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1 — Introduction: SUGRA extensions

One of our most useful tools in String Theory is the relation between p-branes and
(p + 1)-form potentials in Supergravity.
The k-invariant worldvolume actions that describe the coupling of branes to

Supergravity contain a great deal of information on the branes: tension, excitation
modes, possible intersections with other branes etc.
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1 — Introduction: SUGRA extensions

One of our most useful tools in String Theory is the relation between p-branes and
(p + 1)-form potentials in Supergravity.

The k-invariant worldvolume actions that describe the coupling of branes to
Supergravity contain a great deal of information on the branes: tension, excitation
modes, possible intersections with other branes etc.

This relation has problems when p > (d —4)/2 ( p > 3 in d = 10):

[0 The (p + 1)-form potentials do not appear in the standard formulation of the
Supergravity theory. (d —4)/2 < p < d — 3 they can be obtained by
Hodge dualization of those which do appear. Gauge-invariance ensures that this
is possible and one gets information on which p-branes can exist.
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The k-invariant worldvolume actions that describe the coupling of branes to
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Hodge dualization of those which do appear. Gauge-invariance ensures that this
is possible and one gets information on which p-branes can exist.

[ For p = d — 3 one has to dualize scalar fields which have non-linear couplings.
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[0 For p =d — 2 one has to dualize constants (coupling or gauge constants, masses
etc.). This has been done only in the simplest cases.
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1 — Introduction: SUGRA extensions

One of our most useful tools in String Theory is the relation between p-branes and
(p + 1)-form potentials in Supergravity.

The k-invariant worldvolume actions that describe the coupling of branes to
Supergravity contain a great deal of information on the branes: tension, excitation
modes, possible intersections with other branes etc.

This relation has problems when p > (d —4)/2 ( p > 3 in d = 10):

[0 The (p + 1)-form potentials do not appear in the standard formulation of the
Supergravity theory. (d —4)/2 < p < d — 3 they can be obtained by

Hodge dualization of those which do appear. Gauge-invariance ensures that this
is possible and one gets information on which p-branes can exist.

[ For p = d — 3 one has to dualize scalar fields which have non-linear couplings.
In this talk I will show what is the general procedure to do this.

[0 For p =d — 2 one has to dualize constants (coupling or gauge constants, masses
etc.). This has been done only in the simplest cases.

[ For p = d — 1 there is nothing to be dualized and we have no idea of which
(d—1)-( ) branes the theory may contain.

January 9th 2008 University of Oviedo Page 1-g



N = 2 Extensions and Solutions

January 9th 2008 University of Oviedo Page 2



N = 2 Extensions and Solutions

The main goal of this talk is to show you a new approach to these problems which is
leading to new interesting results.
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N = 2 Extensions and Solutions

The main goal of this talk is to show you a new approach to these problems which is
leading to new interesting results.

Find all the possible
bosonic fields that can be
added to Supergravity theories:

Main idea:

FEaxtensions

Here means essentially that these are fields on which the local SUSY
algebra is realized and that they do not add new local degrees of freedom.

The next step consists in finding the String Theory branes that couple to the new
bosonic fields. This is done by studying the construction of xk-symmetric
worldvolume actions with the new bosonic fields leading the Wess-Zumino terms.
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The main goal of this talk is to show you a new approach to these problems which is
leading to new interesting results.

Find all the possible
bosonic fields that can be
added to Supergravity theories:

Main idea:

FEaxtensions

Here means essentially that these are fields on which the local SUSY
algebra is realized and that they do not add new local degrees of freedom.

The next step consists in finding the String Theory branes that couple to the new
bosonic fields. This is done by studying the construction of xk-symmetric
worldvolume actions with the new bosonic fields leading the Wess-Zumino terms.

This program has been carried out for N = 2A, B, d = 10 Supergravities in
Bergshoeff, de Roo, Kerstan & Riccioni, hep-th/0506013 and Bergshoeff, de Roo, Kerstan,
O. & Riccioni, hep-th/0602280. New extensions have been found, all of them fitting in
the proposed E11 symmetry of M-Theory.
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N = 2 Extensions and Solutions

The main goal of this talk is to show you a new approach to these problems which is
leading to new interesting results.

Find all the possible
bosonic fields that can be
added to Supergravity theories:

Main idea:

FEaxtensions

Here means essentially that these are fields on which the local SUSY
algebra is realized and that they do not add new local degrees of freedom.

The next step consists in finding the String Theory branes that couple to the new
bosonic fields. This is done by studying the construction of xk-symmetric
worldvolume actions with the new bosonic fields leading the Wess-Zumino terms.

This program has been carried out for N = 2A, B, d = 10 Supergravities in
Bergshoeff, de Roo, Kerstan & Riccioni, hep-th/0506013 and Bergshoeff, de Roo, Kerstan,
O. & Riccioni, hep-th/0602280. New extensions have been found, all of them fitting in
the proposed E11 symmetry of M-Theory.

In this talk I am going to briefly review new (just published) results on extensions of
matter-coupled N = 2,d = 4 Supergravity theories.
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N = 2 Extensions and Solutions

2 — Extensions of N =2A,d =10 SUGRA

The following form-fields realizing the local supersymmetry algebra were found:
(Bergshoeff, de Roo, Kerstan, O. & Riccioni, hep-th/0602280)
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2 — Extensions of N =2A,d =10 SUGRA

The following form-fields realizing the local supersymmetry algebra were found:
(Bergshoeff, de Roo, Kerstan, O. & Riccioni, hep-th/0602280)

{M7
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2 — Extensions of N =2A,d =10 SUGRA

The following form-fields realizing the local supersymmetry algebra were found:
(Bergshoeff, de Roo, Kerstan, O. & Riccioni, hep-th/0602280)
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N = 2 Extensions and Solutions

2 — Extensions of N =2A,d =10 SUGRA

The following form-fields realizing the local supersymmetry algebra were found:
(Bergshoeff, de Roo, Kerstan, O. & Riccioni, hep-th/0602280)

(M, ¢, ¢V, BX
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2 — Extensions of N =2A,d =10 SUGRA

The following form-fields realizing the local supersymmetry algebra were found:
(Bergshoeff, de Roo, Kerstan, O. & Riccioni, hep-th/0602280)

(M, ¢, C(l), B(2)7 0(3)’
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N = 2 Extensions and Solutions

2 — Extensions of N =2A,d =10 SUGRA

The following form-fields realizing the local supersymmetry algebra were found:
(Bergshoeff, de Roo, Kerstan, O. & Riccioni, hep-th/0602280)

{M7 ¢7 0(1)7 B(2)7 0(3)7 0(5)7
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N = 2 Extensions and Solutions

2 — Extensions of N =2A,d =10 SUGRA

The following form-fields realizing the local supersymmetry algebra were found:
(Bergshoeff, de Roo, Kerstan, O. & Riccioni, hep-th/0602280)

(M, ¢, C(l), B(2>, 0(3)’ 0(5)’ B(6>,
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2 — Extensions of N =2A,d =10 SUGRA

The following form-fields realizing the local supersymmetry algebra were found:
(Bergshoeff, de Roo, Kerstan, O. & Riccioni, hep-th/0602280)

(M, ¢, C’(l), B(Q)’ 0(3)’ 0(5)’ B(6), 0(7)’
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2 — Extensions of N =2A,d =10 SUGRA

The following form-fields realizing the local supersymmetry algebra were found:
(Bergshoeff, de Roo, Kerstan, O. & Riccioni, hep-th/0602280)

(M, ¢, CV, B® ¢® 6 BE oM pE)

With the supersymmetry transformation (no gravitino in the r.h.s.!)

(SGB(8)M...M8 = le %€l ... T11)\ + (gauge — field dependent terms) .
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N = 2 Extensions and Solutions

2 — Extensions of N =2A,d =10 SUGRA

The following form-fields realizing the local supersymmetry algebra were found:
(Bergshoeff, de Roo, Kerstan, O. & Riccioni, hep-th/0602280)

(M, ¢, CV, B® ¢B® 6 BO o[ BE O pio)

With the supersymmetry transformation (no gravitino in the r.h.s.!)

5€B(S)Ml...u8 = %e_%él“m...ugﬂl)\ + (gauge — field dependent terms) .

With the supersymmetry transformation

5€D(10>M1'“M10 — 729 (_1O€F[,UJ1---M9¢M10 + EF[Ml"'MlOA> :
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2 — Extensions of N =2A,d =10 SUGRA

The following form-fields realizing the local supersymmetry algebra were found:
(Bergshoeff, de Roo, Kerstan, O. & Riccioni, hep-th/0602280)

(M, ¢, ¢V, B® ¢cB® ¢c® BO o0 Be ¢cO plo  paoy

With the supersymmetry transformation (no gravitino in the r.h.s.!)

