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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

1 — Introduction/motivation

Three reasons to do what we do:

October 29th 2009 Departamento de Fisica Tedrica e Historia de la Ciencia, UPV/EHU Page 1



The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

1 — Introduction/motivation

Three reasons to do what we do:

1. One of the main tools in Superstring Theory is the correspondence between
(p + 1)-form potentials in their supergravity description and p- states. We
need all the (p 4+ 1)-form potentials in democratic formulations.
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1 — Introduction/motivation

Three reasons to do what we do:

1. One of the main tools in Superstring Theory is the correspondence between
(p + 1)-form potentials in their supergravity description and p- states. We
need all the (p 4+ 1)-form potentials in democratic formulations.

2. Gauged supergravities (sometimes obtained via flux compactifications) are
interesting because of

[1 their non-Abelian gauge symmetries, their scalar potentials that break
supersymmetry fixing the moduli .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

1 — Introduction/motivation

Three reasons to do what we do:

1. One of the main tools in Superstring Theory is the correspondence between
(p + 1)-form potentials in their supergravity description and p- states. We
need all the (p 4+ 1)-form potentials in democratic formulations.

2. Gauged supergravities (sometimes obtained via flux compactifications) are
interesting because of

[1 their non-Abelian gauge symmetries, their scalar potentials that break
supersymmetry fixing the moduli .

[0 their importance in (generalizations of) the AdS/ correspondence.

3. The embedding tensor method (Cordaro, Fré, Gualtieri, Termonia & Trigiante,
arXiv:hep-th/9804056. ) can be used to construct systematically the most general
gauged supergravities . This construction requires the introduction of additional
(p 4+ 1)-form potentials.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

1 — Introduction/motivation

Three reasons to do what we do:

1. One of the main tools in Superstring Theory is the correspondence between
(p + 1)-form potentials in their supergravity description and p- states. We
need all the (p 4+ 1)-form potentials in democratic formulations.

2. Gauged supergravities (sometimes obtained via flux compactifications) are
interesting because of

[1 their non-Abelian gauge symmetries, their scalar potentials that break
supersymmetry fixing the moduli .

[0 their importance in (generalizations of) the AdS/ correspondence.

3. The embedding tensor method (Cordaro, Fré, Gualtieri, Termonia & Trigiante,
arXiv:hep-th/9804056. ) can be used to construct systematically the most general
gauged supergravities . This construction requires the introduction of additional
(p 4+ 1)-form potentials.

We are going to use the embedding tensor method to find all the (p + 1)-form
potentials and the corresponding democratic formulations of any 4-dimensional F'T
with gauge symmetry and we are going to apply the general results to the particular
case of NV =1 supergravity .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

What we are going to do in this seminar:

aSo far, only maximal and half-maximal supergravities have been studied from this point of view
de Wit, Samtleben & Trigiante, arXiv:hep-th/0412173, Samtleben & Weidner arXiv:hep-th/0506237, Schon
& Weidner, arXiv:hep-th/0602024, de Wit, Samtleben & Trigiante, arXiv:0705.2101, Bergshoeff, Gomis,
Nutma & Roest, arXiv:0711.2035, de Wit, Nicolai & Samtleben, arXiv:0801.1294. The only exception is
de Vroome & de Wit arXiv:0707.2717, but the U(2) R-symmetry group has not been properly taken
into account.
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What we are going to do in this seminar:

1. We are going to introduce the embedding tensor method in the simplest case:
electric gaugings of perturbative symmetries (always in d = 4).

2. We will extend the formalism to electric and magnetic gaugings of general
(perturbative and non-perturbative ) symmetries. We will find the need to
introduce higher-rank form potentials defining a structure called tensor
hierarchy de Wit & Samtleben, arXiv:hep-th/0501243, de Wit, Samtleben &
Trigiante, arXiv:hep-th/0507289.

3. We will find all the fields of the tensor hierarchy for arbitrary 4-dimensional F'T's
and we are going to construct a gauge -invariant action for all of them.

4. We will apply our results to N =1 supergravity taking special care of the
existence of U(1)r symmetry and a superpotential 2.

5. We will use some of the new (p + 1)-form potentials to construct supersymmetric
p- effective actions and solutions with sources of N = 1 supergravity .

aSo far, only maximal and half-maximal supergravities have been studied from this point of view
de Wit, Samtleben & Trigiante, arXiv:hep-th/0412173, Samtleben & Weidner arXiv:hep-th/0506237, Schon
& Weidner, arXiv:hep-th/0602024, de Wit, Samtleben & Trigiante, arXiv:0705.2101, Bergshoeff, Gomis,
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

2 — The embedding tensor method: electric gaugings

Consider a general (N =1 supergravity -inspired) 4-dimensional ungauged FT with
bosonic fields {Z?, A*} (the metric plays no relevant role here)

S.[Z¢, AN = / (—2G;+dZ N dZ* 9™ —23m fas FA N FE4+2Re fas FANFE —xVy (Z, Z7)} .

with F* = dA”, the fundamental (electric ) field strengths and fax(Z2).
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

2 — The embedding tensor method: electric gaugings

Consider a general (N =1 supergravity -inspired) 4-dimensional ungauged FT with
bosonic fields {Z?, A*} (the metric plays no relevant role here)

S.[Z¢, AN = / (—2G;+dZ N dZ* 9™ —23m fas FA N FE4+2Re fas FANFE —xVy (Z, Z7)} .

with F* = dA”, the fundamental (electric ) field strengths and fax(Z2).
The action is invariant under the local Abelian transformations

SAA” = dA>.
Let us assume this action is invariant under the global transformations

6aZt = a’ka (2),

5OéfAZ

(5QAA = OéATA EAAZ :

—a? Lafax = a?[Tans — 2T4 A" foyal ,
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

Gauging the global symmetries of a FT with constant parameters o means

modifying it to make it invariant when the a** are arbitrary functions o (z).
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

Gauging the global symmetries of a FT with constant parameters o means

modifying it to make it invariant when the a** are arbitrary functions o (z).

Gauging requires the identification of each o' (x) with a A* and the use of the
corresponding 1-form A* as gauge field A“ of that symmetry.

October 29th 2009 Departamento de Fisica Tedrica e Historia de la Ciencia, UPV/EHU

Page 4-a



The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

Gauging the global symmetries of a FT with constant parameters o means
modifying it to make it invariant when the a** are arbitrary functions o (z).

Gauging requires the identification of each o' (x) with a A* and the use of the
corresponding 1-form A* as gauge field A“ of that symmetry.

Each embedding tensor ¥, defines a possible identification:
o (z) = AT9n?, At = A9t

Leaving 1, “ undetermined we can study all possibilities simultaneously.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

Gauging the global symmetries of a FT with constant parameters o means

modifying it to make it invariant when the a** are arbitrary functions o (z).

Gauging requires the identification of each o' (x) with a A* and the use of the
corresponding 1-form A* as gauge field A“ of that symmetry.

Each embedding tensor ¥, defines a possible identification:
o (z) = AT9n?, At = A9t

Leaving 1, “ undetermined we can study all possibilities simultaneously.

Now we construct derivatives %
DZ' =dZ' + AMIpkA®,
covariant under
oaZt = AZ9sk,4(Z),

5/\142 — —@AZ = —(dAZ + Q9AATA QZAAAQ) .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity
This only works if v AA 1s an invariant tensor
A Q A A _ q B Qq A Bq C A
IAUs” = =N "Qax” =0, Qer” =V TeA 0" —In7UA" fBc™ .

Qax? = 0 is known as the quadratic constraint in the embedding tensor formalism.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity
This only works if v AA 1s an invariant tensor
A Q A A _ q B Qq A Bq C A
IAUs” = =N "Qax” =0, Qer” =V TeA 0" —In7UA" fBc™ .

Qax? = 0 is known as the quadratic constraint in the embedding tensor formalism.
It is customary to define the generators

Xsa® = 95"Tp A",
which satisfy the algebra

[TAaTB] — _fABoa =4 [XXhXA] — _XEAQXﬁa
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity
This only works if v AA 1s an invariant tensor
A Q A A _ q B Qq A Bq C A
IAUs” = =N "Qax” =0, Qer” =V TeA 0" —In7UA" fBc™ .

Qax? = 0 is known as the quadratic constraint in the embedding tensor formalism.
It is customary to define the generators

Xsa't =957 Tp A",
which satisfy the algebra
T, Tp) = —fas®, = [X5, XAl =—-Xm"Xq,
Then we construct the covariant 2-form field strengths
F» =dA" + 1 X 50" 4> N A,

and the gauge -invariant action of the electrically gauged FT takes the form

Seg|Zt, AN = / (=2Gi+DZ NDZ* T —23m fas FAMFE42Re fas FANFE —+Vio (Z, Z27))
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

3 — The embedding tensor method: general gaugings

In 4-dimensions
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

3 — The embedding tensor method: general gaugings

In 4-dimensions

[0 One can define magnetic ( ) 1-forms Ap which one may use as gauge fields:
if the Maxwell equations are

dGAr =0, where GprT = fanF>T,
then we can replace it by the relation
Gpa = Fr, where Fj\=dAx.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

3 — The embedding tensor method: general gaugings

In 4-dimensions

[0 One can define magnetic ( ) 1-forms Ap which one may use as gauge fields:
if the Maxwell equations are

dGAr =0, where GprT = fanF>T,
then we can replace it by the relation
Gpa = Fr, where Fj\=dAx.

