€;v* on Eq. (4.85), we get
i = 0, (4.93)
h’iglr = %hlzerst * BIst ) (494)
which, together with h/Er, = 0 (proven in Ref. [57]) imply

E_=0. (4.95)
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The only independent components of the Maxwell equations are hl&;, .

Summarizing, unbroken supersymmetry implies that the only non-automatically
vanishing components of the Einstein and Maxwell equations and Bianchi identities
are &, & &, Bl _ B, B!, and &, &;,. The scalar equations of motion are
always automatically satisfied. If the Bianchi identities are satisfied, as they must in
this case®, only £, and &7, need to be explicitly checked.

Independent equations of motion

Let us start with the Bianchi identities. Using the decomposition of the potential
Eq. (4.66) we obtain from the expression for the gauge field strength Eq. (4.78) two
equations:

F' o= V3RO f)+ Z9f P (4.96)
DAL, — 9, AT = LfPRAF -t (4.97)

The Bianchi identity of the first equation leads to
DID(W' [ f) + 259D (f *4P") =0, (4.98)
The constraint h;y)! = 0 and the second equation imply

LR — h DA, + ho, A" =0, (4.99)

which can be taken as the equation defining w. Having w and the potentials Eq. (4.97)
determines 1!:

W' = PR - DAY, +0,A (4.100)

Apart from these equations we have to impose the Maxwell equations, which, in
differential form language take the form

A% & =D (arsF7) + ZCx Y NFX 4 g% (k1D + krx®g¥) . (4.101)

6In the non-Abelian case that we are considering here the knowledge of the gauge potential is
necessary in order to construct a supersymmetric configuration, which is our starting point, and the
Bianchi identities are always assumed to be satisfied. Nevertheless, since the gauge field strength is
related to other fields, the Bianchi identities lead to constraints on the other fields.
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Substituting the gauge field strength and operating we get

158 = dun{g| VBN hicf = 2D Py = *(ky D" + ky xDq )| A (dv +w)
V3 [@(hlf) - %gﬁf] NF+ LD (fhr) A F —D(f 5y)

05 (ko Dud” + ki xDug) = FCrc (L fPHIRF =)y n PR
(4.102)
The first line contributes to &7, and it can be checked (thorugh a long and painful
calculation) that it vanishes automatically for supersymmetric configurations, as it
should according to the KSIs, while the other two lines contribute to &; ;..

The Maxwell equations, then, simplify and take the form

4% & = du { |:—\/§f©<h[) +29P; — %QCIJKthK} NF =D (k) f)
(4.103)
+\%CIJK¢J NEFE — gf=3% (m@gaﬁx + kIX@qu)} :

As implied by the KSIs only the £, component is not automatically satisfied and has
to be explicitly imposed in order to get classical solutions. It can be also be checked
that h'&;, = 0 (as it is implied by the KSIs) up to terms that are proportional to
d*w.

The same fact can be described in a slightly different way: the integrability con-
dition of the w equation (d*w = 0) is satisfied if supersymmetry is unbroken and the
KSI h'&;, = 0 is satisfied. In general, as first pointed out in Refs. [117,118] there will
be singular points at which this will not happen. These points give rise to physical
singularities in the metric and, therefore, they should not be allowed in meaningful
solutions. This requirement translates into constraints on charges and asymptotic
values of the moduli. It can be argued that this requirement is equivalent to the
requirement of having supersymmetry unbroken everywhere (and the KSIs satisfied
everywhere) [116,125].

In order to write the equations of motion in a simple form it is convenient to define
some new variables:

Wif = K', 7 =CuxK'K'K", (4.104)

L = CuxK’A",, (4.105)
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N = H+iL/A,. (4.106)

Observe that \/Lg/ll and —A’, coincide, respectively, with what was called o and
MY in the ungauged case, in Ref. [57].

Using these variables and Eq. (4.100), the Maxwell equation can be put into the
form

158 = =2dun{DIDL; — 9Py A F + ZgCruD(f 247, PK)
~gCryic [DAIT,AK) + (DK + ZgaP7) A 30, A% (4.107)

_‘_%gf_?’; (k[xglﬂsm + kIXQQqX)} ’

This equation is gauge-invariant, in particular, under u-dependent G-gauge trans-
formations that act on A’ , AL L; and the bosonic scalars. This fact can be used to
partially fix the G gauge, as done in Ref. [57], leaving a much simpler equation which
is still covariant under u-independent G gauge transformations.

The 1-form w is determined by Eq. (4.99) only up to total derivatives which cor-
respond to shifts in the coordinate v. This transformation must be accompanied with
a shift in H (or N). We can use this freedom to impose a condition on (basically, the
u-dependence of) w:

V(@) + 3(w),0,log f =

_%f_g(’wrr - if_3(7)2 + %f_4f'(7>rr + 3f_3[ailog f—2(0,log f)Q]
o (4.108)
357 [9aa(6707 + 2947 AL ") + gy (356" + 2947 ATy

+CricK! (0447 (0,AK), — 29, 47,(0,4%), | .

After performing these steps, the £, component of the Einstein equations be-
comes

—[TEy = VAN + Zg®,(f2Cryc PIA]AR,)
(4.109)
+39f AL A W(Goykr™k Y + gxv kXY
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Let us summarize the results of this section by giving the “recipe” to build super-

symmetric solutions in the null class.

1. The objects that have to be chosen are

(a)

(b)

A spatial 3-dimensional metric 7,5 and Dreibein basis v" both of which may
depend on the null coordinate u. This determines the 3-dimensional spin
connection w".

The 4ny hyperscalar u-dependent mappings ¢~ (x, u) from the 3-dimensio-
nal spatial manifold to the quaternionic-Kéahler manifold. They determine
the (pullbacks of) the momentum map P; and the SU(2) connection A, =
0,¢%Jx and A, = 0,4 dx

A gauge connection 1-form A’ with vanishing v component. This deter-

mines its spatial and null parts A7 and A7,

2n 4+ 1 functions K', L;, N. They determine the functions f, K; and H,
and, together with w, A and A, the 1-forms 1 via Eq. (4.100) and the
spatial 1-form w via Eq. (4.99) which can be written in the form

F =V3(K'®L; — LiIOK") — V3K,0,A". (4.110)

2. These objects must satisfy the following equations:

(a)

Eq. (4.69) that characterizes the quaternionic mappings ¢* and relates
them to the spatial components of the gauge connection A’ and the func-
tions K':

0.5 I Y = V3gK'k¥ . (4.111)

Eq. (4.68) which relates the spatial components of the pullback of the SU(2)
connection with the 3-dimensional spin connection, the spatial components
of the gauge connection A’ and the functions K’:

@' = 2" B! — 239K Plv* (4.112)

Eq. (4.82) which relates the null component of the pullback of the SU(2)
connection with the Dreibeins and the null components of the gauge con-
nection A’,:

V" Oy Vs)r = —2e, B, . (4.113)
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(d) Eq. (4.98), which follows from the Bianchi identity and can be put in the
form

DIDK! + ZgD(:f°P') =0, (4.114)
e) Eq. (4.107), the only independent Maxwell equation
(e) y
DIDL; — gP N F + Z5gCrxD*(f 2 A7, PF)
—gCric |[DHI0,AK) + (DK + 2g+P7) £ 30,AK (4.115)
+%gf_3; (klxgg(bx + kIngqX) = 0.
(f) Eq. (4.109), the only independent component of the Einstein equations:
d*d N — S5 gDi(f 20y i PTAJAR)

(4.116)
+%g;f_3AIlAJg(gmyk1kay + gxyk[XkJY) = 0.






Supersymmetric solutions of N =4, d =4
Supergravity

Most of the analysis and results we show in this chapter have been previously published
in Ref. [126].

In this chapter we return to the problem of finding all the supersymmetric config-
urations of N = 4,d = 4 supergravity, partially solved by Tod in Ref. [28]. We use
tensor methods, based on the bilinears of complex chiral spinors with SU(4) indices,
which allows us to keep manifest the S and T dualities of the theory at all stages in
our analysis and in the field configurations, as it happens in the solutions studied in
Ref. [29]. The formalism used here can be used as starting point for the study of more
complicated theories such as gauged and matter-coupled N = 4, d = 4 theories.

The toroidal compactification of the heterotic string effective action (N = 1,d = 10
supergravity coupled to 16 vector multiplets) gives ungauged N = 4,d = 4 supergrav-
ity coupled to 22 (matter) vector multiplets [127] and a consistent truncation of the
matter vector multiplets gives the pure theory that we study here. Thus, all the
solutions we will find are also solutions of the heterotic string effective action. The
truncation preserves some of the SO(6,22;Z) T duality symmetry and the theory is
invariant under the continuous group SO(6) ~ SU(4) which naturally occurs as a hid-
den symmetry of the theory! [130]. The theory also has an S duality which manifest
itself as a continuous SL(2,R) hidden symmetry. It was this symmetry which lead
to the S duality conjectures in the corresponding superstring theory [9,131-136]. We
will also keep this symmetry manifest at all stages in our analysis.

!The first N = 4, d = 4 theory, constructed in Ref. [128] had only SO(4) invariance. We will work
with the SU(4) theory of Ref. [129].
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5.1 Results

There are two types of supersymmetric solutions in N = 4, d = 4 supergravity admit-
ting at least one Killing spinor ¢;, that can be characterized by the causal nature of
the vector bilinear V¢ = iely%;, which is always a non-spacelike Killing vector.
Timelike V*:

Supersymmetric solutions are determined by a choice of a set of time-independent
complex scalars ¢, A = 1,2, and two complex scalar 7 and Z that in general may
depend on the spatial coordinates z, z, z. The scalars ¢4 are subject to the algebraic

condition
0705 = 05", (5.1)
where ¢!, = ¢4", and also are subject to the differential constraint
(067! — 5607 + §AToR 67) 'y = 0, (5:2)

where nff) are two constant spinors subject to

Y 4 1%eamm? = 0, (5.3)
550 = 0 i A" #£0, (5.4)

where II” are the projectors
57 = 3 (047 = 1" ) (5.5)
and ¢ and A” are U(1) and SU(2) connections respectively given by
C=ohdd?, A7 =ghdef — 5647C. (5.6)
The metric is given by
ds® = IM*(dt + w)?* — | M| ?v;da’da’ i,j=1,2,3, (5.7)

where
My = Z¢o%eas, M| = M ;M"Y =2|Z)%. (5.8)

The one form w = w;dz’ satisfies

I3/ R) 14
fii = 4| M| e (fk — =k eT) ,

43 mT

relative to the 3-dimensional metric v;;. The spin connection of the three dimensional
metric, evaluated in a specific frame, is determined by

0 = —¢"A, (5.10)
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such that the holonomy of the spatial metric v is given by the holonomy of the
SU(2) connection A*. We shall show a class of configurations with U(1) holonomy, in
addition to the configurations considered by Tod which have flat holonomy, for which
all these constraints are solved.

The vector field strengths are given by

SmT

1 . e Re T 1
Fr;= W{V/\dEIJ— {V/\ (0 dEIJ_@dBIJ)l} ) (5.11)

where

N

Vo= V2IMP(dt +w),
EIJ = 2\/§(Sm7')_1/2(M1J+MU), (512)

B[J = 2\/5(%H1T)_1/2(TM[J+7_'M]J),

Examples of solutions corresponding to specific choices of M;; and 7 are given in
Section 5.4.3.

The solutions preserve generically 1/16 of the supersymmetries.
Null V.
This case (called degenerate by Tod) was essentially solved by Tod in Ref. [28], but
we study it here again for the sake of completeness and to refine his results. There are
two subcases which we call A and B and which are associated to U(1) holonomy in a
null direction and in a pair of spacelike directions, respectively, and describe pp-waves
and the stringy cosmic strings of Ref. [137].

e Case A: Each solution in this class is determined by 5 arbitrary functions of w:
o1, 7. Given these functions, the metric and vector field strengths are given by

ds?* = 2du[dv + K(u,z,z)du] — 2dzdz

(5.13)

Fr; = %(f[] —+ %eEIJKLfKL)dU A df,

where
8vV2 .
Frg = Wﬁb[ﬂm ,

(5.14)

|7]? 1 >

26285*}( = —2 + ESIHTF .

(SmT)
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e (ase B: These are well-known solutions determined by a choice of (in this case)
antiholomorphic function 7 = 7(2). The vector field strengths vanish? and the
metric takes the form

ds® = 2dudv — 2¢*Ydzdz e?V = Sm(7). (5.15)

As for the unbroken supersymmetries of these solutions, they preserve generically
1/4 of the supersymmetries.

5.2 Pure, ungauged, N = 4,d = 4 supergravity
The bosonic fields of N = 4, d = 4 supergravity multiplet are:

1. The Einstein metric g, .

2. The complex scalar 7 that parametrizes an SL(2,R)/U(1) coset space. In terms
of its real and imaginary parts (the axion a and the dilaton ¢) it is written
T=a+ie?.

3. The 6 U(1) vector fields whose complex combinations we label with an antisym-
metric pair of SU(4) indices Ary,, I,J =1,---,4 and are subject to the reality
constraint

AIJM = %€[JKLAKLN, (516)

where we rise and lower all SU(4) indices by complex conjugation: A/, =
(Aryu)*. Their field strengths are Fj; = dA;; and are subject to the same
reality constraint.

The fermionic fields of this supermultiplet, which are always 4-component (com-
plex) Weyl spinors, are

1. The 4 dilatini y;, which, with lower SU(4) indices, have positive chirality.

2. The 4 gravitini ¢;, which, with lower SU(4) indices, have negative chirality.

2These solutions are given in Ref. [28] in different coordinates in which the metric functions have
dependence on u, but this dependence can be eliminated.
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Complex conjugation raises the SU(4) indices and reverses the chiralities.

There are two global (hidden) symmetries in the ungauged theory: SU(4) ~
SO(6), associated to stringy T dualities [132] and SL(2,R), which is associated to a
stringy S duality [9]- [136] and leaves invariant the equations of motion but not the
action. SU(4) acts on all the fields in the obvious way:

X'=U o = a0 (5.17)
etc. The matrix A = ( “ Z > € SL(2,R) acts on 7 via fractional-linear transforma-
c
tions
, ar+b
= , 5.18
- +d (5.18)

An alternative, linear, description of the action of A € SL(2,R) on 7 can be made
using the symmetric SL(2, R) matrix

M= ( [71* Rer > . (5.19)

Sm7 \ Rer 1

The fractional-linear transformations of 7 are equivalent to the rule

M = AMAT. (5.20)

Observe that the matrix S = i0? is invariant under SL(2,R) transformations:

ASAT = 5. (5.21)

The action of A € SL(2,R) on the vector fields is best described by defining the
SL(2,R)-dual Fy; of the field strength by

F’[JETF[J+—|—7_'F]J7:%eTF]]—%mT*F]L]. (522)

Then, the pair Fy;, Fy; transforms as an SL(2,R) doublet, i.e.

H F = 7
Fry; = ( 7 ) ) FfJ = AFyy. (5.23)
This implies for Fy;*

Fit = (et +d)Fpy™, F,~ = (cr+d)F, . (5.24)
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Defining the phase of ¢ 4+ d by

2ip _ T+ d
T +d]
we find that, under SL(2,R) several fields and combinations of fields get a local U(1)
phase

(5.25)

I —3ip/2 I /2
X7 =€ 90/XI7 wl,u*ecp/wl,ua

! A ! .
( aMT > = G_QZLP (ﬂ) s |:\/ %mTF]JiMV] = ej:up |:\/ %mTF[JiMV] )

Sm T Sm T
(5.26)

corresponding to U(1) charges —3,1, —4 and £2 respectively. The combination

10, ReT
4 Smrt '

Qu (5.27)

transforms as a U(1) gauge field, @), = Q, + %@Lgp and this allows us to define a
U(1)-covariant derivative

D,=V,—1qQ,, (5.28)

acting on fields with U(1) charge q. Complex conjugation reverses chirality and these
U(1) charges.

The action for the bosonic fields is

4 1 aﬂTauf 1 ¢y 1J pv 1 1J pv
S = d*x |g| R+§(%m7)2—1—6\sm7'F F]JM,,—E%GTF *F[Jw/
(5.29)

It is useful to introduce the following notation for the equations of motion of the
bosonic fields:

by 1 408 _ 28mr1dS I

_ 1 _ 8 45

£ = | = _Dmros = >
2y/lg] 0¢“s Vgl 07 Vgl 0A1

Then, the equations of motion take the form

(5.30)

Ew = Gu+3Sm7)?[0,70,)T — $9u,0,70°7) — 1Sm7Fy, T, L F7,,(5.31)
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oT 1 Cx 1J + po
E = DN @ 8\9mTF F[J po s (532)
gl — v xFHve, (5.33)

The Maxwell equation £/7/# transforms as an SL(2,R) doublet together with the
Bianchi identity which we denote for convenience B!7*#

Bt =V x P (5.34)
It is easy to see that the combinations

Ert — 1B Ert — 1B
1J TOI g 7 1J TO1J ’ (535)
Sm T Sm T

have U(1) charges +2 and —2, respectively. The equation of motion of the complex
scalar € has U(1) charge +4 and the Einstein equation is neutral.

For vanishing fermions, the supersymmetry transformation rules of the gravitini
and dilatini, generated by 4 spinors €; of negative chirality and U(1) charge +1, are

(Sewlu = DMGI—ﬁV%mTF[JJFIW’}/VGJ, (536)
X1 = Lf 61—-\/ T F € (5.37)

We also need the supersymmetry transformation rules of the bosonic bosonic fields,
which take the form

556ua = _%(gllyawlu + 517a¢[u) ) (538)
o7 = ——5Smre Xy, (5.39)
5 A V2 T + (#wt + 1) 40)
€ - € € 6 € 6 .
IJp S - TV + \f [IYuXJ) IJKL \f YuX
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5.3 Killing Spinor Identities

Using the supersymmetry transformation rules of the bosonic fields Eqgs. (5.38,5.39)
and (5.40) we can derive relations between the (off-shell) equations of motion of the
bosonic fields that are satisfied by any field configuration {e,, Ar;,, 7} admitting
Killing spinors [78,79]. These KSIs take, for this theory, the form

I a r

S e = 0 (5.41)
_ I
615+EGJ gJI = 0 (542)

Observe that it is implicitly assumed that the Bianchi identities are identically
satisfied, i.e.

Bi" =0, (5.43)

and, therefore, these identities are not SL(2,R)-covariant. We may have to take this
point into account when comparing with the equations that we will actually find,
but we can also find (with considerably more effort) the SL(2,R)-covariant relations
between the equations of motion from the integrability conditions of the Killing spinor
equations (5.54) and (5.55).

Thus, acting with D, on the Eq. (5.54) using both Eq. (5.54) and Eq. (5.55) and
antisymmetrizing on the vector indices we get

0, TONT
Dbbr, = %M

(Sm )2 !

_% {Rm/ab(le — Sm TF]J+[MQFKJ_,,}I’} Vab€ K (5 44)

+ﬁ§(%m T)_I/Z {FIJ+p[yaM7' — 2iSm TVMFUJFM} fYPEJ

= 0.

To extract from this integrability condition a relation between the equations of
motion we act with 7” from the left. We get

l

m(ﬂ]] — %QIJ)VNEJ = 0 . (545)

471/2)[“551/]11/] = (g;u/ - %gul/ 600)’7,/6] -
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Acting now with y* and using the result to eliminate &£, we get, finally the
SL(2,R)-covariantization of the KSIs Eq. (5.41)

?

((C/,IJN —7_'B[JN)EJ =0. (546)

a
EFayer — —
28mr

Similarly, the SL(2, R)-covariantization of the KSIs Eq. (5.41) can be obtained by
calculating 2v/2 Pd.x; = 0 and takes the form

1
V28mT

These two identities are now manifestly SL(2,R)-covariant®. The comparison

8*61 - (%J - T B[J)EJ =0. (547)

with our results will be easier if we multiply these equations by gamma matrices
and conjugate spinors €x and €* from the left, to derive relations involving spinor
bilinears. In the case in which the vector V¢ is timelike, we get

1
P —LSmevevr — E\/%m Sm (M B,V = 0, (5.48)
EVE— Q;mTMIJ(SL]a_TB[Ja) = 0, (549)
Sm[M[J(EIJa —77'81‘]@)] = 0. (550)

Observe that the first equation implies the off-shell vanishing of all the Einstein equa-
tions with one or two spacelike components. Further, the Einstein and complex scalar
equations are automatically satisfied when the Maxwell and Bianchi equations are
satisfied.

When V' is null (we denote it by (%), all the spinors €; are proportional and we can
use the parametrization of Eq. (B.62) in Eqs. (5.46) and (5.47). Contracting with ¢’
using the normalization Eq. (B.63) and with the conjugate spinors €, €*, 7, n*, where
n is an auxiliary spinor with normalization Eq. (B.69), we arrive at the identities

(€0 = Je B 1" = (€= Je &) m® = 0, (551)
(Ers —TBr)e’ = 0. (5.53)

3See the paragraph after Eq. (5.35).
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where the null complex vectors are defined in Eq. (B.70). Observe that in this case
supersymmetry implies that the scalar equations of motion must be automatically
satisfied and also some of the components of the Einstein equations.

5.4 Supersymmetric configurations and solutions

5.4.1 General setup and first results

Our goal is to find all the purely bosonic field configurations of N = 4,d = 4 super-
gravity {g,u, A1y, 7,%r, = 0, x; = 0} which are supersymmetric, i.e. invariant under,
at least, one supersymmetry transformation generated by a supersymmetry parame-
ter €;(x). Since the supersymmetry variations of the bosonic fields are odd in fermion
fields, these transformations will always vanish, but the supersymmetry variations of
the fermions, for vanishing fermions, Eqgs. (5.36), may only vanish for special super-
symmetry parameters €;(x) (Killing spinors) that solve the Killing spinor equations
(KSEs)

561/”# = DMEI - ﬁi \ ngFIJ_'_;w’YVEJ = 0, (554)

2V268,x1 = ’Z S v s5VSmT Fryme! = 0. (5.55)

For a known bosonic field configuration these are, respectively differential and alge-
braic equations for the Killing spinor, which may or may not exist. We want to find
precisely for which bosonic field configurations these equations do have at least one
solution e;. Our procedure will consist in assuming the existence of such a solution
and derive consistency conditions for the field configurations.