5€B(S)Ml...u8 = %e_%él“m...ugﬂl)\ + (gauge — field dependent terms) .

With the supersymmetry transformation

5D = €72 (=108, o Vuno + € [y pinoN) -

110

With the supersymmetry transformation (no gravitino in the r.h.s.!)

50U = 1e72P€T ..o + (gauge — field dependent terms) .
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N = 2 Extensions and Solutions

Do the new potentials B®), DU D0) ¢ouple to some kind of branes?
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N = 2 Extensions and Solutions

Do the new potentials B®), DU D0) ¢ouple to some kind of branes?

If they did, they would do it via s-invariant Lagrangians of the form

Lirane = Torane(®) v/ |g| + €177 Fr 12 A(p+1)ul-"up+1 :
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Do the new potentials B®), DU D0) ¢ouple to some kind of branes?

If they did, they would do it via s-invariant Lagrangians of the form

Lbrane = 7_brane(@ V |g| + ettt A(p+1)u1-'-up+1 :

For half-supersymmetric branes, the Lagrangians must be invariant under 16 linearly
realized supersymmetries of the form

O Guv = 20€0 b,y +hee, S APTY L~ F(O) ey Y] -
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N = 2 Extensions and Solutions

Do the new potentials B®), DU D0) ¢ouple to some kind of branes?

If they did, they would do it via s-invariant Lagrangians of the form

Lbrane = 7_brane(@ V |g| + ettt A(p+1)u1-'-up+1 :

For half-supersymmetric branes, the Lagrangians must be invariant under 16 linearly
realized supersymmetries of the form

O Guv = 20€0 b,y +hee, S APTY L~ F(O) ey Y] -

One finds that
OcLbrane ~ (Tbrane T f(¢)F01p )67

and, thus,
Tbrane(¢) — f(¢) 9

and the Lagrangian is invariant under the the 16 independent transformations
satisfying the projection

2(1+To1..p)e=0.
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N = 2 Extensions and Solutions

Then, the potentials whose SUSY transformation rule does not contain the gravitino
B®) and D19 cannot be used to construct x-symmetric worldvolume actions.
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N = 2 Extensions and Solutions

Then, the potentials whose SUSY transformation rule does not contain the gravitino

B®) and D% cannot be used to construct x-symmetric worldvolume actions.

By simple inspection we conclude that the IIA supersymmetric branes and their

tensions are

Potential || Brane | Tension | Projection operator
) DO e~ ? 2(1+T)
B2 Fl 1 s(1+Toil)
C®3) D2 e~ ¢ (1 +To12)
C'(5) D4 e ¢ %(1 + To1...41'11)
B©) NS5 e 2% 2(1+To1...5)
Cc(7) D6 e ? 2(1+To1...6)
C) D8 e~ ? 2(1+To1..8T'11)
D) NS9 e~ 2% s(1+T11)
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N = 2 Extensions and Solutions

3 — Extensions of N =2B,d =10 SUGRA

This theory is more complicated to study because of its S-duality which manifests
itself as an SU(1,1) (or SL(2,R)) global symmetry. This symmetry has to be kept
manifest in order to find all the possible extensions.
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N = 2 Extensions and Solutions

3 — Extensions of N =2B,d =10 SUGRA

This theory is more complicated to study because of its S-duality which manifests
itself as an SU(1,1) (or SL(2,R)) global symmetry. This symmetry has to be kept
manifest in order to find all the possible extensions.

The extensions of this theory have been explored in an SU(1, 1)-covariant basis of
fields in Bergshoeff, de Roo, Kerstan & Riccioni, hep-th/0506013.

The relation with the SL(2,R) fields that have a String Theory interpretation
(dilaton,Kalb-Ramond 2-form, Ramond-Ramond forms) has to be found a posteriori.
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N = 2 Extensions and Solutions

3 — Extensions of N =2B,d =10 SUGRA

This theory is more complicated to study because of its S-duality which manifests
itself as an SU(1,1) (or SL(2,R)) global symmetry. This symmetry has to be kept
manifest in order to find all the possible extensions.

The extensions of this theory have been explored in an SU(1, 1)-covariant basis of
fields in Bergshoeff, de Roo, Kerstan & Riccioni, hep-th/0506013.

The relation with the SL(2,R) fields that have a String Theory interpretation
(dilaton,Kalb-Ramond 2-form, Ramond-Ramond forms) has to be found a posteriori.

The following form-fields realizing the local supersymmetry algebra were found:

Y
{ ) ) ) ) ) ) }

=1,2, SU(1,1) indices
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N = 2 Extensions and Solutions

The scalars:

D¢ = ECA ; e = EAC

is an SU (1, 1) matrix that parametrizes the SU(1,1)/U(1) coset. It
describes two real degrees of freedom:
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N = 2 Extensions and Solutions

The scalars:

D¢ = ECA ; e = EAC

is an SU(1,1) matrix that parametrizes the SU(1,1)/U(1) coset. It
describes two real degrees of freedom: the dilaton
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N = 2 Extensions and Solutions

The scalars:

{9,4,
0V = EcA , 0V = EAC

is an SU (1, 1) matrix that parametrizes the SU(1,1)/U(1) coset. It
describes two real degrees of freedom: the dilaton and the Ramond-Ramond 0-form.

January 9th 2008 University of Oviedo Page 7-b



N = 2 Extensions and Solutions

The scalars:

{9,4,
0V = EcA , 0V = EAC

is an SU (1, 1) matrix that parametrizes the SU(1,1)/U(1) coset. It
describes two real degrees of freedom: the dilaton and the Ramond-Ramond 0-form.

The precise relation between , ® and / is not unique and amounts to a choice of
basis.
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N = 2 Extensions and Solutions

The scalars:

{9,4,
0V = EcA , 0V = EAC

is an SU (1, 1) matrix that parametrizes the SU(1,1)/U(1) coset. It
describes two real degrees of freedom: the dilaton and the Ramond-Ramond 0-form.

The precise relation between , ® and / is not unique and amounts to a choice of
basis.

Observe that they do not transform into the gravitino and, therefore, cannot couple
to dynamical branes (but they can couple to instantons).
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N = 2 Extensions and Solutions

The doublet of 2-forms:

{64,
e = EFW/)\ + EC’FW/)\C + 47 ECFWM + 41 €F[M¢V]C .

is an SU(1,1) doublet that describes two real 2-forms:
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N = 2 Extensions and Solutions

The doublet of 2-forms:

{¢7 g? B(2)7

e = EFW/)\ + EC’FW/)\C + 47 ECFWM + 41 EF[Mwy]C .

is an SU(1,1) doublet that describes two real 2-forms: the NS-NS 2-form
which couples to the F1

January 9th 2008 University of Oviedo Page 8-a



N = 2 Extensions and Solutions

The doublet of 2-forms:

{MB@%O@%

e = EFW/)\ + EC’FW/)\C + 47 ECFWM + 41 EF[Mwy]C .

is an SU(1,1) doublet that describes two real 2-forms: the NS-NS 2-form
which couples to the F1 and the RR 2-form which couples to the D1.
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N = 2 Extensions and Solutions

The doublet of 2-forms:

{MB@%O@%

e = EFW/)\ + EC’FW/)\C + 47 ECFWM + 41 EF[Mwy]C .

is an SU(1,1) doublet that describes two real 2-forms: the NS-NS 2-form
which couples to the F1 and the RR 2-form which couples to the D1.

The precise relation between them depends on the same choice of basis.
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N = 2 Extensions and Solutions

The 4-form:;

Y

{MB@%O@%

Oc — EF[,W/p¢O‘] - ECF[uup¢G]C - %eaﬁ Oc

is an SU(1, 1) singlet.
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N = 2 Extensions and Solutions

The 4-form:;

Y Y

{¢,€,B<2>,0<2>,0<4>,

Oc — EF[,W/p¢O‘] - ECF[uup¢G]C - %eaﬁ Oc

is an SU(1,1) singlet. It describes the RR 4-form which couples to the D3.
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N = 2 Extensions and Solutions

The 4-form:;

Y Y

{¢,€,B<2>,0<2>,0<4>,

Oc — EF[,W/p¢O‘] - ECF[uup¢G]C - %eaﬁ Oc

is an SU(1,1) singlet. It describes the RR 4-form which couples to the D3.