[0 The theory (equations of motion) has more non-perturbative global symmetries

that can be gauged . They include electric -magnetic rotations:
6aZ' = o ka'(2),
Safar = a™{=Taas +2Ta " foya — Ta™" farfrs},
AA ) TAZA TAZA AE
Oa An = « As. :
Tasn Ta™a
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

By general gaugings we mean gaugings of the perturbative and non-perturbative sym-
metries using electric and magnetic 1-forms as gauge fields.

October 29th 2009 Departamento de Fisica Tedrica e Historia de la Ciencia, UPV/EHU Page 7



The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

By general gaugings we mean gaugings of the perturbative and non-perturbative sym-
metries using electric and magnetic 1-forms as gauge fields.

Now we need to relate the a** to the gauge parameters of the 1-forms A or Ay We
need new (magnetic ) components for the embedding tensor : ¥*“. Then

ot (z) = AZ9s? + AP 4, A% = AT + As9E 4,

October 29th 2009 Departamento de Fisica Tedrica e Historia de la Ciencia, UPV/EHU Page 7-a



The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

By general gaugings we mean gaugings of the perturbative and non-perturbative sym-
metries using electric and magnetic 1-forms as gauge fields.

Now we need to relate the a** to the gauge parameters of the 1-forms A or Ay We
need new (magnetic ) components for the embedding tensor : ¥*“. Then

ot (z) = AZ9s? + AP 4, A% = AT + As9E 4,
Knowing (Gaillard & Zumino) that the T4 matrices either belong to sp(2ny,R) or
vanish, we introduce the notation
AZ
A E(A ) v AE(ﬁgAﬂ?EA) ot (z) = A9,
5
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

By general gaugings we mean gaugings of the perturbative and non-perturbative sym-
metries using electric and magnetic 1-forms as gauge fields.

Now we need to relate the a** to the gauge parameters of the 1-forms A or Ay We
need new (magnetic ) components for the embedding tensor : ¥*“. Then

ot (z) = AZ9s? + AP 4, A% = AT + As9E 4,
Knowing (Gaillard & Zumino) that the T4 matrices either belong to sp(2ny,R) or
vanish, we introduce the notation
AZ
A E(A ) v AE(ﬁgAﬂ?EA) ot (z) = A9,
5

¥
Tasn Ta™A

N TAZA TAZ]A
(TAM ) p— .

The electric and magnetic charges must by mutually local (de Wit, Samtleben &
Trigiante, arXiv:hep-th/0507289):

QABEiﬁ 49,8 =0.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

Now we can repeat the procedure of the electric case:
First we construct derivatives ®

DZ' =dZ' + AV 9 kA’
covariant under

a2t = A9, 2kAN2),

AAY = DAY = —(dAY + X AVATY, X = INAT4 pM,

A

which only works if v is an invariant tensor

oA = AV Qun? =0, Qun® =9y Ten"dp" — I "IN fBC™.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

Now we can repeat the procedure of the electric case:
First we construct derivatives ®

D7 =dZ  + AV 9, kAL,
covariant under

a2t = A9, 2kAN2),

AAY = DAY = —(dAY + X AVATY, X = INAT4 pM,

A

which only works if v is an invariant tensor

oA = AV Qun? =0, Qun® =9y Ten"dp" — I "IN fBC™.

Before moving forward, we must impose another constraint on the embedding tensor
on top of the two quadratic ones Qv = Q4P = 0:

_ A

This linear or representation constraint is based on supergravity and eliminates
certain possible representations of the embedding tensor . On the other hand, we

cannot construct gauge -covariant 2-form field strengths ' without it!
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

4 — The 4-d tensor hierarchy

To construct the gauge -covariant 2-form field strengths I we take the covariant
derivative of the gauge -covariant “field strength” DZ":

DDZ'=[dA +Li1X A ANAT kAT,
which suggests the definition
F =dA +1iXx A ANA +AF 9 AAF =0,

so we have the Bianchi identity

DDZ' = F"9,, k4" .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

4 — The 4-d tensor hierarchy

To construct the gauge -covariant 2-form field strengths I we take the covariant
derivative of the gauge -covariant “field strength” DZ":

DDZ'=[dA +Li1X A ANAT kAT,
which suggests the definition
F =dA +1iXx A ANA +AF 9 AAF =0,

so we have the Bianchi identity

DDZ' = F"9,, k4" .

Using the constraint Q4”7 = iﬁ 49 B =0 the natural solution is

AF' =-19 '4By=Z “B4.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

4 — The 4-d tensor hierarchy

To construct the gauge -covariant 2-form field strengths I we take the covariant
derivative of the gauge -covariant “field strength” DZ":

DDZ'=[dA +Li1X A ANAT kAT,
which suggests the definition
F =dA +1iXx A ANA +AF 9 AAF =0,

so we have the Bianchi identity

DDZ' = F"9,, k4" .

Using the constraint Q4”7 = iﬁ 49 B =0 the natural solution is

AF' =-19 '4By=Z “B4.

0pB 4 is determined by the gauge -covariance of F©' plus 0By ~ dA 4.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

4 — The 4-d tensor hierarchy

To construct the gauge -covariant 2-form field strengths I we take the covariant
derivative of the gauge -covariant “field strength” DZ":

DDZ'=[dA +Li1X A ANAT kAT,
which suggests the definition
F =dA +1iXx A ANA +AF 9 AAF =0,

so we have the Bianchi identity

DDZ' = F"9,, k4" .

Using the constraint Q4”7 = iﬁ 49 B =0 the natural solution is

AF' =-19 '4By=Z “B4.

0pB 4 is determined by the gauge -covariance of F©' plus 0By ~ dA 4.

But we do not need it to move forward.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

If we take the covariant derivative of the gauge -covariant 2-form field strength F
we find

DF =7 YDBs+Ta A ANdA +1X . A NAT}.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

If we take the covariant derivative of the gauge -covariant 2-form field strength F
we find

DF =7 YDBs+Ta A ANdA +1X . A NAT}.

The gauge -covariance of the l.h.s. suggests the definition
Hy=DBs+Ts A ANdA +1X A AA |+AHs, where Z “AH,=0.

so we have the Bianchi identity

DF" =7"AH, .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

If we take the covariant derivative of the gauge -covariant 2-form field strength F
we find

DF =7 YDBs+Ta A ANdA +1X . A NAT}.

The gauge -covariance of the l.h.s. suggests the definition
Hy=DBs+Ts A ANdA +1X A AA |+AHs, where Z “AH,=0.

so we have the Bianchi identity

DF" =7"AH, .

Using the constraint
Qi A=09,Ts " 9,2 =9.%fec) =22,V 4. =0
the natural solution for 7 AAH, =27 “4ABs =0 is
AHA=Y4.,“Cc

0pCc  is fully determined by the gauge -covariance of H 4.
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If we take the covariant derivative of the gauge -covariant 2-form field strength F
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DF =7 YDBs+Ta A ANdA +1X . A NAT}.

The gauge -covariance of the l.h.s. suggests the definition
Hy=DBs+Ts A ANdA +1X A AA |+AHs, where Z “AH,=0.

so we have the Bianchi identity

DF" =7"AH, .

Using the constraint
Qi A=09,Ts " 9,2 =9.%fec) =22,V 4. =0
the natural solution for 7 AAH, =27 “4ABs =0 is
AHA=Y4.,“Cc

0pCc  is fully determined by the gauge -covariance of H 4.

But we do not need it to move forward.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

If we take the covariant derivative of the gauge -covariant 3-form field strength H 4
we find

DHA—Tsq  F'ANF =Y 4, 9{9Cc"' +F ABg+--}.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

If we take the covariant derivative of the gauge -covariant 3-form field strength H 4
we find

DHA—Tsq  F'ANF =Y 4, 9{9Cc"' +F ABg+--}.

The gauge -covariance of the l.h.s. suggests the definition

Go =9Co 4+ F ANBeo+---4+AGo where Y 4 CAGC =0.

so we have the Bianchi identity

DHAs=Ta v FY"ANFY +Y 4.,Ge

October 29th 2009 Departamento de Fisica Tedrica e Historia de la Ciencia, UPV/EHU Page 11-a



The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

If we take the covariant derivative of the gauge -covariant 3-form field strength H 4
we find

DHA—Tsq  F'ANF =Y 4, 9{9Cc"' +F ABg+--}.

The gauge -covariance of the l.h.s. suggests the definition

Go =9Co 4+ F ANBeo+---4+AGo where Y 4 CAGC =0.

so we have the Bianchi identity

DHAs =T v FY"ANFY +Y 4.,°Ge

To determine AG~  we need to find invariant tensors that vanish upon contraction
with Y 4 ¢. They appear automatically when we take the gauge -covariant
derivative of the Bianchi identity and G~ = (if we “forget” we are in 4 dimensions!).
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

Acting with ® on the Bianchi identity of H 4 we find

Ya C{@G(j — F /\HA}ZO, = DG =F ANHj s+ ADGo |

where
YA, YADGe =0.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

Acting with ® on the Bianchi identity of H 4 we find

Y 4 C{@GC —F ANHal=0, = DG =F ANHs+ADGe

where
YA, YADGe =0.

