Lecture 2: The M2–Brane

{Q_α, Q_β} = ( γ^μC^{−1} ) αβ P_μ

det P̸ = 0 ⇒ P^2 = 0

P^2 = 0 ⇒ (1 ± γ_{01}) ϵ = 0

Half Unbroken Supersymmetry

P^2 = 0 ⇔ Massless Particle

The Massless Superparticle

S_{superparticle}[X, θ; e] =^1_2 ∫ dτe P^aP^bη_{ab}

P^μ = Ẋ^μ + i ˙θ̄γ^μθ δX^μ = a^μ + iϵ̄γ^μθ δθ = ϵ Local Kappa-Symmetry: δθ = iP̸κ

{S_α , S_β} = δ_{αβ} ⇒

{g_{μν} , ψ_μ , C_{μνρ}} : 128 + 128 d.o.f.

The M–Wave

SD=11 SUGRA = 1 16πGN ∫ d^{11}x √ −g{−R + · · ·}

ds^2 = − (2 − H) dt^2 + Hdz^2 − 2 (1 − H) dtdz + ( dx^2 + · · · dx^2_{10} )

H = f(t ± z) { 1 + (r_0 r )_7}

δψ_μ = ∂_μϵ −^1_4 ω_μ^{ab}γ_{ab}ϵ + · · · = 0 ⇒

(1 ± γ_{01}) ϵ = 0

M–Wave ⇒ Massless Superparticle

Exercise II

Substitute the Brinkmann wave solution into the Killing spinor equation δψ_μ = 0 and show that the Killing spinor ϵ satisfies

(1 ± γ_{01}) ϵ = 0

Summary

What about the D=11 Supermembrane?

The M2–Brane

S11 = 1 16πGN ∫ d^{11}x √ −g{−R − 1 2 × 4!

F^2_{(4)} + · · ·}

F^{(4)} = dC^{(3)} , 16πG_N = 2κ^2

ds^2 = H^{−2/3}dx^2_{(3)} + H^{1/3}dx^2_{(8)} , F^{(4)}_{012m} = ±∂_mH^{−1} , m = 3, 4, · · · , 10

H = 1 + (r_0 r )_6

(1 ± γ_{012}) ϵ_∞ = 0 , ϵ = H^{−1/6}ϵ_∞

Notation

M2 : ×| × × − − − − − − − −

Likewise:

W − M : ×|z − − − − − − − −−

Mass

τ_2 is Mass per unit 2–volume

τ_2 = 1 2κ^2 ∫ ∂M^8 d^7Σ^m ( ∂^nh_{mn} − ∂_mh^b_b ) m = 3, 4, · · · , 10 a = 1, 2, · · · , 10

gμν = ημν + hμν , μ = 0, 1, · · · , 10

hmn =^1_3 ( r_0 r )_6

δmn h^bb =^4_3 ( r_0 r )_6

d^7Σ^m = r^6y^mdΩ^{(7)} ⇓

τ2 = 3 κ^2 r^6_0 Ω7

Charge

μ_2 is Charge per unit 2–volume

μ_2 = 1 2κ^2 ∫ ∂M^8 d^7Σ^{m1···m7 ∗}F^{(4)}_{m1···m7} L^{−3} L^{−9} L^7 L^{−1}

∗F^{(4)}_{m1···m7} = ±6r^6_0ϵ_{m1···m7m8} y^{m8} r^8 ⇓

μ_2 = ± 3 κ^2 r^6_0Ω_7 ⇓

τ_2 = |μ_2|

Worldvolume Action

S_{M2} = τ̄ ∫ d^3ξ √ |detg| + μ̄ ∫ d^3ξ C^{(3)}

(1) ADM mass → τ ∼ r_0 (2) ΔH = τ̄δ → r_0 ∼ τ̄ ⇒ τ̄ = τ

κ − symmetry ⇔ τ̄ = μ̄

Z^M = (X^μ , θ^α) δθ = (1 + Γ) κ

Γ =^1_{3!}√_{|g|} ϵ^{ijk}γijk , Γ^2 = 32 , γi = Ei^aγa , gij = Ei^aEj^bηab WV d.o.f.: 8 + 8

2–Form Central Charge

Symmetries → Noether charges P_μ, M_{μν} , Q_α

δ_αL_{WZ} = ∂_iΔ^i_α , i = 0, 1, · · · , p ⇒

j^0_α = δ_αZ^M ∂L ∂(∂_0Z^M )

− Δ^0_α ⇓ {Qα, Qβ } = ( γ^μC^{−1} ) αβ Pμ +^1_{2!} ( γ^{μν} C^{−1} ) αβ Zμν with Z^{μν} = μ ∫ d^2σϵ^{0ij} ∂_iX^μ∂_jX^ν

Alternatively: L_{WZ} → ∂b^{(2)} − L_{WZ}

Supersymmetry

Use Majorana representation → C = γ_0 Also: P^μ = (M, 0, · · · , 0) and Z^{12} = Q ⇓

{Q_α , Q_β} = (M_{32} + Qγ_{012})_{αβ}

(γ012)^2 = 32 , Tr γ012 = 0 ⇒ γ012 = 16 − 16 ⇓ M ≥ |Q| : BPS bound M = |Q| : BPS state ⇔

(_{32} ± γ_{012}) ϵ_∞ = 0

D=4 Central Charges

{Q^i_α , Q_{βj} } = ( γ^μC^{−1} ) αβ P_μδ^i_j , {Q_{αi} , Q_{βj} } = C^{−1}_{αβ} ϵ_{ij} Z , [Z , any generator] = 0 , (N = 2, D = 4)

U(2) ⇒ USp(1)

A^{⋆αi} = Q^{⋆αi} + e^{−iθ}ε^{ij} Q_{jβ} C^{βα}

{ A_{αi}, A^{⋆βj} } = δ^j_i δ^β_α(2M + Ze^{−iθ} + Z^⋆e^{iθ}) ⇓ M ≥ |Z| : BPS bound M = |Z| : BPS state

Higher Dimensions

“Central Charges” ⇔ BPS States

Z_{M1···Mp} → p−brane

Z_{M1···Mp} ⇔ Z̃_{M1···M(D−p)} ⇓ Z_{M1···Mp} → (D − p)−brane Exceptions: PM , p = 0 , p = D/2 (self–dual)

M-theory central charges

{Q_α, Q_β } = ( γ^μC^{−1} ) αβ P_μ +^1_{2!} ( γ^{μν} C^{−1} ) αβ Z_{μν} +^1_{5!} ( γ^{μνρστ} C^{−1} ) αβ Z_{μνρστ}

1 2 × 32 × 33 = 11 + 55 + 462

M–Branes

P_μ → W−M , Z_{μν} → M2 and M9(k) ,

Z_{μ1···μ5} → M5 and KK−M

We find a gravitational wave (W–M), a membrane (M2), a five-brane (M5), a Kaluza-Klein monopole (KK–M) and a nine-brane (M9(k))