We start with the equations d.x; = 0. We just have to multiply the from the right
with gamma matrices and Dirac conjugates of Killing spinors. We have, in particular,
from e6.x; =0

VE -0

75 (Smr)*2F, e =0, (5.56)

and, from €*v,0.x; =0

F’IJ_pa‘/JK(7 + \/Li(%m T)_3/2 (M]KapT - (I)[Kpua/ﬂ') =0. (557)
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It is possible to derive more Killing equations for the bilinears from the dilatini
supersymmetry rule, but it will not be necessary.

Let us turn to the gravitini supersymmetry rules. Now we apply SL(2, R)-covariant
derivative on the bilinears and use 0.7, = 0 to reexpress D,e;. We get

D,LLMIJ = \/Li VSm TFK[]\JFWVKU}V ) (5-58)
DV, = —5aVSmT [MgsFR 7, + M ™y,
Oy (WP 7 = M (P PR )p) (5.59)

ID;L(I)IJ,LW = _ﬁﬁ V3m T [2g,u[l/|FKI+|p]aVKJa + 2F‘KIJrup‘/KJ,u

—3Fkr ) VE g+ I = J)] . (5.60)

Contracting the free indices in Eqs. (5.59) and (5.56) it is immediate to see that
V# = VI is a (non-spacelike, Eq. (B.28)) Killing vector and

Vi9,T = 0. (5.61)

It is also immediate to prove that

v, Vi#=0. (5.62)

Let us now consider the implications of the reality constraint of the vector field
strengths on the contraction Fgr™ WVK g

Frit VR " = %€KIML(FML7W)*VKJV- (5.63)

Taking the SU(4) dual in both sides of this equation and taking into account the

reality properties of the vectors VE ;¥ we get

1SR o T VE 3 = =L [Fsp™ VY + 2F 58wV 1)"]" (5.64)

from which we get

FSRi,uuVV = _2FJ[S|7,LWVJ|R]V - [5SRIJFKI+;WVKJV]* : (565)
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The first and second terms in the r.h.s. of this equation can be rewritten in terms
of scalars using the antisymmetric part of Eq. (5.57) and the complex conjugate of
Eq. (5.58). We get, at last,

V2i

V2
(Sm 7)3/2 MsgO,m — —=—=¢csr1/ DM"” . (5.66)

w7

The complex conjugate of this equation gives us F*®*,, V¥ and, taking the SU(4)-
dual we get Fi;%,, V" etc.

FSRi;UJVV = -

From this equation, contracting the free index with V# and using Eq. (5.61) we
get immediately

VHO,Mpy =0. (5.67)

Now, the use that we make of this result and the subsequent analysis will depend
on the causal nature if the non-spacelike vector V*. We must distinguish between two
cases: the case in which it is timelike, which we consider in section 5.4.2 and the case
in which it is null (and we rename it [*), which we consider in section 5.4.4.

5.4.2 The timelike case

The vector field strengths

If V2 = 2MM;; = 2|M|* # 0 we can use Eq. (5.66) to express Fy;~ entirely in
terms of scalars, their derivatives, and V,, using Eq. (A.20):

— 1 . MSR 1J > .
F = — d DM ANV —ix|--] 5. 5.68
= | T e g B0
Here we have added a hat to V to denote the differential form V = V,dx* and
distinguish its norm.

To solve the equations of motion it is convenient to have directly F7; and its
SL(2,R)-dual Fy;. Their expressions are, actually, somewhat simpler due to the
following property: if dF = 0 (which is the equation satisfied by Fj; and Fy J) and
LyF =0 then V,(F,,V*) = 0 and, locally, F,,,VV#» = V, E for some scalar potential
E. Thus, following Tod [28], we define

VuEry =V Fryu, V.Bry=V"Fr, (5.69)

and, using the above form of Fj;~ Eq. (5.68) we find
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E[J = 2\/5(%H1T)_1/2(M1J+M1J),
(5.70)
B[J = 2\/5(%m7‘)71/2(7_M[J+77_M[J),

where

2
Fry, = V‘Q{V/\dBUJr*{V/\(%erBU— I dEUH}, (5.71)

Sm T SmT

- A R 1
Fr; = V_2{V/\dEIJ_*|:V/\(cxerEIJ_cx—dBIJ>:|} . (572)
) Sm 7

mrT

It is worth spending a moment in checking the consistency of these results. By
definition, B;; and E;; must transform under SL(2,R) as Fj; and Fj;, ie. as a
doublet:

— B — —
Ep; = ( E” ) : E', = AE;;. (5.73)
1J

We can check that this is consistent with Eqs. (5.71) and (5.72) by rewriting the last
two equations in the manifestly SL(2, R)-covariant form

Fry=v-2 {V NdEp; — % [f/ A (MSdEU)} } , (5.74)

on account of Egs. (5.19,5.20) and (5.21).

On the other hand, it is easy to check that the fact that E;, transforms as a doublet
is consistent with the transformations rules of 7 and Mj; alone and Eqgs. (5.70).

The five-dimensional metric

We define a time coordinate by

Vr9, = V20, (5.75)

and the metric takes the “conformastationary” form

d82 = |M|2(dt+w)2 - |M|_2’7deidxj> Z,j = 172a37 (576)

where w = w;dx’ is a time-independent 1-form and 7ij 1s a time-independent (positive-
definite!) metric on constant ¢ hypersurfaces?.

4The components of the connection and curvature of this metric can be found in Appendix C.1.
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From Eq. (5.59) we find that V' satisfies the equation

dV:—%V%mT[MIJF]J—F—i-M]JFIJ_]. (577)
Since
\/§MIJ . .
MYEF = ——2 DMy ANV +ix(DM;; ANV)], 5.78
1J \/%’MP[ 1J ( 1J )] ( )
we get
’ 1 2 9 . 1J 1J 9
W= {dyM| AV +ix [(M DM;; — My DM™) A v} } . (5.79)

It is also convenient to define the 1-form £ and the 2-form €2

¢ = LM MpdM" — MY dM,,), (5.80)

Q

2|M\*2*[(Q—§) AV] . (5.81)
¢ transforms under SL(2,R) as

£ =¢&+ 5dyp, (5.82)

i.e. as the U(1) connection @, which makes € invariant. The connection ¢ is also
orthogonal to V' and invariant under local rescalings of the scalar matrix M;;:

§(A(z)Mry) = (M), (5.83)

a property that we will exploit later on. Further, using Eq. (B.37) we can write the
curvature of this connection in the form

) MIJ MKL
d¢ = —id Ad
$= et Mg

00 =TT 5], (5.84)

that relates the triviality of ¢ with the constancy of the projection J7 .

As usual, the equation for w can be derived by comparing Eq. (5.79) for the 1-form
V', with the exterior derivative of the expression for V' in the coordinates chosen

V = V2| M(dt +w). (5.85)
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The result is the equation

dw = 250 = S| M|~ A (M""DM;; — My, DM™) A 14 (5.86)

If we use the conformastatinary form of the metric then we obtain that this equation
for w is a purely spatial equation

fig =AM €& — Q) fij = 20wy (5.87)

and it has the integrability condition

Vi (W) =0, (5.88)

which is a necessary condition for the existence of w, whose existence we have as-
sumed throughout all this analysis. Thus, it is not so much a necessary condition for
supersymmetry as it is a necessary condition for the whole problem to be well defined.

Solving the Killing spinor equations

At this stage we put all the information obtained so far back to the KSEs and extract
further consequences.

Setting V0 = /2| M|, V? = 0 we obtain that the KSEs (5.54) and (5.55) become

i i ~ df
Voe; — —A~ (| DM;; — =M e/ =0 5.89
0€r \/§|M\7 < 1J 5 IJ%mT>k ( )
i i~ dF
D; DM, — =M —— ) %7 = 0 5.90
€I+\/§|M|7< IJ 5 ”Srm),ﬂve ( )

d 2v2 ~ ' d
"}/k [ T \/_ <DM[J+ EM[J T )’)/OGJ] = 0. (591)

Smr ! * | M| 2 Smr .

By using the spin connection shown in appendix C.1 we obtain the covariant deriva-
tives

1 KL Ok
Voer = 80€]+WM Dy Mgy ™"er, (5.92)

D,’E[ = ’M|VZE] - MKLakMKL’}/Z'kEI — i’}/k")/iQkéj . (593)

2|M|?
Tacking into account the identity

dMpy = |M|2M"5 dMy My + 20 dMg (5.94)
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we may write the above KSEs as

1 oMiy
8061 + OkMKLDkMKL (6] + Z\/_’)/ ‘])
2! [M]
V2 4 (- i T -
—W’}/k (\ﬂ]KakMKJ] — Z%;TMIJ> EJ = 0, (595)
’M|Vl€[+ M (9MKL7 M[JGJ

f|\

1 M
_ MKLa M ik 2 k ; J J
2IM\2( MLy + 2iQi* i) | e + V27 =+ Ik
o (7 5 _ia’jM ko 0 _
+ivV2\M|™ | T OcMik 13 ) Yvye = 0, (5.96)
Smr
dr
k 1J el
2V2|M|'DM = 0. (597
[ (VB ) o2/ D= 0.
We impose the following constraint on the SU(4) spinors
e+ iv2y0 = Mis s =0, (5.98)

Ik

which is a kind of reality condition because it relates the SU(4) spinors with their
complex conjugates. This condition can be deduced from the Fierz identity

M]JEJ = %VG’YGEI . (599)
The projection (5.98), together with (B.21), imply
M[[]EK] :0, j]JGJ:E]. (5100)

For generic (i.e. not built from already-known Killing spinors) scalars M;; the above
relation is a constraint breaking 1/2 of the supersymmetries.

After imposing the condition (5.98) the KSEs becomes

806[ = 0, (5101)

Vie[ — MKL(‘)Z-MKL — @jfjej = 0, (5102)

1
2| M1

PTi’e; = 0. (5.103)



5.4 Supersymmetric configurations and solutions 115

The solution to (5.101) are static spinors. Eq. (5.102) can be written in such a way
that the static Killing spinors satisfy the equations

T (Vi —i&) (IM]72e;) = 0, (5.104)

PTi’e; = 0. (5.105)

To make further progress in the analysis of the KSEs, we introduce the U(2)
formalism, which is explained in appendix B.1, to deal with the Killing spinors.

Constraint (5.98) is equivalent to the following two constraints®

ea +eMPeqape? = 0, (5.106)

T’y = 7, (5.107)

and the last of these is actually an identity when one takes into account the relation
between M;;, Z and ¢4

Now we study the KSEs (5.104) and (5.105) using the U(2) formalism, starting
with (5.104). It is equivalent to the equation

Vina + Aia®np — £ (26 +4¢);na =0, (5.108)

where we have used the constraints on the scalars ¢7 and g4 = |M|"*/2e4. The
equation (5.108) can be decomposed into two parts by using the condition (5.106) on
the spinors: taking the complex conjugate of (5.108) and using (5.106) we obtain the
equation

Vina + A aPnp + (26 +4¢ —2d)\),;ma =0 . (5.109)

Notice that, if we perform the change of variable
na' = ey, (5.110)

(this is not a symmetry transformation) then the two equations (5.108) and (5.109)
are equivalent to (suppressing primes from now on)

Vina+Aia®ns = 0, (5.111)

(26 +i¢—d\)na = 0. (5.112)

®Notice that the presence of A in the equation (5.106) ensures the SL(2,R) and U(1) C U(2)
covariance.
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The obvious solution to the equation (5.112) is that the SL(2,R) connection 2§
and the U(1) connection —i( are in the same cohomology class,

2 +i¢ = d\ (5.113)

which should be an identity upon the relations between the scalars Z, ¢4 and M.

Summarizing what we have obtained so far, the total system of KSEs, including
the dilatino equation, is

Vina+Aia®ns = 0, (5.114)
PT¢gna = 0, (5.115)
subject to
na+7eapn” =0, (5.116)
¢7 o5 = 0 (5.117)

We can extract further information from these KSEs if we return to the bilinears,
now in the U(2) formalism. From (5.114) we obtain that the three vectors

Vi, = \/%UxAB(iﬁB%WA) : (5.118)

which, according to the discussion of appendix B.1, have no time-like component, are
covariantly constant

Vl‘/}x + eﬂﬁyZAZ.yV}.z =0 (5.119)

(notice that in this eq. V does not contain any spin connection!). This equation can
be interpreted as the vielbein postulate with the SU(2) connection A* playing the
role of the spin connection,

0" = —e"A, | (5.120)

where 0" is the spin connection evaluated in the frame V*. From the discussion of
appendix B.1 it can be seen that in the frame V* the v metric holds a conformally
flat form (with conformal factor |M|?, see Eq. (B.60)). Since the spin connection is
invariant under conformal rescalings, the connection o™ is indeed the spin connection
for the v metric in the (equivalence class of) frame V7.

Now we move to the KSE (5.114). To solve it, we evaluate it in the frame V* and,
after using the formula (5.120) for the spin connection, this KSE becomes

Oma+ A0 (V77647 — 0% P) s = 0. (5.121)
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We may state the general solution to this condition by means of the projectors
057 = 1 (647 =7*62) e, =0, (5.122)

where the notation (z) means that there is not sum over x. Hence the above KSE is
solved by constant spinors nff) that satisfy

1152, = 0 if A, #0. (5.123)

Each of these projections breaks/preserve one half of the supersymmetries.

Coming back to the original Killing spinors, they are given by

= \/V2|Z]e ¢n) (5.124)

Finally, the dilatino KSE becomes

T ooy =0, (5.125)
which can be written as
(D07 — LGop + LAToE A7) i) = 0. (5.126)

and it should be regarded as a further equation for ¢7' that characterizes the super-
symmetric configurations. We have not found the general solution to this equation,
but we can analyze it for two important cases: For the case of Tod’s configurations
(the flat ones) this equation is obviously solved because these configurations are char-
acterized by the constancy of the projector 7. In addition, we shall show below the
vanishing of this equation for a kind of configurations with U(1) holonomy.

Supersymmetric solutions

As we deduced from the KSIs in the time-like case, only the Maxwell equations and
the Bianchi identities must be imposed on the supersymmetric configurations in order
to have solutions (although we shall keep explicitly the scalar field equation since it
helps us to understand the structure of all equations).

It is convenient to rewrite the equations of motion of the vector and scalar fields
in differential-form language®:

1J
EV = &Y dat = —xdF" = ( . ) : (5.127)

E = &V, (5.128)

6We add hats to denote differential forms.
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where £17 u is the SL(2,R) doublet formed by the Maxwell and Bianchi identities:

. (C/'IJp, VV*FIJVM
Er = ( BlTn ) = ( e ) ) (5.129)

we find the following two equations for M;; and 7:

% SdE . ,

*E1 = %d*l%/\v +dE;; AQ, (5.130)
*é* dr ~ o dr .M[J dM?’ ~

— = —Dx]—— AV 2i—— AN+ 2 d AV ] .
R *{\MP%mT ]* Smr TP *(rMP

(5.131)

These equations can be now be combined (this is the reason behind the introduc-
tion of V' into the equation for 7 and the use of differential forms) and simplified.
Using the new variables N;; defined by

N[J: \/%HN’M[J, ’NP:NIJN]J:\SIHT’MF, (5132)
we construct a new combination of equations that we call a’’

'(NIJ_}_NIJ) .

1 A A
AL 1 _ ALy _ i *
a (TBY = &) — 3 RE &, (5.133)

2/2Smr

and, which, after some massaging, is going to have a much simpler form. To present

in compact form the equations of motion we define these two equations

n' = (V,+4ig,) (%) (5.134)
et = (V, +4i,) Q%Z) : (5.135)

and, in terms of them, we have, switching again from differential form notation to
tensor notation,

NIJ +NIJ 5
o_ 1) Wi Ny pnXL (5.136)

NIJ NIJ
B7e = a2y {#éﬁeﬁ —i(a" — a“)} : (5.137)
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NIJ NIJ
glle = oy {—U;FP Re (1€) — i(Tal’ —ra”)} . (5.138)
E = |MPe+2iN¥ng, . (5.139)

The combination |N|~2dr has U(1) charge —4 and, thus, the second equation is

just a U(1)-covariant divergence, the covariant derivative being constructed with the
£
transform covariantly under SL(2,R), the equation is SL(2, R)-covariant up to terms

¢ connection. The first equation has a similar form and, although does not

proportional to the second equation.

Using the conformastationary metric we can reduce all the equations to equations
in the 3 spatial dimensions with the metric 7. To start with, the equations n!” and e
defined in Eqs. (5.134) and (5.135) can be expressed in terms of

) OLNTI
. , Oir
where all the objects are now 3-dimensional with metric v, by
n!’ = —|M|2n(13‘)]) : e =—|M|eg) . (5.142)

Then, we can express all the equations of motion in terms of these two equations as
follows:

NIJ NIJ
L R N R ) ST
SmT
NI 4 N1/ . N
SIJa _ _\/§|M|2va {(\—%e (7'6(3)) — Z(fn(l?‘)]) — Tn([?‘)]))} . (5144)
SmT
£ = —|MP[|MPe@) + 2iNgrnfs)] - (5.145)

From these expressions it can be seen that, as the KSIs indicate, the scalar equa-
tion is satisfied is the Maxwell and Bianchi equation are. Thus we have that any
supersymmetric configuration must solve Egs. (5.143) and (5.144) in order to be a
supersymmetric solution of the theory. Clearly, these conditions are satisfied if the
equations

e =0, niz =0, (5.146)
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are satisfied.

5.4.3 Some explicit examples

Now we study a particular class of configurations to which we can solve all the con-
straints on the variables that characterize supersymmetric solutions. It is easier to
define them in terms of the scalars M;;, taking care of the formulas for the projector
Jr’ and the one-form ¢ are satisfied.

The configurations are given by two scalars M,

Mi(z,2,2) = e*M(z, 2 2)ki(2), (5.147)

Mis(z,2,2) = e*M(x,z 2)ky(2), (5.148)

where A and M are real and we are using the system of local spatial coordinates
(x,2,2). The other My; are zero. Since we have only two of the M;; non-zero, the
constraint (B.21) on them is automatically solved. Therefore k; and ko are arbitrary
holomorphic functions.

The SL(2,R) connection is

§ =—2(0.Udz — 9:Udz) + 1dX (5.149)
and its curvature is
dé = L02,Udz Ndz (5.150)
where
U=k, |k?>=2(k] + k) (5.151)
The projector J is
1 0 0 0
0 2|k3|72|k31|2 2|k’|72k‘1k}2 0
JT — 5.152
[77°] 0 20k 2k ks 2/k|2|kof? 0O (5.152)
0 0 0 0

A configuration of ¢4 which solves the constraints (B.45) is

i 1 -1
Wﬂ:( v R R O>‘ (5.153)

— K kR O
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For this configuration, all of the U(2) components of the connection ¢4d¢ps are the
same (it is actually an U(1) connection), then

¢ = 1(0.Udz—0:Udz), (5.154)
(A7) = %(2 g) . (5.155)

By contrasting Eqgs. (5.149) and (5.154) we see that the relation (5.113) is satisfied.
The curvatures are

d¢ = —0°.UdzNdz, (5.156)
[RAP] = %(CZ Cff) : (5.157)

The only non-zero component of the SU(2) connection in the adjoint representa-
tion is that of the o! matrix,

A= =, (5.158)

R*=! = idC. (5.159)
According to the formula (5.120) the spin connection becomes a U(1) connection
0% = —i( (5.160)

An the spatial metric has U(1) holonomy. The three dimensional euclidean metrics
with U(1) holonomy factorize as the product of one- and two-dimensional metrics

hijdr'dx’ = dz® + 2¢Ydzdz | (5.161)

where U is given by (5.151).
The Killing spinors are given by

er =/ Mlk|ez eV (5.162)
and the constant spinors are subject to

€D 4058 = 0, (5.163)

(dO) T4 PN = (d¢) & (647 — 40 B) ) = 0. (5.164)
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These two conditions are solved by

e = €, (5.165)

& = e, (if d¢ #0) (5.166)
and in turn these conditions are solved by a single spinor which satisfy a sort of reality
condition,

6 = €, =%, (5.167)

& = ~le, (if dC#0). (5.168)

This class of configurations preserve 1/8 of the supersymmetries. If d¢ = 0, the spinor
¢ does not necessarily satisfy the reality condition and hence in that case 1/4 of the
supersymmetries are preserved (the Tod case).

Finally we check the dilatino equation (5.126). When evaluated on the configura-
tions we have at hands this equation takes the form

1 )
0,07 — 5@ (5BA + U}gA) qb?} vea=0. (5.169)

Now let us see in detail each one of the SU(4) components of this equation. For I =4
this is trivially zero. For I = 1, ¢4, is constant and it is the zero eigenvector (zero
eigenvalue) of 1+ ¢!, hence the equation is solved. For I = 2,3 the ¢'s are

[07] = !kl‘lkz( 1 ) (5.170)

and this U(2) vector is the eigenvector of 140! with eigenvalue +2. Then the equation
for I = 2,3 becomes

[0; (1k| " K1) — Gilk|  hr] 7 (61 + €2) (5.171)

In principle, the expression between square brackets has two (curved) components
1 = z,Z. However, it is easy to see that the Z component vanishes. Since in this case
the metric has U(1) holonomy the vielbeins matrix is diagonal. Then the z component
of the above equation is proportional to

”}/Z (61 + 62) (5172>
which, after the projection (5.166), is

Y (1+7") e (5.173)
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and this expression is automatically zero due to the chirality of the spinors.