Acting with ® on the above identity we find
DADGe =W “PHANHp+We F' ANF AF'+We. "' F AGpg
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

Acting with ® on the Bianchi identity of H 4 we find

Y 4 O{@GC —F ANHal=0, = DG =F ANHs+ADGe

where
YA, YADGe =0.

Acting with ® on the above identity we find
DADGe =W “PHANHp+We F' ANF AF'+We. "' F AGpg

This implies that there are 3 such tensors W 42, We Weon B that
vanish contracted with Y 4 ¢ and which we can use to build AGq~
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

Acting with ® on the Bianchi identity of H 4 we find

Y 4 O{@GC —F ANHal=0, = DG =F ANHs+ADGe

where
YA, YADGe =0.

Acting with ® on the above identity we find
DADGe =W “PHANHp+We F' ANF AF'+We. "' F AGpg

This implies that there are 3 such tensors W 42, We Weon B that
vanish contracted with Y 4 ¢ and which we can use to build AGq~

The natural solution is

AGe'' =Weg '*BDsp +We D'+ We.  F'Dg

and oaDap, oD ,0ADE will follow from the gauge -covariance of G
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

What have we got so far just by asking for covariance under gauge transformations?
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

What have we got so far just by asking for covariance under gauge transformations?

[0 A tower of (p+ 1)-forms A", BA,Cc"',Dap, D , D" related by gauge
transformations.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

What have we got so far just by asking for covariance under gauge transformations?
[0 A tower of (p+ 1)-forms A", BA,Cc"',Dap, D , D" related by gauge

transformations.
SAA = —DAM _zMAL
SABg = DAy 42Ty AV EY LAV A Al v 40,9000,
SACC = DA —FY AN —8pAAY ABe — 2To v p A AAN Asp AT y AV HG - WM ABA 4
—We A —WaonpPMAg :
saDap = DAap+2TaunAipg) MY +y 4 pF (g " — B AAET) + DA[4 ABp) — 2A4 A Hp
+2Tpq |y p[AYVFY — AN NS AT A B gy,
SADE = ®DAp +RAgWVP) L L2V BApp? — PN Aag? +opl AspaN + ETpopAY AAT A AQ AspAR
+A G,
SAD = DA —3zWIAR LD — 24V A dal Aspa®) — 3x (VAP A AT A A% Aspal@) —3a(VF

(Yes, we actually computed them.)
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

What have we got so far just by asking for covariance under gauge transformations?
[0 A tower of (p+ 1)-forms A", BA,Cc"',Dap, D , D" related by gauge

transformations.
SAA = —DAM _zMAL
SABg = DAy 42Ty AV EY LAV A Al v 40,9000,
SACC = DA —FY AN —8pAAY ABe — 2To v p A AAN Asp AT y AV HG - WM ABA 4
—We A —WaonpPMAg :
saDap = DAap+2TaunAipg) MY +y 4 pF (g " — B AAET) + DA[4 ABp) — 2A4 A Hp
+2Tpq |y p[AYVFY — AN NS AT A B gy,
SADE = ®DAp +RAgWVP) L L2V BApp? — PN Aag? +opl AspaN + ETpopAY AAT A AQ AspAR
+A G,
SAD = DA —3zWIAR LD — 24V A dal Aspa®) — 3x (VAP A AT A A% Aspal@) —3a(VF

(Yes, we actually computed them.)

[0 The covariant (p + 2)-form field strengths F'"', Ha, G, related by Bianchi
identities.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

What have we got so far just by asking for covariance under gauge transformations?
[0 A tower of (p+ 1)-forms A", BA,Cc"',Dap, D , D" related by gauge

transformations.
SAA = —DAM _zMAL
SABg = DAy 42Ty AV EY LAV A Al v 40,9000,
SACC = DA —FY AN —8pAAY ABe — 2To v p A AAN Asp AT y AV HG - WM ABA 4
—We A —WaonpPMAg
saDap = DAap+2TaunAipg) MY +y 4 pF (g " — B AAET) + DA[4 ABp) — 2A4 A Hp
+2Tpq |y p[AYVFY — AN NS AT A B gy,
SADE = ®DAp +RAgWVP) L L2V BApp? — PN Aag? +opl AspaN + ETpopAY AAT A AQ AspAR
+AN g5
SAD = DA —3zWIAR LD — 24V A dal Aspa®) — 3x (VAP A AT A A% Aspal@) —3a(VF

(Yes, we actually computed them.)

[0 The covariant (p + 2)-form field strengths F'"', Ha, G, related by Bianchi
identities.

This system is known as the (4-dimensional) tensor hierarchy.
It is universal: it exists for all 4-dimensional FT's with gauge symmetry.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

What have we got so far just by asking for covariance under gauge transformations?
[0 A tower of (p+ 1)-forms A", BA,Cc"',Dap, D , D" related by gauge

transformations.
SAA = —DAM _zMAL
SABga = DAg+2T4y AV EY LAV A Al v 40,9000,
SACC = DA —FY AN —8pAAY ABe — 2To v p A AAN Asp AT y AV HG - WM ABA 4
—We A —WaonpPMAg
saDap = DAap+2TaunAipg) MY +y 4 pF (g " — B AAET) + DA[4 ABp) — 2A4 A Hp
+2Tpq |y p[AYVFY — AN NS AT A B gy,
SADE = ®DAp +RAgWVP) L L2V BApp? — PN Aag? +opl AspaN + ETpopAY AAT A AQ AspAR
+AN g5
SAD = DA —3zWIAR LD — 24V A dal Aspa®) — 3x (VAP A AT A A% Aspal@) —3a(VF

(Yes, we actually computed them.)

[0 The covariant (p + 2)-form field strengths F'"', Ha, G, related by Bianchi
identities.

This system is known as the (4-dimensional) tensor hierarchy.
It is universal: it exists for all 4-dimensional FT's with gauge symmetry.

But, what does it mean?
What is the meaning of the additional fields?
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

5 — The meaning of the d = 4 tensor hierarchy

These are the fields that we need to make a general gauging of any F'T.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

5 — The meaning of the d = 4 tensor hierarchy

These are the fields that we need to make a general gauging of any F'T.

However, gauging must not introduce new continuous degrees of freedom in a FT":
they must be related by relations to the fundamental ones.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

5 — The meaning of the d = 4 tensor hierarchy

These are the fields that we need to make a general gauging of any F'T.

However, gauging must not introduce new continuous degrees of freedom in a FT":
they must be related by relations to the fundamental ones. These
relations together with the 1st order Bianchi identities must give the 2nd order
equations of motion.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

5 — The meaning of the d = 4 tensor hierarchy

These are the fields that we need to make a general gauging of any F'T.

However, gauging must not introduce new continuous degrees of freedom in a FT":
they must be related by relations to the fundamental ones. These
relations together with the 1st order Bianchi identities must give the 2nd order

equations of motion.

0 The magnetic 1-forms A, must be related to the electric ones A" via the
relation

FA:GA.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

5 — The meaning of the d = 4 tensor hierarchy

These are the fields that we need to make a general gauging of any F'T.

However, gauging must not introduce new continuous degrees of freedom in a FT":
they must be related by relations to the fundamental ones. These
relations together with the 1st order Bianchi identities must give the 2nd order
equations of motion.

0 The magnetic 1-forms A, must be related to the electric ones A" via the

relation
Fn =Gy .
[1 The 2-forms B4 must be related to the Noether 1-form currents associated to
the global symmetries j4 via the relation
1 o
HA — —5 *x 74 .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

5 — The meaning of the d = 4 tensor hierarchy

These are the fields that we need to make a general gauging of any F'T.

However, gauging must not introduce new continuous degrees of freedom in a FT":
they must be related by relations to the fundamental ones. These
relations together with the 1st order Bianchi identities must give the 2nd order
equations of motion.

0 The magnetic 1-forms A, must be related to the electric ones A" via the

relation
Fn =Gy .
[1 The 2-forms B4 must be related to the Noether 1-form currents associated to
the global symmetries j4 via the relation
1 0
HA — —5 *x 74 .
[1 These two relations together with the Bianchi identity ®F =2 “Hy4
give a set of electric -magnetic -covariant Maxwell equations:
@FA:—%L?AA*]'A ; @GA:%ﬁAA*jA
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

[1 The 3-forms C» must be to constants: the embedding tensor ¢}, ¢. This
is expressed through the formula
oV
1
Go' =2%5g,0
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

[1 The 3-forms C~ must be

to constants: the embedding tensor ¢}, ¢. This
is expressed through the formula

[1 Using the three

relations in the Bianchi identity of H 4 we get

@*jA:4TA

G NG +%xY 4

C

%

C

oV
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

[1 The 3-forms C» must be to constants: the embedding tensor ¢}, ¢. This
is expressed through the formula

[1 Using the three relations in the Bianchi identity of H 4 we get

oV
09 ¢

D x g4 =4Ty G NG +%*Y,4 v

This equation is similar to the consistency condition (gauge or Noether identity)
that Noether currents must satisfy off-shell in F'T's with gauge invariance:

o oV
99 €’

@*jA:—Q(kAigi—l—C.C.)—i—llTA G NG +%xY 4

where &; is the e.o.m. of Z*. Both equations, together, imply

ki€ +cc.=0

which is equivalent to the scalar e.o.m. for symmetric o-models.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

[1 Finally, the indices of the 3 4-forms D 5, D , Dg are conjugate to those
of the constraints Q7. Q) () ". They are Lagrange multipliers enforcing
them.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

[1 Finally, the indices of the 3 4-forms D 5, D , Dg are conjugate to those
of the constraints Q7. Q) () ". They are Lagrange multipliers enforcing
them.