The precise relation between them depends on the same choice of basis. It is
important to notice that C'® is not S-duality-invariant.
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N = 2 Extensions and Solutions

The doublet of 6-forms:

Y

{95,6,3@% c® oW,

56 = 1 EF)U/l"',LLGA_Z ECF)U/:L"‘/JJGAC

+12 ( ECF[Nl---P%wNG] B EF[M---ME)wc ,Lb6])
+gauge — field — dependent terms.

is an SU(1, 1) doublet that can be obtained by Hodge-dualizing It
describes the
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N = 2 Extensions and Solutions

The doublet of 6-forms:

Y Y

{‘@ (B 0@ @ RO

56 = 1 EF)U/l"',LLGA_Z ECF)U/:L"‘/JJGAC

+12 ( ECF[Nl---P%wNG] B EF[M---ME)wc ,Lb6])
+gauge — field — dependent terms.

is an SU(1, 1) doublet that can be obtained by Hodge-dualizing It
describes the NS-NS 6-form dual to the Kalb-Ramond 2-form which couples to the
solitonic 5-brane
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N = 2 Extensions and Solutions

The doublet of 6-forms:

Y Y

(6.0 B®, ¢® @ RO 0O

56 = 1 EF)U/l"',LLGA_Z ECF)U/:L"‘/JJGAC

+12 ( ECF[Nl---P%wNG] B EF[M---ME)wc ,Lb6])
+gauge — field — dependent terms.

is an SU(1, 1) doublet that can be obtained by Hodge-dualizing It
describes the NS-NS 6-form dual to the Kalb-Ramond 2-form which couples to the
solitonic 5-brane and the RR 6-form dual to the RR 2-form which couples to the D5.
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N = 2 Extensions and Solutions

The triplet of 8-forms:

J J J

v+, ,
I\ -

AEA

{6,¢,B? c®? cW BO) o)

-

D¢ = +2 E(;'F'ul.“p@)\ — 1 EFM.,,MSAC

+38 (Er[m---mwus] — ECF[M---MwC us])
+gauge — field — dependent terms.

is an SU(1,1) triplet that can be obtained by Hodge-dualizing the 3 Noether
currents associated to the global SU(1,1) invariance (Meessen & O. hep-th/9806120,
Dall’Agata Lechner & Tonin hep-th/9806140) .
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currents associated to the global SU(1,1) invariance (Meessen & O. hep-th/9806120,

Dall’Agata Lechner & Tonin hep-th/9806140) . This is the only procedure preserves
SU(1,1) invariance.
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The triplet of 8-forms:

J J J

v+, ,
I\ -

NIN TN

{¢,€,B(2),C’(2),C(4), B©® ¢©) B@) @)

D¢ = +2 E(;'F'ul.“p@)\ — 1 EFM.,,MSAC

+38 (Er[m---mwus] — ECF[M---MwC us])
+gauge — field — dependent terms.

is an SU(1,1) triplet that can be obtained by Hodge-dualizing the 3 Noether
currents associated to the global SU(1,1) invariance (Meessen & O. hep-th/9806120,

Dall’Agata Lechner & Tonin hep-th/9806140) . This is the only procedure preserves
SU(1,1) invariance.
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N = 2 Extensions and Solutions

The triplet of 8-forms:

{U°7,

J J J

N SN

A

(6.0 B 0 0 p® o6 p® [®) o)

D¢ = +2 E(;'F'ul.“p@)\ — 1 EFM.,,MSAC

+38 (Er[m---mwus] — ECF[M---MwC us])
+gauge — field — dependent terms.

is an SU(1,1) triplet that can be obtained by Hodge-dualizing the 3 Noether
currents associated to the global SU(1,1) invariance (Meessen & O. hep-th/9806120,
Dall’Agata Lechner & Tonin hep-th/9806140) . This is the only procedure preserves
SU(1,1) invariance. Their field strengths satisfy an SU(1, 1)-invariant constraint,
but we get 3 8-forms.
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N = 2 Extensions and Solutions

The triplet of 8-forms:

{U°7,

J J J

N SN

A

(6.0 B 0 o B o6 e [®) o)

D¢ = +2 E(;'F'ul.“p@)\ — 1 EFM.,,MSAC

+38 (Er[m---mwus] — ECF[M---MwC us])
+gauge — field — dependent terms.

is an SU(1,1) triplet that can be obtained by Hodge-dualizing the 3 Noether
currents associated to the global SU(1,1) invariance (Meessen & O. hep-th/9806120,
Dall’Agata Lechner & Tonin hep-th/9806140) . This is the only procedure preserves
SU(1,1) invariance. Their field strengths satisfy an SU(1, 1)-invariant constraint,

but we get 3 8-forms. One of them is the RR 8-form dual to the RR scalar which
couples to the D7.
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N = 2 Extensions and Solutions

How many 7-branes are there?
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N = 2 Extensions and Solutions

How many 7-branes are there?

A T-brane is characterized by the 3 charges p, r, ¢ that weight its coupling to each of
the 3 8-form potentials. The leading terms of its worldvolume action are:

‘C(p,r,q) ~ T(p,r,q) VY + e (p C<8)M1"’M8 + TD(S)ML..,LLS + qB(8)/~L1-..,M8> .
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N = 2 Extensions and Solutions

How many 7-branes are there?

A T-brane is characterized by the 3 charges p, r, ¢ that weight its coupling to each of
the 3 8-form potentials. The leading terms of its worldvolume action are:

‘C(p,r,q) ~ T(p,r,q) VY + e (p C<8)M1"’M8 + TD(S)ML..,LLS + qB(8),U1-..,M8> .

We find supersymmetry for any p, r, q if the tension is given by
T(prq) = |D e +rle®+q(e 3?4+ 12 ?).

and the projector is 1 (1 +ioal'o1...7).

January 9th 2008 University of Oviedo Page 12-b



N = 2 Extensions and Solutions

How many 7-branes are there?

A T-brane is characterized by the 3 charges p, r, ¢ that weight its coupling to each of
the 3 8-form potentials. The leading terms of its worldvolume action are:

‘C(p,r,q) ~ T(p,r,q) VY + e (p C<8)M1"’M8 + TD(S)ML..,LLS + qB(8)/~L1-..,M8> .

We find supersymmetry for any p, r, q if the tension is given by
T(prq) = |D e +rle®+q(e 3?4+ 12 ?).

and the projector is % (14 i02001...7).

The tension (as the Lagrangian) also has manifestly SL(2, R)-invariant form in the
Einstein frame:

E q /2 02 4 =26 ¢
T (pr,Q) = ) - ( r/2 p ) ’ :6¢< 14 1)
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N = 2 Extensions and Solutions

How many 7-branes are there?

A T-brane is characterized by the 3 charges p, r, ¢ that weight its coupling to each of
the 3 8-form potentials. The leading terms of its worldvolume action are:

‘C(p,r,q) ~ T(p,r,q) VY + e (p C<8)M1"’M8 + TD(S)ML..,LLS + qB(8)/~L1-..,M8> .

We find supersymmetry for any p, r, q if the tension is given by
T(prq) = |D e +rle®+q(e 3?4+ 12 ?).

and the projector is % (14 i02001...7).

The tension (as the Lagrangian) also has manifestly SL(2, R)-invariant form in the
Einstein frame:

E q /2 02 4 =26 ¢
T (pr,Q) = ) - ( r/2 p ) ’ :6¢< 14 1)

det Q = pqg — r%/4 is an SL(2,R) invariant which labels different conjugacy classes of
7-brane charges. Each element of a conjugacy class is a non-linear doublet.
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N = 2 Extensions and Solutions
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N = 2 Extensions and Solutions

For instance, the standard D7-brane (p,r,q) = (1,0,0) belongs to the det ) = 0 class
of “pg-7-branes” which transform in the simple non-linear form

VENT = () Wave).
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N = 2 Extensions and Solutions

For instance, the standard D7-brane (p,r,q) = (1,0,0) belongs to the det ) = 0 class
of “pg-7-branes” which transform in the simple non-linear form

VEND = (&8 ) .

In the same det Q = 0 class there is a “NS-NS” 7-brane (p,r,q) = (0,0, 1) which is
the S-dual of the D7-brane and as tension g; °.
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N = 2 Extensions and Solutions

For instance, the standard D7-brane (p,r,q) = (1,0,0) belongs to the det ) = 0 class
of “pg-7-branes” which transform in the simple non-linear form

VEND = (&8 ) .

In the same det Q = 0 class there is a “NS-NS” 7-brane (p,r,q) = (0,0, 1) which is
the S-dual of the D7-brane and as tension g; °.

