Lecture 5: Dualities

• S–Duality

• T–Duality

S-Duality

Q^{i S}→ ( e^{i π4 τ2} )_{ij} Q^j =^1_2 √ 2 ( Q^1 + Q^2 −Q^1 + Q^2 )

( Z^{(1)}_μ , Z^{(1)}_{μ1···μ5} )_S → ( Z^{(3)}_μ , Z^{(3)}_{μ1···μ5} ) ( Z^{(3)}_μ , Z^{(3)}_{μ1···μ5} )_S → − ( Z^{(1)}_μ , Z^{(1)}_{μ1···μ5} )

S^8 = 1 R^S→ R , g_s^S→ 1 g_s , ℓ_s^S→ (g_s)^{1/2}ℓ_s

Example

NS−1B^S↔ D1

ds^2 = H^{−1}dx^2_{(2)} + dx^2_{(8)} e^{2ϕ} = H^{−1}

ds^2 = H^{−1/2}dx^2_{(2)} + H^{1/2}dx^2_{(8)} e^{2ϕ} = H

Exercise V

S −→ SL(2, R )

λ = ℓ + ie^{−ϕ} , ℓ ≡ C^{(0)}

λ^{SL(2,} R ) −→ aλ + b cλ + d , ad − bc = 1

T–Duality: Bosonic

p^{25} = n R : Momentum

X^{25}(τ, σ + ℓ) = X^{25}(τ, σ) + 2πRm : Winding

X^{25} = x^{25} + 2πα^′ ℓR τn + 2πR ℓ σm + oscillators

m^2 = n^2 R^2 + R^2m^2 α^{′2} + 2 α^′ (N_L + N_R − 2)

N_L − N_R + nm = 0

R^T→ α^′ R , n^T↔ m

T–Duality: SUSY

X^9_L =^1_2 x^9 + πα^′ ℓ ( n R + mR α^′ ) (τ + σ)

+ α̃ oscillators

X^9_R =^1_2 x^9 + πα^′ ℓ ( n R − mR α^′ ) (τ − σ) + α oscillators

One Sided Parity Transformation

X^9_R^T→ −X^9_R

Spacetime SUSY

S^{a T}→ γ_9S^a ⇓ Q^+ = Q^1 Q^− = γ_9Q^2

T–Duality: σ Model

S = − 1 4πα^′ ∫ d^2z(g_{μν} + B_{μν} )∂X^μ ¯∂X^ν

X^μ = {X , X^α} S1 = − 1 4πα^′ ∫ d^2z [ gxxAĀ + (gxα + Bxα)A ¯∂X^α + (gαx + Bαx)∂X^αĀ + (gαβ + Bαβ )∂X^α ¯∂X^β + θ(∂Ā − ¯∂A) ]

⇓ S = − 1 4πα^′ ∫ d^2z(gμν + Bμν )∂X^μ ¯∂X^ν

X^μ = {θ , X^α} gxx = 1/gxx , gxα = Bxα/gxx gαβ = gαβ − (gxαgxβ − BxαBxβ )/gxx Bxα = gxα/gxx , Bαβ = Bαβ + 2g_{x[α}B_{β]x}/gxx

T–Duality: N=1 SUGRA

L_{S,D} = √ −ĝe^{−2ϕ̂} ( −R̂ + 4 ( ∂ϕ̂ )_2 − 3 4 Ĥ^2 )

ĝ_{μ̂ν̂} → {g_{μν} , A_μ, χ} B̂_{μ̂ν̂} → {B_{μν} , B_μ} ϕ̂ → ϕ

LS,D−1 = √ −ge^{−2ϕ} ( −R + 4 ( ∂ϕ )_2 − 3 4 H^2 − 1 16 ( ∂χ )_2

− 1 4 e^{χ/2}F^2(A) − 1 4 e^{−χ/2}F^2(B) )

A_μ^T↔ B_μ , χ^T→ −χ ⇒ e^{2ϕ̂ T}→ e^{2ϕ̂}/ĝ_{x̂x̂}

R^T→ ℓ^2_s R , g_s^T→ g_sℓ_s R , ℓ_s^T→ ℓ_s

T-Duality: N=2 SUGRA

IIB IIA 35v → 27 + 7 + 1 35v → 27 + 7^′ + 1 1 → 1^′ 1 → 1^′ 28 → 21 + 7^′ 28 → 21 + 7