So far we have exshauted all the conditions imposed by supersymmetry in our
configurations. Now we turn to the equations of motion. We have found three families
of solutions.

1. If the kr; are constants, then, normalizing |k|*> = 1 for simplicity, & = %d)\ and
U = 0. This is the case considered by Tod in Ref. [28] and studied in detail
in Ref. [29]. Tod took advantage of the fact that dé = 0 implies that J7'; is
constant and a global SU(4) rotation can be used to set to zero two of the ¢;s.
We will not do so, as this breaks the explicit SU(4) covariance, but our results
are, of course, equivalent.

Eq. (5.140) takes the form

0;0;H, =0, Hy = [VSmre M|, (5.174)

and is solved by any arbitrary complex harmonic function H;.

Using the above equation, Eq. (5.141) takes the form

90;(Ham) =0, (5.175)

which is solved by

T = Hl/Hz 5 ain - O, (5176)

another arbitrary complex harmonic function. The pair of harmonic functions
and the constants determine completely the solutions. In particular

|IM|™2 = M2 = Sm(HyH,) . (5.177)

2. If e = M = 1, the integrability condition Eq. (5.88) can be solved by taking
7 constant. The only non-trivial equation of motion, Eq. (5.140) is solved using
the holomorphicity of the ky;s. The metric takes the form

ds® = |k[*(dt + w,dz) — |k|"2da? — 2dzdz (5.178)

where w,, satisfies

0wy — Opw, = O:|k| 72, Oswy — Opws = Ok, Osw, — O.w: = 0. (5.179)
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The metric and the supersymmetry projectors indicate that these solutions de-
scribe stationary strings lying along the coordinate z, in spite of the trivial axion
field, which is the dual of the Kalb-Ramond 2-form B that couples to strings.
Observe, however, that the duality relation is not simply dB = %da: there are
terms quadratic in the field strengths involved in the duality which must render
B non-trivial.

The metric and the vector fields involved depends strongly on the choice of
holomorphic k;ys. It is instructive to have an example completely worked out.

Let us consider the simplest case: only ki = ﬁ non-trivial. This allows us to
set w, = w; = 0. Then, |k*> = |2|7? and w, = 2Re(2?) and the full solution is

given by
1
ds? = W[dt + 2Re(2?)dz)? — |z|*dx? — 2dzdz ,
z
\/§€¢0/2 ) ) 5 .
Fy, = — = {[dt + 2Re(2%)dx] A dz — i*[[dt + 2Re(z?)dz] A dz|} = (F34)*,
T = 170

(5.180)

3. The only solutions that we have found with A and the k;;(2)s simultaneously
nontrivial have just A = A(x) and M = M(z) and are a superposition of the
solutions with constant k;; and the solutions with constant A in which these
functions depend only on mutually transversal directions.

Thus, these solutions depend on holomorphic functions kr;(z) chosen with the
same criteria as in the previous case, and a pair of complex functions H;, H»
linear in x such that Sm 7 > 0, and the metric is given by

ds® = (M|k|)*(dt + wydz) — (M|k|)?dz* — 2M *dzdz (5.181)

where M is again given by Eq. (5.177).

5.4.4 The null case

As we have mentioned before, the null case was completely solved by Tod in Ref. [28],
but we include it her for the sake of completeness.

As explained in Appendix B.1.2; in the null case all the spinors are proportional
e; = ¢re. In the N = 4,d = 4 case at hands, ¢; has a U(1) charge under SL(2,R)
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transformations that has to be distributed between ¢; and e. We choose to have the
¢r uncharged. Had we chosen to have ¢; is charged with charge g, # 0, then the real
1-form

¢ =igrdo’, (5.182)

would transform as a U(1) connection under SL(2,R) transformations as well and
would play a role analogous to that of the connection £ in the timelike case. With
our choice, ¢ is just a U(1l) connection under the transformations Eq. (B.64) and
covariantizes with respect to them the expressions that involve e.

We are now going to substitute e; = ¢re into the KSEs and we are going to use
the normalization condition to split the KSEs into three algebraic and one differential
equation for e. One of the algebraic equations for € will be a differential equation for

1.
The substitution yields immediately

D,ugble + QS[DHE - QL\E vV Sm TF]J+MV¢J’YVE* = 0 , (5183)
ﬁT 1 — 1 J %
¢Igm75_ﬁV%mT%J ot = 0. (5.184)

Acting on Eq. (5.183) with ¢’ leads to

D,e = —¢'D,bre, (5.185)

which takes the form

Dye = (D, +iC,)e =0, (5.186)

and becomes the only differential equation for e. We have defined the derivative D
covariant with respect to SL(2,R) and U(1) local rotations under which € and ¢; have
charges +1 and —1, respectively. Using Eq. (5.186) into Eq. (5.183) to eliminate D,e
we obtain

Dére — #5\/ Sm TF[J+#V¢J’7V€* =0, (5.187)

which is one of the algebraic constraints for € and is a differential equation for ¢;.

Acting with ¢! on Eq. (5.184) we see that it splits into two algebraic constraints
for e:
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dre = 0, (5.188)

Vi ¢’¢ = 0. (5.189)

Finally, we add to the system an auxiliary spinor 7, introduced in Appendix B.1.2,
with charges opposite to those of e. The normalization condition Eq. (B.63) will be
preserved if and only if 1 satisfies a differential equation of the form

Dn+a,e=0, (5.190)

where a, is, in principle, an arbitrary vector with the right charges that transforms
under the redefinitions Eqs. (B.72) and (B.73) as a connection

a), = a, + 9,0. (5.191)

In practice, however, a, cannot be completely arbitrary since the integrability
conditions of the differential equation of 1 have to be compatible with those of the
differential equation for e and this requirement will determine a,,.

We expect two main types of solutions: configurations with U(1) holonomy on a
2-dimensional (spacelike) subspace and configurations with U(1) holonomy in a null
direction, which is the new possibility allowed by the Lorentzian signature. These
expectations are also supported by the Fierz identities

yhe = —ie, (5.192)

Il = 0, (5.193)

which are satisfied automatically here, but will be interpreted as projections.

We will call these two possibilities B and A respectively.

Killing equations for the vector bilinears and first consequences

We are now ready to derive equations involving the bilinears, in particular the vector
bilinears which we construct with € and the auxiliary spinor 7 introduced in Ap-
pendix B.1.2. First we deal with the equations that do not involve derivative of the
spinors. Acting with € on Eq. (5.187) and with e*y* on the complex conjugate of
Eq. (5.189) we get
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¢]FIJ+MVZV = 0, (5194)
e KL Pt 0 = 0. (5.195)

Acting with €* and 1* on Eq. (5.188) we get”
1-0r = 0, (5.196)

m*-0r = 0. (5.197)

Now, from Egs. (5.186) and (5.190) we find

V,ulz/ =0 ) (5198)
Dyn, = —a,m, — a,m,, (5.199)
Dym, = —aul,. (5.200)

Let us now find the simplest implications of these equations.

To start with,Egs. (5.194) and (5.195), together, imply for nonvanishing ¢;®

Fryt ot =0. (5.201)

Using Eq. (A.29), we see that the vector field strengths must take the form

Fi,t = Lfr,0Am*, (5.202)
2

Fry~ = 3Fiam, (5.203)

where F;; is a skew-symmetric SU(4) matrix of scalars to be determined and F; is
its SU(4) dual.

This solves completely Eq. (5.189), as can be seen using the Fierz identity

"The first of these equations had already been obtained in the general case Eq. (5.61).
8This equation also follows from the general result Eq. (5.68) for vanishing scalars M.
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Ly e =3l (5.204)

and we can substitute Eq. (5.202) into Eq. (5.187) the only remaining equation in
which vector field strengths occur. Using the Fierz identities

les = 0, (5.205)
e = —ie, (5.206)

it takes the form
D1 — ﬁ\/%m TFr971, =0, (5.207)

from which we find

44/2
Sm T

On the other hand, from Egs. (5.196) and (5.197) we find that

Frs¢” = n"D,r . (5.208)

dr = Al + Bin* . (5.209)

There are two cases to be considered here: case A (B = 0) and case B (B # 0).
In case B, we can write

B

after a redefinition of the type Eqgs. (B.72) and (B.73). All the equations that we have
written so far are covariant with respect to this kind of transformations and we just

A -
dr = B (m += l) = Bm*', (5.210)

have to add primes (which we suppress immediately afterwards) everywhere. Thus,
the case B is equivalent to A = 0 and we can always assume that either A or B is
always zero. Since the connection () depends on 7, the holonomy is different in these
two cases. These are the two cases we mentioned at the end of the previous section
and we will deal with them separately afterwards.

Equations of motion and integrability constraints

Although we have not yet discussed the form of the metric, we already have enough
information to study the equations of motion and check whether they satisfy the
integrability conditions Eqs. (5.51)-(5.53).
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Using the results of the previous section, we can write the equations of motion in

the form?

Al?
(C/',uzz - %guugpp = R;w + {m + 1—1(5%1117'?2 lpll/ +

1 * * *
E = Sm o {l“@uA — B*l"a, +m"0,B" + ;<
é'jj—fBA[J = —z(%mT)d(]:UlA/\fn*)

Substituting into Eqs. (5.51)-(5.53) and operating, we get

RulY =

|BI*
4(SmT)?

14
R,,m"” —

m, =

B Fr¢’ =

i |BI*

SmT

B

(5.212)

(5.213)

(5.214)

(5.215)

(5.216)

(5.217)

We do not have a metric yet, but we can find R,,[" and R,,m"” from the integrabil-
ity conditions of Eqs. (5.186) and (5.190). Commuting the derivative and projecting

with gamma matrices and spinors in the usual way, it is easy to find from Eq. (5.186)

Rolv = —2i(d¢),l",

Ram’ = +2i(d¢),m” — 2i(dQ),,m"

|B”

— 49 I el
+2i(dC) m +4(%m7)2

and from Eq. (5.190)

R,,m"” = 2i(d¢),m” —2i(dQ),,m" + 2(da),,1"

9We have ignored all the terms that contain products AB etc.

my,

(5.218)

(5.219)
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|BI”

— 2i(dC)m 4 —
+2(dC)wm +4(%m7)2

my, + 2(da),, 1", (5.220)
R,n” = 2i(dQ),n" —2i(dQ),n" + 2(da),,m*"
= 2i(d¢)wn” + 2(da),,m™" . (5.221)

Comparing now these three sets of equations, we get

(dO)l” = (dC)m” =0, =d( =0, =(=da, (5.222)

locally, and, eliminating ¢ by a local phase redefinition,

(da)ul” = 0, (5.223)
(da)m™ = —3Run”, (5.224)

which tell us that
da = — 3 Royin A" + SRyl A+ CLA M, (5.225)

where C'is a function to be chosen so as to make this equation (and, hence, Eq. (5.190))
integrable.

Once (¢ has been eliminated, we can solve Eq. (5.208) of F;; as follows:

8v/2

Fra = VSmrT

n*(0udir) e - (5.226)

Metric

At this point we need information about the exact form of the metric. The most
important piece of information comes from the covariant constancy of the null vector
[*. Metrics admitting a covariantly constant null vector are known as pp-wave metrics
and were first described by Brinkmann in Refs. [138,139]. Since I* is a Killing vector
and dl = 0 we can introduce the coordinates u and v

L, dz" = du, (5.227)
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19, = % . (5.228)

The previous results imply that all the objects we are dealing with (7, ¢7, Fr;) are
independent of v.

Using these coordinates, a 4-dimensional pp-wave metric takes the form!®

ds® = 2du(dv + Kdu + w) — 2¢*Ydzdz w = w,dz + wdz, (5.229)

where all the functions in the metric are independent of v and where either K or the
1-form w could, in principle, be removed by a coordinate transformation. In this case,
however, we have to be very careful because we have already used part of the freedom
we had to redefine the spinors, and, therefore, the null tetrad, and we have to check
that the tetrad integrability equations (5.198)-(5.200) are satisfied by our choices of
eV, K and w.

We are now ready to study and solve each case separately.

Case A

This is the B = 0 case. dr = Al implies that 7 = 7(u) and A = 7. The connection Q)
can be integrated

Q = dB(u), (5.230)

and can be eliminated from all the equations by absorbing a phase into the spinors:

e Pe=¢, ePn=n, (5.231)

and similarly on the null tetrad.

To fix the form of the metric, we study the antisymmetric part of Eq. (5.200)

din+anl=dUAm+anl=0, (5.232)

which implies that U only depends on u and

a=Um+Cl, (5.233)

10The components of the connection and the Ricci tensor of this metric can be found in Ap-
pendix C.2.
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where D is a function to be found. Substituting into the antisymmetric part of
Eq. (5.199) we find

di 4 a* N4 a A =di + C IR+ ClA ™ =0, (5.234)

which is solved by

n=dv+ Kdu, C*=—eYo.K. (5.235)

Now, comparing Eq. (5.233) with Eq. (5.225) we find that R,, = 0 which implies
(since w = 0) that U = 0.

Finally, to ensure supersymmetry, the integrability conditions Eqs. (5.214)-(5.217)
have to be satisfied, and, with constant U all of them are automatically satisfied.

It also follows form the previous equations that the ¢;s can only depend on u and
Fi1y is given by

8v2
VSSm T

Now, let us consider the equations of motion. The scalar, Maxwell and Bianchi

Frp= ¢[1¢J] : (5.236)

equations are automatically satisfied and the Einstein equation can be solved by a K
satisfying

+ 1Qmr F?. (5.237)

These solutions preserve generically 1/4 of the supersymmetries.

Case B

This is the A = 0 case. If we choose m* = eVdz, then dr = Bm* implies 7 = 7(Z) and
BeV = 9.7. Substituting the corresponding connection 1-form @ into Eq. (5.200) one
finds

- & (5.238)
Sm T
i@ = —d,Ingm+ DI, (5.239)

where ¢ is a holomorphic function of z and D is a function to be determined. The
first of these relations tells us that
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GU

Sm T

0.7 = g(z,u), (5.240)

is a holomorphic function of z, independent of u, and taking the derivative of both
sides with respect to zZ we get

eU = u zZ,u) = h(Z)
s = /W, 9(z,u) a)’ (5.241)

where f(u) is a real function of w.

Substituting now a into the antisymmetric part of Eq. (5.199) we find that 7 is
given by

n=dv+w, (5.242)

(so K =0 in the metric Eq. (5.229)) where the 1-form w satisfies

frz=€e*Y0,In(B/B*) =0, (5.243)

and D is given by

D* = —de V. (5.244)

Now that we have determined a we have to check that it satisfies the integrability
condition Eq. (5.225). This requires the following equations to be satisfied:

OyIn fB
I et el S .24
Ryz + 5 S 0, (5.245)
Ry —[02In f 4 0yIn fO,In f] —2¢7Y0.D = 0, (5.246)
C—-eYD = 0. (5.247)

Comparing with the integrability conditions Eqs. (5.214)-(5.217), we conclude that
f must be a constant that we normalize f = 1 and that w must be exact, and we can
eliminate it. Further, the ¢;s must be constant and the vector field strengths must
vanish.

All the equations of motion are automatically satisfied in these conditions, and
the solutions are the stringy cosmic strings of Ref. [137].

Our result differs from Tod’s, who used 7 and 7 as coordinates and found very
similar solutions with nontrivial w that depend in a very complicated way on a function
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g(T,u) an its complex conjugate. This function could be eliminated by a coordinate
change in which all the u dependence and the 1-form w disappear, recovering the

stringy cosmic string solutions.



Supersymmetry, attractors and cosmic
censorship

In spite of the impressive progress made during the last few years in the study of su-
persymmetric black-hole solutions, there are important questions that remain unan-
swered or whose answer is unclear. For instance, we know how to construct many
supersymmetric black-hole-type solutions, but many of them are singular. Some of
these become regular when string corrections are taken into account and for all the
regular black hole solutions we seem to have a String Theory model that accounts for
its entropy. How are the other singular solutions to be understood? How can it be
that they are supersymmetric and yet there is no String Theory model for them? Or,
if there is, why are they singular?

The main goal of this chapter is to try to answer this question by giving a set of
conditions that supersymmetric black-hole-type solutions must satisfy in order to be
admissible in the context of N = 2,d = 4 supergravity coupled to vector supermulti-
plets. Admissible solutions will be regular and will describe one or several black holes
in static equilibrium, even though the system may have a finite global angular momen-
tum, as is for example the case in the solution constructed in Ref. [89]. Furthermore,
we expect only admissible solutions to have a miscroscopic String Theory model. We
will argue that the non-admissible solutions are, in general, not truly supersymmetric
in the sense that will be explained later on and the conditions of admissibility can be
seen as conditions for a solution to be everywhere supersymmetric. For instance: the
Kerr-Newman solution with equal charge and mass, which is singular but nevertheless
commonly believed to be supersymmetric, is non-admissible according to our criteria.
We will show that it fails to be supersymmetric at the singularity, where the sources
might be located. Equivalently we can say that the Kerr-Newman field with M = |g|
is caused by non-supersymmetric sources. This explains why it is not described by any
supersymmetric String Theory model. We will also show that, generically, rotating
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sources are not allowed by supersymmetry and that regular, supersymmetric solutions
with angular momentum are always composite objects made out of several static black
holes in equilibrium. The angular momentum has its origin in the dipole momenta
of the electromagnetic fields corresponding to the distribution of charged black holes.
Something similar happens for scalar fields: supersymmetric configurations satisfying
our conditions can have non-trivial scalar fields but cannot have sources.

In order to prove these results, we will make use of the explicit knowledge of the
most general solutions of N = 2,d = 4 supergravity coupled to vector multiplets,
which have recently been classified in Ref. [63]' . All the asymptotically flat super-
symmetric black hole solutions seem to belong to the timelike class, and, although
they coincide with the solutions found in Ref. [64], the general formalism will allow us
to make further progress in their understanding. In particular, we will use the Killing
Spinor Identities (KSIs) [78,79], which can be understood as integrability conditions
for the Killing spinor equations, in order to study supersymmetry at the singular
points where the sources of these solutions should be located.

The final ingredient will be the attractor equations of N = 2, d = 4 supergravity
[140-143]: these provide us with information about the sources thought of as being
placed at the attractor points. In fact, we will find interesting relations between KSIs
and attractor equations, the former showing explicitly that

1. supersymmetry always requires the absence of the kind of scalar hair called
primary in Ref. [144], and that

2. when the attractor equations are satisfied there are no sources whatsoever for
scalar hair.?

These results can be viewed as an extension of those of Ref. [36] in which it was
observed that supersymmetry seems to act as a cosmic censor for static black-hole-
type configurations but not for the stationary ones, such as the Kerr-Newman M = |q|
solution.

We shall study how the KSIs constrain the possible sources and singularities of
black-hole-type solutions and the interplay with the attractor equations in a general
way. The main result will be the formulation of three conditions that express the
existence of supersymmetry everywhere in the solutions, including, particularly, the
locations of the sources. These conditions should ensure the regularity of the admis-
sible solutions and we study in very close detail several examples.

'In this paper we will not consider the coupling to hypermultiplets. The classification of the
supersymmetric solutions with both vector multiplets and hypermultiplets is considered in Ref. [65].

2If there is more than one basin of attraction, contrary to what is assumed in this article, this
last conclusion might change due to the area codes [145].
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6.1 Timelike BPS solutions of N =2,d =4 SUEGRA

It was recently shown in Ref. [63] that all the supersymmetric solutions in the timelike
class of N = 2,d = 4 supergravity coupled to n vector multiplets® can be constructed
by setting the 27 = 2(n + 1) components of a real, symplectic vector Z = (Z* Z,)

equal to 21 = 2(n + 1) real functions harmonic on 3-dimensional Euclidean space?

A
IE(i ) OO I™ = 0, 0mIn =0, A=0,1,---,n. (6.1)
A

This real section Z enters the theory as the imaginary part of the section V/ X, where
V is the covariantly-holomorphic canonical section defining special geometry:

(((V|VY = LMy - LAM = —i,
EA
Ms,

X on the other hand is proportional to the complex, scalar bilinear constructed
out of the Killing spinors: supersymmetry and consistency of the solutions imply that
it can be expressed in terms of Z, see e.g. Ref. [63] or Eq. (6.7).

Egs. (6.1) are sometimes known as the generalized stabilization equations, the stan-
dard stabilization equations having the same form but with the harmonic functions
(Z%,T,) replaced by magnetic and electric charges, e.g. (p*, qa).

The real part of V/X, denoted by R = (R*,R,) can, in principle, be written
in terms of the real harmonic functions, which is usually referred to as “solving the
stabilization equations”. In theories with a prepotential, the homogeneity properties
of the prepotential allow us to write

OF (LX)
X=—"—=. 6.3
Ma/X = JenR) (6.3)

Taking the imaginary part of this equation, we have
IANR,T) =1y, (6.4)

3These solutions were first found in slightly different form in Ref. [64] and the procedure followed
in Ref [63] shows that they are the only solutions in this class.

41f the functions are not harmonic, the field configurations are still supersymmetric, but are not
solutions of the equations of motion.
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which implicitly defines R*(Z",Z.), although solving these equations can be extremely
hard and in general the explicit solution is unknown.

The real part of Eqgs. (6.3) and the above solutions give straightforwardly the
functions Ry (R (Z,7.),T").

Having the complete symplectic section V/X entirely given in terms of the real
harmonic functions, one can construct the fields of the solutions as follows:

1. The n complex scalar fields Z% are given by the quotients

LYX RAT

7 = = . 6.5
L0/X RO+ 70 (6:5)
2. The metric has the form
ds® = 2| X |*(dt + w)* — gy i,7=1,2,3 (6.6)
2|X’2 b ) ) ) b
where
L —(R|T) (6.7)
21X]2 ’ '

and w is a time-independent 1-form on Euclidean 3-dimensional space satisfying
the equation

(de)mn = 2emnp( T | T ). (6.8)

3. The symplectic vector of field strengths and their duals F = (FA, F A) is given
by

F = —Yd[RV] —*[dT AV}, V = 2v2| X [2(dt + w). (6.9)
The Killing spinors of these solutions have the form

er = X%, Ouero =0, €10+ ivoerse’o =0, (6.10)

which implies

er +ivpeer e’ =0, e = (X/X*)V2. (6.11)

Observe that we can write
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_ LMz, 7)

X ==/
RA 4 3ZA 7

(6.12)

for any A.