To confirm this interpretation we must construct a gauge -invariant action for
all these fields, including the embedding tensor ¥ . (z).
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

[1 Finally, the indices of the 3 4-forms D 5, D , Dg are conjugate to those
of the constraints Q7. Q) () ". They are Lagrange multipliers enforcing
them.

To confirm this interpretation we must construct a gauge -invariant action for
all these fields, including the embedding tensor ¥ . (z).

This gauge -invariant action is given by

S[g,ul/7Zi7A 7BA70A ,DE ,DAB’D 719 A] p—
/{—QQij*@Zi A*DZ*I" +2F> A Gy — *V

—4Z>ABA A (Fs — 3Z5PBg) — 23X, jsA ANA A (F* — Z¥PBg)
—%X[ ]ZA N A /\(dAz—iX[ ]ZA N A )
—2909 AN (Ca + A" ABy)

+2Q . B(Drp"" =LA NA" ABg)+2Q48Dap+2L,, D"}
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

6 — Application: general gaugings of N = 1,d = 4 supergravity

Now we want to apply our results to gauge N =1 d = 4 supergravity with generic
matter content and couplings.

The main difference with the (half-) maximally supersymmetric cases is that
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

6 — Application: general gaugings of N = 1,d = 4 supergravity

Now we want to apply our results to gauge N =1 d = 4 supergravity with generic
matter content and couplings.

The main difference with the (half-) maximally supersymmetric cases is that

(1 (half-) maximally supergravity the group of automorphisms of the

supersymmetry algebra (R-symmetry) Hau C Ghos C G, the global symmetry
group. In fact, the always scalars parametrize the coset G/Haut X Hmatter-
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

6 — Application: general gaugings of N = 1,d = 4 supergravity

Now we want to apply our results to gauge N =1 d = 4 supergravity with generic
matter content and couplings.

The main difference with the (half-) maximally supersymmetric cases is that

(1 (half-) maximally supergravity the group of automorphisms of the

supersymmetry algebra (R-symmetry) Hau C Ghos C G, the global symmetry
group. In fact, the always scalars parametrize the coset G/Haut X Hmatter-

0 In N =1 N =2 supergravity one can write G = Gpos X Haut, i.e. R-symmetry
only acts on the fermions , which have been ignored in the construction of the
tensor hierarchy .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

6 — Application: general gaugings of N = 1,d = 4 supergravity

Now we want to apply our results to gauge N =1 d = 4 supergravity with generic
matter content and couplings.

The main difference with the (half-) maximally supersymmetric cases is that

(1 (half-) maximally supergravity the group of automorphisms of the
supersymmetry algebra (R-symmetry) Hau C Ghos C G, the global symmetry
group. In fact, the always scalars parametrize the coset G/Haut X Hmatter-

0 In N =1 N =2 supergravity one can write G = Gpos X Haut, i.e. R-symmetry
only acts on the fermions , which have been ignored in the construction of the
tensor hierarchy .

We are going to review ungauged N = 1 supergravity and its global symmetries and
then we are going to gauge them using the embedding tensor formalism.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic NV = 1,d = 4 massless supermultiplets are
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic NV = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic NV = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins

ny (Electric) Vector supermultiplets
(i=1,---nv)
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic NV = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins

ny (Electric) Vector supermultiplets — A*>,
(Gi=1, --ny)
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic NV = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins

ny (Electric) Vector supermultiplets — A*>, A
G=1,- nv)
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic NV = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins

ny (Electric) Vector supermultiplets — A*>, A (1,1/2)
(i=1,--ny)
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic NV = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins

ny (Electric) Vector supermultiplets — A*>, A (1,1/2)
(i=1,ny)

nc Chiral multiplets

(i=1,-nc)
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic NV = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins

ny (Electric) Vector supermultiplets — A*>, A (1,1/2)
(i=1,ny)

nc Chiral multiplets 7"

(i=1,-nc)
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic NV = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins

ny (Electric) Vector supermultiplets — A*>, R (1,1/2)
(t=1,--ny)

nc Chiral multiplets 7 Y

(t=1,---nc)
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic NV = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins

ny (Electric) Vector supermultiplets — A*>, A (1,1/2)
(i=1,ny)
nc Chiral multiplets A X (0,1/2)
(i=1,--nc)
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic N = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins

ny (Electric) Vector supermultiplets — A*>, A (1,1/2)
(i=1,ny)
nc Chiral multiplets A X (0,1/2)
(i=1,--nc)

The supergravity multiplet
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7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic NV = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins

ny (Electric) Vector supermultiplets — A*>, A (1,1/2)
(i=1,--ny)

nc Chiral multiplets A X (0,1/2)
(i=1,--nc)

The supergravity multiplet 2
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic NV = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins

ny (Electric) Vector supermultiplets — A*>, A (1,1/2)
(i=1,--ny)
nc Chiral multiplets A X (0,1/2)
(i=1,-nc)
The supergravity multiplet e, Y, (2,3/2)
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

7 — Ungauged N = 1,d = 4 supergravity

The field content

The basic N = 1,d = 4 massless supermultiplets are

Bosons Fermions  Spins

ny (Electric) Vector supermultiplets — A*>, A (1,1/2)
(i=1,--ny)
nc Chiral multiplets A X (0,1/2)
(i=1,-nc)
The supergravity multiplet e, Y, (2,3/2)

All fermions are represented by chiral 4-component spinors:

’75¢M — _wu , ete.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The couplings
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The couplings

The complex scalars parametrize a Hermitean o-model with kinetic term

20,0, Z1OM Z*7" .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The couplings

The complex scalars parametrize a Hermitean o-model with kinetic term

2 Z-j*@MZic‘?“Z*j*.
N =1 supersymmetry requires the Hermitean manifold to be Kahler
i = 00} I,
where /C is the Kahler potential.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The couplings

The complex scalars parametrize a Hermitean o-model with kinetic term

20,0, Z1OM Z*7" .
N =1 supersymmetry requires the Hermitean manifold to be Kahler
i = 00} I,

where /U is the Kahler potential.

Local N =1 supersymmetry requires the Kahler manifold to be a Hodge manifold,
i.e. a complex line bundle over a Kahler manifold such that the connection is the
Kahler connection O; = 0;/C, O« = 0+
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The couplings

The complex scalars parametrize a Hermitean o-model with kinetic term

2 Z-j*@MZic‘?“Z*j*.
N =1 supersymmetry requires the Hermitean manifold to be Kahler
i = 00} I,
where /U is the Kahler potential.

Local N =1 supersymmetry requires the Kahler manifold to be a Hodge manifold,
i.e. a complex line bundle over a Kahler manifold such that the connection is the
Kahler connection O; = 0;/C, O« = 0+

The spinors transform as sections of the bundle: under Kahler transformations
oAC = AZ)+ A (Z27), O = —3[NZ) = N (Z) ],

and their covariant derivatives contain the pullback of the Kahler connection 1-form
= 0,dZ" 4+ O;«dZ™ e.g.

Du% — {vu + % u}wu'
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

N =1 supergravity allows for an arbitrary holomorphic kinetic matrix /x(Z) for
the vector fields which occurs in the action in the terms

—23m [ A FY A XF> + 2Re [ ax FA A F> | FM=dAN .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

N =1 supergravity allows for an arbitrary holomorphic kinetic matrix /x(Z) for
the vector fields which occurs in the action in the terms

—23m [ A FY A XF> + 2Re [ ax FA A F> | FM=dAN .
Finally, ungauged N = 1 supergravity allows for a holomorphic superpotential
(Z) which appears through the covariantly holomorphic section of Kéahler weight
(1,-1) £(Z,Z7):
(Z,2*) = W(Z)e/2, DL =0,

which couples to the fermions in various ways and gives rise to the scalar potential

V(Z,2*) = —24|L)? + 8G9 D, LD;. L* .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

N =1 supergravity allows for an arbitrary holomorphic kinetic matrix /x(Z) for
the vector fields which occurs in the action in the terms

—23m [ A FY A XF> + 2Re [ ax FA A F> | FM=dAN .

Finally, ungauged N = 1 supergravity allows for a holomorphic superpotential
(Z) which appears through the covariantly holomorphic section of Kéahler weight
(1,-1) L(Z,Z"):

(Z,2*) = W(Z)e/2, DL =0,
which couples to the fermions in various ways and gives rise to the scalar potential
V(Z,2*) = —24|L)? + 8G9 D, LD;. L* .

The bosonic action is

Sulguw, 2%, AN = /{*R— 204i+dZ" ANxdZ*7" —23m [ A F* A %F~

+2Re [ A FANNF> — %V (Z,2%)} .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The global symmetries

Main difference with the general case: the existence of H,,; = U(1)R.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The global symmetries

Main difference with the general case: the existence of H,,; = U(1)R.

[0 U(1)g only acts on the spinors as a multiplication by e‘iqo‘#, where ¢ is the

Kahler weight. Then A = a, # where the symmetries labeled by a, act on
scalars, and/or 1-forms.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The global symmetries

Main difference with the general case: the existence of H,,; = U(1)R.

[0 U(1)g only acts on the spinors as a multiplication by e‘iqo‘#, where ¢ is the

Kahler weight. Then A = a, # where the symmetries labeled by a, act on
scalars, and/or 1-forms.