It turns out that, including terms beyond the leading ones and a Born-Infeld vector,
a supersymmetric and gauge-invariant Lagrangian can be constructed for all cases
with det () > 0 (Bergshoeff, Hartong & Sorokin arXiv:0708.2287).
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N = 2 Extensions and Solutions

For instance, the standard D7-brane (p,r,q) = (1,0,0) belongs to the det ) = 0 class
of “pg-7-branes” which transform in the simple non-linear form

VEND = (&8 ) .

In the same det Q = 0 class there is a “NS-NS” 7-brane (p,r,q) = (0,0, 1) which is
the S-dual of the D7-brane and as tension g; °.

It turns out that, including terms beyond the leading ones and a Born-Infeld vector,
a supersymmetric and gauge-invariant Lagrangian can be constructed for all cases
with det () > 0 (Bergshoeff, Hartong & Sorokin arXiv:0708.2287).

This implies that the third possible kind of 7-brane (p,r,q) = (0, 1,0) cannot exist
independently and be supersymmetric
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N = 2 Extensions and Solutions

Are there also as many 7-brane solutions?

7-brane configurations are supersymmetric solutions of the gravity+scalar part of
the N =2B,d = 10 SUGRA action:

Sz/dlox 9]

where the complex scalar 7 transforms under SL(2,R) according to

0, TO*T

2(Sm7)’

R — : T=40+ie?,,

., a+0bT
T = .
c+dr
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N = 2 Extensions and Solutions

Are there also as many 7-brane solutions?

7-brane configurations are supersymmetric solutions of the gravity+scalar part of
the N =2B,d = 10 SUGRA action:

Sz/dlow g

where the complex scalar 7 transforms under SL(2,R) according to

0, TO*T

2(Sm7)’

R — : T=40+ie?,,

., a+0bT
T = .
c+dr

They have the form (Greene, Shapere, Vafa & Yau, Nucl. Phys. B 337, 1 (1990))

ds? = —dt?+dz? + SmT|f|*dzdz,

ro= 12), f=f().
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N = 2 Extensions and Solutions

Are there also as many 7-brane solutions?

7-brane configurations are supersymmetric solutions of the gravity+scalar part of
the N =2B,d = 10 SUGRA action:

Sz/dlow g

where the complex scalar 7 transforms under SL(2,R) according to

0, TO*T

2(Sm7)’

R — : T=40+ie?,,

., a+0bT
T = .
c+dr

They have the form (Greene, Shapere, Vafa & Yau, Nucl. Phys. B 337, 1 (1990))

ds? = —dt?+dz? + SmT|f|*dzdz,

ro= 12), f=f().

Similar solutions exist for any d. In d = 4 they are strings.
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N = 2 Extensions and Solutions

Observe that
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N = 2 Extensions and Solutions

Observe that

[0 f(z) may always be removed by a holomorphic change of coordinates, but it has
to be there for the metric to be S-duality-invariant:

,  a+br , B
Pt ) = e+ dnie),
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N = 2 Extensions and Solutions

Observe that

[0 f(z) may always be removed by a holomorphic change of coordinates, but it has
to be there for the metric to be S-duality-invariant:

, a+ b7

P=2EE e = et i),

[0 Under SL(2,R) the spinors of N = 2B,d = 10 SUGRA transform according to

A— e, Y, — e, e—ePe, p= %arg(CT +d).
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N = 2 Extensions and Solutions

Observe that

[0 f(z) may always be removed by a holomorphic change of coordinates, but it has
to be there for the metric to be S-duality-invariant:

, a+ b7

P=2EE e = et i),

[0 Under SL(2,R) the spinors of N = 2B,d = 10 SUGRA transform according to

A— e, Y, — e, e—ePe, p= %arg(CT +d).

[1 The Killing spinor of all these solutions is given by
1/4
€ = <f/f) 4 €0 ,

and f is necessary for it to transform correctly under S-duality.
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N = 2 Extensions and Solutions

Observe that

[0 f(z) may always be removed by a holomorphic change of coordinates, but it has
to be there for the metric to be S-duality-invariant:

, a+ b7

P=2EE e = et i),

[0 Under SL(2,R) the spinors of N = 2B,d = 10 SUGRA transform according to

A— e, Y, — e, e—ePe, p= %arg(CT +d).

[1 The Killing spinor of all these solutions is given by
1/4
€ = <f/f) 4 €0 ,

and f is necessary for it to transform correctly under S-duality.

0 —1
1 0
when acting on f(z) and S® = 1 when acting on .

[1 The transformation S = ( ) satisfies S? = 1 when acting on 7, S* =1
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N = 2 Extensions and Solutions

We say that 7(z) describes a (p,r,q) 7-brane at z = zg if the monodromy of 7(z)

around z = zg 1S
(fa b\ _so r/2 D
A_(c d>—e —exp( . —7“/2)'

January 9th 2008 University of Oviedo Page 16



N = 2 Extensions and Solutions

We say that 7(z) describes a (p,r,q) 7-brane at z = zg if the monodromy of 7(z)

around z = zg 1S
(fa b\ _so r/2 D
A_(c d>—e —exp( . —7“/2)'

Monodromy = 7-brane charge
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N = 2 Extensions and Solutions

We say that 7(z) describes a (p,r,q) 7-brane at z = zg if the monodromy of 7(z)

around z = zg 1S
_(a b\ _ _so_ r/2 p
A_(c d>—e —exp( . —7“/2)'

Monodromy = 7-brane charge

For the standard D7-brane

1 0 1 0 1
T(z):%log(z—zo), A:TE(O O)zexp(o 0).
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N = 2 Extensions and Solutions

We say that 7(z) describes a (p,r,q) 7-brane at z = zg if the monodromy of 7(z)

around z = zg 1s
_(a b\ _ _s0_ r/2  p
A_(c d)—e —exp( . —T/Z)'

Monodromy = 7-brane charge

For the standard D7-brane

1 0 1 0 1
T(z):%log(z—zo), A:TE(O O):exp(o 0).

Local expressions for 7(z) can be found for any set of charges (p,r,q) (Bergshoeff,
Gran & Roest hep-th/0203202).
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N = 2 Extensions and Solutions

We say that 7(z) describes a (p,r,q) 7-brane at z = zg if the monodromy of 7(z)

around z = zg 1s
_(a b\ _ _s0_ r/2  p
A_(c d)—e —exp( . —T/Z)'

Monodromy = 7-brane charge

For the standard D7-brane

1 0 1 0 1
T(z):%log(z—zo), A:TE(O O):exp(o 0).

Local expressions for 7(z) can be found for any set of charges (p,r,q) (Bergshoeff,
Gran & Roest hep-th/0203202).

We can always view z as taking values on the Riemann sphere with poles and branch
cuts. Then, charge (monodromy) conservation tells us that one cannot have just one
7-brane. This has to be taken into account in the construction of
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N = 2 Extensions and Solutions

We say that 7(z) describes a (p,r,q) 7-brane at z = zg if the monodromy of 7(z)

around z = zg 1s
_(a b\ _ _s0_ r/2  p
A_(c d)—e —exp( . —7“/2)'

Monodromy = 7-brane charge

For the standard D7-brane

1 0 1 0 1
T(z):%log(z—zo), A:TE(O O):exp(o 0).

Local expressions for 7(z) can be found for any set of charges (p,r,q) (Bergshoeff,
Gran & Roest hep-th/0203202).

We can always view z as taking values on the Riemann sphere with poles and branch
cuts. Then, charge (monodromy) conservation tells us that one cannot have just one
7-brane. This has to be taken into account in the construction of
. A discussion of how to construct
(well-defined 7, metric and Killing spinor can be found in (Bergshoeff,
Hartong, O. & Roest hep-th/0612072).
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N = 2 Extensions and Solutions

The doublet of 10-forms:

Y Y Y J

v, ,
I\ N

NIV TN

{¢,,B? c® c® B c®) B®& 18 @)

=%
M
|

EFM...,“O)\Jr ECFul'--u1o>‘C

+200 ( EF[Ml"'Mgwc pio] T ECF[Ml"'Mgw,MlO])
+gauge — field — dependent terms.

describes a doublet of 10-forms whose relation to String Theory 9-branes will
be discussed later.

Observe that, in principle we only expect one RR 10-form related to the D9-brane.
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The doublet of 10-forms:
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M
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+200 ( EF[Ml"'Mgwc pio] T ECF[Ml"'Mgw,MlO])
+gauge — field — dependent terms.

describes a doublet of 10-forms whose relation to String Theory 9-branes will
be discussed later.

Observe that, in principle we only expect one RR 10-form related to the D9-brane.
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N = 2 Extensions and Solutions

The doublet of 10-forms:

Y Y Y J

v, ,
I\ N

AN A AN

{¢,,B? c® c® B c®) @& &) @) plo) ¢10)

=%
M
|

EFM...,“O)\Jr ECFul'--u1o>‘C

+200 ( EF[Ml"'Mgwc pio] T ECF[Ml"'Mgw,MlO])
+gauge — field — dependent terms.

describes a doublet of 10-forms whose relation to String Theory 9-branes will
be discussed later.

