Strings and Branes Madrid lectures, March 12-16, 2001

Exercise III : The PST-Action We are going to show how the selfduality condition for the D=6 two-form follows from the equations of motion corresponding to the PST-action.

The starting point is the PST-Action S_{PST} = ∫ d^6x [ −^1_2 H^−_{μν} H^{∗μν} ] , (1) where we have used the following definitions

H_{μνρ} ≡ 3∂_{[μ}B_{νρ]} , v_μ ≡ ∂_μa √ (∂_ρa)(∂^ρa) → v^2 = 1 , H^∗_{μνρ} ≡^1_6 ϵ_{μνρστϕ}H^{στϕ} , (2) H^−_{μν} ≡^1_2 ( H_{μνρ} − H^∗_{μνρ} ) v^ρ = H^−_{μνρ}v^ρ , H^∗_{μν} ≡ H^∗_{μνρ}v^ρ . The action (1) is invariant under the local symmetries I, II and III (without proof):

I) δ_IB_{μν} = 2∂_{[μ}Λ_{ν]} , δ_Ia = 0 , II) δ_{II}B_{μν} = 2H^−_{μν} 1 √ u^2 ϕ , δ_{II}a = ϕ , (3) III) δ_{III}B_{μν} = ψ_{[μ}v_{ν]} , δ_{III}a = 0 , with u_μ = ∂_μa.

The field equations corresponding to B_{μν} and a are given by (without proof)

∂_{[μ} ( v_ν H^−_{ρσ]} ) = 0 , ϵ^{μνρστϕ}∂_ϕ ( H^−_{μν} H^−_{ρσ}v_τ ) = 0 , (4) respectively.

Choose a basis in which u_μ = ∂_μa = δ_{μ0} , u_μ is constant , (5) and write μ = (0, i) with i = 1 · · · 5.

(1) Show that the equation of motion for B_{μν} , see first equation of (4), can be rewritten as ∂_{[i}H^−_{jk]} = 0 ⇒ H^−_{ij} = ∂_{[i}Φ_{j]} . (6)

(2) Show that the term ∂_{[i}Φ_{j]} takes the form of a type III gauge transformation with Ψ_i = Φ_i. Hence we can take H^−_{ij} = 0. (3) Show that H^−_{ij} = 0 ⇒ H^−_{μνρ} = 0 . (7)

(4) Show that the choice of basis (5) exists. (5) Show that for u_μ = δ_{μ0} the action (1) is given by S_{PST} = ∫ d^6x [ −^1_{24} ϵ^{0ijklm}H_{0ij}H_{klm} −^1_{12} H^{ijk}H_{ijk} . ] . (8)