6.1.1 Killing Spinor Identities

All supersymmetric configurations satisfy the Killing Spinor Identities relating the
Einstein equations £, the Maxwell equations £,#, the Bianchi identities B** and
the scalar equations of motion £ [63,78, 79

E'yer — 4i(EM | Vyerse! = 0, (6.13)
Eed +2i(g | U Yee; = 0, (6.14)

where £# is the symplectic vector (BM, Ex1).

In the timelike case, they lead to the following identities in an orthonormal frame

gP = nton"o€”, (6.15)
(V/X | &) = 1X|71E%%, (6.16)
<u;; foa > = %e_io‘&* 5(10 . (617)

These equations imply directly

EMm =0, &M =0, (V|E™)=0, (U

Em)=0. (6.18)

Further, the r.h.s. of Eq. (6.15) is real, and this leads to two important identities:

(71&% =0, (6.19)

EY = H4)(V| &E°). (6.20)
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6.1.2 Attractor equations

It is well-known that, in general, the scalar fields of the black-hole solutions of these
theories have certain attractor values that depend solely on the electric and mag-
netic charges and which are attained at the event horizons irrespectively of the chosen
asymptotic values [140,141].> The attractor values are those which extremize a spe-
cific function; furthermore, the absolute value squared of the central charge for the
attractor values is essentially the horizon area [142,143]. Here we are going to red-
erive these results using our notation and to relate them to the KSIs. We also want
to improve the previous derivations by making explicit use of the knowledge of all the
supersymmetric configurations.

Let us consider single, static, asymptotically flat, spherically symmetric, black-
hole-type solutions of N = 2,d = 4 supergravity coupled to vector multiplets: they
are given by real harmonic functions of the form

T=T.+2, (6.21)
r

which is the general choice compatible with the assumptions. The metric can be
conveniently written in spherical coordinates as

1

ds? = 2| X [2dt*

[dr? + r2dQFy)] . (6.22)
This metric describes black holes if

1 oo, 2M
1+ —, (6.23)

_grrzm—) ,

is always finite for finite r, whence M, which is the mass, must be positive. Further,
we have to require

1 =0 A

>0 6.24
2| X |2 4 ’ (6:24)

which imposes the existence of an event horizon with area A > 0 at r = 0 instead of
a naked singularity.

The existence of attractors (fixed points) of the scalar fields follows from the
fact that in supersymmetric configurations, the scalars satisfy first-order differential
equations, as follows immediately from the Killing spinor equations associated to the
gaugino supersymmetry transformation rule:

5If there are multiple attractor regions, it might happen that there is some residual dependency
on the asymptotic values. Here we assume there to be only one attractor region.
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SN =i P + € @ite; =0. (6.25)

To derive the needed first-order equations, we first use the time-independence of the
solutions

iV 02 — 4TG0y ey =0, (6.26)
and then the known constraint Eq. (6.11) as to obtain
(O Z" — 4G o)y =0, = 0,7" = 4G gy . (6.27)
Going over to curved indices, the equation takes the form

A
dr

= 2/2G ", /X" (6.28)

The self-duality of G** allows us to express the G*T,,. component in terms of the
Gi+ 06

4 o X,
Gty =i(PG gy = — G'* 6.29
r =10"G" "oy gl oo (6.29)
which combined with
Gt =T, FM = ggiﬂ‘*ij* | F) = ggij*@j*w* | F'), (6.30)
leads to
Azt X
dr \/_7“2 sineg Dy (V| Fos ) (6.31)

Since the form of all the fields in terms of Z(r) is in principle known, we can try
to find a more explicit form for this equation: using the general form of the vector
fields Eq. (6.9) and of Z(r), Eq. (6.21), we find

dT
Fpy = Lr’sinfg— = ~ 4 ging. (6.32)

V2 dr V2
After substituting this into Eq. (6.31), one ends up with

dz’

—2XGY' D .. Z* 6.33
7 g7 92", (6.33)

where p = 1/r and where
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Z2(Z,q)=(V|q), (6.34)

is the central charge of the theory [146]. Observe that the presence of the factor X in
the r.h.s. is crucial for it to have zero global Kahler weight, just as the L.h.s. Further
observe that the r-dependence is only through the scalars Z*(r)!

The r.h.s. of this system of differential equations depends only on the scalar fields
Z* and, thus, it is an autonomous system of ordinary differential equations® that has
fixed points Z%, at the values at which the r.h.s. vanishes

0,2

zi—zi = 0. (6.35)

If the solution of this system of equations exists, it gives the fixed values of the
scalars Z{_ as functions of the electric and magnetic charges only

Zie = Zin(q) (6.36)

since the asymptotic values (moduli) Z% do not occur in the above differential equa-
tion. The fixed values are reached by the scalars at the value p = 0o, i.e. r = 0, which
is where the event horizon would be, as discussed at the beginning of this section and
in what follows.

The fixed values may or may not be admissible, i.e. they may or may not belong to
the definition domain of the complex coordinates Z*. If the asymptotic values Z'_ are
admissible and the fixed values Z} (q) are not, there must be a singularity between
r = oo and r = 0, which will induce a curvature singularity. We will require both the
asymptotic and the fixed values to be admissible. These aspects will be discussed in
Section 6.2.

Black-hole solutions whose scalars take the asymptotic values Z! = Z& have
constant scalar fields, and are called doubly extreme black holes. These values are the

ones that extremize, not the central charge, but the zero-Kahler-weight combination
K/2 =z
e :

0.2 = e K2y, (e’C/QZ)

Zi=Zk Zi=Z} =0. (637)

5The use of the variable p = 1/r is essential in this argument. it is easy to see that the derivatives
of the scalar fields of typical black-hole solutions w.r.t. to r do not vanish at » = 0, while their
derivatives w.r.t. p do..
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Consequences of the existence of attractors

There are no more scalar fields in the theory, but in the timelike supersymmetric
solutions there is another scalar object” that satisfies a first-order differential equa-
tion: X. From the Killing spinor equation associated to the gravitino supersymmetry
transformation rule it is possible to derive [63]

D,X = —iT*, V", (6.38)

where V* is the timelike Killing vector constructed from the Killing spinor. The
graviphoton field strength can be written in the form

TH=(V|F), (6.39)
and, together with
VYE,, =2V, (| X*R), (6.40)
the equation for X becomes
D,X =2(V|V.(X|’R)). (6.41)

Dividing both sides by X and expanding the r.h.s. using V/X =R + iZ we get

DX
X

=2 X*R|V,R) =2V IX*T|R)-2[X*ZT|V.R). (6.42)

Now, from Eq. (6.7)

—2Z|V,R) :VM|X‘72_2<R‘ VL), (6.43)
and we get
X
33;( = 2| X*(R|V,R) =2 X*(R|V,.T). (6.44)
Finally, using
(R|V,R)=(T|V,I), (6.45)

"In previous derivations in the literature the absolute value | X| = eV is considered, but then the

Kahler weights and the reality properties of the two sides of the equations derived are different.
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which is proved in Appendix F, we arrive at®

DX '=2(V"|V,I). (6.47)

This equation is valid for all supersymmetric configurations in the timelike class. For
those considered in this section we arrive at the equation we were looking for:

D,X ' =22" (6.48)

The real and imaginary parts of this equation are

= 2Me(Z/X*) =2(R | q), (6.49)

E;+Qp= [ X[* = 29m(Z2"/X") = 2T | q) = AT | q) - (6.50)
For the spherically symmetric solutions under consideration w vanishes and this re-
quires the phase of X to be covariantly constant, i.e.

(Z]q)=(Zclq)=0. (6.51)

We will later show that this is equivalent to the requirement that the NUT charge
vanishes. Since there is only dependence on p, the phase of X can simply be gauged
away by means of a Kahler transformations. The phase of Z is then also constant,
whence Z /X is real, which can be used to write

dlx|

==$2|Z|. D2
T =22 (6.52)

The =+ sign is the sign of (R | ¢) and we can argue that it has to be positive if the
mass is going to be positive: if we take Eq. (6.49) at p =0 (r = 00), we find that the
mass of the solution is given by the linear combination of charges and moduli

M={(Ry|q). (6.53)

Observe that there is no a priori guarantee that M > 0: this is a condition that
has to be imposed independently as to avoid singularities. We will do so and will

8Observe that the compatibility between Eq. (6.7) and the following equations requires the identity
(VWRI|Z)=(R|V,I), (6.46)

to hold. For theories admitting a prepotential, this is done in Appendix F.



6.1 Timelike BPS solutions of N = 2,d = 4 SUEGRA 145

only consider the positive sign above; Eq. (6.52) is then the expression found in the
literature.

If we take another derivative of Eq. (6.49) and use Eq. (6.52), we find

A
dp

d|Z|

d?(—gpr d| X1
(=9 >:2 | ||Z|+2|X|‘1d—:4|Z|2+2|X|‘1(
P

dp? dp

i 2] + c.c.> . (6.54)

Now, at p = pg = 0 we have Z' = Zg, and dZ'/dp = 0, and the above equation takes
on the form

A
o = 4| Zay|? . (6.55)
s

Again, there is no a priori guarantee that |Zs| # 0, which therefore is another
condition that has to be imposed independently as to avoid singularities. Actually,
even though in this expression A is basically an absolute value, the positivity of A is
only guaranteed if the scalar fields take admissible values, the mass is positive etc.

These identities allow us to find two interesting expressions for |Zg,|. Expanding
the two sides of Eq. (6.49) as a power series in p we find

A dR

%:2<d_p lq)- (6.56)

p=0

Using the expressions in Appendix F we get [142,147]

| q) = —3¢" M(Fae)a, (6.57)

where

SImF + ReFSISMF 1ReF —SmF ReF
M(F) = ) (6.58)
—ReFImF ! SmF !

A direct computation of | Z4,|* gives

| Zaxl” = |(Vix | )P = =(a | Vi) Vi [ @) - (6.59)

The matrix of this bilinear is

MAME, —MAE*Z
| Vi ) (Vi |= — : (6.60)
—ﬁAM*Z EAE*Z

fix
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We can use the relation

E*ALE - _ %m(N>—1|AE o fAigii*f*Ei* 7 (661)

1
2

taking into account that at the fixed point the second term in the r.h.s. will not
contribute, and that only its symmetric part will contribute, to get [142,147]

| Zaxl® = —5¢" M(Ni)q. (6.62)

So far we have checked that the coefficient of the p? term of —g,, is given by the
value of the central charge at the fixed point but, if there are terms of higher order
in p in —g,, there will not be a regular horizon. We can, however, see that taking
another derivative of —g,, w.r.t. p at p = 0 will give zero if the attractor equations
(6.35) are satisfied and the same will happen for higher derivatives.

Summarizing we can say that the attractor equations (plus the positivity of the
mass, which is not guaranteed) seem to be sufficient conditions to have regular, static,
spherically symmetric black holes.

Finally, observe that Eq. (6.53) plus the identification, which will be established
later on, between the NUT charge and the linear expression of the charges

N={(Z.|q), (6.63)

lead to a complex BPS relation

M+iN = ((V/X)w | q). (6.64)

We will argue that supersymmetry requires N to vanish, whence the above relation
reads

M = £V2| 2, (6.65)

which is the standard BPS relation between mass and central charge. Of course, only
the positive sign will be admissible.
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6.2 Relations between the N =2, d = 4 KSIs, attractors and
sources

The equations of motion® for supersymmetric configurations of supergravity theories
satisfy certain relations known as Killing spinor identities (KSIs), which can also
be derived from the integrability conditions of the Killing spinor equations [78,79].
We have unbroken supersymmetry wherever the Killing spinors exist, and these exist,
locally, wherever the KSIs are satisfied. Thus, if we are to have unbroken super-
symmetry everywhere we must demand the KSIs to be satisfied everywhere. In this
section we are going to study the consequences of demanding the black-hole solutions
of N =2,d = 4 supergravity to be everywhere supersymmetric.

The KSIs of N = 2,d = 4 supergravity are given in Eqs. (6.13) and (6.14) and
they lead to Egs. (6.15)-(6.20) for configurations in the timelike class. Since we are
going to consider configurations that solve the equations of motion, it may seem that
the KSIs are automatically satisfied. However, most solutions have singularities at
which the equations of motion are not satisfied, i.e. one has £(¢) = J(¢). The
r.h.s. of the equations of motion at the singularities can be associated to sources for
the corresponding fields and the KSIs are then understood as relations between the
possible sources of supersymmetric solutions: the KSIs put constraints on possible
sources of supersymmetric solutions.

Let us consider from this point of view the KSIs Eqs. (6.15)-(6.20): the first of
them, Eq. (6.15), tells us that the components £ and £™" of the Einstein equations
must vanish automatically for supersymmetric configurations and they must do so
everywhere if the solutions are everywhere supersymmetric. This means that the
sources J%" and J™" of the Einstein equation must vanish identically everywhere

T =gm =0. (6.66)

Hence, singular (delta-like) sources are not allowed, and in particular this means that
no localized sources of angular momentum are allowed.

Any singular contributions to J°™ and J™" must originate in the R’ components
of the Ricci tensor; more precisely, they come from the term 0,,(dw)m,, where w is
the 1-form that appears off-diagonally in the metric of the timelike supersymmetric
solutions of N = 2,d = 4 supergravity Eq. (6.6). Therefore, using Eq. (6.8) and
defining the complex 3-dimensional vector w

W= (Wn) = ((V/X | 0,T)), Sm (W) = Jémnp(dw)ny = (I | 0T ), (6.67)

4

9By equation of motion £(¢) of a given field ¢ we will mean here the Lh.s. of the equation of
motion §5/8¢ = E(¢) = 0. This slight abuse of language should lead to no confusions.
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we can translate the above KSIs, Egs. (6.66), to the condition

Sm(V x W) =0, (6.68)

which has to be imposed everywhere. Actually, only the singular parts of this equation
have to be taken into account since, dealing with solutions, the finite parts must be
canceled in the equations of motion by other finite contributions. Therefore, from
now on we will ignore all finite contributions to this equation.

Let us consider the real and imaginary parts of Eq. (6.16), namely Eq. (6.20) and
(6.19). The real part gives us two important pieces of information: first, it tells us that
the component J% of the source of the Einstein equation is related to component J° of
the source of the combined Maxwell and Bianchi equations £%. If the electromagnetic
fields have only one static point-like source at r = 0, £ ~ —q5(3 \/]? then using
the fact that Z/X is real (see Eq. (6.51) and the previous dlscussmn)

= +2v2 | Z],_, 6¥(@)/V/]d], (6.69)

which shows that, if the attractor equations are satisfied, the source for the Einstein
equations is just +|Zs.(q)|. The sign is related to the positivity of (R | ¢ ), which is,
as was discussed before, associated to the positivity of the mass etc. This is the only
value admissible by supersymmetry, since we can understand this source as a source
of energy. However, if the scalars take non-admissible values we will find the wrong
sign or a zero at r = 0 and supersymmetry will be broken at the source: we will have
to require that the attractor equations are solved by admissible values of the scalars.

The second piece of information we can obtain from the real part concerns the
spacelike components of the electromagnetic sources. Combined with the spacelike
components of the imaginary part, Eq. (6.19), we get the condition

(V/X | Jm) =0. (6.70)

Let us now consider the time component of the imaginary part of the KSI Eq.
(6.16), Eq. (6.19):

(Z]1J")=0. (6.71)

To find the physical meaning of this condition we use the explicit form of the
symplectic vector of vector field strengths F' for timelike BPS solutions Eq. (6.9):

TH =EF = —(dF)* = | X (Op0uT) V" = = (6.72)



6.2 Relations between the N = 2,d = 4 KSIs, attractors and sources 149

This result tells us that the KSIs Eq. (6.70) are always satisfied and that the KSI
Eq. (6.71) is equivalent to the condition

(T | OpOnZ) = Sm (pWi) = 0, (6.73)

which is nothing but the integrability condition for the equation determining w, which
now has to be satisfied everywhere as a consequence of demanding unbroken super-
symmetry everywhere. For the point-like sources considered above, these equations
take the form

D AT qa)o@ (@ —2)/\/gl =0, (6.74)
A

The consequences of imposing this condition were first studied by Denef and Bates
in Refs. [117,118] in the context of general N = 2,d = 4 supergravity, but was
studied earlier by Hartle and Hawking in Ref. [148] in the context of Israel-Wilson-
Perjés (IWP) solutions of the Einstein-Maxwell theory. As shown by Tod in Ref. [26]
these are precisely the timelike solutions of pure N = 2,d = 4 supergravity and a
special case of the general problem that we are going to study. Hartle and Hawking
were motivated, not by supersymmetry, but rather by the prospect of finding regular
solutions describing more than one black hole. They were, in particular, worried
about possible string singularities related to NUT charges. These singularities can
be eliminated by compactifying the time coordinate with certain period [149], but at
the price of losing asymptotic flatness. Let us consider a possible string singularity
parametrized by z and choose polar coordinates p, ¢ around it. If one considers the
integral of the 1-form w that appears in the metric along a loop of radius R enclosing
the possible string singularity at two different points z; and z,, denoted by I(R, z12),

one can use Stokes’ theorem to derive

I(R,2z1) — I(R, 22) :/

dw = 2/ *3SmW | (6.75)
2 2

where Y2 is a surfaces whose boundaries are the loops of radius R at 212. In the zero
radius limit 32 is a closed surface that crosses the possible string singularity at z; and
zo and we have

21 limp o Rlwy(R, 21) — we(R, 22)] = 2 [0 %sSmW = [y d x5 SmW

= 2 [ P2Sm (0 Wh) »
(6.76)
where 03 = X2 Thus, Sm (9, W,,) # 0 implies that wy is singular on the string
somewhere between z; and z,. These singularities are related to the presence of NUT
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sources, since we can define the NUT charge contained in ¥? as the integral of dw
over ¥.2 = 9%3;

—8m Ny, :/ dw:/ d2w22/ d*rSm (0, W) - (6.77)
22 3 3

Thus, the condition Sm (0,,W,,) = 0, required by supersymmetry, is equivalent
to the absence of sources of NUT charge.

Hartle and Hawking argued that the only solutions in the IWP class with no
NUT charge (and no singularities) were the Majumdar-Papapetrou solutions [150,151]
which are regular and static. We will review their arguments in Section 6.3.1 and
show that there are indeed non-trivial solutions that satisfy the KSIs and have no
NUT charges, apart from the Majumdar-Papapetrou ones; they all have negative
total mass, which causes other naked singularities to appear.

Thus, if we include positivity of all masses among the requirements necessary
to have supersymmetry, the only supersymmetric black-holes-type solutions of pure
N = 2,d = 4 supergravity will indeed be the Majumdar-Papapetrou solutions. We
will have to consider more general N = 2,d = 4 theories in order to be able to have
stationary solutions such as the one found in Ref. [89], that satisfy the KSIs and have
positive mass. This will be done in Section 6.3.2.

Next, let us consider the KSI Eq. (6.17) which relates the sources of the scalar
fields with those of the vector fields. If we consider only point-like sources and call
>4 the scalar charge at 74, this equation implies, at each sources

Sa=2e0 D2, . (6.78)

As mentioned before, the scalar sources are completely determined by the electric
and magnetic charges and the asymptotic values of the scalar fields. This is known
as secondary scalar hair [144]. Primary scalar hair correspond to completely free
parameters as in the Einstein-scalar solutions of Ref. [152] or in the solutions of
Ref. [153] which may be embedded in N = 4,d = 4 supergravity. Neither of these
solutions is supersymmetric (nor regular) and the above KSI explains just why.

But there is more to the above KSI: it shows that the existence of attractors at the
sources implies total absence of scalar sources, either of primary or secondary type.
Since this seems to be necessary in order to have regular event horizons, this KSI
implies that there will not be supersymmetric black holes with scalar hair in these
theories. Unfortunately, it seems possible to have singular supersymmetric solutions
with primary scalar hair.

We can summarize the results obtained in this section as follows: we have identified
a series of requirements necessary to avoid singularities in supersymmetric black-hole-
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type solutions of N = 2,d = 4 supergravity coupled to vector multiplets, which can
be associated to having unbroken supersymmetry everywhere (including the sources).

I The conditions

Sm(VxW) = 0, (6.79)

Sm(V-W) = 0, (6.80)

have to be satisfied everywhere in order to have supersymmetry everywhere.
They ensure the absence of string singularities associated to source of NUT
charge and other singularities associated to sources of angular momentum We
stress that, when dealing with solutions, all finite contributions to the first
equation should be ignored and the second equation can only have singular
terms in the lL.h.s.

IT The mass has to be positive. Actually, the masses of each of the sources of the
solutions should be positive. They cannot be rigorously defined in general (for
multi-black-hole solutions), but they can be identified with certain confidence
in the supersymmetric configurations at hands [154].

IIT The attractor equations (6.35) must be satisfied at each of the sources for ad-
missible values of the scalars and the value of the central charge at each of them
must be finite. As we have seen, the first condition is equivalent to the total
absence of scalar sources.

The last two conditions are associated to the finiteness and positivity of —g,.
outside the sources. Since —g,,. ~ e, it would be finite and positive as long as the
scalar fields take admissible values within their domain of definition. All the zeroes
of —g,. can be related to singularities of the scalar fields. Imposing that the scalar
fields take admissible values everywhere is too strong a condition, since it is almost
equivalent to directly impose absence of singularities in the metric.