Observe that, in principle we only expect one RR 10-form related to the D9-brane.
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N = 2 Extensions and Solutions

The quadruplet of 10-forms:

{ y y y y y y }
A\ i \

A AN AN

{$,¢,B? c? c® BO) c®) B®& &) c®) plo) 10

-

+23_0( EF[Ml"‘M9¢C o] — ECF[Ml"'/v@w/JlO])
+gauge — field — dependent terms.

describes a quadruplet of 10-forms to be added to the doublet we already
found.
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N = 2 Extensions and Solutions

The quadruplet of 10-forms:

{ y y y y y y }
A\ i \

AN AN AN AN

{¢,0,B® C c B® c©®) BE) ) () p0) g10) p10)

-

+23_0( EF[Ml"‘M9¢C o] — ECF[Ml"'/v@w/JlO])
+gauge — field — dependent terms.

describes a quadruplet of 10-forms to be added to the doublet we already
found.
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N = 2 Extensions and Solutions

The quadruplet of 10-forms:

{ y y y y y y }
I\ i \

AN AN AN AN

{¢,€,B(2),C’<2),C’(4), B©® ¢©) B@ 1) c® plo) ¢10) p(10) p10)

-

+23_0( EF[Ml"‘M9¢C o] — ECF[Ml"'/v@w/JlO])
+gauge — field — dependent terms.

describes a quadruplet of 10-forms to be added to the doublet we already
found.
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N = 2 Extensions and Solutions

The quadruplet of 10-forms:

{ y y y y y y }
I\ i \

AN AN AN AN

{¢,€,B(2),C’<2),C’(4), B©® ) @ 1@ o® plo) ¢10) pQo) p0) p(1o)

-

+23_0( EF[Ml"‘M9¢C o] — ECF[Ml"'/v@w/JlO])
+gauge — field — dependent terms.

describes a quadruplet of 10-forms to be added to the doublet we already
found.
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N = 2 Extensions and Solutions

The quadruplet of 10-forms:

{ y y y y y y }
I\ i \

AN AN AN AN

{¢,€,B(2),C’<2),C’(4), B©® o) @ 1@ o® plo) ¢10) pQo) D(lo)’E(lo)’C(lo)}

-

+23_0( EF[Ml'“lm ch tio] — ECF[Ml“'L@ w/ilo])
+gauge — field — dependent terms.

describes a quadruplet of 10-forms to be added to the doublet we already
found.
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N = 2 Extensions and Solutions

So, how many 9-branes are there?
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N = 2 Extensions and Solutions

So, how many 9-branes are there?

We need to see if one can construct r-symmetric actions for the 9-branes that would
couple to the 10-forms (Bergshoeff, de Roo, Kerstan, O. & Riccioni
hep-th/0601128, hep-th/0611036).
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So, how many 9-branes are there?

We need to see if one can construct r-symmetric actions for the 9-branes that would
couple to the 10-forms (Bergshoeff, de Roo, Kerstan, O. & Riccioni
hep-th/0601128, hep-th/0611036).

The results are:
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N = 2 Extensions and Solutions

So, how many 9-branes are there?

We need to see if one can construct r-symmetric actions for the 9-branes that would
couple to the 10-forms (Bergshoeff, de Roo, Kerstan, O. & Riccioni
hep-th/0601128, hep-th/0611036).

The results are:

[ Supersymmetry leads to the following SU (1, 1)-covariant restriction on the
coupling to the quadruplet of 9-branes

Qaﬁ — Ja~s QB6C67665< — Oa

so in the quadruplet there are only two independent 9-brane charges that
transform, again, as a non-linear doublet. The standard D9-brane belongs to it.
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N = 2 Extensions and Solutions

So, how many 9-branes are there?

We need to see if one can construct r-symmetric actions for the 9-branes that would
couple to the 10-forms (Bergshoeff, de Roo, Kerstan, O. & Riccioni
hep-th/0601128, hep-th/0611036).

The results are:

[ Supersymmetry leads to the following SU (1, 1)-covariant restriction on the
coupling to the quadruplet of 9-branes

Qaﬁ — Ja~s QB6C67665< — Oa

so in the quadruplet there are only two independent 9-brane charges that
transform, again, as a non-linear doublet. The standard D9-brane belongs to it.

[J The Wess-Zumino term of the linear of 9-branes does not contain
couplings to any Born-Infeld field, which is, however, naively required for
K-symmetry.
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N = 2 Extensions and Solutions

The branes of N = 2B SUGRA

Potential || Brane Tension Projection operator
B2 F1 1 > (1+03001)
2 — 1 —e %014+l
C(2) D1 Ve 20 4 (2 2 (1 i \/e—2<1¢+e2grol>
c@® D3 e~ ¢ 5 (1 + i02T0123)
_ — 1 e Pos+lo
B(6) NS5 € qb\/e 20 4 p2 5 (1 + \/e—gT—i—EQlFOlm5)
0(6) D5 €_¢ %(1 + O'1F01...5)
B(S) D7 e3¢ + 2e—? %(1 + 7:0-21—‘01...7)
C®) D7 e ¢ % (1 + iO‘QFOl...7)
pU0) S9 e 29 ~(1+ 03)
10 Q0 —2 - 1 —e %01 +Lo
£(10) S0 | e/ B L 5(1+ W)
10 N —¢ (,—2 2)3/2 1 lo1+e %o
B10) D9 e=? (e ' ) 5 (1 — ;G_MH;’))
Cc(19) D9 e ? ~(1+09)
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N = 2 Extensions and Solutions

4 — Extensions of N =2,d =4 SUGRA: supersymmetric solutions

N=2,d=4 SUGRA admits electrically and magnetically charged 1/2 supersymmetric
black-hole solutions (Ferrara, Kallosh & Strominger, hep-th/9508072, Behrndt, Liist &
Sabra hep-th/9705169).
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N = 2 Extensions and Solutions

4 — Extensions of N =2,d =4 SUGRA: supersymmetric solutions

N=2,d=4 SUGRA admits electrically and magnetically charged 1/2 supersymmetric
black-hole solutions (Ferrara, Kallosh & Strominger, hep-th/9508072, Behrndt, Liist &
Sabra hep-th/9705169).

The general form of all the supersymmetric solutions of ungauged N=2,d=4 SUGRA
coupled to vector multiplets and hypermultiplets has recently been found (Meessen &
O. hep-th/0603099, Meessen, Hiibscher & O., hep-th/0606281) and it turns out that
there are also 1/2 supersymmetric string solutions which generalize those associated
to the 10-dimensional 7-branes.
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4 — Extensions of N =2,d =4 SUGRA: supersymmetric solutions

N=2,d=4 SUGRA admits electrically and magnetically charged 1/2 supersymmetric
black-hole solutions (Ferrara, Kallosh & Strominger, hep-th/9508072, Behrndt, Liist &
Sabra hep-th/9705169).

The general form of all the supersymmetric solutions of ungauged N=2,d=4 SUGRA
coupled to vector multiplets and hypermultiplets has recently been found (Meessen &
O. hep-th/0603099, Meessen, Hiibscher & O., hep-th/0606281) and it turns out that
there are also 1/2 supersymmetric string solutions which generalize those associated
to the 10-dimensional 7-branes.

Those in the vector multiplet sector have the form:

ds? = dt? —dy? — 2e X2 f|2dzdz*,

zi = 7i(x),  f=i(),
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4 — Extensions of N =2,d =4 SUGRA: supersymmetric solutions

N=2,d=4 SUGRA admits electrically and magnetically charged 1/2 supersymmetric
black-hole solutions (Ferrara, Kallosh & Strominger, hep-th/9508072, Behrndt, Liist &
Sabra hep-th/9705169).

The general form of all the supersymmetric solutions of ungauged N=2,d=4 SUGRA
coupled to vector multiplets and hypermultiplets has recently been found (Meessen &
O. hep-th/0603099, Meessen, Hiibscher & O., hep-th/0606281) and it turns out that
there are also 1/2 supersymmetric string solutions which generalize those associated
to the 10-dimensional 7-branes.