0 Under U(1)p the scalars Z* are inert but the superpotential £(Z, Z*), which has
Kahler weight +1 gets a constant phase e~ ’

/¥e"
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The global symmetries

Main difference with the general case: the existence of H,,; = U(1)R.

[0 U(1)g only acts on the spinors as a multiplication by e‘iqa#, where ¢ is the

Kahler weight. Then A = a, # where the symmetries labeled by a, act on
scalars, and/or 1-forms.

0 Under U(1)g the scalars Z* are inert but the superpotential £(Z, Z*), which has
Kahler weight +1 gets a constant phase e—ia”
[1 The superpotential £(Z, Z*) is not a fundamental field and this phase change is

not a symmetry unless it can be reabsorbed into a transformation of the scalars.

October 29th 2009 Departamento de Fisica Tedrica e Historia de la Ciencia, UPV/EHU Page 21-c



The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The global symmetries

Main difference with the general case: the existence of H,,; = U(1)R.

[0 U(1)g only acts on the spinors as a multiplication by e‘iqa#, where ¢ is the

Kahler weight. Then A = a, # where the symmetries labeled by a, act on
scalars, and/or 1-forms.

0 Under U(1)g the scalars Z* are inert but the superpotential £(Z, Z*), which has

Kihler weight +1 gets a constant phase e~
[1 The superpotential /(Z, Z*) is not a fundamental field and this phase change is

not a symmetry unless it can be reabsorbed into a transformation of the scalars.

[J But this would mean that we are dealing with a A = a symmetry and we can say
that a non-vanishing superpotential breaks U (1) and we cannot gauge it.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

8 — Gauging N = 1,d = 4 Supergravity

Main difference with the general case: the presence of fermions .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

8 — Gauging N = 1,d = 4 Supergravity

Main difference with the general case: the presence of fermions .

[1 Gauging symmetries that act on the scalars requires the introduction of a set of
real functions 77 4 called or Killing prepotentials such that
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

8 — Gauging N = 1,d = 4 Supergravity

Main difference with the general case: the presence of fermions .

[1 Gauging symmetries that act on the scalars requires the introduction of a set of
real functions 77 4 called or Killing prepotentials such that

kayx =10;P 4.

[1 Then, the spinors ’ covariant derivatives take the form

D0, = {V, + 20, +iAY 00, P A} 1y, ete.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

8 — Gauging N = 1,d = 4 Supergravity

Main difference with the general case: the presence of fermions .

[1 Gauging symmetries that act on the scalars requires the introduction of a set of
real functions 77 4 called or Killing prepotentials such that

kayx =10;P 4.

[1 Then, the spinors ’ covariant derivatives take the form

D0, = {V, + 20, +iAY 00, P A} 1y, ete.

[1 We can also introduce constant and vanishing Killing vectors
for symmetries that do not act on the scalars A = a, #: 7., 7 x. These

constants give rise to Fayet-Iliopoulos terms.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

8 — Gauging N = 1,d = 4 Supergravity

Main difference with the general case: the presence of fermions .

[1 Gauging symmetries that act on the scalars requires the introduction of a set of
real functions 77 4 called or Killing prepotentials such that

[1 Then, the spinors ’ covariant derivatives take the form

D0, = {V, + 20, +iAY 00, P A} 1y, ete.

[1 We can also introduce constant and vanishing Killing vectors
for symmetries that do not act on the scalars A = a, #: 7., 7 x. These

constants give rise to Fayet-Iliopoulos terms.

[1 According to the previous discussion, the symmetries A = a, # are broken and
cannot be gauged if £ # 0.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

8 — Gauging N = 1,d = 4 Supergravity

Main difference with the general case: the presence of fermions .

[1 Gauging symmetries that act on the scalars requires the introduction of a set of
real functions 77 4 called or Killing prepotentials such that

[1 Then, the spinors ’ covariant derivatives take the form

D0, = {V, + 20, +iAY 00, P A} 1y, ete.

[1 We can also introduce constant and vanishing Killing vectors
for symmetries that do not act on the scalars A = a, #: 7., 7 x. These

constants give rise to Fayet-Iliopoulos terms.

[1 According to the previous discussion, the symmetries A = a, # are broken and
cannot be gauged if £ # 0.

#0, =9 ’4((514é @—I—(SA# #)ZO.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

9 — The N =1,d =4 bosonic tensor hierarchy

We have found that, for non-vanishing superpotential , the embedding tensor must
satisfy another constraint

Q =9 A((SA@ @‘|‘5A# #):()7

and, therefore, in that case we expect changes in the standard d = 4 tensor hierarchy
which have to be confirmed by checking supersymmetry .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

9 — The N =1,d =4 bosonic tensor hierarchy

We have found that, for non-vanishing superpotential , the embedding tensor must
satisfy another constraint

Q =9 A((SA@ @‘|‘5A# #):()7

and, therefore, in that case we expect changes in the standard d = 4 tensor hierarchy
which have to be confirmed by checking supersymmetry .

0 Now (£ # 0) the constraint Z"'*AH, = 0 can be solved in a more general form:

A/HAEAHA—I—YAC, YvAE(&qé §—|—5A# #).
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

9 — The N =1,d =4 bosonic tensor hierarchy

We have found that, for non-vanishing superpotential , the embedding tensor must
satisfy another constraint

Q =9 A((SAQ @‘|‘5A# #):()7

and, therefore, in that case we expect changes in the standard d = 4 tensor hierarchy
which have to be confirmed by checking supersymmetry .

0 Now (£ # 0) the constraint Z"'*AH, = 0 can be solved in a more general form:

A/HAEAHA—I—YAC, YAE(5A@ §—|—5A# #).

[0 Also the constraint Y 4, “AG¢c"" = 0 can be solved in a more general way:

ANGo" =AGe" +YcoD
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

9 — The N =1,d =4 bosonic tensor hierarchy

We have found that, for non-vanishing superpotential , the embedding tensor must
satisfy another constraint

Q =9 A((SAé @‘|‘5A# #):()7

and, therefore, in that case we expect changes in the standard d = 4 tensor hierarchy
which have to be confirmed by checking supersymmetry .

0 Now (£ # 0) the constraint Z"'*AH, = 0 can be solved in a more general form:

A/HAEAHA—I—YAC, YAE(5A@ @“|‘5A# #).

[0 Also the constraint Y 4, “AG¢c"" = 0 can be solved in a more general way:

ANGo" =AGe" +YcoD

This will happen in NV =1 supergravity if we find new Stiickelberg shifts

0By~ 06p,Ba+Y AN and 'Co =6,Co + YA
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

10 — The N =1,d = 4 supersymmetric tensor hierarchy

As a first step to include the tensor hierarchy fields into N = 1 supergravity we are

going to construct supersymmetry transformation rules such that the local

supersymmetry algebra, to leading order in fermions , closes on the new fields up to
relations.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

10 — The N =1,d = 4 supersymmetric tensor hierarchy

As a first step to include the tensor hierarchy fields into N = 1 supergravity we are

going to construct supersymmetry transformation rules such that the local

supersymmetry algebra, to leading order in fermions , closes on the new fields up to
relations.

For the lower-rank p-forms we can introduce the supersymmetric partners of the
tensor hierarchy ’s fields and the supersymmetry algebra closes exactly, indicating
that we can supersymmetrize the tensor hierarchy .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

10 — The N =1,d = 4 supersymmetric tensor hierarchy

As a first step to include the tensor hierarchy fields into N = 1 supergravity we are

going to construct supersymmetry transformation rules such that the local

supersymmetry algebra, to leading order in fermions , closes on the new fields up to
relations.

For the lower-rank p-forms we can introduce the supersymmetric partners of the
tensor hierarchy ’s fields and the supersymmetry algebra closes exactly, indicating
that we can supersymmetrize the tensor hierarchy .

This construction requires new rules for the supersymmetric partners.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

10 — The N =1,d = 4 supersymmetric tensor hierarchy

As a first step to include the tensor hierarchy fields into N = 1 supergravity we are

going to construct supersymmetry transformation rules such that the local

supersymmetry algebra, to leading order in fermions , closes on the new fields up to
relations.

For the lower-rank p-forms we can introduce the supersymmetric partners of the
tensor hierarchy ’s fields and the supersymmetry algebra closes exactly, indicating
that we can supersymmetrize the tensor hierarchy .

This construction requires new rules for the supersymmetric partners.

Observe that we are going to obtain, independently, the gauge transformations of the
fields and will confirm or refute the hierarchy’s results.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The scalars Z°

6. 7"
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The scalars Z°

A i)‘(ie.
At leading order in fermions 6,6.Z° = (8, x*)e, where now
Sox! =i DZn* + 209 Dy L7 DZ' = dZ' + A0, ks
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The scalars Z°

6. 2" = i)‘(ie.