1 → 1^{′′} 8v → 7^{′′} + 1^{′′} 28 → 21^′ + 7^{′′} 56v → 35 + 21^′ 35c → 35

Unique N=2, D=9 SUGRA

27 + 7 + 7^′ + 7^{′′} + 1 + 1^′ + 1^{′′} + 35 + 21 + 21^′

T–Duality: N=1 ⇔ N=2

Field Theory

IIB IIA gμν → gμν , A^{(1)}, κ gμν → gμν , B^{(1)}, κ ϕ → ϕ ϕ → ϕ B^{(2)} → B^{(2)}, B^{(1)} B^{(2)} → B^{(2)}, A^{(1)} B^{(10)} → B^{(9)} B^{(10)} → B^{(9)}

C^{(0)} → C^{(0)} , m C^{(1)} → C^{(1)}, C^{(0)} C^{(2)} → C^{(2)}, C^{(1)} C^{(3)} → C^{(3)}, C^{(2)} C^{(4),+} → C^{(3)} C^{(9)} → C^{(9)}, C^{(8)} C^{(10)} → C^{(9)}

N=2, D=9 SUGRA { g , A^{(1)} , B^{(1)} , C^{(1)} , C^{(0)} , κ , ϕ B^{(2)} , C^{(2)} , C^{(3)} , C^{(8)} , B^{(9)} , C^{(9)} }

T–Duality: Central Charges

IIB IIA Pμ → Pμ, P Pμ → Pμ, Z^{(3)} Z^{(3)}μ → Z^{(3)}μ , Z^{(3)} Zμ → Z^{(3)}μ , P Z^+_{(5)} → Z_{(4)} Z_{(5)} → Z^{(3)}_{(4)} , Z_{(4)} Z^{(3),+}_{(5)} → Z^{(3)}_{(4)}

Z^{(1)}μ → Z^{(1)}μ , Z^{(1)} Z → Z^{(1)} Z_{(3)} → Z_{(3)}, Zμν Zμν → Zμν , Z^{(1)}μ Z^{(1),+}_{(5)} → Z^{(1)}_{(4)} Z_{(4)} → Z^{(1)}_{(4)} , Z_{(3)}

D=9 Central Charge Content { Z^{(1)} , Z^{(3)} , P , Z^{(1)}_μ , Z^{(3)}_μ , Pμ , Zμν Zμνρ , Z^{(1)}_{μ1···μ4} , Z^{(3)}_{μ1···μ4} , Zμ_1···μ_4 }

1 2 × 32 × 33 = 3 × 1 + 3 × 9 + 36 + 84 + 3 × 126

T–Duality Rules

P_μ = P_μ μ̂ = (μ, x) P_x = Z^{(3)}_x Z_μ = Z^{(3)}_μ Z_x = P_x Z_{μ1···μ5} = 2Z^+_{μ1···μ5} Z̃_{μ1···μ5} = 2Z^{(3),+}_{μ1···μ5}

Z = −Z^{(1)}_x Z_{μν} = −Z_{μνx} Z_{μx} = −Z^{(1)}_μ Z_{μ1···μ4} = Z^{(1),+}_{μ1···μ4x} Z_{μνρx} = −Z_{μνρ}

T–Duality: Examples

P_μ = P_μ : W−B^T↔ W−A Z^{(3)}μ = Z_μ : NS−1B^T↔ NS−1A P_x = Z_x : W−B^T↔ NS−1A Z^{(3)}x = P_x : NS−1B^T↔ W−A

NS−1B/NS−1A : ds^2 = H^{−1}dx^2_{(2)} + dx^2_{(8)} WB/WA : ds^2 = −(2 − H)dt^2 + Hdz^2 −2(1 − H)dtdz + dx^2_{(8)}

Z^{(1)}x = Z : D1^T↔ D0 Z^{(1)}μ = Z_{μx} : D1^T↔ D2 . . . . Dp/Dp: ds^2 = H^{−1/2}dx^2_{(p+1)} + H^{1/2}dx^2_{(9−p)}

Summary

M–Branes and Branes in Ten Dimensions