Strings and Branes Madrid lectures, March 12-16, 2001

Exercise II : The M–Wave Show, by following the steps indicated below, that the substitution of the D=11 Brinkmann wave solution

ds^2 = −(2 − H)dt^2 + Hdz^2 − 2(1 − H)dtdz + dx^2_{(9)} , H = f(t ± z) { 1 + ( r_0 r )_7} (1) into the Killing spinor equation δψ_μ = ∂_μϵ +^1_4 ω_μ^{ab}γ_{ab} ϵ = 0, (2) with the spin-connection ω_μ^{ab} given by ω_μ^{ab}(e) = −e^{ν[a}(∂_μe^{b]}_ν − ∂_ν e^{b]}_μ ) − e^{ρ[a}e^{σb]}(∂_σe_{cρ})e^c_μ , (3) leads to the following conditions on the Killing spinor ϵ:

(1 ± γ_{01}) ϵ = 0 with γ_1 = γ_z and ϵ = constant (4)

(1) Introduce lightcone coordinates u =^{1√}_2 (t + z) , v =^{1√}_2 (t − z) , (5) and show that the Brinkmann wave in lightcone coordinates is given by

ds^2 = −2dudv − W du^2 + dx^2_{(9)} , W = 2(1 − H) , H = f(u) { 1 + ( r_0 r )_7}

. (6)

(2) Introduce a constant (lightlike) vector k_μ with k_u = 1 (k_v = 1) and all other components zero. Show that the elfbein e_μ^a and the inverse elfbein e_a^μ for the Brinkmann wave are given by e_μ^a = δ_μ^a −^1_2 W k_μk^a , e_a^μ = δ_a^μ +^1_2 W k_ak^μ , (7) with e_μ^ae_ν^bη_{ab} = g_{μν} , e_a^μe_μ^b = δ_a^b . (8)

(3) Show that the spin-connection is given by ω_μ^{ab} = +k_μk^{[a} ( ∂^{b]}W ) . (9)

(4) Show that the curvature R_{μν}^{ab}(ω) = ∂_μω_ν^{ab} − ∂_ν ω_μ^{ab} − ω_μ^{ac}ω_{νc}^b + ω_ν^{ac}ω_{μc}^b (10) is given by R_{μν}^{ab} = +2k_{[μ} ( ∂_{ν]}∂^{[a}W ) k^{b]} (11)

(5) Show that the Killing spinor equation (2) leads to the integrability condition R_{μν}^{ab}(ω)γ_{ab} ϵ = 0 (12)

(6) Substitute the expression (11) for the curvature into the integrability condition (12) and derive that γ_vϵ = 0.

(7) Substitute the expression (9) for the spin-connection into the Killing spinor equation (2) and derive from this the conditions (4).

(8) Show that R_{μν} = 0 . (13)

(9) Show that ( R_{μν}^{ab} )_n = 0 . (14)