At leading order in fermions 6,6.Z° = (8, x*)e, where now
5,XE =i RZn* + 209 D Ly, D7 =dZ" + AV, kA"
We find the expected result
[0, 02" = Og.ct.Z'+0n2Z",
Ogct. L' = £cZ'=+E10,7",
onZ' = AMYAkA0,

gho= @yt — ke,

A = UL
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 1-forms A

We introduce supersymmetric partners Ay, for the magnetic 1-forms Ay, and make
the -covariant Ansatz

0™, = —2EAT e,
SAM = L[EM+ DM,
where we have defined the vector
A A A AY A QA
E( )E( Z), = —Smf* (I + faq? ") Pa.
A fas
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 1-forms A

We introduce supersymmetric partners Ay, for the magnetic 1-forms Ay, and make
the -covariant Ansatz

6AY, = —%E*fyu)\ + c.c.,
M = L[EMF DM,
where we have defined the vector
A A A AY A QA
E( )E( Z), = —Smf* (I + faq? ") Pa.
A fas
The magnetic fields are related to the electric ones by the relations
Fpt = fanF>Y, A = fasA”,
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 1-forms A

We introduce supersymmetric partners Ay, for the magnetic 1-forms Ay, and make
the -covariant Ansatz

6AY, = —%E*fyu)\ + c.c.,
M = L[EMF DM,
where we have defined the vector
A A A AY A QA
E( )E( Z), = —Smf** (I + faq? ") Pa.
A fas
The magnetic fields are related to the electric ones by the relations
Fpt = fanF>Y, A = fasA”,

but we do not need them to show that

[577 ) 5€]A — 5g.c.t.A + 5hA )

where
AAE_TA AT A “i_bA_ Afa bA,uEBA,UJ/gV'
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 2-forms B4

We introduce the supersymmetric partners (4,4 (linear supermultiplets )

0. a = —z[% H) +Dpalet — 4642 paL¥e,
0B 4 pvo i[aY,UJ/CA -+ C'C'] _ i[¢A€*7[u¢u] - C'C'] + 212 A [,LL56A v]
Ocpa = —%EAG—I—C.C.,

where now

HAEHA—YAC,

and A = a are the symmetries that do act on scalars.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 2-forms B4

We introduce the supersymmetric partners (4,4 (linear supermultiplets )
0. a = —z[% H) +Dpalet — 4642 paL¥e,

5€BA 157

1[0 Ca + cc] —ilpae iy —cc]+2Ta v AV ATy,

Ocpa = —%C_Ae + c.Cc.,
where now
H1/4 = HA — YAC,

and A = a are the symmetries that do act on scalars. The duality relations that
project these fields onto those of the physical one are

CA:ai AXia HA:_%*jAa SOA:_% A -
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 2-forms B4

We introduce the supersymmetric partners (4,4 (linear supermultiplets )

0. a = —2[11—2 W BDpalet — 4642 pa L€,
5€BA ur %[gfy,uﬂ/CA =+ C'C'] o Z[ A€ WMPV - C'C'] + 274 A [,LL56A v] s
Ocpa = —%_AG—I—C.C.,

where now

HAEHA—YAC,

and A = a are the symmetries that do act on scalars. The duality relations that
project these fields onto those of the physical one are

(a=08Pax’, Hy=-3xja, pa=-3Pa.
but, again, we do not need them to show that
[577 ) 5€]BA — 5g.c.t.BA + 5;LBA )

which proofs the existence of an extra Stiickelberg shift in B 4.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 3-forms C4

In this case we do not introduce any supersymmetric partners. We just make the
Ansatz

0.C 4 uvp = —%[ AE*W/MV/))‘ — C.C.] — 3B 4 ['LW|5€A p] — 2T 4 A [MA V|5€A p] -
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 3-forms C4

In this case we do not introduce any supersymmetric partners. We just make the
Ansatz

0.Ca uvp = —%[ AE*’VMW))\ — C.C.] — 384 [MV|5€A p] — 274 PO A [MA ,/|5€A p] -
The local supersymmetry algebra closes only upon use of the relation

G;l :—%*%e( A )
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 3-forms C4

In this case we do not introduce any supersymmetric partners. We just make the
Ansatz

7

0.C 4 uvp = _§[ Ag*/ym/pk — C.C.] — 3B 4 ['LW|5€A p] — 2T 4 A [MA ,/|5€A p] -

The local supersymmetry algebra closes only upon use of the relation
G;l = —% * 3%6( A ) .
According to the general results the relation has the general form
oV
/ 1
Cal =a%g, A

October 29th 2009 Departamento de Fisica Tedrica e Historia de la Ciencia, UPV/EHU Page 28-b



The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 3-forms C4

In this case we do not introduce any supersymmetric partners. We just make the
Ansatz
i

0.C 4 Myp:—g[ AE*W/LWP)‘ —C.C.]—3BA[M,/|5€A | — 2Ty A [,uA ,/|5€A |

p] pl
The local supersymmetry algebra closes only upon use of the relation
G =—1xRe(PaD").
According to the general results the relation has the general form
Gy =3 agv -
This corresponds to a scalar potential of the form
Voemg = Va — i Re D04 P4 =V, + 3 I INBPAPE,
where
_ 14> I Ros, fas = Ras +ilps,
( ) = ( RpoI*** Ins + RaoI™ Rrs; ) ’ Moy, = 6y,
so it is manifestly -invariant, as it must.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 3-forms C, C’

The consistency of the previous results requires the existence of a 3-form C
transforming under the extra Stiickelberg shift of B 4.

0eChuvp = —38L E V™ ) — 38DiLEYupx' + CoC.,

where g is a constant to be found.

There are two possibilities:
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 3-forms C, C’

The consistency of the previous results requires the existence of a 3-form C
transforming under the extra Stiickelberg shift of B 4.

0eChuvp = —38L E V™ ) — 38DiLEYupx' + CoC.,

where g is a constant to be found.
There are two possibilities:

1. g = —i, we find the expected gauge transformations of C' and the local
supersymmetry algebra closes if G = dC = 0.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 3-forms C, C’

The consistency of the previous results requires the existence of a 3-form C
transforming under the extra Stiickelberg shift of B 4.

0eChuvp = —38L E V™ ) — 38DiLEYupx' + CoC.,

where g is a constant to be found.
There are two possibilities:

1. g = —i, we find the expected gauge transformations of C' and the local
supersymmetry algebra closes if G = dC = 0.

2. g € R, we find the gauge transformation of a different 3-form that we call C’ and
the local supersymmetry algebra closes if its field strength G’ = dC’ satisfies the
relation

G = *xg(—24|L|? +8GY D, LD+ L*) .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 3-forms C, C’

The consistency of the previous results requires the existence of a 3-form C
transforming under the extra Stiickelberg shift of B 4.

0eChuvp = —38L E V™ ) — 38DiLEYupx' + CoC.,

where g is a constant to be found.

There are two possibilities:

1. g = —i, we find the expected gauge transformations of C' and the local
supersymmetry algebra closes if G = dC = 0.

2. g € R, we find the gauge transformation of a different 3-form that we call C’ and
the local supersymmetry algebra closes if its field strength G’ = dC’ satisfies the
relation

G = *xg(—24|L|? +8GY D, LD+ L*) .

If we rescale the superpotential by £ — g/, the above relation takes the
standard form
% 8‘/6)—mg

r_ 1
G = 3 o
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 3-forms C'4  are the of the deformation parameters . .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 3-forms C'4  are the of the deformation parameters . .

The 3-form C’ is the dual of the deformation parameter g associ-
ated to the superpotential
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 3-forms C'4  are the of the deformation parameters . .

The 3-form C’ is the dual of the deformation parameter g associ-
ated to the superpotential

So, what is the 3-form C' dual to?
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The 4-forms D o5, D Dg'',D

The calculations become horribly complicated and we only check the closure of the
local supersymmetry algebra in the ungauged ¥, = 0 case when there are no
symmetries acting on the 1-forms i.e. T4 — (0;

The supersymmetry transformations are

0. Dap = —%* (A0; B]Exi—l—c.c.—B[A/\(SGBB],
6.D = 10AN AFP A§.AD)
0.Dp = (Cg NJA

5DV = —ixr*aA fcc.+CAGA

This proves that D' can be consistently added to the supersymmetric theory. Its
role in the action will be that of Lagrange multiplier of the constraint )
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

11 — The supersymmetric objects of NV = 1 supergravity
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

11 — The supersymmetric objects of NV = 1 supergravity

One of the main motivations for this work was to find supersymmetric p-
objects of N =1 supergravity and their supersymmetric worldvolume effective
actions, which can be used as sources of the corresponding supersymmetric solutions.

(p 4+ 1)-potentials < p- actions < supersymmetric solutions.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

11 — The supersymmetric objects of NV = 1 supergravity

One of the main motivations for this work was to find supersymmetric p-
objects of N =1 supergravity and their supersymmetric worldvolume effective
actions, which can be used as sources of the corresponding supersymmetric solutions.

p + 1)-potentials < p- actions < supersymmetric solutions.
y

Only (p + 1)-form potentials transforming into gravitini can be used to build
effective actions of dynamical p- . These are

e*,,Ba,C,C’ .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

11 — The supersymmetric objects of NV = 1 supergravity

One of the main motivations for this work was to find supersymmetric p-
objects of N =1 supergravity and their supersymmetric worldvolume effective
actions, which can be used as sources of the corresponding supersymmetric solutions.

(p 4+ 1)-potentials < p- actions < supersymmetric solutions.

Only (p + 1)-form potentials transforming into gravitini can be used to build
effective actions of dynamical p- . These are

e*,,Ba,C,C’ .

This agrees with the results on the classification of supersymmetric solutions of
N =1 supergravity (Gran, Gutowski, & Papadopoulos, and T.O.): only

pp-waves (e?,,), strings (B4) and domain walls (C, C").
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

11 — The supersymmetric objects of NV = 1 supergravity

One of the main motivations for this work was to find supersymmetric p-
objects of N =1 supergravity and their supersymmetric worldvolume effective
actions, which can be used as sources of the corresponding supersymmetric solutions.