The conditions that we have imposed are, however, heuristically equivalent: for a
single black-hole solution the conditions of asymptotic flatness and positivity of the
masses ensure positivity of —g,,. in the limit »r — oo. The third condition ensures
positivity in the » — 0 limit and, furthermore, ensures that there will be a horizon
of finite area. Since there are no reasons to expect singularities at finite values of r,
the positivity and finiteness should hold for all finite values of r. The same should
happen in multi-black-hole solutions.



152 Chapter 6. Supersymmetry, attractors and cosmic censorship

6.3 N =2,d =4 attractors, KSIs and BPS black-hole sources

Now we want to apply the results of the previous sections to several examples of
black-hole-type solutions of N = 2,d = 4 supergravity theories, demanding the three
conditions formulated in the introduction and checking the regularity of those solu-
tions that satisfy them. We are going to start with the simplest theory.

6.3.1 Pure N =2,d =4 supergravity

This theory has n = 1, no scalar fields, and it is given by the prepotential

F =%, = F=—ix’. (6.81)

This implies that the components of the symplectic section V are constant

L0 =iMy=e"/V2, (6.82)

and X is not related to any Kahler potential, but

€i7 €i7
X=—LYX)"'=————. 6.83
\/5( /X) V2(RY + 410 (6.83)
The central charge is constant and given by
. ,L,Y . ,L,Y
z__k iy (6.84)

0\ —
- /l/ = .
The attractor equations do not make sense because Z is already moduli-independent.

The timelike supersymmetric configurations of this theory were first found by Tod
in his pioneering paper Ref. [26], belong to the family of solutions found by Perjés,
Israel and Wilson (IWP) [30,155]; they are completely determined by the choice of a
single complex, harmonic function that we denote by Z. In the framework of general
N = 2,d = 4 theories, the solutions of pure N = 2,d = 4 supergravity are given by
just two real harmonic functions Z° and Z,, the components of the real symplectic
vector Z. The relation between Z and 7 is

I =71°"—iT,. (6.85)
Observe that

ie?
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and therefore v/2X coincides with the function V of Ref. [26] and is the inverse of the
complex harmonic function.

It is convenient to use the complex formulation of this theory. In it, the sym-
plectic product of two real symplectic vectors x,y can be written in the form (x |

0 —izg etc.). Further,

y) = Sm (2*g) where the tilde indicates complexification (z = x
electric-magnetic duality rotations of the symplectic vectors is equivalent to multipli-
cation by a global phase 7’ = 7. We would like to stress that the metric is invariant

under these transformations.

Using Eq. (6.81) one finds that R, the real part of V/X is the symplectic vector

R:<_IO), S R=—iT, =gy = —(R|T)=|IP.  (687)

1
70 2| X|?

Finally,

W =1*VI. (6.88)

It was argued by Hartle and Hawking [148] that the only regular black hole solu-
tions in the IWP family are the static Majumdar-Papapetrou solutions that describe
several charged black holes in static equilibrium. We are going to see that these are in
fact the only solutions which are everywhere supersymmetric (condition I) and that
demanding positivity of the masses of the components (condition II) is enough to have
regular black holes (condition III plays no role here).

Single, static black hole solutions

The complex harmonic function Z adequate to describe a static, spherically symmetric,
extreme black hole with magnetic and electric charges p® and ¢ is

i:ioo+g, i=p"—iq, (6.89)

and asymptotic flatness requires \foo] = 1. Since Z., is just a phase that can be taken
to be unity by an electric-magnetic duality rotation. Then,

2WRe(Z5q)  |q|?
L 2Res) | 1aF

—g.=IP?P=1 :
g |Z| r r2

(6.90)

The mass is given by

M =Re(Z:G) = (R | 4) (6.91)
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and the equations of motion and supersymmetry seem to allow for it to be positive or
negative. When M is negative |I|? will vanish for some finite value of 7, giving rise to
a naked singularity. In the limit » — 0, which makes sense if M is positive, we find
that the area of the 2-spheres of constant ¢t and r is finite and equal to

A = 4r|§)* = 87| Z|*. (6.92)

Observe that, in general,

M| # V22|, (6.93)

even though these solutions are usually understood to be supersymmetric.

For this solution Eq. (6.79) is automatically satisfied, while Eq. (6.80) takes the
form

Sm (V- W) = —47Sm (Z54) 6 (%) = 0. (6.94)

We can, either

1. Adopt the point of view proposed in this paper that the integrability condition
has to be satisfied everywhere (condition I), whence impose the condition

Sm (T54) = (T | ¢) = 0. (6.95)

T is just a phase and this condition determines it: Z,, = £G/|§| = ¢”. The
complex harmonic function becomes

7 =¢" (1 + @> : (6.96)
r

The overall phase e? is irrelevant for our problem (it can always be eliminated

by an electric-magnetic duality rotation that does not change the metric), but

the relative sign between the two terms, which is the sign of the mass,

M = gl = 2], (6.97)

is important since the minus sign leads to naked singularities. We take the posi-
tive sign as to comply with condition II. We can the integrate the equation for w
everywhere. The above condition, however, implies the vanishing of the r.h.s. of
the equation and, therefore, also that of w. Thus, after imposing conditions I
and II we obtain a solution which is static and spherically symmetric and has a
regular horizon if M > 0; Or
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2. We can accept this singularity, ignoring condition I, arguing that, after all, the

th

harmonic functions are already singular at that point™ and proceed to integrate

the equation and obtain w which, in spherical coordinates, takes the form

w = 2N cos0do , (6.98)

where N is NUT charge and it is given by

N=8m(Z.7) = (I | q), = |M+iN|=V?2|Z,]|. (6.99)

The metric is no longer static, but stationary, and contains either wire singular-
ities or closed timelike curves plus Taub-NUT asymptotics.

It is clear that by imposing conditions I and II, these pathologies are avoided.
Furthermore, in the microscopic models of black holes constructed in the framework
of String Theory there seem to be no configurations that give rise to macroscopic NUT
charge (nor to negative masses). The agreement between spacetime supersymmetry
and the microscopic String Theory models on this point, together with the elimination
of pathologies is encouraging and we will see that it applies to more cases.

Single black hole solutions with a dipole term

Let us now consider harmonic functions adequate to describe rotating supersymmetric
black holes. We can add angular momentum to the previous solution by adding a
dipole term to its complex harmonic function which becomes:

, (6.100)

-~ - q o o1
I:Im+g+(m- )—
r r

where m = (m°, myg) is a symplectic vector of dipole magnetic and electric momenta.
When they are parallel we can take them to have only z component and, then, in
spherical coordinates

- = G mcost

I=Tw+-— = (6.101)
The corresponding w (which exists except at the singularities of 7 ) is
) .9
0 0
w= [2N cosf + 2T~ 4 Sm(§"m) " | dg. (6.102)
r r

10We have seen that the solution can, nevertheless, be regular at that point, which is the event
horizon.
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N is the NUT charge and is given again by Eq. (6.99). The new features are J, the
z component of the angular momentum, given by

J=Sm (T5m) = (T | m,) (6.103)

and Sm(¢*m) which does not have a conventional name but vanishes when N = J = 0.

Let us now analyze the KSIs Egs. (6.79) and (6.80) (condition I). In the general
case they take, respectively, the form

S11 -1

+68)(F)Sm (gvm*)% + Qm {(vm*l) (vm5<3>(:z’))} = 0,(6.105)

and are satisfied if

N = Sm(Z59) = (Iw | q) =0, (6.106)
J = Sm(Zim) = (L |m) =0, (6.107)
Sm(g'm) = (q|m) =0, (6.108)
Sm (M, M) = (Mg | My ) =0, (6.109)

where we have defined the differential operator V,, = 1 -V and where we have taken
into account Eq. (6.103) to identify the angular momentum.

The first condition is, again, the absence of sources of NUT charge. The second
condition is the absence of sources of angular momentum. The third and fourth
conditions are automatically satisfied in this theory if the first two are.

In this case, these conditions are not enough to eliminate all the singularities
introduced by the dipole term since the above conditions do not cancel terms like
|T¥L . 6%|2 in the g,. component of the metric and we no longer find a regular 2-
sphere in the » — 0 limit. However, we are going to argue that, although technically
possible, dipole terms should not be allowed in Z because their only possible origin is
a distribution of point-like charges and it is the fundamental distribution of point-like
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charges that we have to consider in the above equations and not the field they produce
at distances larger than its size. It is in these conditions that imposing supersymmetry
everywhere is equivalent to cosmic censorship.

Indeed, from the point of view of the electromagnetic fields, the magnetic dipole
momenta, for instance, can have two fundamental origins: dipole momenta in a dis-
tribution of magnetic monopoles or fundamental dipole momenta that can be seen
as stationary electric currents. In standard electrodynamics the first possibility is
experimentally excluded (see, e.g. Ref. [156]) but in N = 2,d = 4 supersymmetric
configurations it is the only one allowed (see Eq. (6.72)).

The supersymmetric Kerr-Newman solution

Therefore we must only consider distributions of static point-like charges. We will do
so in a moment, but there is an interesting example of rotating black-hole-type solution
which must be considered before: it is given by the complex harmonic function

f:foo—i—g, F= a2 +y2 + (2 —ia)?, (6.110)
T

which is known to lead to the (“ultra-extreme”) supersymmetric Kerr-Newman solu-
tion with angular momentum around the 2 axis; as is known it has naked singularities,
as all 4-dimensional supersymmetric rotating “black-holes” [29]. This is the prototype
of solution for which supersymmetry does not act as a “cosmic censor” as proposed
in [36]. Generalizations of this solution in some other N = 2, d = 4 theories have been
constructed in Ref. [64].

The asymptotic expansion of I

r

3 +e, (6.111)
corresponds to a charge distribution with only two independent parameters: « and
g. The magnetic (electric) dipole momentum is equal to the product of o and the
electric (magnetic) charge and the infinite number of non-vanishing higher momenta
depend also on these few parameters.

According to the point of view advocated here this solution should not be consid-
ered because it corresponds to the far field of a very charge distribution. As we are
going to see, condition I is enough to exclude it.

Finding the sources of the solution associated to the above complex harmonic
function is very complicated. To start with, Z is singular on the ring z? + y* =
a?, z =0 but it is also discontinuous on a disk bounded by the ring (see e.g. [157],

whose results we are going to use here. See also Refs. [158,159].).
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Egs. (6.79) and (6.80), which express condition I, take, respectively, the form
S (T)Re (9 €+ Re () (¥ % O) + jgPom (L9 %) = 0,
Sm (ZL§)Re (V - C) + Re (Z.§)Sm (V - C) + |[*Sm (%6 : 6) = 0,

where we have defined

C_«’_ (:c,y,z—z'a)
2+ 2+ (2 — )]

(6.114)

The curl and divergence of C' have been carefully computed in Ref. [157] in a
distributional sense, i.e. as integrals of their products with test functions. For us it is
enough to known that

Re (VxC)=Sm(V-C)=0, (6.115)

and that Sm (V x C) vanishes for vanishing o. We are left with

—

[%e (Z54) + |d*Re %] Sm(VxC) = 0, (6.116)
[gm (Z5.q) — |G*Sm %] Re(V-C) = 0. (6.117)

The only way to satisfy the first condition is to have Sm (6 X 5) = 0, which
requires a = 0 (no sources of angular momentum). Since Re (ﬁ . 6) # 0 always, the
only way to satisfy the second condition is to have Sm (Z% §) = 0 as before (no sources
of NUT charge) and Sm £ = 0 which also requires a = 0.

Thus, imposing supersymmetry everywhere is equivalent, yet again, to requiring
absence of sources of NUT charge and angular momentum. In the supersymmetric

Kerr-Newman solution all the angular momentum originates in that source!!

and,
thus, that solution and its naked singularities can be excluded from the class of every-
where supersymmetric solutions of N = 2, d = 4 supergravity. Again, supersymmetry
acts as a cosmic censor and, most importantly, there is agreement between the macro-

scopic description of black holes provided by Supergravity and the microscopic models

1'We are going to see that there are solutions with angular momentum and no elementary sources
of angular momentum.
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provided by String Theory in which there seems to be no way of having angular mo-
mentum without breaking supersymmetry.

Therefore, we must only consider distributions of point-like charges, which corre-
spond to complex harmonic functions of the form

T=T.+Y 2 (6.118)
A

|Z — Za|’
from which dipole (and higher) momenta arise only in asymptotic expansions:

(ZA QAfA) T

T, 4 At

0 7] + EE +oe (6.119)
and may give rise to non-vanishing angular momentum
J=Sm((Zim) = (T | M), == qaZa, (6.120)
A
but not to non-vanishing NUT charge.
N =Sm(Z5§) = (I | q) = 0, 4= qa. (6.121)
A

We are going to look for this kind of solutions in pure N = 2,d = 4 supergravity
next, recovering the (negative) Hartle and Hawking result [148]. We will have to look
for them in more general N = 2, d = 4 theories.

Solutions with two black holes

Let us consider, to start with, just two poles

j'-:ioo—’_ ﬁ%_} 1 q2
|7

—— . 6.122
— | |7 — 2 ( )

Asymptotic flatness requires |Zo,] = 1. The condition Eq. (6.79) is automatically
satisfied and (6.80) takes the form

(@2 q) 3= = (q1]q2) o o
I | 69(F - I o | 09(F — 1) =
< | q1 > + ’-fl — fg‘ (gj 1'1) + < | qQ> + ‘fQ — fl’ (I 93'2) )
(6.123)

which leads to the two equations
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<I ’q1>+<Q2|QI> - 0
(6.124)
(1] q2)
UASS + e 0,
< ’CJQ> |Z’2—£IZ'1|

each of which expresses the absence of sources of NUT charge at #; and #5. The
antisymmetry of the symplectic product implies the consistency condition

which means that the total charge of the two objects satisfies the same condition (no
global NUT charge) as the charge of just one.

Expanding asymptotically Z and using the above constraints we find that this
two-body system has a total mass and angular momentum given by

M = ) (Rulqa) ZMA, (6.126)
A

(6.127)

Observe that there is total angular momentum even though there are no sources
of angular momentum.

There are two types of solutions to these equations required by condition I:
1. Each object’s charge satisfies the condition for single independent objects ( Z, |

qa ) = 0 which requires (s | g1 ) = 0. In this theory this means that the phases
of 7., ¢, and ¢ are such that

— (1 5414] 6.128
( JFZ|~""—~’L“A\ (6:128)

where s4 = +1. The total mass is given by the formula Eq. (6.91)

M = Re(Z, ZQA (Roo | Y qa) = salal, (6.129)
A A

and the angular momentum vanishes (w vanishes).

These are the Majumdar-Papapetrou solutions [150, 151]. Only the solutions
with all s4 = 41 are regular, but one could argue that only those correspond to
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objects that would have positive masses M4 = |Ga| if they were isolated [154].
This is the meaning of condition II.

These solutions describe two charged, static black holes in equilibrium with their
event horizons placed at ¥; and 75 which are really 2-spheres of finite areas equal
to 4r|q.|* and 47|g:|>. They are, as argued by Hartle and Hawking, and as we
are going to see, the only regular black-hole-type solutions in the whole IWP

family [148]

2. (Z | ga) # 0 and we have two objects that cannot exist independently in the
vacuum Z, (i.e. we have a bound state). The distance between them is fixed
by the condition of absence of sources of NUT charge to be

(a1 | ¢2)
(Zoo | qu)

|7y — 21| = (6.130)
The sign of the r.h.s. can always be made positive by flipping the sign of 7,
which is irrelevant for the moduli and for solving Eq. (6.125). Thus, this equa-~
tion always has a solution. However, when all the above conditions have been
satisfied, the total mass of the solution is negative. The simplest way to see
this is by first making Z.. = 1 by a duality rotation that does not change the
metric. After the duality rotation one finds ¢y = M4 + iN4, meaning that they
are complex combinations of the masses and NUT charges of each object. Using
N5 = —Nj, the above condition takes the form

NiMy — NoMy

Ty — &4

N+ (6.131)

M, + M
=N, <1+g):0,

Ty — &1

which has solution only for vanishing NUT charges or for negative total mass
M + M5 which violates condition II and produces naked singularities. Thus,
we cannot simultaneously satisfy conditions I and II for bound states with (¢ |

Q2>7AO~

This result can be generalized to solutions with more poles: let us consider first
the 3-pole harmonic function
q 2 03

T=To+——"t oo
|©— | |Z—2| |7 — T

(6.132)

The w integrability condition leads to three equations (one to cancel the NUT
charge at each pole) which can be written as a linear system for the Ngs:
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M: M- M M N
(1422 1 1) i i 1
—0 (142 4 1) — My N, | =0.  (6.133)
M, M. M M.
i -5 (enen))

It is easy to see that the determinant of the matrix is +1 plus terms linear and
quadratic in the masses, all with positive sign. It will never vanish if all the masses
are positive. This argument can be easily generalized to a higher number of poles and,
therefore we conclude that the only solutions satisfying conditions I and II are the
Majumdar-Papapetrou solutions. This result should be read in a positive sense: no
singular solutions are allowed by the conditions proposed in the introduction, even if
only static solutions are allowed in this simple theory. To find solutions with angular
momentum satisfying conditions I-III we need to consider theories with scalars.

6.3.2 General N = 2,d =4 supergravity

The setup of our problem in general N = 2,d = 4 theories is similar to pure super-
gravity case. Let us first consider spherically-symmetric, static, single black-hole-type
solutions with magnetic and electric charges p* and ¢y. They are determined by a
symplectic vector of 27 real harmonic functions

7= =T+, = : T, = S 6.134
( IA T q qA IAOO ( )

We assume that the stabilization equations have been solved and R(Z) has been
found in order to be able to construct the fields of the solutions.

The n complex scalars are constructed using the general formula Eq. (6.5). The
moduli (the values of the n complex scalars Z* at infinity, Z’_) are complicated func-
tions Z'_(Z) of these 2n+ 2 real constant components of Z,. One of the components
of 7, can be determined as a function of the remaining 2n+1 by imposing asymptotic
flatness of the metric, that is, (Ro | Zo ) = 1, and another one can be determined
by imposing condition I, since Eq. (6.73) implies

N={(T.|q)=0. (6.135)

It should always be possible to give the 2n real moduli any admissible value within
their definition domain with the remaining 2n unconstrained real components of Z .
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This is difficult to prove explicitly due to the complicated and theory-dependent re-
lations between Z,, and the moduli Z¢_, but it is safe to assume that in general it is
possible.

Let us turn to condition II. The positivity of the masses, which is given by the
general expression Eq. (6.53) has to be imposed by hand and, although this can always
be done, it is a non-trivial constraint on the charges and moduli. The positivity of
the masses can be also understood as part of a stronger requirement that the scalar
fields take values only within their definition domain for all values of r. Actually, this
requirement should suffice to ensure the finiteness of —g,.,. for r # 0.

The finiteness of —g,,. for r # 0 is not enough to have a black hole and condition
1T has to be imposed to find a finite horizon area at r = 0.

If we want to describe more than one black hole we have to use harmonic functions
with two point-like singularities:
q1 42

I=0o+——"7-+——.
|7 — 2| |T— 2y

(6.136)

Again, one of the components of Z, is determined by imposing asymptotic flatness.
Condition I now leads to the two equations Eqs. (6.124) which should determine
another component of Z., and the parameter |77 — Z5| if (g2 | ¢1) # 0. The question
now is whether these solutions can be obtained while maintaining the positivity of
the masses (condition II)

M;=(Rs|q)>0, (6.137)

and solving the attractor equations for each of the singularities of the harmonic func-
tions. We have no general answer to these questions and, what we are going to do is
to study how the three conditions can actually be imposed in a particularly simple
example and suffice to ensure regularity of the solutions.

A toy model with a complex scalar field

We are going to consider the n = 2 theory with prepotential

F=—ix'x?t. (6.138)

This theory has only one complex scalar

r=iX'/x°, (6.139)

in terms of which the period matrix is given by
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(Nax) = ( N 1(/)7 ) (6.140)

and, in the XY = i/2 gauge, the Kihler potential and metric are

K=—InSQmr, Grre = (23m7) 2. (6.141)

The reality of the Kéhler potential requires the positivity of Sm7. Therefore, 7
parametrizes the coset SL(2,R)/SO(2) and can be identified with the azidilaton and
this theory is a truncation of the SO(4) formulation of N = 4, d = 4 supergravity.

The symplectic section V is

1 T
V= W —ir s (6142)
1
and the central charge is
* 1 1 : 0
Z(r,7",q) = (V|q) ZW[(P —iqo) — (q +ip")T]. (6.143)
The attractor equation is
L[ i)~ (@ i) =0 (6.144)
o P —1tqo) — \qL TP )T =Y, :
dr Smrt e
and has the general solution
p' +igo
Thx = p— (6.145)

which is admissible (belongs to the definition domain of 7) if

Smrgy = p°p' + qoqi > 0. (6.146)

The central charge at the fixed point of the scalar takes the value

+1
Zp = —i p0| VPP + qoga (6.147)

Iq + ip

and it is always finite for 74, # 0.

Solutions with a single black hole
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Let us now consider solutions with

T =T+ g . (6.148)

In this theory the stabilization equations can be easily solved and they lead to

_ 41
RZ(fl g )I, = —gn=(R|I)=21"T"+1T), (6.149)

which shows that the area of the horizon (if any) is related to |Zg,|* above according
to the general formula Eq. (6.55).

We also have

LYX T +iT,
T =1 =
£/X I, — i1’

(6.150)

which implies that the 4 harmonic functions are not entirely independent but have to
satisfy

Smr =1°7' + T,Z, > 0, (6.151)

which ensures that, if there are no pathologies that make a black-hole interpretation
of the solution impossible, the attractor equations will always have solutions and
Za # 0. Thus, we will not have to worry about condition III but only about the
positive definiteness of Smr.

The only possible pathologies (negative mass and presence of NUT charge) are
clearly avoided by imposing conditions I and II, which is always possible and presents
no difficulties.

