Strings and Branes Madrid lectures, March 12-16, 2001

Exercise IV : κ–Symmetry Our starting point is the following κ–symmetry rule (we only consider the IIA case) δ_κZ^M E_M^α = [κ̄(1 + Γ)]^α (1) where Γ is defined by

Γ = √ |g| √ |g + F| ∞∑ n=0 1 2^nn! γ^{j1k1···jnkn} F_{j1k1} . . . F_{jnkn} × ×(Γ_{11})^{n+ p−22} Γ_{(0)} , p even , i = 0, 1, · · · p. (2) The matrix Γ_{(0)} is given by Γ_{(0)} = 1 (p + 1)! √ |g| ϵ^{i1···ip+1} γ_{i1···ip+1} , (3) with the 32 × 32 matrices γ_i defined as γ_i = E^a_i Γ_a , (4) where Γ_a (a = 0, 1, · · · 9) are the space-time gamma matrices. (1) Show that (Γ_{(0)})^2 = (−)^{(p−1)(p−2)/2} (5) and that Γ^2 =_{32} for F = 0.

We rewrite Γ as Γ = √ |g| √ |g + F| se^12^{Fij γij Γ11} Γ^′_{(0)} , (6) where se^12^{Fij γij} := ∞∑ n=0 1 2^nn! γ^{i1j1···injn} F_{i1j1} · · · F_{injn} (7) and Γ^′_{(0)} := (Γ_{11})^{p−22} Γ_{(0)} . (8) (2) Show that (Γ^′_{(0)})^2 =_{32} . (9)

We next rewrite Γ as Γ = 1 √ |1 + X| se^{12 Xij γij Γ11} Γ^′_{(0)} , (10) where i, j are worldvolume frame indices and X^i_j = g^{ik}F_{kj} . (11) In a special Lorentz frame, X can be written as

X = tanh ϕ_0 e^0 ∧ e^1 + 1 2 (p−2) ∑ r=1 tan ϕ_r e^{2r} ∧ e^{2r+1} , (12) where {ϕ_0, ϕ_r; r = 1 · · ·^1_2 (p−2)} are “angles” and {e^i} = {e^0, e^s; s = 1 · · · , p} is a Lorentz basis.

(3) Show that in this special frame, we have √ |1 + X| = 1 cosh ϕ_0 Π 1 2 (p−2)

r=1 cos ϕ_r

. (13)

(4) Substitute (12) and (13) in (6) and show that Γ can be rewritten as

Γ = ( cosh ϕ_0 Π 1 2 (p−2)

s=1 cos ϕ_s ) se^{tanh ϕ0γ01Γ11} ( Π 1 2 (p−2)

r=1 se^{tan ϕr γ2r2r+1Γ11} ) Γ^′_{(0)} = ( cosh ϕ_0 + sinh ϕ_0 γ^{01}Γ_{11} ) × [ Π 1 2 (p−2) r=1 ( cos ϕ_r + sin ϕ_r γ^{2r2r+1}Γ_{11} ) ] Γ^′_{(0)} (14)

= e^{ϕ0γ01Γ11} ( Π 1 2 (p−2) r=1 e^{ϕrγ2r2r+1Γ11} ) Γ^′_{(0)}

= exp ϕ_0γ^{01} + 1 2 (p−2) ∑ r=1 ϕ_rγ^{2r2r+1} Γ_{11}

Γ^′_{(0)}

= e^{12 YikγikΓ11} Γ^′_{(0)} , (15) where

Y = ϕ_0 e^0 ∧ e^1 + 1 2 (p−2) ∑ r=1 ϕ_re^{2r} ∧ e^{2r+1} . (16) or F = “ tan^{′′} Y . (17)

(5) Use the above result to show that

Γ = e^{−a/2}Γ^′_{(0)}e^{a/2} , (18) with a = −^1_2 Y_{ij} γ^{ij} Γ_{11} . (19)

(6) Finally, show that

Γ^2 =_{32} . (20)