Those in the vector multiplet sector have the form:

ds? = dt? —dy? — 2e X2 f|2dzdz*,

Zt = Z'Yz), f=f(z),
and their Killing spinors take the general form

EI:(f/f*)1/4€IOa Yzx€ro = 0.
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N = 2 Extensions and Solutions

In general, the holomorphic functions Z*(z) will have have singularities and branch
cuts and, when crossing a branch cut, their value may be transformed by an element
of the isometry group of the Kéhler metric Gy, C Sp(2n, R).
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N = 2 Extensions and Solutions

In general, the holomorphic functions Z*(z) will have have singularities and branch
cuts and, when crossing a branch cut, their value may be transformed by an element
of the isometry group of the Kéhler metric Gy, C Sp(2n, R).

In general, Kahler potential /C is not exactly invariant under isometries, but
undergoes Kahler transformations

K(Z',Z"™)=K(Z,Z*) + \NZ) + X (Z7),
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N = 2 Extensions and Solutions

In general, the holomorphic functions Z*(z) will have have singularities and branch
cuts and, when crossing a branch cut, their value may be transformed by an element
of the isometry group of the Kéhler metric Gy, C Sp(2n, R).

In general, Kahler potential /C is not exactly invariant under isometries, but
undergoes Kahler transformations

K(Z',Z"™)=K(Z,Z*)+ XNZ) + X (Z7),

and, if the spacetime metric is going to be invariant f(z) must transform

f(z) = PG f(2),
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N = 2 Extensions and Solutions

In general, the holomorphic functions Z*(z) will have have singularities and branch
cuts and, when crossing a branch cut, their value may be transformed by an element
of the isometry group of the Kéhler metric Gy, C Sp(2n, R).

In general, Kahler potential /C is not exactly invariant under isometries, but
undergoes Kahler transformations

K(Z',Z"™)=K(Z,Z*)+ XNZ) + X (Z7),

and, if the spacetime metric is going to be invariant f(z) must transform

f(z) = PG f(2),

so, in turn, the Killing spinors transform according to

1

which is the way spinors transform under Kahler transformations in N=2,d=4
SUGRA.
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N = 2 Extensions and Solutions

In general, the holomorphic functions Z*(z) will have have singularities and branch
cuts and, when crossing a branch cut, their value may be transformed by an element
of the isometry group of the Kéhler metric Gy, C Sp(2n, R).

In general, Kahler potential /C is not exactly invariant under isometries, but
undergoes Kahler transformations

K(Z',Z"™)=K(Z,Z*)+ XNZ) + X (Z7),

and, if the spacetime metric is going to be invariant f(z) must transform

f(z) = PG f(2),

so, in turn, the Killing spinors transform according to

1

which is the way spinors transform under Kahler transformations in N=2,d=4
SUGRA. It is clear that there are as many kinds of strings as independent isometries.

If the generators of Gy are {k’(Z)}, and the monodromy of the Z(z) around zy is
generated by ¢ k% (Z), then, by definition, we will have a string with charges
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N = 2 Extensions and Solutions

In general, the holomorphic functions Z*(z) will have have singularities and branch
cuts and, when crossing a branch cut, their value may be transformed by an element
of the isometry group of the Kéhler metric Gy, C Sp(2n, R).

In general, Kahler potential /C is not exactly invariant under isometries, but
undergoes Kahler transformations

K(Z',Z"™)=K(Z,Z*)+ XNZ) + X (Z7),

and, if the spacetime metric is going to be invariant f(z) must transform

f(2) = 7ENf(2),
so, in turn, the Killing spinors transform according to

1

which is the way spinors transform under Kahler transformations in N=2,d=4
SUGRA. It is clear that there are as many kinds of strings as independent isometries.

If the generators of Gy are {k’(Z)}, and the monodromy of the Z(z) around zy is
generated by ¢ k% (Z), then, by definition, we will have a string with charges

So this is basically the (local) story concerning the solutions. Now the question is:

Are there 2-forms in N=2,d=4 SUGRA to which we can couple these strings?
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N = 2 Extensions and Solutions

5 — Extensions of N =2,d =4 SUGRA: 1.- vector fields

To find the 2-forms N=2,d=4 SUGRA we have to start by looking for all its possible
vectors.
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N = 2 Extensions and Solutions

5 — Extensions of N =2,d =4 SUGRA: 1.- vector fields

To find the 2-forms N=2,d=4 SUGRA we have to start by looking for all its possible
vectors.

N=2,d=4 SUGRA coupled to ny vector multiplets contains 7 = ny + 1 vectors A» u

which are treated on the same footing. They couple to the electric charges gp of
supersymmetric black holes.
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5 — Extensions of N =2,d =4 SUGRA: 1.- vector fields

To find the 2-forms N=2,d=4 SUGRA we have to start by looking for all its possible
vectors.

N=2,d=4 SUGRA coupled to ny vector multiplets contains 7 = ny + 1 vectors A» u

which are treated on the same footing. They couple to the electric charges gp of
supersymmetric black holes.

It is easy to introduce the n dual vector fields that couple to the
charges of supersymmetric black holes.
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N = 2 Extensions and Solutions

5 — Extensions of N =2,d =4 SUGRA: 1.- vector fields

To find the 2-forms N=2,d=4 SUGRA we have to start by looking for all its possible
vectors.

N=2,d=4 SUGRA coupled to ny vector multiplets contains 7 = ny + 1 vectors A» u

which are treated on the same footing. They couple to the electric charges gp of
supersymmetric black holes.

It is easy to introduce the n dual vector fields that couple to the
charges of supersymmetric black holes.

All these vectors can be combined into an Sp(2n,R) vector

A
(1)

with supersymmetry transformation rule

1 7T J i NI J (A R
56./4“ = 4V€]J¢'u€ +8@2V€]J>\ Yu€” +C.C., Y = ; DV = ;
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N = 2 Extensions and Solutions

The supersymmetric, gauge and symplectic-invariant coupling to electric and
charged black holes (0-branes) is given by the worldline action

dXH dXV dXH
ng|\/ ’ <X>+/d£<q|Au> .

d€ d€ g,UV d€
where Z is the central charge

=(q|V) =L~ :

and

<Q|AM>ZAAQA_
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N = 2 Extensions and Solutions

The supersymmetric, gauge and symplectic-invariant coupling to electric and
charged black holes (0-branes) is given by the worldline action

dXH dXV dXH
d52|\/ - <X>+/d£<q|Au> .

d€ d€ g/JV d€
where Z is the central charge

=(q|V) =L~ :

and

<Q|AM>ZAAQA_

This is not a surprising result, but it is nice to recover the mass (“tension”) of
supersymmetric black holes in such a simple way.
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N = 2 Extensions and Solutions

The supersymmetric, gauge and symplectic-invariant coupling to electric and
charged black holes (0-branes) is given by the worldline action

dXH dXV dXH
dsZ|\/ ’ <X>+/d£<q|Au> .

d€ d€ g/JV d€
where Z is the central charge

=(q|V) =L~ :

and

<Q|AM>ZAAQA_

This is not a surprising result, but it is nice to recover the mass (“tension”) of
supersymmetric black holes in such a simple way.

We are now prepared to search for the 2-forms.
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N = 2 Extensions and Solutions

6 — Extensions of N =2,d =4 SUGRA: 2.- 2-form fields

The main lesson we learned from the N = 2B,d = 10 7-branes is that the
(d — 2)-form potentials are dual to the isometries of the scalar manifold. Thus, we
have to Hodge-dualize the Noether currents associated to the transformations

602" = a*ks'(2), Sa A, = a Ty A,,
with Ty € g, C sp(2n,R) (Gaillard & Zumino, Nucl. Phys. B 193 (1981) 221).
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6 — Extensions of N =2,d =4 SUGRA: 2.- 2-form fields

The main lesson we learned from the N = 2B,d = 10 7-branes is that the
(d — 2)-form potentials are dual to the isometries of the scalar manifold. Thus, we
have to Hodge-dualize the Noether currents associated to the transformations

602" = a*ks'(2), Sa A, = a Ty A,,
with Ty € g, C sp(2n2, R) (Gaillard & Zumino, Nucl. Phys. B 193 (1981) 221). Using
5oV = aks'0;V + c.c. = o [TaV — 3(Aa — Aa)V),,
we can write these currents as symplectic-invariant 1-forms
Ina=20(DV* | TaV)+cc.+4x(F|TaA).