(p 4+ 1)-potentials < p- actions < supersymmetric solutions.

Only (p + 1)-form potentials transforming into gravitini can be used to build
effective actions of dynamical p- . These are

e*,,Ba,C,C’ .

This agrees with the results on the classification of supersymmetric solutions of
N =1 supergravity (Gran, Gutowski, & Papadopoulos, and T.O.): only

pp-waves (e?,,), strings (B4) and domain walls (C, C").

We are going to focus on the domain walls associated to the 3-form C since we need
to know the associated deformation parameter in order to couple C to supergravity .
We consider the ungauged theory with only chiral supermultiplets and
superpotential
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

12 — Domain-wall solutions of N =1 supergravity
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

12 — Domain-wall solutions of N =1 supergravity

The metric of a 4-d domain-wall solution can always be written in the form

ds* = Hn,,drtdx” = H()[Nmpdz™dz™ — d 2], m,n=0,1,2.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

12 — Domain-wall solutions of N =1 supergravity

The metric of a 4-d domain-wall solution can always be written in the form

ds* = Hn,,drtdx” = H()[Nmpdz™dz™ — d 2], m,n=0,1,2.

If the Z* = Z*(//) the gravitino Killing spinor equation 6.1, = 0 is be solved by

(74 /2¢) £ in12(e=% /2¢)* = 0, e = L/|L].
and H () satisfies the “H flow equation”
0 H'/?==£2|/].
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

12 — Domain-wall solutions of N =1 supergravity

The metric of a 4-d domain-wall solution can always be written in the form

ds* = Hn,,drtdx” = H()[Nmpdz™dz™ — d 2], m,n=0,1,2.

If the Z* = Z*(//) the gravitino Killing spinor equation 6.1, = 0 is be solved by

(74 /2¢) £ in12(e=% /2¢)* = 0, e = L/|L].
and H () satisfies the “H flow equation”
0 H'/?==£2|/].

Using the above BPS projector into the chiralino Killing spinor equations dex' =0
we find the “Z* flow equations”

0,7" = +e" \'HY?.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

12 — Domain-wall solutions of N =1 supergravity

The metric of a 4-d domain-wall solution can always be written in the form

ds* = Hn,,drtdx” = H()[Nmpdz™dz™ — d 2], m,n=0,1,2.

If the Z* = Z*(//) the gravitino Killing spinor equation 6.1, = 0 is be solved by

(74 /2¢) £ in12(e=% /2¢)* = 0, e = L/|L].
and H () satisfies the “H flow equation”
0 H'/?==£2|/].

Using the above BPS projector into the chiralino Killing spinor equations dex' =0
we find the “Z* flow equations”

0,7" = +e" \'HY?.

These two first-order flow equations imply the second-order supergravity equations
of motion.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

13 — Domain-wall sources of N = 1 supergravity
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

13 — Domain-wall sources of N = 1 supergravity

We want the sources of domain-wall solutions that couple to the 3-form C’. They

will have the form of worldvolume effective actions and C’ will be in the
Wess-Zumino term.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

13 — Domain-wall sources of N = 1 supergravity

We want the sources of domain-wall solutions that couple to the 3-form C’. They

will have the form of worldvolume effective actions and C’ will be in the
Wess-Zumino term.

The supersymmetry transformation of C’
(5€Cl’wp = —3igL € V¥ p) — %gDi e VuoX' + c.C., gc R,

suggest that the kinetic term contains a Z-dependent factor (tension) which is a real
function of
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

13 — Domain-wall sources of N = 1 supergravity

We want the sources of domain-wall solutions that couple to the 3-form C’. They

will have the form of worldvolume effective actions and C’ will be in the
Wess-Zumino term.

The supersymmetry transformation of C’
(5€Cl’wp = —3igL € V¥ p) — %gDi e VuoX' + c.C., gc R,

suggest that the kinetic term contains a Z-dependent factor (tension) which is a real
function of

1 mn
Spw = /dgf{\ v/ lgesy| + 556 pC;nnp} )

where 3 € R, |g3| the determinant of the pullback g(3),, of the spacetime metric
over the 3-dimensional worldvolume and C7,,,,,, is the pullback of the 3-form.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

13 — Domain-wall sources of N = 1 supergravity

We want the sources of domain-wall solutions that couple to the 3-form C’. They

will have the form of worldvolume effective actions and C’ will be in the
Wess-Zumino term.

The supersymmetry transformation of C’

0:C,,,,, = —3igL N th* 5 — 38D L€ Yo' + c.C., g <R,

suggest that the kinetic term contains a Z-dependent factor (tension) which is a real
function of

1 m’n/
Spw = /dgf{\ v/ 193)| + = 3! pC;nnp} ;

where 3 € R, |g3| the determinant of the pullback g(3),, of the spacetime metric
over the 3-dimensional worldvolume and C7,,,,,, is the pullback of the 3-form.

In the static gauge 0.X* /0™ = §*,, it can be seen that this action is invariant to
lowest order in fermions under the supersymmetry transformations of g,,,,, Z° ,Clup if
B = +1/4 and the spinors satisfy the BPS domain-wall projection

(e—z‘ /2 ):I:wom( —1 /26)* —0.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

14 — Sourceful domain-wall solutions of NV = 1 supergravity
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

14 — Sourceful domain-wall solutions of NV = 1 supergravity

To couple our candidate to domain-wall source to the bulk N =1 supergravity
action we need to introduce consistently C’ into it by
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

14 — Sourceful domain-wall solutions of NV = 1 supergravity

To couple our candidate to domain-wall source to the bulk N =1 supergravity
action we need to introduce consistently C’ into it by

1. Rescaling /' — g/ everywhere except at the 3-form supersymmetry
transformation rule.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

14 — Sourceful domain-wall solutions of NV = 1 supergravity

To couple our candidate to domain-wall source to the bulk N =1 supergravity
action we need to introduce consistently C’ into it by

1. Rescaling /' — g/ everywhere except at the 3-form supersymmetry
transformation rule.

2. Promoting the constant g to a scalar field g(z) and adding to the bulk

supergravity action a Lagrange -multiplier term containing the 3-form to enforce
the constancy of g.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

14 — Sourceful domain-wall solutions of NV = 1 supergravity

To couple our candidate to domain-wall source to the bulk N =1 supergravity
action we need to introduce consistently C’ into it by

1. Rescaling /' — g/ everywhere except at the 3-form supersymmetry
transformation rule.

2. Promoting the constant g to a scalar field g(z) and adding to the bulk
supergravity action a Lagrange -multiplier term containing the 3-form to enforce
the constancy of g.

Thus, we consider the bulk supergravity action,

1 4 i 7 2 * 1 vpo
Sbulk = ?/d X |g| [R+2Qij*0uZ (9'“2 J — & (x)V(Z,Z )— 3\/@6'UJ P 6’ug(aj)C,’/pU
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

14 — Sourceful domain-wall solutions of NV = 1 supergravity

To couple our candidate to domain-wall source to the bulk NV =1 supergravity
action we need to introduce consistently C’ into it by

1. Rescaling /' — g/ everywhere except at the 3-form supersymmetry
transformation rule.

2. Promoting the constant g to a scalar field g(z) and adding to the bulk

supergravity action a Lagrange -multiplier term containing the 3-form to enforce
the constancy of g.

Thus, we consider the bulk supergravity action,

1 4 i 7 2 * 1 vpo
Sbulk = ?/d h |g| [R+2gij*0MZ (9'“Z J — & (w)V(Z,Z )— 3\/@6'M P @Lg(aj)C,’/po

and the source action

1
Shrane = —/d4ivf( ){\ | \9(3>|iz!€mnp0@p} :

where f( ) is a distribution function of domain walls common transverse direction
3= f()=6W( — ) for a single domain wall placed at = , etc.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The equations of motion that follow from S = Spuk + S are

U |3 mn 1%
Ewr = £ £(y), |V\;’L> iy Om*dn” |

gz’j*ggi* _ K2 £ )\/|9<3)|€z'

8 \/m )
P dog(x) = £EF(1)EMPELHE,Y 8P
rod, Ol = 6g(x)V(Z,2%),

where ££" and Eg;+ are the Einstein and scalar equations of motion with g(z) # 0.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The equations of motion that follow from S = Spux + S are

U '\/| 3 mn 1
é'g — ()‘ |\/!/%_) (3)5 #0n

a7 2 Vel
G Egixr = f()\/gﬁ)e ;

7 D,g(T) = HEE())EmPE M5, 5
ey, Cl = 6bg(x)V(Z,2*),

where ££" and Eg;+ are the Einstein and scalar equations of motion with g(z) # 0.

The third equation is that of the 3-form and is solved if g is a function of = satisfying

2
[

g( ) will have step-like discontinuities at the locations of the domain walls.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The equations of motion that follow from S = Spux + S are

U '\/| 3 mn 1
é'g — ()‘ |\/!/%_) (3)5 #0n

a7 2 Vel
G Egixr = f()\/gﬁ)e ;

7 D,g(T) = HEE())EmPE M5, 5
ey, Cl = 6bg(x)V(Z,2*),

where ££" and Eg;+ are the Einstein and scalar equations of motion with g(z) # 0.

