Lecture 3: Other M-Branes

C^{(p+1) Poincare duality} ⇔ C^{(D−p−3)} p − brane ⇔ (D − p − 4) − brane

S_{D=11 SUGRA} ∼ ∫ M^{11}

C^{(3)}dC^{(3)}dC^{(3)}

dC^{(6)} − C^{(3)}dC^{(3)} =^∗dC^{(3)}

S11 = 1 16πGN ∫ d^{11}x √ −g{−R − 1 2 × 7!

F^2_{(7)} + · · ·}

F^{(7)} = dC^{(6)}

The M5–Brane

ds^2 = H^{−1/3}dx^2_{(6)} + H^{2/3}dx^2_{(5)} , F^{(7)}_{012345m} = ±∂_mH^{−1} , m = 6, 7, · · · , 10

H = 1 + (r_0 r )_3

(1 ± γ_{012345}) ϵ_∞ = 0 , ϵ = H^{−1/12}ϵ_∞

M5 : ×| × × × × × − − − − −

Mass

τ_5 is Mass per unit 5–volume

τ_5 = 1 2κ^2 ∫ ∂M^5 d^4Σ^m ( ∂^nh_{mn} − ∂_mh^b_b ) m = 6, 7, · · · , 10 a = 1, 2, · · · , 10

gμν = ημν + hμν , μ = 0, 1, · · · , 10

hmn =^2_3 ( r_0 r )_3

δmn h^bb =^5_3 ( r_0 r )_3

d^4Σ^m = r^3y^mdΩ^{(4)} ⇓

τ5 = 3 2κ^2 r^3_0 Ω4

Charge

μ_5 is Charge per unit 5–volume

μ_5 = 1 2κ^2 ∫ ∂M^5 d^4Σ^{m1···m4 ∗}F^{(7)}_{m1···m4} L^{−6} L^{−9} L^4 L^{−1}

∗F^{(7)}_{m1···m4} = ±3r^3_0ϵ_{m1···m4m5} y^{m5} r^5 ⇓

μ_5 = ± 3 2κ^2 r^3_0Ω_4 ⇒ τ_5 = |μ_5|

Dirac Quantization Condition

μ_2μ_5 = 2πn κ^2

Worldvolume Action

• scalar multiplets: D = T + p+1 ≤ 11 D=11: 8 scalars in 3 dimensions

• (2,0) tensor multiplet: ⇒ M5–brane:

(5 scalars, 1 SD tensor) in 6 dimensions

S_{M5} = τ_5 ∫ d^6ξ √ |detg| { 1 +^1_6 H^2 + · · · }

+ μ_5 ∫ d^6ξ { C^{(6)} + C^{(3)}H }

H = db^{(2)} + C^{(3)} , H =^⋆H + · · ·

Self-duality

⋆⋆H_{(D/2)} = (−)^{D/2+t}H_{(D/2)}

(^⋆H_{(D/2)})^2 = (−)^t(H_{(D/2)})^2

Examples

D = (0, 4) :^{⋆⋆}H_{(2)} = H_{(2)} and (H_{(2)})^2 ≠ 0

D = (1, 5) :^{⋆⋆}H_{(3)} = H_{(3)} and (H_{(3)})^2 = 0

S = ∫ d^6x [ −^1_4 ( H_{μνρ} − H^∗_{μνρ} ) H^{∗μνσ}v^ρv_σ ]

v_μ = ∂_μa/ √ (∂a)^2

δB_{μν} = ψ_{[μ}v_{ν]} , δa = 0

Exercise III

Show that from the E.O.M. of b^{(2)}

∂^μ ( v^σv_{[μ}H^−_{νρσ]} ) = 0

it follows that

H^−_{μνρ} = 0

The M–theory Monopole

ds^2 = dx^2_{(7)} + H^{−1} ( dz + Aidx^i )_2 + Hdx^2_i , Fij = ϵijk∂kH , i = 1, 2, 3

H = 1 + r_0 r r_0 =^1_2 R

KK : ×| × × × × × × z − − − z is a U(1)–isometry direction ⇒ Spatial Killing vector k = ∂/∂z

k^2 = k^μk^ν g_{μν} ≡ (R/ℓ_p)^2

(1 − Γ_{0123456}) ϵ = 0 ⇒ 6 − Brane?

Two–center Solution

H = 1 + r_0 |X + X_0| + r^′_0 |X − X_0|

X = −X_0 X = +X_0

Worldvolume Action

6-Brane ⇒ D=7 vector multiplet:

3 scalars + 1 vector ⇒

Gauged Sigma Model SKK−M = τ ∫ d^7ξ k^2 √ |det (Πij + k^{−1}Fij ) | + μ ∫ d^7ξ { (ikN)^{(7)} + · · · }

with

Π_{ij} = ∂_iX^μ∂_jX^ν ( g_{μν} + k_μk_ν /k^2 )

The M9(k)–Brane

(1 − Γ_{0123456789}) ϵ = 0 or (1 − Γ_{11}) ϵ = 0

Assume U(1) isometry in worldvolume direction ⇒ 8-Brane

M9(k) : ×| × × × × × × × ×z −

S_{M9(k)} = τ ∫ d^9ξ k^3 √ |det (Πij + k^{−1}Fij ) | + μ ∫ d^9ξ { ikC^{(10)}(k) + · · · }

S_{D=11 SUGRA} ∼^1_2 ∫ d^{11}x m^2k^4 √ −g

M9(k)–Brane^{R→∞}⇒ End of the world Brane

Effective Tensions

All WV–actions (except the wave) are of the form S = τ ∫ d^{p+1}ξ k^β √ |detg| + · · ·

τ_{eff} = R^β (ℓ_p)^{p+1+β}

: Effective Tension

W−M : − − M2 : p = 2 , β = 0 M5 : p = 5 , β = 0 KK−M : p = 6 , β = 2 M9(k) : p = 8 , β = 3

Summary

Central Charges Pμ ⇒ W−M Zμν ⇒ M2 and M9(k) Zμ_1···μ_5 ⇒ M5 and KK−M

Solutions

M2, M5 : 2 − Block Solutions W−M, KK−M : off − diagonal solutions M9(k) : Killing vector

WV–Actions

W−M : massless particle M2 : scalar multiplet M5 : tensor multiplet KK−M, M9(k) : D = 7, D = 9 vector multiplet