They are not gauge-invariant due to the last term.
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6 — Extensions of N =2,d =4 SUGRA: 2.- 2-form fields

The main lesson we learned from the N = 2B,d = 10 7-branes is that the
(d — 2)-form potentials are dual to the isometries of the scalar manifold. Thus, we
have to Hodge-dualize the Noether currents associated to the transformations

0aZ" = ok (2), Sa A, = a Ty A,,
with Ty € g, C sp(2n2, R) (Gaillard & Zumino, Nucl. Phys. B 193 (1981) 221). Using
5oV = aks'0;V + c.c. = o [TaV — 3(Aa — Aa)V),,
we can write these currents as symplectic-invariant 1-forms
Ina=20(DV* | TaV)+cc.+4x(F|TaA).
They are not gauge-invariant due to the last term. (On-shell) current conservation

d*JN,A =0 =dB4 E*JN7A Z*[2i<@V* |TAV> —I—C.C.] —4<.;E | TA.A>
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N = 2 Extensions and Solutions

6 — Extensions of N =2,d =4 SUGRA: 2.- 2-form fields

The main lesson we learned from the N = 2B,d = 10 7-branes is that the
(d — 2)-form potentials are dual to the isometries of the scalar manifold. Thus, we
have to Hodge-dualize the Noether currents associated to the transformations

02" = a®ks'(Z), S Ay = aTaA,,
with Ty € g, C sp(2n2, R) (Gaillard & Zumino, Nucl. Phys. B 193 (1981) 221). Using
5oV = aks'0;V + c.c. = o [TaV — 3(Aa — Aa)V),,
we can write these currents as symplectic-invariant 1-forms
Ina=20(DV* | TaV)+cc.+4x(F|TaA).
They are not gauge-invariant due to the last term. (On-shell) current conservation
dx Iy a=0 =dBy =xJya=*[20(DV" | T4V ) +cc]—4(F | TaA).
And then we define the gauge-invariant 3-form field-strength
Ha=dBa+4(F | TaA).
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N = 2 Extensions and Solutions

The B ss are the 2-forms to which the strings of N = 2,d = 4 SUGRA will couple to.
Their supersymmetry transformation rules are found to be

0Bayw = —2(D;V|TaV*)erymA! +cec.
—i(V | TaV*) eytr + c.c.

+8( ‘A[M | TA5€AV] ).
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N = 2 Extensions and Solutions

The B ss are the 2-forms to which the strings of N = 2,d = 4 SUGRA will couple to.
Their supersymmetry transformation rules are found to be

0B A py = —%<®ZV | TAV* > gj’yu,/)\” + c.c.
—i(V | TaV*) eytr + c.c.
—|—8<A[M | TA5€AV] ).

We can now try to write a symplectic, gauge and supersymmetry-invariant
worldsheet action for these strings, whose charges are . The tension can only be a
function of ¢ (V| TAV").
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N = 2 Extensions and Solutions

The B ss are the 2-forms to which the strings of N = 2,d = 4 SUGRA will couple to.
Their supersymmetry transformation rules are found to be

0B A py = —%<©ZV | TpAV* > gj’yu,/)\” -+ C.C.
—i(V | TaV*) eytr + c.c.
—|—8<A[M | TA5€AV] ).

We can now try to write a symplectic, gauge and supersymmetry-invariant
worldsheet action for these strings, whose charges are . The tension can only be a

function of ¢ (V| TAV").

Then, the leading term of the Wess-Zumino term must be the pullback of ¢ B4 ..
The action them is supersymmetric with the standard projection on €, but it is not
gauge-invariant and it is impossible to add any term constructed with the vector
fields to restore gauge-invariance.
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N = 2 Extensions and Solutions

The B 4s are the 2-forms to which the strings of N = 2,d = 4 SUGRA will couple to.
Their supersymmetry transformation rules are found to be

0B A uy = —%<®ZV | TAV* > g[’yu,/)\u + c.cC.
—i(V | TaV*) eytr + c.c.
—|—8<A[M | TA5€AV] ).

We can now try to write a symplectic, gauge and supersymmetry-invariant
worldsheet action for these strings, whose charges are . The tension can only be a

function of o (V| TaAV*).

Then, the leading term of the Wess-Zumino term must be the pullback of ¢ B4 ..

The action them is supersymmetric with the standard projection on €, but it is not
gauge-invariant and it is impossible to add any term constructed with the vector
fields to restore gauge-invariance.

Exactly the same problem arises in the construction of a x-symmetric worldsheet
action for heterotic strings propagating in the background of Yang-Mills fields. The
solution in that case is the addition of heterotic fermions whose gauge
transformations cancel those of the 2-form (Atick, Dhar & Ratra, Phys. Lett. B 169
(1986) 54).
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N = 2 Extensions and Solutions

7 — Some new supersymmetric solutions of N = 2, d = 4 supergravity

Once the form of all the supersymmetric solutions of all ungauged N = 2,d =4
SUGRASs is known (Meessen & O. hep-th/0603099, Hiibscher, Meessen & O.,
hep-th/0606281) it is natural to ask what happens in the gauged theories.
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N = 2 Extensions and Solutions

7 — Some new supersymmetric solutions of N = 2, d = 4 supergravity

Once the form of all the supersymmetric solutions of all ungauged N = 2,d =4
SUGRASs is known (Meessen & O. hep-th/0603099, Hiibscher, Meessen & O.,
hep-th/0606281) it is natural to ask what happens in the gauged theories.

As a first step in this direction we are studying N = 2, d = 4 Einstein-Yang-Mills
theories: NV = 2,d = 4 SUGRAcoupled to non-Abelian vector fields. In these
theories, only the isometries of the special-Kahler manifold are gauged and the scalar

potential is V' > 0.
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N = 2 Extensions and Solutions

7 — Some new supersymmetric solutions of N = 2, d = 4 supergravity

Once the form of all the supersymmetric solutions of all ungauged N = 2,d =4
SUGRASs is known (Meessen & O. hep-th/0603099, Hiibscher, Meessen & O.,
hep-th/0606281) it is natural to ask what happens in the gauged theories.

As a first step in this direction we are studying N = 2, d = 4 Einstein-Yang-Mills
theories: N = 2,d = 4 SUGRAcoupled to non-Abelian vector fields. In these
theories, only the isometries of the special-Kahler manifold are gauged and the scalar
potential is V' > 0.

The form of all the supersymmetric solutions in the timelike class has been
completely determined (Hiibscher, Meessen, O. & Vaula, arXiv:0712.1530 and paper in
preparation). They can be constructed as follows:
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N = 2 Extensions and Solutions

RECIPE:

0 Find a set of Yang-Mills A%,,, and functions Z* in flat 3-d space satisfying

1 A 1 A
2 Epmn an - V2 @pI )
which is the Bogomol'nyi equation satisfied by known magnetic monopole

solutions.
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N = 2 Extensions and Solutions

RECIPE:

0 Find a set of Yang-Mills A%,,, and functions Z* in flat 3-d space satisfying

1 A 1 A
2 Epmn an - V2 @pI )
which is the Bogomol'nyi equation satisfied by known magnetic monopole

solutions.

[1 Use the above solution to find a solution of
DmDmIn = 39° |fast fayr' I712] Ig,

so that
(T | D) =T DI — I, 70 =0.
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N = 2 Extensions and Solutions
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N = 2 Extensions and Solutions

0 Solve the stabilization equations to find R* and 7. N.B.:

IA

RA

%m(ﬁA/ ) y IA

%G(EA/ ) . RA

Sm(M, /

Re(My /

),

).
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N = 2 Extensions and Solutions

0 Solve the stabilization equations to find R* and 7. N.B.:
74 = Sm(LA/X), Iy = Sm(M,y/X),

RA = §Re(£A/ ), RA %G(MA/ )

The scalars are, then, given by
Lo L)X R T

A — — .
L0 L0/ RO + 470
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N = 2 Extensions and Solutions

0 Solve the stabilization equations to find R* and 7. N.B.:

IA

RA

%m(ﬁA/ ) y IA

§Re(£A/ ) . RA

The scalars are, then, given by

[l Finally, with

=

= Sm(My/

Re(My /

Lo L)X R T

L0 L0/X  RO44Z0°

0X|° = (R|Z)7",

construct the spacetime metric

1

ds®> = 2| X|%dt? —

dx"dx™ ,

),

).
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N = 2 Extensions and Solutions

0 Solve the stabilization equations to find R* and 7. N.B.:
IA

RA

%m([,A/ ) y IA

§Re([,A/ ) . RA

The scalars are, then, given by

[l Finally, with

=

= Sm(My/

Re(My /

Lo L)X R T

L0 L0/X  RO44Z0°

0X|° = (R|Z)7",

construct the spacetime metric

1

ds®> = 2| X|%dt? —

dx"dx™ ,

and the symplectic vector of 2-form field strengths

jE‘

V2D (|XPR dt) —V2|X2 % (dtA DI) .