The third equation is that of the 3-form and is solved if g is a function of = satisfying

2
[

g( ) will have step-like discontinuities at the locations of the domain walls.

The fourth equation is that of g(x) and y states that C’ is the dual of the scalar
potential.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

[t can now be checked that the Einstein and scalar equations of motion are
identically satisfied if H (/) and the scalars Z*(/) satisfy the sourceful flow equations

8,Z" = =zg(n)e \ HY?,

8,H™1? = +2g(y)|L].
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

[t can now be checked that the Einstein and scalar equations of motion are
identically satisfied if H (/) and the scalars Z*(/) satisfy the sourceful flow equations

8,Z" = =zg(n)e \ HY?,
8,H™1? = +2g(y)|L].

These equations can be derived from the modified fermion supersymmetry
transformations

Sty = Due+ig(@) Yue”,

deX! = 1 PZ%* +g(x)\N'e.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

[t can now be checked that the Einstein and scalar equations of motion are
identically satisfied if H (/) and the scalars Z*(1/) satisfy the sourceful flow equations

8,Z" = =zg(n)e \ HY?,
8,H™1? = +2g(y)|L].

These equations can be derived from the modified fermion supersymmetry
transformations

Scby = Dy +ig() yuc”,
deX! = 1 PZ%* +g(x)\N'e.
A fully supersymmetric “democratic” formulation of N =1 d = 4

supergravity including all higher-rank forms and local coupling constants
is necessary to accomodate these modifications.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

[t can now be checked that the Einstein and scalar equations of motion are
identically satisfied if H (/) and the scalars Z*(1/) satisfy the sourceful flow equations

8,Z" = =zg(n)e \ HY?,
d H™'?2 = 42g(1)]/].

These equations can be derived from the modified fermion supersymmetry
transformations

Scby = Dy +ig() yuc”,
deX! = 1 PZ%* +g(x)\N'e.
A fully supersymmetric “democratic” formulation of N =1 d = 4

supergravity including all higher-rank forms and local coupling constants
is necessary to accomodate these modifications.

Observe that the space-dependent coupling constant g(x), sourced by
domain wall , can modify the effective scalar potential dramatically.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

15 — A simple example

Let us consider the model (1 chiral multiplet) defined by
= |22, =1, (£ =2 N7 =07%el21/2)
These choices lead to the Mexican-hat-type potential V = —8(3 — p2)6p2/ 2 (Z = pe'P) with

a maximum and degenerate minimum at p = 0 and p = +1 resp. with
V(0)=-24, V(1) = —16+e ~ —26.4.

. V(rhg) _
1 1 | 1 1 1 | 1 1 1 | 1 1 | J

—
)

\o}
e}

These numbers are irrelevant, as V' will be multiplied by g2( ), determined by the sources .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The sourceful flow equations take the form (G = Arg Z = const)
0,p = L2g(y)per /2H?,

0,H-1/? = =Lag(y)er/?.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The sourceful flow equations take the form (G = Arg Z = const)
0,p = L2g(y)per /2H?,

0,H-1/? = =Lag(y)er/?.

I Solutions with g = 0: p and HH are constant and the spacetime is Minkowski .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The sourceful flow equations take the form (G = Arg Z = const)
0,p = L2g(y)per /2H?,

0,H-1/? = =Lag(y)er/?.

I Solutions with g = 0: p and HH are constant and the spacetime is Minkowski .

II-a Solutions with g(y) # 0 and 9,7 = 0:

1

= gp =0, = p =0 and the metric is that of AdS,y: H = 22"
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The sourceful flow equations take the form (G = Arg Z = const)
0,p = L2g(y)per /2H?,

0,H-1/? = =Lag(y)er/?.

I Solutions with g = 0: p and HH are constant and the spacetime is Minkowski .

II-a Solutions with g(y) # 0 and 9,7 = 0:

1
g2,2°
p = 1 can only be a solution if g = 0, in which case we have a Minkowski spacetime.
An AdS, solution with g # 0 exists, but it is not supersymmetric .

= gp =0, = p =0 and the metric is that of AdS,: H =
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

The sourceful flow equations take the form (G = Arg Z = const)
0,p = L2g(y)per /2H?,

0,H-1/? = =Lag(y)er/?.

I Solutions with g = 0: p and HH are constant and the spacetime is Minkowski .

II-a Solutions with g(y) # 0 and 9,7 = 0:

1
g2,2°
p = 1 can only be a solution if g = 0, in which case we have a Minkowski spacetime.
An AdS, solution with g # 0 exists, but it is not supersymmetric .

= gp =0, = p =0 and the metric is that of AdS,: H =

II-b Solutions with g # 0 and 0,7 # 0:

H = c/p?,
p o= VEaf GO GO =4/% [e0)d+d
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

—1 . . : :
erf " is the inverse of the normalized error function

erf(z) = % /Ofl? e~ du = —erf(—zx) .

erf-1
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

—1 . . : :
erf " is the inverse of the normalized error function

2 v 2
erf(z) = e " du = —erf(—x).

~ VT Jo

Then, for constant g, the solution is restricted to 1 € (—1,+1) and it is locally AdSy,
but cannot be interpreted as an interpolation between two vacua unless we cut the
spacetime at finite values of 1. To have more general g(y) we have to add sources.
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

Let us consider, first, a single, infinitely thin domain-wall source of tension ¢ > 0
placed at y = y:

/ﬁ)zq

() = a8—10). 80) = £ L0010 ~0(io—)].  G() = Yot

V321

|y —yo|+d.

G(y) is always unbounded and the solution is not well defined.

A possible solution: we introduce two parallel domain wall with opposite tension and
charge at a different point (y = —1, with 1, > 0 for simplicity) so

0(y = o) —0(y + vo)

1_‘1[9( — o) — (Yo — y) — Oy + yo) + 0(—yy — )],

G(y) = y/35=ra(ly—vol = Iy +vol) +d.

N

o "
VS VS
N—" N——"
| |
H <
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Choosing d = @/8i/<:2q o we can set G(400) = G(+1,) = 0 and
T

p(y) = p(+yg) =0 y > yq.
In the interior of the g(1) # 0 region p approaches zero as p ~ iﬁ/ﬁ'?q(yo — y) so the
metric approaches AdSy

R? 4
H ~ = —.
(o —¥) R=q
The value G(—1q) = \/5=Kk*qyy = G(—00), can be tuned by moving the
domain-wall sources (7). It has to be smaller or equal than 1.

If G(—1y) <1 then p(—v,) is finite and p approaches 1 = —1, from the interior of

the g(y/) # 0 region as
] K2q
P 2 erf/[p(—oo)/\/i]( *Yo),

so the metric approaches another AdS, region.

This solution we have obtained smoothly interpolates between two AdS, regions one
of which (the p = 0 one) corresponds to a supersymmetric vacuum of the theory.
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The two infinitely-thin domain-wall sources setup can be understood as a crude
approximation to the following configuration with domain-wall sources of finite
thickness

f) =g’ g0)=Fde @) =) +a.

in which g(y) only vanishes asymptotically.
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16 — Conclusions
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16 — Conclusions

We have constructed the complete, generic, 4-dimensional tensor hierarchy .
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We have constructed an action for all the fields of the tensor hierarchy ,
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We have studied the tensor hierarchy of N =1 d = 4 supergravity and we have
found an extra constraint for the embedding tensor that leads to an extension.
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16 — Conclusions

We have constructed the complete, generic, 4-dimensional tensor hierarchy .

We have constructed an action for all the fields of the tensor hierarchy ,
interpreting all of them and their relations.

We have studied the tensor hierarchy of N =1 d = 4 supergravity and we have
found an extra constraint for the embedding tensor that leads to an extension.

We have interpreted the new fields C’, D but we have also found a new 3-form
C, required by the hierarchy, which suggests the existence of a yet-unknown
deformation of N =1 supergravity (7).
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interpreting all of them and their relations.

We have studied the tensor hierarchy of N =1 d = 4 supergravity and we have
found an extra constraint for the embedding tensor that leads to an extension.

We have interpreted the new fields C’, D but we have also found a new 3-form
C, required by the hierarchy, which suggests the existence of a yet-unknown
deformation of N =1 supergravity (7).

We have constructed the effective actions for the domain walls associated to C’
and we have used them as sources for the bulk supergravity action. We have
shown how the supersymmetry rules may be modified in a much-needed
“democratic” formulation of N =1 supergravity .
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The Tensor Hierarchy of Gauged N=1,d=4 Supergravity

16 — Conclusions

We have constructed the complete, generic, 4-dimensional tensor hierarchy .

We have constructed an action for all the fields of the tensor hierarchy ,
interpreting all of them and their relations.

We have studied the tensor hierarchy of N =1 d = 4 supergravity and we have
found an extra constraint for the embedding tensor that leads to an extension.

We have interpreted the new fields C’, D but we have also found a new 3-form
C, required by the hierarchy, which suggests the existence of a yet-unknown
deformation of N =1 supergravity (7).

We have constructed the effective actions for the domain walls associated to C’
and we have used them as sources for the bulk supergravity action. We have
shown how the supersymmetry rules may be modified in a much-needed
“democratic” formulation of N =1 supergravity .

We have seen that in some cases domain-wall sources have to be introduced to
construct sensible solutions. These sources introduce a spacetime-dependent

coupling constant g(x) that can have dramatic effects.
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