Solutions with two black holes

Let us now consider solutions of the form

IT-T,+L,.2
T2

17— 7. (6.152)

Our goal is to find a configuration (i.e. a set of asymptotic values Z., and charges
¢12) that satisfy conditions I-III. The previous discussions indicate how this has to
be done and which formulas need to be applied. There is no systematic procedure to
find such a configuration but it is not too difficult to find one:
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L q  q
7 = @ —+=+—=,
\/5 T
1
71 = _+@_‘_%’
\/5 1 T2
(6.153)
4
IO - __qu
)
1 q ,4q
7L, = ——— —+ —,
! 4\/§ Lo T2
where ¢ > 0 in order to guarantee Eq. (6.151). The metric component
9v2 1042 16¢> 8q¢*> 40¢>
gy =14 Y20 10V2g 1667 8¢ A0g" (6.154)

r1 To r? 3 7179

is finite everywhere outside 75 = 0, and therefore, so is Sm7. In particular the
“mass” of each of the two objects is positive

M, =9q/V2, M, = 5v2q, M = M, + M, =19¢/V?2, (6.155)

and in the r; 9 — 0 limits we find spheres of finite areas

Al AQ
= =16¢% = 2| Zhp P = = 8¢% = 2| Zas0|?. 6.156
An q ’ fi :1‘ ) At q | fi ,2| ( )
The total horizon area is
A Al 112 2 2 2
— =— 4+ == 2|1 Z = 64 1
A7 4m  4rw ¢ <2 ﬁx’t0t| 6dg”, (6.157)

which is the area of the horizon of a single black hole having the sum of the charges
of the two black holes.

For this configuration

(Il 1) = — (T | @) = —q/V2, (@] q)=12¢, (6.158)

s0, choosing

rip = | T — 7| = 12V/2q, (6.159)

we satisfy condition I (no NUT charges). The system has nevertheless angular mo-
mentum given by the general formula Eq. (6.127):
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[Tl =] a)l=12¢. (6.160)






Discussion and conclusions

We have succeed in the characterization of supersymmetric solutions of matter-coupled
N =1, d = 5 Supergravity and pure N = 4, d = 4 Supergravity. To this end, we
have used the method of spinor bilinears. As usual, this method leads to separate
the solutions between the time-like and null cases. In the time-like case there are
typically massive solitons whereas in the null case there are gravitational waves. The
method is mainly focused in the characterization of the minimally supersymmetric
configurations, thus we have obtained all the possible projections to be imposed on
the Killing spinors.

We have shown the first complete analysis with hyperscalars in N = 1, d = 5
Supergravity (the study of the theory with hyperscalars was initiated in Ref. [59-61]).
In the time-like case, the main novelty due to the presence of hyperscalars is the
enhancement of the holonomy of the spatial base manifold from SU(2) to the full
SO(4) group, being the anti-self dual component of the spin connection determined
by the other fields of the solutions. Indeed, in the ungauged case it is just the pull-back
of the su(2) connection of the quaternionic Kéhler manifold (the same relation holds
in the gauged case, but with some corrections). The condition on the hyperscalars to
have unbroken supersymmetry has a very simple and suggestive form, indeed in the
ungauged case it is the equation for quaternionic maps between hyperKahler manifolds
(although the base manifold is not necessarily hyperKéhler). Due to its simplicity,
this equation could be the starting point to construct new, concrete supersymmetric
solutions of this theory. Additionally, we have found that in the null case the spin
connection of the three-dimensional subspace transverse to the wave is also determined
by the other fields of the solutions. In the ungauged case it is again the pullback of
the su(2) connection of the quaternionic Kéhler manifold. Equally, the condition on
the hyperscalars is quite simple in the null class.
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One would like to solve in a general frame all the equations that characterize
supersymmetric solutions (or to arrive to equations with known solutions). This have
been done for certain supergravity theories. However, the presence of hyperscalars
and also the gauging lead us to non-linear and highly coupled differential equations
in the case of the five dimensional theory, like the ones on the hyperscalars and the
spin connection, for which we are not able to give the general solution.

We found, in a very precise way, the generic projections to be imposed on the
Killing spinors in order to have unbroken supersymmetry in the N = 1, d = 5 theories.
Both in the time-like and null cases all supersymmetric configurations preserve at least
1/8 of the supersymmetries. This result holds both for the ungauged and gauged
theories, since the projections on the Killing spinor are the same.

We have found solutions with one additional isometry in the time-like case of N =
1, d = 5 Supergravity which are the generalization of the Gibbons-Hawking instanton
metric. As we mentioned, the presence of hyperscalars destroys the self-duality of the
spin connection, this fact is reflected on the non-triviality of the three-dimensional
connection of the solutions we found, unlike the Gibbons-Hawking instanton which
has flat three-dimensional metric.

It would be interesting to study the attractor mechanism and the entropy of
the black hole solutions in presence of hyperscalars. Moreover, the pp-wave of the
null class solutions can be dimensionally reduced to supersymmetric N = 2, d = 4
black holes. This raises new questions about how the 4-dimensional attractor mech-
anism is implemented in the 5-dimensional setting, taking into account that these
5-dimensional solutions belong to the null class and the standard attractor mecha-
nism is proved only for solutions in the time-like class. The 5-dimensional origin of
the 4-dimensional entropy can (and must) be investigated.

Moreover, the dimensional reduction of five-dimensional supersymmetric solutions
with one additional isometry to four dimensions can be performed. It would be
interesting to see how this can be achieved in the framework of the characterization of
supersymmetric solutions (such a characterization for the N = 2, d = 4 theory coupled
to matter has been done in Refs. [63,65]). In addition, the reduction/oxidation of
supersymmetric solutions can be analyzed together with the six-dimensional theory.
Therefore theories with eight supersymmetries in six, five and four dimensions could
be treated in a unified frame, extending the analysis initiated in Ref. [110].

One possible and perhaps easy extension of our analyses in the N =1, d =5
theory is the inclusion of tensor multiplets.

In the N = 4, d = 4 theory we have found that (in the time-like case) the holonomy
of the base three-dimensional manifold is greater than that of the solutions considered
by Tod [28], who found only flat solutions, indeed it can be as large as the whole SU(2)
group. We have indicated how the spin connection is related to the other variables of
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the solutions. Here, the global symmetries of the theory (SU(4) and SL(2,R)) play
a crucial role, guiding us in the construction of the supersymmetric configurations
and solutions. We have found configurations with U(1) holonomy and also some
new solutions of this kind are presented. The solutions belonging to the time-like
class preserve at least 1/16 of the supersymmetries whereas the ones of the null class
preserve 1/4.

The formalism we have developed to analyze the N = 4, d = 4 theory can be
adapted to other four dimensional theories with more supersymmetries, that is N = 6
and 8 four-dimensional supergravities.

Another interesting extension of our work would be to perform the characterization
with R? corrections both in four and five dimensions. This is particularly viable be-
cause the supersymmetry variations are the same when R? corrections are considered
(although the equation of motion changes). This has been already analyzed for the
case of maximally supersymmetric solution of the N = 1, d = 5 Supergravity [160].

We have seen that the general Killing Spinor Identities (KSIs) found in Ref. [78§]
can be used to obtain useful relations between the equations of motion evaluated
on supersymmetric configurations. This is a very powerful tool, it has allowed us for
example to avoid the direct evaluation of (some components of) the Einstein equations.
Moreover, the KSIs can be computed in any theory of supergravity. Other authors
have used analogous relations between equations of motion, but they have found them
by using directly the integrability conditions of the Killing spinor equations, which is
way harder than the KSIs.

We have also shown how supersymmetry acts as cosmic censor. By demanding
that supersymmetry is unbroken everywhere, even at the sources, the configurations
are constrained in such a way that many pathological solutions (naked singularities)
can be discarded. We have formulated the condition of having unbroken supersym-
metry everywhere by means of three conditions that supersymmetric black-hole-type
solutions have to satisfy. We have shown how these conditions constrain the possible
sources by, basically, excluding those with NUT charge, angular momentum, nega-
tive energy and scalar hair, which seemingly cannot be modeled in String Theory. We
arrived at a picture in which if an observer far away from one of the globally supersym-
metric configurations we have considered, detects angular momentum and non-trivial
scalar fields he/she will only find static electromagnetic sources in equilibrium when
approaching the system.

These conditions and this picture should be improved by considering quantum
corrections. Another interesting course of action would be to consider regularity of
black-hole solutions in N > 2 theories, e.g. [161-163], and investigate the role played
by the attractor [143].






A

Conventions and some formulae

A.1 General conventions

A.1.1 Notation

e We use the mostly minus signature (+ — ... —). 7 is the Minkowski metric.
Lowercase greek letters u, v, p... are space-time curved indices and lowercase
latin letters a, b, c... are space-time flat (tangent) indices. When dealing with
the spatial sector we use lowercase latin indices like 4, j, k... which are underlined
when are curved indices.

e Sometimes we indicate the contraction (without numerical weight) of tensors by
a central dot, A+ B = A*""B,g,....

e The internal product of a k-form and a vector is
ivw=wlV,,...,), (ivw>ﬂl"'ﬂk—1 = V%appp 1 (A.1)

e Symmetrization and anti-symmetrization is made with unit weight

(G1"'Gn)

[al...an}

%ZP(CLI"'CLH) :
% Z sgn(P)P (ay---ay) , (A.3)

where P is any permutation. For example [ab] = 5 (ab — ba).

1
2
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e k-forms are normalized according to

1
F = HF#I...#kd:cﬂl AN dxtt (A.4)
The value of the completely antisymmetric symbol is €?'2 = 2= = 41,

The Hodge dual of a k-form is denoted by *F" and it is given by

1
*x P Ed—k) — X |g|€,u1 #dF/‘(d—k+l)"'#d (A5>

A.1.2 Affine and spin connection

V is the covariant derivative under general coordinate transformations and local
Lorentz transformations, hence it is made from the affine connection I',,* and the
spin connection wuab. The covariant derivatives on tensors and spinors are

VA" = 0,A" +T,,"A%, (A.6)
V,AY = 0,A" + w, A", (A7)
Vi) = Outh — j0u ™) - (A.8)

The curvature of the torsionless affine connection is defined by

V., V,]A* = R,*1)A", (A.9)
[vm vu] ¢ = _%Ruua%w)’yabw . (AlO)
Explicitly it yields
Ruo’(T) = 20,T 50" — pa’Tu,” (A.11)
R;wab<W) = 28[Hw,,}ab — 2w[u|acwy]0b. (A.12)

The vielbein postulate
v,ueua =0 5 (A13)

relates the affine and spin connections

w#ab = Fuaﬁeaaegb + eaaaueab . (A.14)
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In turn, the curvatures are related homogeneously
R/Waﬁ<r) = Ruuab<w)€aaeb6 . (A15)

Finally, metric compatibility and torsionlessness fully determine the connections
to be of the form

F;wp - %gpg (28(,ugu)a - aog,uz/) . (A16)

A.2 Special conventions in four dimensions

A.2.1 Complex (anti)-self-dual forms
For any 4-dimensional 2-form, we define

Fr=L{(FLi«d), FE = il ® (A.17)
For any two 2-forms F, G, we have

F=.G¥ =0, F*,r-G%,,=0. (A.18)

A.2.2 Electric and magnetic components

Given any 2-form F = %Fw,da:“ A dz” and a non-null 1-form V = V,dx#, we can
express F' in the form

F=V2EANV —xBAV)], E,=F,V", B, =xF,V".  (A.19)
For the complex combinations F* we have
FE=V2CEAV £ix(CEAV)], Ct=FLvy. (A.20)

This decomposition is particularly useful in the time-like case where V' generates the
time translations, hence the above is a electric/magnetic decomposition of the Maxwell
field in a covariant way.

It is interesting to study the compatibility of the above decomposition with the
SL(2,R) symmetry, which acts on F' and «F" in different ways. Let M be the matrix

1 IT|> Rer
"= Smr ( Rer 1 ) ' (A.21)
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SL(2,R) acts on M linearly
M = AMAT (A.22)

A_(Z Z) (A.23)

If we solve {F, «F'} in terms of {F, F'} then the decomposition (A.19) becomes ex-
plicitely SL(2,R)-covariant,

<1€):{iv(iwv—m*(w(?%v)} (A.24)

where S is the canonical antisymmetric matrix,

where A is a SL(2,R) matrix,

_ 0 +1
so(0) e
which is preserved by SL(2,R) by definition,
ATSA =S (A.26)

A.2.3 Null tetrads

If we have a (real) null vector [#, we can always add three more null vectors n#, m#, m*
to construct a complex null tetrad such that the local metric in this basis takes the
form

01 0 0
10 0 O

A2
00 0 -1 (A.27)
00 -1 0

with the ordering (I, n,m,m). For the local volume element we obtain €/"™™ = i. The
general expansion in the dual basis of 1-forms (Z, n, m,ﬁ) of F* depends on three

arbitrary complex functions a, b, ¢

F+:a(i/\ﬁ+mAﬁ1>+biAﬁz+cﬁ/\m, F~ = (FH)*. (A.28)

Then, in this case, F' is not completely determined by its contraction with the null
vector [, but

Ft=LF Aa£*(LFAR)+bl A, L¥*=F*, 1" =al,—cm,.  (A.29)
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A.2.4 Raising and lowering SU(4) indices

In SU(4) two representations which are complex conjugates transform in inverse ways.
Hence we may define an invariant scalar product in SU(4) by complex conjugation.
Complex conjugation lows and raises the SU(4) indices, X' = X;*. Thus, one imme-
diately notice that a product like

A" By

is invariant under SU(4).

Besides the scalar product, there is a further SU(4) invariant: the totally antisym-
metric symbol €;5x7, €1234 = +1. It is real, hence is the same with upper and bottom
indices. For a SU(4) tensor we define the SU(4) dual

1

- - 1
M[J - §€[JKLMKL y MIJ = §€IJKLMKL . (ABO)






B

Gamma matrices, bilinears and Fierz
identities

B.1 Four dimensions

B.1.1 Gamma matrices and spinors

We work with a purely imaginary representation

and our convention for their anticommutator is

{*, 7"} = +2n.

Thus,

707a70 — ,yaT — ,yafl =7,.

The chirality matrix is defined by

0,1.2.3

75 = =i’y = Eeaear V'Y,

and satisfies

75T = —75* =75, (75)2 =1.

(B.3)

(B.4)
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With this chirality matrix, we have the identity

DI b
T = <(4 z n)! I (A T (B.6)
Our convention for Dirac conjugation is
¥ =ivy. (B.7)

Using the identity Eq. (B.6) the general d = 4 Fierz identity for commuting spinors
takes the form

(AMX)(WNp) = FAMN@)(¥x) + AMAY*Ne) (hyax) — s AMY*N) (v x)

— 1AM 5N @) (1av5x) + $(AMysN@) (1y5X) - -
B.8

We use 4-component chiral spinors whose chirality is related to the position of the
SU(4) index:
YsX1 = +Xr1, 751%1 = _¢u17 V5€r = —€1. (B-9)

Both (chirality and position of the SU(4) index) are reversed under complex conju-
gation:

X5 = v5x" = —x", Vs = st =+ Vs€; = 5’ = +€' . (B.10)

We take this fact into account when Dirac-conjugating chiral spinors:

X' =ila) e, X=X et (B.11)

The sum of the two chiral spinors related by complex conjugation gives a standard
(real) Majorana spinor with an SU(4) index with the complicated transformation rule
of Ref. [129].

Explicit gamma matrices according to our conventions are

0 0 io! 1 1 0 9 0 o2
7= .1 = . ) 7= 2 )
—1i0 0 0 — —o° 0 (B 12)
5 0 1 5 0 —io? ’
Y= . > Y= . 3
7 0 10 0
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where o' are Pauli matrices,
01 0 —i 1 0
1 — 2= 3 = B.1
A-(o) ) - ) e

B.1.2 Fierz identities for bilinears

Here we are going to work with an arbitrary number N of chiral spinors, although we
are ultimately interested in the NV = 4 case only. Whenever there are special results
for particular values of N, we will explicitly say so. We should bear in mind that the
maximal number of independent chiral spinors is 2 and, for N > 2 (in particular for
N = 4) N spinors cannot be linearly independent at a given point. This trivial fact
has important consequences.

Given N chiral commuting spinors €; and their complex conjugates €/ we can

constructed the following bilinears that are not obviously related via Eq. (B.6):
1. A complex matrix of scalars
My = éey, M7 =del = (M), (B.14)

which is antisymmetric M;; = —M;.

2. A complex matrix of vectors

VI, =i vy, Vil, = i€ry.e’ = (V[Ja)*, (B.15)
which is Hermitean:
(VIJa)* = ‘/Ija = VJIa = (VIJa)T . (B]_G)
3. A complex matrix of 2-forms

Db = €E1Var€s " = ype’ = (Mpy)*, (B.17)

which is symmetric in the SU(N) indices @, = P14y and, further,

DRrrap=—1Pria = Prya =Pl w. (B.18)

As we are going to see, this matrix of 2-forms can be expressed entirely in terms
of the scalar and vector bilinears.
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It is straightforward to get identities for the products of these bilinears using the

Fierz identity Eq. (B.8). First, the products of scalars:

MMk, = %MILMKJ - %q)IL +Pry,

My M=t = —Lvi o vE,.

From Eq. (B.19) immediately follows

MMk =0,

which is a particular case of the Fierz identity

E[JMKL} =0.

For N = 4,8, ..., Eq. (B.21) implies, in turn

PEM =0 =detM =0.

For N = 4 we can define the SU(4)-dual of My,

o1 KL 1234 _ _
My = sereM™, e = €931 = +1,

and the vanishing of the Pfaffian implies

M MY =0.

From Eq. (B.20) and the antisymmetry of M immediately follows

VI VE, = VI VR = VRV

which implies that all the vector bilinears V!, are null:

vi,. v, =0.

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)

On the other hand, from Egs. (B.26) and (B.20) follows the real SU(N)-invariant

combination of vectors V, = V', is always non-spacelike:

V2=V, .V, =2M"7"M;; >0.

(B.28)
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The products of M with the other bilinears! give

MpVEL, = %MILVKJa—i-%(I)ILbaVKJb; (B.29)

M@ty = VEaVE i — tea™ Vi V5 4. (B.30)

Now, let us consider the product of two arbitrary vectors?:

VIaVE Ly = tea™ VI VE ja+ VL@V s — 9V - VE,. (B.31)
For V2 this identity allows us to write the metric in the form

gab =2V [VoVy = VIV ). (B.32)
Following Tod [28], for V% # 0 we introduce
L OMIEM 2V -V

Tl = ME v |MP> = M" My = 1v2. (B.33)

Using Eq. (B.19) we can show that it is a Hermitean projector whose trace equals 2:

TLHT k=T, I =42. (B.34)

Further, using the general Fierz identity we find

jIJGJZGI, EIJIJZEJ, (B35)

which should be understood for N > 2 of the fact that the €/ are not linearly inde-
pendent?. As a consequence of the above identity, the contraction of J with any of
the bilinears is the identity. Using this result and Eq. (B.30), we find

2MIKM QMIK ,MIK
(I>KLab = WQIJ JLab - WVL][G%] - ZWEQdeVL[CVd. (B.36)

Other useful identities are

'We omit the product M7 ;® g1 o which will not be used.
2The product V',V %, gives a different identity that will not be used
S3For N =2 J1; = 6%;. See later on.
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M MKL
ﬁW—P = jK[IjLJ] ) (B'37>
and
IMTEN .

which is the complementary projector.

B.1.3 The U(2) formalism

We may always parametrize the SU(4) spinors in terms of “U(2) spinors” and a set
of scalars:
€1 =¢res, A=1,2, (B.39)

where ¢ is a vector of SU(4) and e, is invariant, whereas ¢4 is invariant under
SL(2,R) and €4 has weight +1.

The above parametrization has a local GL(2, C) symmetry. Part of this symmetry
can be fixed by imposing the following normalization condition

6705 =03 , (B.40)

where ¢!, = ¢7". In general, to take the complex conjugate we raise and lower the
SU(4) and U(2) indices. The above condition is preserved by U(2),

ed =UsPeg, o =¢PUTA, UcU®). (B.41)

In this formalism the scalars M;; are given by the scalars ¢7 and one further
complex scalar Z such that

My = Z¢P oS ean, |M|* =2|Z*. (B.42)
If one consider these objects as spinor bilinears, then
7 = %GABEAEB ) (B.43)
It is convenient to parameterize the phase of Z as
7 = —i|Z|e™. (B.44)
The projector J;” can be written in terms of ¢ as

T’ = 6165 (B.45)
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There is a U(2) connection given by

Phdoy (B.46)

which is an anti-hermitean matrix in the U(2) indices. It is useful to decompose this
connection in its trace and traceless parts,

¢ = ¢adey, (B47)

ApB = ghdeP — 1545¢ (B.48)

such that ( is a imaginary one-form and A is a traceless anti-hermitean matrix-valued
one-form. ( is a gauge connection for the U(1) part of U(2) given by the trace
generator (the identity) and A is a gauge connection for the SU(2) part given by the
traceless generators (the Pauli matrices). The curvature of A is given by

RAB = d.AAB - .AAC N .ACB . (B.49)
In addition, we may express the SU(2) in the vectorial representation

A® = iotB At (B.50)

AP = —%JﬁBAx : (B.51)
The one-form ¢ can be written in terms of ¢7 and Z as
26 +i¢C =dX. (B.52)
Let V42 be four vectors constructed as bilinears of the U(2) spinors,
VB =g el . (B.53)
The U(2) vectors are related to the SU(4) vectors by
Vil =67 VaPoy . VaP = olVile7 . (B.54)

In particular the trace vector of U(2) is equal to V. The SU(4) vectors satisfy the
following (Fierz) identity

Mg = ViV = V' Vi s (B.55)

such that
|M‘29/w = V#V,, - V/.LABVZIBA . (B.56)
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We may decompose the U(2) vectors as follows

1 1
VB = §6ABV + ﬁaleV; . r=1,23. (B.57)

which is equivalent to pass from the fundamental x antifundamental representation of
U(2) to the adjoint one. Indeed, the inverse transformations for the SU(2) sector are

1
Ve = EJiBVBA . (B58)

Then the (¢,t) component of the equation (B.56) yields
Vit =0 (B.59)
and the spatial components are
Yij = VitV¥0zy , (B.60)

where 1, j, k... are curved spatial indices. Therefore the three vectors V*, which are
time-independent and have not time component, are vielbeins for the spatial metric
7ij- We may introduce objects of the tangent space using the V* basis. For instance
the spin connection is introduced by

VJ/JQC = 81%:” — F”ka“ - Oiyz‘/jy (B61)

In the null case V2 = |M|? = 0 it is customary to write [, = V';,. Since |M?
is a sum of positive numbers, each of them must vanish independently, i.e. M/ = 0.

I

This implies that all spinors €' are proportional and one can write

€1 = ¢r€, (B.62)

for some complex functions ¢; which transform as an SU(4) vector, and some negative-
chirality spinor e. These are defined up to a rescaling by a complex function and
opposite weights. Part of this freedom can be fixed by normalizing

¢r¢t =1, o' = 97 (B.63)

Then, the only freedom that remains in the definition of ¢! is a change by a local
phase 0(x)

or — eor, e — e e, (B.64)

In this case on can construct another Hermitean projector X! that plays a role
analogous to that of J!; in the non-null case:
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’CIJ = ¢I¢Ja (B65)
which satisfies
KK e =Kl g, Kl =+1, (B.66)
and
Kljel =€, Kl =e¢y, (B.67)

which expresses the known fact that only one spinor is linearly independent in this
case.

In the null case, all the vector bilinears are also proportional to the null vector (:

VIie=Kl,. (B.68)

Once € is given, we may introduce an auxiliary spinor with the same chirality and
opposite U(1) charge as € and normalized against e by

en == (B.69)

where € = ie’yy. With both spinors we can construct a complex null tetrad with
metric Eq. (A.27) as follows:

Ly =06 Y€, Ny =Y, My, = A€ = iy, My, = 98y = itye.
(B.70)

The normalization condition (B.63) does not fix completely the auxiliary spinor 7
and the freedom in the choice of n becomes a freedom in the null tetrad. First of all,
there is a U(1) freedom Eq. (B.64) under which ' = ¢*n and

I'=1, n'=n, m=e"m. (B.71)

Further, we can also shift 1 by terms proportional to e preserving the normalization

1 =mn+de. (B.72)

Under this redefinition of 7, the null tetrad transforms as follows:

U'=1, n'=n+dm+om*+|6*, m' =m+dl. (B.73)
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B.1.4 The N =2 case

Here we describe some of the peculiarities of the N = 2 case in which the number of
spinors is precisely the necessary to construct a basis at each point.

In the N = 2 case there is only one independent (complex) scalar X since

€[€J:X€[J7 (B74>

where €7, is the (constant) 2-dimensional totally antisymmetric tensor. It follows that

M? = 2/x]?, (B.75)

K

and, using €;;e5% = §;;%% we can show that the projector

I, =6 (B.76)

In the [M|? # 0 case, the four vector bilinears V/;,, can be used as a null tetrad

luzvllﬂ, nu:‘/?gﬂ, mu:‘/lgu, mZ:V21M,. (B77)

Alternatively. one can use the four combinations

Va“ = \%VIJ“(O'G)J[ s (B78)

with ¢° = 1 and ¢ the three (traceless, Hermitean) Pauli matrices as an orthonormal
tetrad in which V7 is timelike and the V' are spacelike.

B.2 Five dimensions

B.2.1 Gamma matrices and spinors

The first four of our 5-dimensional gamma matrices are taken to be identical to 4-
dimensional purely imaginary gamma matrices 7%, v%, 42, v3 satisfying

{77} =29, (B.79)

and the fifth is ¥4 = —4%123, 50 it is purely real, the above anticommutator is valid
for a =0,---,4 and, furthermore, y*% = +¢%"% and, in general
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(1)
~ (5—n)! c

ay-Qn

al...anbl...bn757b1~~-bn75 . (BSO)

On the other hand, 7° is Hermitean and the other gammas are anti-Hermitean.

To explain our convention for symplectic-Majorana spinors, let us start by defining
the Dirac, complex and charge conjugation matrices D4, B4, C+. By definition, they
satisfy

Dy D' = +4°T, Bin*Bit = £4°*. Ciy"Cit =+~ (B.8I)

The natural choice for Dirac conjugation matrix is

D =iy, (B.82)

which corresponds to D = D,. The other conjugation matrices are related to it by

C.=BiD, (B.83)

but it can be shown that in this case only C = C; and B = B, exist and are both
antisymmetric. We take them to be

C =iy™, B=+~'" =BB=-1. (B.84)

The Dirac conjugate is defined by

YID = ipTy°, (B.85)
and the Majorana conjugate by

PTC =iy, (B.86)

The Majorana condition (Dirac conjugate = Majorana conjugate) cannot be consis-
tently imposed because it requires B*B = +1. Therefore, we introduce the symplectic-
Majorana conjugate in pairs of spinors by using the corresponding symplectic matrix,

€.g.
ic = €ijijC, (B87)

then the symplectic-Majorana condition is

Q/Ji* = &?ij741pj . (BSS)
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To impose the symplectic-Majorana condition on hyperinos ¢4 the only thing we
have to do is to replace the matrix e;; by C4p, which is the invariant metric of Sp(ny,).

Our conventions on SU(2) indices are intended to keep manifest the SU(2) covari-
ance. In SU(2), besides the preserved metric, there is the preserved tensor ¢;;. We
also introduce ¥, £19 = €2 = +1. Therefore we may construct new covariant objects
by using &;; and €%, for instance ¢; = ¢;;17 (whence 1/ = ¢;c"). With this notation
the symplectic-Majorana condition can be simply stated as

U=y (B.89)

We use the bar on spinors to denote the (single) Majorana conjugate:

D=, (B.90)

which transforms under SU(2) in the same representation as 1" does. We also lower
its SU(2) index: ; = g;;47. In terms of single Majorana conjugates the symplectic
Majorana condition reads

()" = v (B.91)
Finally, observe that after imposing the symplectic Majorana condition the follow-
ing simple relation between the single Dirac and Majorana conjugates holds:

YD = iy, (B.92)
which is very useful if one prefers to use the Dirac conjugate instead of the Majorana
one.

The bilinears that can be constructed from Killing spinors will in general be 2 x 2
matrices that can be written as linear combinations of the Pauli matrices o (7 =
0,...,3) where 0° = I,45. Therefore, we are bound to need the Fierz identities

(AMe) (¥Nx) = E{(AMo"Nx) (vo"p) + (AM~*0"Nx) (V70" ¢)
(B.93)
—1 (AM~" 0" Nx) (v7a0"9) }

where the SU(2) indices are implicit and p = (—)1 for (anti-)commuting spinors.

B.2.2 Spinor bilinears

With one commuting symplectic-Majorana spinor € we can construct the following
independent, SU (2)-covariant bilinears:
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gz' e’

gi")/aﬁj .

Ei’}/abﬁji

It is easy to see that

EZ'Ej = —€jk(€]€€l)€li s
(B.94)

(@€) = —g¢e,

The first equation implies that this matrix is proportional to 6;/ and the second
equation implies that the constant is purely imaginary. Thus, we define the
SU(2)-invariant scalar

f = ige = iec’ |, &€ = —% f o (B.95)
All the other scalar bilinears iéo”e (r = 1,2, 3) vanish identically.

This matrix satisfies the same properties as €¢/, and so we define the vector
bilinear

Ve = igyte = ieyole , E'e = —L 07 Ve, (B.96)

which is also SU(2)-invariant, the other vector bilinears being automatically
Zero.

In this case

vl = +elt (e )ey,
(B.97)

(Ei,yabej)* — Ej’yabEi,

which means that these 2-form matrices are traceless and Hermitean and we
have three non-vanishing real 2-forms

(I)Tab = O_T‘ij gj,yabez , Ei’yabE] — %UTij (I)rab. (B98)

r = 1,2,3, which transform as a vector in the adjoint representation of SU(2),
and the fourth éy%°c% = 0.

Using the Fierz identities Eq. (B.93) for commuting spinors we get, among other

identities,
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Vv,

A7
Ved” ,
VAT DR") abe
P D%y
D" (4, P7 g
Vary'e'

r ab_i
(I)abfy €

_f(I)Tbcv

_6rs(nabf2 - ‘/;L‘/b) o grstfq)t
_%f(srseabcdeve )

feé,

dife?o” ;.

ab »

(B.99)

(B.100)

(B.101)

(B.102)

(B.103)

(B.104)

(B.105)

(B.106)
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Supersymmetric space-time metrics

C.1 Four dimensional conformastationary metric
A conformastationary metric has the general form

ds* = |[M|*(dt + w)* — \M]_Q’ygdxidmj, 1,j=1,2,3, (C.1)

where all components of the metric are independent of the time coordinate t. Choosing
the Vielbein basis

(M| [M]w; M|~ —[M]w;
(e) = - ) e
0 [M]v? 0 | M|v;L
where
=kl Ky dy. = vl
Yij = ViV Okt , vt v; wi = vilw;, (C.3)

we find that the spin connection components are

Wooi = _ai|M’7 Woij = %fija
Wio; = Woij Wijk = —|M|Oijk_25i[j8k]|M|7

where 0,7% is the 3-dimensional spin connection and
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@ = Uiiﬁj , fij = UiEUijﬁ, fil = 28@@ . (C5)

The components of the Riemann tensor are

Roioj = %Viaj|M|2 + 0;| M|0;| M| — 6;;(0| M])* + %Vi|M|6fikfjka
Roije = —35Vi(IM|* fir) + 5 fi; O M|* = 30i; fenOr M|

Rijw = —|MPRiju+ 3IM5(fijfue — friifin) — 205,01 M])? + 4| M|6;FV ;07| M,
(C.6)

where all the objects in the right-hand sides of the equations are referred to the
3-dimensional spatial metric. The components of the Ricci tensor are

Ryy = —|M|*V?log|M|— ;|M[5f?,
Ry = 5V(IM]*f3) (C.7)
Ri; = |MP*{Rj; 4 20;log|M|0;log | M| — 6;;V*1log |M| — 5| M|* fix fir}

and the Ricci scalar is

R = —|MP{R — Y M f* — 292 log |M] + 2(9log | M)}, (C.8)

C.2 Four dimensional Brinkmann pp-wave metric
These metrics are

ds® = 2du(dv + Kdu + w) — 2e*Ydzdz* w = w,dz + wdz* (C.9)

where all the functions in the metric are independent of v.

Using also light-cone coordinates in tangent space, a natural Vielbein basis is
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e = du =1, ew = 0,— KO0, = nto,,
e’ = dv+Kdu+w = n, ey = 0O, = [10,,
e = eVdz = m, e, = e Y0, —w,d,) = —mt,,
e = eVdx* = m", ey = € V(0 —wy0y) = —m'd,.
(C.10)

The components of the spin connection are

Wi = € V(0K —w,), Wyper = %e‘wfﬁ* —U,
(C.11)

_ 1 -2U ’ _ -U
Wezry = _56 fg*_Ua Wzzzr = —€ agUa

where f..« = 20w, and a dot stands for partial derivation with respect to .

The components of the Ricci tensor are

Rzz* = 26_2[]8185*(],
Rzu = %6*3U8§fﬁ* + eiU(aéU + UaéU) ) (612)
Ry = _26_2[]858;*[( + %(fﬁ*)2 + e_QU(aéwé* + aé*wé) + 2(U + UU) )

and the Ricci scalar is just

R=—4¢"%Y0,0,.U . (C.13)

C.3 The five-dimensional time-like metric

In the timelike case we find the conformastationary metric

ds* = f2 (dt +w)® — f hypuda™dz" W = wydz™ mmn=1,--4.

We choose the Vielbein basis
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I fum 7t =fw,
(") = : (ea) = : (C.15)
0 f71/2vnm 0 fl/QVQm
where
hinn = Vi’ Vi %0, , V.2V, 4 hm = Omn » W, = Viw, . (C.16)

The non-vanishing components of the spin connection in this basis are

Woom = —20m %, Womn = Winon = 22 (dw), s Winnp = — 7 Emnp—20mn0p f12

(C.17)
where, from now on, all the objects in the r.h.s. of these equations refer to the 4-
dimensional metric h,,, and, in particular

(dw)mn = VmBVng (dw) = 2Vmgvnga[gwg] . <C18>

g

Thee non-vanishing components of the Ricci tensor are

Ryy = —V2f+ f7HOf)? = 3/ (dw)?,
Rom = —5f71PVo[f*(dw)nm] ,
Rmn = men - %(dw)mp(dw)np + %fﬁlamfanf - %5mn[v2f - fﬁl(af)z] )
(C.19)
and the Ricci scalar is given by
R=—fR+1dw)®+ V2f — 21 (0f). (C.20)
C.4 The five-dimensional null case metric
ds® = 2fdu(dv + Hdu + w) — fyda"dz® r,s=1,2,3. (C.21)

Orthonormal 1-form and vector basis for this metric are given by
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et = fdu, €y = f_l(ay_ Hag) )
e = dv+ Hdu+w, e = 0y, (C.22)
e = f_lvr ) er = f(u,— wra@) )

where v" = v",dz® and v, = v,20; are orthonormal basis 1-forms and vectors for the
3-dimensional spatial positive-definite metric 7,4

OpsV"¢0%q = Vg VU s = Ot - (C.23)

The non-vanishing components of the spin connection are

Wiry = 87"H - agw§v7“§7 Wrs+ _%fQFrs - f_2agf5rs - f_lv(rﬁagms)t )

1 12 —1 t
Wir— = iarf =W_pp = —Wrp—, Wips = §f Frs — f U[T|78gv|s]§,

Wrst = fwrst - 25r[sat}f7
(C.24)

where all the quantities in the r.h.s. of all these equations refer to the 3-dimensional
metric and Dreibein and

Frs = v 0,2 Fy Frs = 20,wy . (C.25)

The non-vanishing components of the Ricci tensor are

Riy = —fVPH = {[*F? + [V, 4 300" f + 377 s + 1 74
—3f 3 s — 3f 72 [P log f — 2 (Dulog f)?]
R.. = —1f*V’logf,
Ry = =3V (fPFy) = 30V A + 50,00 (075) + S0:7900" log f
—30,0, log f — 3724940, log f + 20, log f0, log f ,
Ry = f*Ru(7) = 6,sf>V2log f + 20, f0,f,

(C.26)

and the Ricci scalar is
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R=—f*R(v) +2f*V?log f — 2 (3f)* . (C.27)
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Scalar manifolds

D.1 Real Special Geometry
The geometry of the n physical scalars ¢* (z = 1, ..., n) of the vector multiplets is fully

determined by a constant real symmetric tensor Cryx (I, J, K =0,1,...,n=n+1).
The scalars appear through n functions hf(¢) constrained to satisfy

Cryxh'h’h =1. (D.1)

One defines

hr = Cryxh’h™, = hih! =1, (D.2)

and a metric ary that can be use to raise and lower the SO(n) index

h[ = aUhJ, h[ = CL[JhJ . (Dg)

The definition of h; allows us to find

arj = _2C[JKhK+3h]hJ. (D4)

Next, one defines

1
Wl =—V3h, = —\/3%, (D.5)

and
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h]x = CL[Jhi = +\/§h[7x, (D6)
which satisfy

hihl =0, h'h, =0, (D.7)

due to Eq. (D.1). The h! enjoy the following properties of closure and orthogonality

(Z;)(hl h?;)z(é(%),(hf h}“)(Zi)=5}]. (D.8)

xT

Therefore any object with SO(n) index can be decomposed as
Al = (hy A7) B + (R5A7) B (D.9)
The metric of the scalars g,,(¢) is the pullback of a;;:

Gy = auhih; = _2C[JKh£h;hK, (DlO)

and can be used to raise and lower x,y indices. Other useful expressions are

ary = h[hj—l—hcjthjz, (Dll)
Crixh™ = hihy— ihihy,, (D.12)
and
h[hJ = %U,IJ+ %C]JKh/K7 (D13)
h:;ht]x = %CL[] — %C]JKhK . <D14)

We now introduce the Levi-Civita covariant derivative associated to the scalar
metric gz,

hlx;y = hIm,y - F:cyzhlz . (D.15)

It can be shown that
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hivy = J5(higey + Tuyoh) | (D.16)
hl, = —\/Lg(hlgzy—i—Tmyzhlz), (D.17)
Toye = V3hpwyhl = —V3hihl. (D.18)
Loy = h'%higy — J5T0" = 807kl + J= 10" (D.19)

D.2 Quaternionic-Kahler manifolds

In this appendix we review the definition and basics of quaternionic-Kéahler manifolds.
We refer the reader to Ref. [164] for a more comprehensive introduction to quaternionic
manifolds with original references.

A quaternionic-Kdhler manifold is a real 4n-dimensional manifold (n > 1) such
that!

1. There exists on it a triplet of complex structures J"x¥, r = 1,2,3, X,Y =
1,...4n which satisfy the algebra of imaginary unit quaternions,

JTJS = T 4 et (D.20)

which is known as hypercomplex or quaternionic structure. A manifold with this
property is an almost hypercomplex of almost quaternionic manifold.

2. The hypercomplex structure is integrable, i.e. it is covariantly constant with re-
spect to the standard Levi-Civita connection and a non-trivial su(2) connection
(i.e. with non-vanishing curvature):

OXJTYZ — FXYUJTUZ + FXUZJTYU + 2€r8tu)X5JtyZ =0 s (D21)

where wx” is the su(2) connection. In this case the manifold is a quaternionic
manifold. (If this equation is satisfied with a trivial su(2) connection the mani-
fold is a hypercomplex manifold.)

LClearly, the definitions given below are just too weak to be useful when n = 1, and one defines a
4-dimensional manifold to be quaternionic-Kahler, iff it is Einstein and selfdual. For a supergravity
justification of this definition see e.g. [164].
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3. There is a metric which is invariant under the action of the three complex
structures

gxy = J(T)XZJ(T)yUgZU, (no sum over r!) . (D.22)

This property makes it a (quaternionic) Kéhler manifold.

The combination of the complex structures with the metric gives us the three
hyper-Kahler 2-forms

I xy =gxzJv7. (D.23)

They are covariantly closed respect to the su(2) connection,

dJ" + 2w AT = 0. (D.24)

The holonomy of a quaternionic-Kéhler manifold is contained in SU(2)-Sp(2) and
the tangent space indices are split accordingly into pairs of SU(2) and Sp(n) indices
i,j,k=1,2and A, B,C = 1,...,2n respectively. The Vielbein is defined to be fj4*
and is related to the metric by

gxy = Ix" fy'" Cap &5, (D.25)

where
fx™ fia" = ox", fiaX [xX7P = 67 647, (D.26)
and C 4 is the Sp(n)-invariant metric. The Vielbein also satisfies the reality condition

(inA)* = Sij CAB fXjB, (D27>

and they are covariantly constant under the combination of the Levi-Civita, su(2)-
and sp(n) connections. The Vielbein also gives us the tangent version of the complex
structures. The constant matrices —io” satisfy the algebra Eq. (D.20), and we have

JTXY = inA JriAjB ijY, JriAjB = —?:O'rij 5AB. (D28)

The spin connection can be split into its su(2) and sp(n) components as follows:

inAjB = % er JriAjB + wXAB (Slj (D29)

Some useful identities are
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Rxy" = v J'xv, (D.30)
2fx fyja = i xy o'}, (D.31)
2fx fryja = gxv 0;. (D.32)

The constant v is given in terms of the dimensionality of the manifold 4n and its Ricci
scalar R by

V= T (D.33)
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Gauging isometries

In this appendix we are going to review briefly the gauging of the isometries of the
scalar manifolds of N = 1,d = 5 supergravity in order to clarify some definitions and
conventions. This material is covered in a slightly different for in Refs. [164] and [109].

E.1 Killing vectors and gauge transformations

The complete scalar manifold (or target space) of the scalar fields of N = 1,d =
5 supergravity is the product of a real special manifold and a quaternionic Kéhler
manifold parametrized, respectively, by the scalars of the vector supermultiplets (¢*)
and by the scalars of the hypermultiplets (¢*). The metrics of these two manifolds
are denoted by ¢,,(¢) and gxy(q).

We can describe the most general N = 1,d = 5 gauged supergravity theory by
focusing on the gauging of the isometries of the scalar manifolds. In the end we will
see that there are gaugings (necessarily Abelian) unrelated to isometries that fit in
the general description.

The isometries to be gauged are generated by Killing vectors of the real special
manifold k;%(¢)d, and the quaternionic Kédhler manifold k;*(q)0x, a pair for each
vector A7, of the theory, although some (or all) can be identically zero.

The isometries generated by the Killing vectors kX act on the quaternions ac-
cording to

oaq~ = —gN' ki~ (E.1)
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In the gauged theory the A’s are the local parameters of vector gauge transforma-
tions

(SAAI# = auAI + ngK]AJHAK s (E2)

where f;r! are the structure constants of the gauge group G and are given by the Lie
brackets of the k;Xs

k1, ky) = —fr/% kg . (E.3)

This implies that the functions h! of the real special manifold transform in the adjoint
representation of G:

Saht = —gf! ATRE (E.4)
In turn, this implies for the scalars themselves
Sag” = —gN k", (E.5)
where

ki® = —V3f1,5h'he . (E.6)

These objects must be Killing vectors of ¢,,(¢) if the A’ transformations are also
symmetries of the corresponding o model. Writing g,,0¢"0¢¢ = —2C1 k1 h' O’ ORK
it is easy to see that necessary and sufficient condition is

fr"Cumrx =0, (E.7)

i.e. that Cj k is an invariant tensor.

Furthermore, the Killing vectors k;%(¢) satisfy the same Lie algebra as the kX (q)s
and, using Eq. (E.7), which implies

fi/8h hg =0, (E.8)

they can also be written in the equivalent form

ki* = —V3f1,5h"hy . (E.9)

The G-covariant derivatives on the scalars are
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D,0" = 0.0" + gA k", D,h" =00 + gf " AT BT, (E10)
Q#qX = @LqX + gAIuk:[X, (E.11)
and they transform covariantly as

6aD 0" = —gN O5k" D 0" SAD 0 = —gfik' AR (E.12)

where we have unified the notation on the scalars, ¢® = (¢%, ¢%), k/® = (k% k™).

For the sake of completeness we also quote the formulae

Duhr = 0uhr + gfIJKAJMhK , D.Crik =0. (E.13)

The second derivatives are defined by

@M}Dygpi” = Vugl,(p‘% + Fggi’Q#(pg@u(pg + gAIuagkﬁQ,,(pg s (E14)

where I'z:* are the target space Christoffel symbols. Their transformations and com-
mutator are given by

0AD,D,0" = —gN Ok D,D,¢" (E.15)

[guagu] ()Oj - gFI,uykij (E16)

where F7,, is the gauge field strength

Fl,=20,A" + gf " A7 LA, (E.17)

All these definitions are enough to construct a gauge-invariant action for the
scalars, since this essentially depends on the target space metric. However, they
are not enough to gauge the full supergravity theory, which depends on other struc-
tures as well. In particular, it depends on the complex structures of the hyperscalar
manifold and we have to study under which conditions they are preserved by the

gauging.
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E.2 The covariant Lie derivative and the momentum map

This appendix concerns only to the hyperscalar sector of the target manifold. The
quaternionic Kahler geometry of this manifold is defined not only by the metric gxy
but by the quaternionic structure J. %7, which should also be preserved by the symme-
tries to be gauged. Therefore, one must require the vanishing of the Lie derivative of
the quaternionic structure with respect to the Killing vectors k;*. One has to use an
SU(2)-covariant Lie derivative for consistency or, as it is usually done in the litera-
ture, impose the vanishing of the standard Lie derivative up to gauge transformations.
Here we will use an SU(2)-covariant Lie derivative whose construction we describe
first.

Let @E by an SU(2) vector and, simultaneously an arbitrary tensor on the hy-
perscalar variety, and & the SU(2) connection. Under infinitesimal SU(2) gauge
transformations

—

Sxtb = —2X(q) x ¥, 53& = —2X(q) X & + dX(q). (E.18)

The standard Lie derivative of J along the vector kX (denoted by £ 11;) transforms
under SU(2) as

5)\£[’l7;: —QX X [,[77[7— 281X X 77/7, (Elg)

where 0; = k;X0x. We now want to find another definition of Lie derivative that
transforms without derivatives of the transformation parameter. Introducing for each
Killing vector! k;* a 7j; transforming as

O\ = —2X X 71 4+ O/ X, (E.20)

we define the SU(2)-covariant Lie derivative on SU(2) vectors

Ly = Ly + 2 x 0. (E.21)

For this to be a good definition IL; must satisfy the standard properties of a Lie
derivative.

L; is clearly a linear operator and it satisfies the Leibnitz rule for products of
SU(2) vectors such as ¢ - ¢ and 1) x ¢. The Lie derivative must also satisfy

L7 L] = Lk (E.22)

LOnly covariant Lie derivatives with respect to Killing vectors can be properly defined.
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which implies the Jacobi identity. This requires the “curvature” of the “connection”
771 to be

01y — Oyiir + 20y X 17y = — f15™ 7k - (E.23)

It should be clear that 7j; must be related with the SU(2) connection &, but it is
not just k;X&x, which has the right transformation property Eq. (E.20) but does not
satisfy curvature property Eq. (E.23). Thus, we introduce yet another SU(2) vector?

ir = kr¥ox — $P; (E.24)

which must satisfy

@]ﬁj—@Jﬁ[—ﬁIXﬁj—l—%/{?[ijykJY:f[JKﬁK, (E25)

in order to meet Eq. (E.23). Here we have used the fact that in quaternionic Kéhler
manifolds the curvature of the SU(2) connection is non-vanishing and proportional
to the Kahler two-forms. We are going to show that P; satisfies the equation that
defines it as a momentum map.

Now, assuming that a P satisfying Eq. (E.25) has been found, we can write the
conditions that the vector k;X must satisfy to be the generator of a symmetry of the
hyperscalar manifold in the form

Ligxy = 0, (E.26)
L;Jxy = 0. (E.27)

The first equation is just the Killing equation since L;gxy = Lrgxy. Given the
metric and quaternionic structure, the second condition (¢ri-holomorphicity of the
Killing vectors) can be seen as a condition for P just as the Killing equation can be
seen as a condition for k; once the metric gxy is given: it can be written in the form

—JxY x Py =Vxk/ZJ,Y — Jx?V kY, (E.28)

which says that P measures the commutator between the quaternionic structure and
the covariant derivative of the Killing vectors. By contracting this equation with Jy~

2We put the —1/2 factor to agree with the conventions of Ref. [109]
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we obtain an expression for P itself, valid for ny # 0?

ong P = Jx  Vyk/~. (E.32)

For this solution to be consistent, it has to satisfy Eq. (E.25). To see it we first
take the derivative of the above solution Eq. (E.32) using the following identity for
Killing vectors,

VxVyk? = RxwyZk" | (E.33)

and the canonical decomposition of the curvature between its SU(2) and Sp(ngy)
parts,

RxwyZ = - K% - Rxw + fr'C fia?Rxw s (E.34)

Only the SU(2) part of the curvature contributes to the derivative of P;:

@Xﬁ] = Qﬁxykjy = —%jxyk’jy . (E35)
This equation can alternatively be taken as the definition of Pr. Tt defines a
momentum map and it is crucial for coupling hypermultiplets to supergravity. Observe
that the integrability condition of Eq. (E.35) is precisely Eq. (E.28).
We can now substitute Eq. (E.35) in Eq. (E.25), obtaining
By x P4 kX Ty k" = fr,5 Py (E.36)

On the other hand, contracting Eq. (E.28) with Vyk;* we get

nHﬁI X ﬁ] = —jXYVYk?mZVZlﬂJ]X ) (E-37>

3In absence of hypermultiplets (ny = 0) the momentum map P; can still be defined in two cases

in which they are equivalent to a set of constant Fayet-Iliopoulos terms. In the first case the gauge
group contains an SU(2) factor and

B =¢¢, (E.29)

where £ is an arbitrary constant and the €; are constants that are nonzero for I in the range of the
SU(2) factor and satisty
é} XéJ:f[JKgK. (E30)

In the second case the gauge group contains a U(1) factor and
P =¢¢, (E.31)

where € is an arbitrary SU(2) vector and the £;s are arbitrary constants that are nonzero for I
corresponding to the U(1) factor.
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integrating by parts the right hand side of this expression, using the algebra of the
Killing vectors, identity (E.33), the Bianchi identity of the curvature and the curvature
decomposition (E.34) one recovers Eq. (E.36).

From Eq. (E.32) one can see that the momentum map is also covariantly preserved
by the Killing vectors

L;P;=0. (E.38)

There is still one more consistency check on the momentum map: the quaternionic
Kahler two-form is SU(2)-covariantly closed. To ensure that this property is consistent
with Eq. (E.27) we must check that the covariant Lie derivative commutes with the
SU (2)-covariant exterior derivative, in analogy to the commutation between standard
Lie derivatives and exterior derivatives. This requirement leads us to the condition

ﬁ[@' — dﬁ[ — 20 X ﬁ] =0. (E39)

Notice that this relation between the two SU(2) connections is in principle in-
dependent of Eq. (E.24). After substitution of Eq. (E.24) in Eq. (E.39) the latter
becomes the differential definition of P;, Eq. (E.35).

Eq. (E.35) can alternatively be used to solve the Killing vectors in terms of the
derivatives of the momentum map,

ki =275 Dy P (E.40)

In view of this relation P is sometimes called the prepotential.

The moment map assigns a triplet of real numbers to each Killing vector. The
Killing vectors realize the algebra of G. Eq. (E.36) can also be understood as a
realization of the algebra of G in terms of P, Jxy being the symplectic structure
used to define the Poisson brackets which are the left hand side of Eq. (E.36).

In summary, given a Killing vector of the metric gxy (q) we can always construct
the momentum map P; by Eq. (E.32). Next we define the covariant Lie derivative
along the Killing vector by means of the connection 7j;. This covariant Lie derivative
enjoys the algebraic and differential properties of a pure Lie derivative and also com-
mutes with covariant exterior derivatives. The Killing vector becomes automatically
covariantly tri-holomorphic according to Eq. (E.27).
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E.3 SU(2) transformations induced by G

Let us now consider the momentum map as a composite spacetime field over which
depends only on the ¢Xs. Under general variations d¢* and using the definition of
the momentum map (E.35),

(5?} = —(SqX <%jxyk1y —+ QLUX X p}) . (E41)

If this transformation is a G-gauge transformation d,¢® = —gA’k;%X, taking into
account Eq. (E.36), we obtain

SpaPr = —gfr/5 N Py + 2gN177; x Py (E.42)

which is the adjoint action of G on P plus an induced SU(2) gauge transformation
with parameter —gA”’7j; which is present even if G is Abelian. This is the mechanism
through which G can act on objects such as the spinors of the supergravity theory
which only have SU(2) indices, opening the doors to the gauging of groups larger than
SU(2): if the gravitino transforms under standard SU(2) transformations according
to

S\l = il &t X, (E.43)

where X is the infinitesimal SU (2) parameter, then, under G-gauge transformations
it will undergo a similar transformation with A\ = —gA/7;.

Thus, in G-gauged supergravity the pullback of the SU(2) connection that couples
to the spinors of the theory has to be replaced by

gEz‘T#—%gAIﬁI, A=de sy, (E.44)

to take into account the SU(2) transformations induced by G-gauge transformations,
which act on it as

5AB = —2(—gA'7) x B + d(—gA'7). (E.45)

The covariant derivative on these objects is

D, =V, 0L + B, (E.46)
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Proofs of some identities

Let us consider the generalized stabilization equations derived from Eq. (6.3). Differ-
entiating the imaginary part of that equation (i.e. Eq.(6.4)), we get

dIp = dSmFp = £(dX Fop — dX* A FLy) = dR”SmFsp + dI7ReFsn,  (F.1)

2
where we have used X* = R* +4iZ%. Using the invertibility of the imaginary part of
Fyp we get
AR® = SmFN AT, — SmF " ReFopndI® . (F.2)
On the other hand, differentiating the real part of Eq. (6.3)

ARy = dReFp = L(dX Fop + dX* FLy) = AR ReFsp — dI™SmFxy,  (F.3)

and, substituting our previous result for dR*

dRys = ReFroSMF M dH) — (SmFsp + ReFroSmFIAReFap)dIh . (F.4)

We can write all these results in the form

—SmF 1 ReF SmF !
iR = iT,  (F.5)
—(SmF + ReFSmF 'ReF) ReFImF !

SmF ' ReF —QmF!
dT = dR , (F.6)
SImF + ReFIMF 1ReF —ReFImF !
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from which we can read identities such as

OR*> B ORA B oA ORs  ORa _6’IA
0Ly,  0Is ORs’ oy or® IR’
(F.7)
OR*™ B _8RA 01y ORs _QRA B o™
orr 09Iy ORy’ oIy, 09I  OR¥’
We can now prove Eq. (6.46): taking the derivative of R as a function of Z we
have
OR A OR
<VMR|I> = <Wvuz +a_1-AVuIA|I>
ORs OR® ORs OR*™
= VI T¥ — T Iy (77 — T
Vi ( 9T EaIA>+V“A( 0L, 0L )

(F.8)

and using now the above relations between partial derivatives

OR OR ORA ORA
<VMR | I> = VMIA (IE 81'2/3\ + I, az.;) — VMIA (IE 5% +I§;a—1_2) . (Fg)

Given that the real section R is homogeneous of first order in the Z’s

OR OR ORA ORA
(()IQ + Ix, - Ra, 7> +Is— = RA, (FlO)

s oz Iy
which proves the identity.

IE

Similarly, expanding the r.h.s. of Eq. (6.45) we get

A A
(R|V,R) = (27; Ry — i@m) dI” + (W Ry~ T

A dT F.11
s, 8IER)CZE’ (F-11)

and using the identities between partial derivatives and the fact that the real section
7 is homogeneous of first order in R, we arrive at the result we wanted.
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Resumen

En este trabajo se presenta la caracterizacién de todas las configuraciones super-
simétricas de la Supergravedad N = 1, d = 5, sin gaugear y gaugeada, acoplada a
supermultipletes vectoriales e hipermultipletes, asi como también de la Supergravedad
pura N =4, d = 4. Se usa principalmente el método de los bilineales de espinores para
extraer toda la informacién de las ecuaciones de espinores de Killing. Se determina
como las identidades de espinores de Killing pueden ser usadas para establecer rela-
ciones entre las ecuaciones de movimiento cuando éstas se evaliian en configuraciones
supersimétricas.

Adicionalmente, usando la caracterizacién conocida de las soluciones supersimétri-
cas de la Supergravedad N = 2, d = 4 acoplada a supermultipletes vectoriales, se
muestra como el requisito de existencia de supersimetria en todos los lugares, incluidas
aquellos en donde se encuentren las fuentes, puede ser usado como censor césmico.






Conclusiones

Hemos logrado la caracterizacion de las soluciones supersimétricas de la Supergrave-
dad N =1, d = 5 acoplada a materia y de la Supergravedad pura N =4, d = 4. Para
tal fin, hemos usado el método de los bilineales de espinores. Como es usual, usando
este método uno separa las soluciones entre el caso tipo tiempo y el caso nulo. En el
caso tipo tiempo tipicamente hay solitones masivos mientras que en el caso nulo hay
ondas gravitacionales. El método esta enfocado principalmente en la caracterizacion
de las configuraciones minimamente supersimétricas, por lo tanto hemos obtenido
todas las posibles proyecciones que se deben imponer en los espinores de Killing.

Hemos presentado el primer andlisis completo en la teoria de Supergravedad N = 1,
d = 5 con hiperescalares (el estudio de la teorfa con hiperescalares fue iniciado en
Refs. [59-61]). En el caso tipo tiempo, la principal novedad debida a la presencia de
hiperescalares es el agrandamiento del grupo de holonomia de la variedad base espacial
desde SU(2) hasta el grupo SO(4) completo, estando la componente anti-autodual de
la conexion de espin relacionada a los otros campos de las soluciones. De hecho, en
el caso sin gaugear es justo el pull-back de la conexién su(2) de la variedad Ké&hler
cuaternidnica (la misma relacién se mantiene en el caso gaugeado, pero con algunas
correciones). La condicién sobre los hiperescalares para tener supersimetria no rota
tiene una forma muy simple y sugestiva, de hecho en el caso sin gaugear es la ecuacion
para mapas cuaterniénicos entre variedades hiperKéhler (aunque la variedad base no
es necesariamente hiperKéhler). Debido a su simplicidad, esta ecuacién podria ser el
punto de partida para encontrar nuevas soluciones concretas de la teoria. Adicional-
mente, hemos encontrado que en el caso nulo la conexién de espin del subespacio
tridimensional transverso a la onda también esta relacionada a los otros campos. En
el caso sin gaugear también viene dada por el pullback de la conexion su(2) de la
variedad Kéahler cuaternionica. Igualmente, la condicién sobre los hiperescalares es
bastante simple en el caso nulo.

Uno quisiera resolver de forma general todas las ecuaciones que caracterizan a
las soluciones supersimétricas (o llegar a ecuaciones con soluciones conocidas). Esto
ha sido hecho para ciertas teorias de Supergravedad. Sin embargo, la presencia de
hiperescalares asi como también el gaugeo nos conducen a ecuaciones no lineales y
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muy acopladas en el caso de la teoria en cinco dimensiones, como las ecuaciones en
los hiperescalares y la conexion de espin, para las cuales no somos capaces de dar la
solucion general.

Encontramos, en una forma muy precisa, las proyecciones genéricas que deben
ser impuestas sobre los espinores de Killing para tener supersimetria no rota en la
teoria N = 1, d = 5. Tanto en el caso tipo tiempo como en el caso nulo todas las
configuraciones supersimétricas preservan al menos 1/8 de las supersimetrias.

Hemos encontrado soluciones con una isometria adicional en el caso tipo tiempo
de la Supergravedad N = 1, d = 5 las cuales son la generalizacién de la métrica
instantonica de Gibbons-Hawking. Como mencionamos, la presencia de hiperescalares
destruye la autodualidad de la conexién, este hecho se refleja en la no-trivialidad de la
conexion tridimensional, a diferencia del instanton de Gibbons-Hawking el cual tiene
la métrica tridimensional plana.

Seria interesante estudiar el mecanismo de atractor y la entropia de las soluciones
del tipo agujero negro en presencia de hiperescalares. Mas aun, la pp-wave de las
soluciones de clase nula se puede reducir dimensionalmente a agujeros negros super-
simétricos N = 2, d = 4. Esto abre nuevas preguntas acerca de como el mecanismo de
atractor 4-dimensional se implementa en una configuracién 5-dimensional, teniendo en
cuenta que estas soluciones 5-dimensionales pertenecen a la clase nula y el mecanismo
de atractor estandar esta demostrado sélo para soluciones de la clase tipo tiempo. El
origen 5-dimensional de la entropia 4-dimensional puede (y debe) ser investigada.

Maés ain, se puede realizar la reduccién dimensional las soluciones supersimétricas
5-dimensionales con una isometria adicional a 4 dimensiones. Seria interesante ver
como esto se puede hacer en el contexto de la caracterizaciéon de las soluciones su-
persimétricas (tal caracterizacion para la teoria N = 2, d = 4 acoplada a materia se
ha hecho en las Refs. [63,65]). Ademds, la reduccién/oxidacion de las soluciones su-
persimétricas se puede analizar junto con la teoria seis-dimensional. Por lo tanto, las
teorias con ocho supercargas en seis, cinco y cuatro dimensiones podrian ser analizadas
en una forma unificada, extendiendo el anélisis iniciado en Ref. [110].

Una posible y tal vez facil extension de nuestro analisis en la teoria N =1, d =5
es la inclusion de multipletes tensoriales.

En la teoria N = 4, d = 4 hemos encontrado que (en el caso tipo tiempo) la
holonomia de la variedad base tridimensional es mas grande que la de las soluciones
consideradas por Tod [28], quien encontré sélo soluciones planas, de hecho puede
llegar a ser el grupo SU(2) completo. Hemos indicado cémo la conexién de espin
se relaciona a las otras variables de las soluciones. Aqui, las simetrias globales de
la teorfa (SU(4) y SL(2,R)) juegan un papel central, guidndonos en la biisqueda de
las configuraciones y soluciones supersimétricas. Hemos encontrado configuraciones
con holonomia U(1) y también algunas nuevas soluciones de este tipo se presentan.
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Las soluciones que pertenecen a la clase tipo tiempo preservan al menos 1/16 de las
supersimetrias mientras que las de la clase nula preservan 1/4.

La metodologia que hemos desarrollado para analizar la teoria N = 4, d = 4 se
puede adaptar a otras teorias cuadridimensionales con mas supersimetrias, esto es,
Supergravedad cuadridimensional N =6 y 8.

Otra continuacion interesante de nuestro trabajo seria desarrollar la caracteri-
zacién con correcciones del tipo R? tanto en cuatro como en cinco dimensiones. Esto
es particularmente viable ya que las variaciones de supersimetria se mantienen iguales
cuando las correcciones del tipo R? son tomadas en cuenta (aunque las ecuaciones
de movimiento cambian). Esto ya ha sido analizado para el caso de las soluciones
maximalmente supersimétricas de la Supergravedad N =1, d = 5 [160].

Hemos visto que las Identidades de Espinores de Killing (KSIs, por sus siglas en
Inglés) generales halladas en Ref. [78] pueden ser usadas para obtener relaciones ttiles
entre las ecuaciones de movimiento evaluadas en configuraciones supersimétricas. Esta
es una herramienta muy poderosa, nos ha permitido por ejemplo evitar la evaluacién
de (algunas de las componentes de) las Ecuaciones de Einstein. Més ain, las KSIs
pueden ser calculadas para cualquier teoria de supergravedad. Otros autores han us-
ado relaciones analogas entre la ecuaciones de movimiento, pero las habian encontrado
usando directamente las condiciones de integrabilidad de las ecuaciones de espinores
de Killing, la cual es una ruta mas dificil que las KSIs

Hemos demostrado ademas cémo la supersimetria actia como censor cosmico.
Exigiendo que la supersimetria se preserve en todos los lugares, incluyendo las fuentes,
las configuraciones se restringen de tal forma que muchas soluciones con patologias
(singularidades desnudas) se pueden descartar. Hemos formulado la condicién de
tener supersimetria preservada en todos los lugares por medio de tres condiciones que
los agujeros negros supersimétricos tienen que satisfacer. Hemos demostrado cémo
estas condiciones restringen las posibles fuentes debido a, basicamente, la exclusion
de aquellas con carga NUT, momento angular, energia negativa y pelo escalar, lo
cual aparentemente no puede ser descrito en la Teoria de Cuerdas. Llegamos a una
situacién en la cual si un observador lejos de una de las configuraciones globalmente
supersimétricas que hemos considerado, detecta momento angular y campos escalares
no triviales, solo encontrara fuentes electromagnéticas estaticas en equilibrio cuando
se acerque al sistema.

Estas condiciones deberian ser mejoradas al considerar correcciones cuanticas.
Otra linea de accién interesante seria considerar la regularidad de las soluciones del
tipo agujero negro en teorias con N > 2, ver por ejemplo Refs. [161-163], e investigar
el papel que juega el atractor [143].