),

).
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N = 2 Extensions and Solutions

SO(3) Examples:

Let us consider N = 2 EYM systems containing an SO(3) gauge group, with indices
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N = 2 Extensions and Solutions

SO(3) Examples:

Let us consider N = 2 EYM systems containing an SO(3) gauge group, with indices
. We make the “hedgehog” Ansatz

7% = I n*, A% = B e,¢ nb, n®=x%/r, r=vaxbab.
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N = 2 Extensions and Solutions

SO(3) Examples:

Let us consider N = 2 EYM systems containing an SO(3) gauge group, with indices
. We make the “hedgehog” Ansatz

7% = I n*, A% = B e,¢ nb, n®=x%/r, r=vaxbab.

A 2-parameter (u and p) family of solutions is given by

16) = Y2H,u), ) = cotm(rtp) — -
_oH _ - _ !
o(r) = EGP(,W'), Go(r) = . Sh(r )
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N = 2 Extensions and Solutions

SO(3) Examples:

Let us consider N = 2 EYM systems containing an SO(3) gauge group, with indices
. We make the “hedgehog” Ansatz

% = I n", A%, = & ,,,° nb, nazzr;a/r, r = Vbt .

A 2-parameter (u and p) family of solutions is given by

16) = Y2H,), H() = com(ap) - L
_oH _ - _ !
o(r) = EGP(,W'), Go(r) = . Sh(r )

The two most interesting cases are p = 0, 0.
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N = 2 Extensions and Solutions

't Hooft-Polyakov Monopoles

The p = 0 solution can be written in the form

v 1 1

A = em®n® TG G = - — :

" mb 1 g (k)5 Go(r) r sinh r

2 1
¢ = Q Ho(ur) n®, Ho(r) = cothr — —.

g r

The profiles of the functions G and H are
0.8;

7% is regular at r = 0 for p = 0, and describes the 't Hooft-Polyakov monopole.
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N = 2 Extensions and Solutions

Black Hedgehogs

In the limit p — oo we find the “black hedgehog” solution

1
¢ = —\/5(100 + —> n®
qgr
b
Aam — 5mba n_ .
qgr
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N = 2 Extensions and Solutions

Black Hedgehogs

In the limit p — oo we find the “black hedgehog” solution

1
7% = —\/5(100 + —> n® |

gr
b
Aam = Emp" n_ .
gr
The YM field is at r = 0 but in EYM theory may

cover it by an event horizon.
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N = 2 Extensions and Solutions

Black Hedgehogs

In the limit p — oo we find the “black hedgehog” solution

1
7% = —\/5(100 + —> n® |
gr
b
n
Aam = Emp — .
gr
The YM field is at r = 0 but in EYM theory may
cover it by an event horizon.
The possible existence of an event horizon covering the at r = 0 has to be

studied in specific models.
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N = 2 Extensions and Solutions
Before finding R and |.\'| we have to find the 7,s solving
DmDmln = 59° [fa' fayr? T2I°] 1o,
and solve the staticity constraint

(T | DmI)=0.
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N = 2 Extensions and Solutions

Before finding R and |.\'| we have to find the 7,s solving
DmDmIn = 3¢* [fact far® T7I2] 1o,
and solve the staticity constraint

(T |®D,7)=0.
In this simple case

9
Lo = 3 I )
/ QJ

where J is an arbitrary constant.
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N = 2 Extensions and Solutions

Before finding R and |.\'| we have to find the 7,s solving

DmDmIn = 3¢* [fact far® T7I2] 1o,
and solve the staticity constraint

(T | DmI)=0.

In this simple case
Y
Lo = 3 I )
: 2j

where J is an arbitrary constant.

If we split the index A into an a-index and an u-index labeling the ungauged
directions, the staticity constraint only acts non-trivially on the ungauged part:

Z,d1* — 1*dz7, + 7, ®1* — 1°®1, = 1, dI* — I dZ, = 0,

which we can solve as in the Abelian case or just set to zero.
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N = 2 Extensions and Solutions

Before finding R and |.\'| we have to find the 7,s solving

DmDmIn = 3¢* [fact far® T7I2] 1o,
and solve the staticity constraint

(T | DmI)=0.

In this simple case
Y
Lo = 3 I )
: 2j

where J is an arbitrary constant.

If we split the index A into an a-index and an u-index labeling the ungauged
directions, the staticity constraint only acts non-trivially on the ungauged part:

Z,d1* — 1*dz7, + 7, ®1* — 1°®1, = 1, dI* — I dZ, = 0,

which we can solve as in the Abelian case or just set to zero.

This determines completely the family of solutions but, in order to find explicit
expressions for R and |.X| and the spacetime metric we must solve the stabilization
equations which depend on the specific model considered.
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N = 2 Extensions and Solutions

Metrics

For simplicity let us consider a @3 model whose prepotential reads
F=tms XY X%, n = diag(—, [+]") .
The Kahler potential is

e® =177, |Z?<1.
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f:ﬁnAgXAXE, n = diag( —, [+]") .
The Kahler potential is
e® =177, |Z?<1.
The stabilization equations are solved by

RA = —%77/\2 IE , RA = ZHAE IE,
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N = 2 Extensions and Solutions

Metrics

For simplicity let us consider a @3 model whose prepotential reads
F=tms XY X%, n = diag(—, [+]") .
The Kahler potential is

e® =177, |Z?<1.

The stabilization equations are solved by

Ra = —3mz I , RY = 2™ Iy,
and the metric function is given by
1
9 =g T —3 ThmasT> — 261y = 5 [I°% — I9% + 47,% — 47,7
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N = 2 Extensions and Solutions

Metrics

For simplicity let us consider a @3 model whose prepotential reads
F=tms XY X%, n = diag(—, [+]") .
The Kahler potential is

e® =177, |Z?<1.

The stabilization equations are solved by
RA = —%77/\2 IE , RA = ZHAE IE .

and the metric function is given by

1

—Grr = 2‘ ‘2 — _% IAnAEIE — QIAUAEIZ —

= [ZI9% — 1% + 47,% — 47,7] .

With the hedgehog Ansatz 7%? = 72 and SU(2) effectively reduces to a U(1) in the
metric!
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N = 2 Extensions and Solutions

Metrics

For simplicity let us consider a @3 model whose prepotential reads
F=tms XY X%, n = diag(—, [+]") .
The Kahler potential is

e® =177, |Z?<1.

The stabilization equations are solved by

RA = —%77/\2 IE , RA = ZHAE IE,
and the metric function is given by
1
9 =5 L TApasT® — 2T Ty = L[I02 — 702 4 47, — 47.7] .

With the hedgehog Ansatz 7%? = 72 and SU(2) effectively reduces to a U(1) in the
metric! For black holes with finite entropy (attractor) we need at least two U(1)s.

However, since Z¢ is bound in the monopole, we do not need Z°, 7, and we can set
them to constants.
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N = 2 Extensions and Solutions

Normalizing to have asymptotic flatness, we get, for the monopole

1
—9rr =1 + /’L2 [g_z + j2] [1 - HQ(MT)} ;
which is completely regular and describes an object of mass
M= pull/g® + T7] .

(related to Harvey & Liu (1991) and Chamseddine & Volkov (1997) monopole
solutions.)
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N = 2 Extensions and Solutions

Normalizing to have asymptotic flatness, we get, for the monopole
1
—9rr =1 + /’L2 [g_z + j2] [1 - HQ(MT)} ;
which is completely regular and describes an object of mass

M= pull/g® + T7] .

(related to Harvey & Liu (1991) and Chamseddine & Volkov (1997) monopole
solutions.)

To embed the black hedgehog into this model and get a regular solution (|Z]* < 1)

we need non-trivial Z° or 7. The conditions for regularity are the same as in an
standard, Abelian U(1) x U(1) black hole of this model:

M = Z2p° +Zoeeqo —2u[1/g* + T?| >0,

A1 0y A(00)2 2“21 2 2 0
e §[(p)+(90)]—g—2[/9 + J?%| >0,

and can always be satisfied.
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N = 2 Extensions and Solutions

Normalizing to have asymptotic flatness, we get, for the monopole
1
—9rr =1 + /’L2 [g_z + j2] [1 - HQ(MT)} ;
which is completely regular and describes an object of mass

M= pull/g® + T7] .

(related to Harvey & Liu (1991) and Chamseddine & Volkov (1997) monopole
solutions.)

To embed the black hedgehog into this model and get a regular solution (|Z]* < 1)

we need non-trivial Z° or 7. The conditions for regularity are the same as in an
standard, Abelian U(1) x U(1) black hole of this model:

M = Z2p° +Zoeeqo —2u[1/g* + T?| >0,

A1 0y A(00)2 2“21 2 2 0
i §[(p)+(90)]—g—2[/9 + J?%| >0,

and can always be satisfied.

How does the attractor mechanism work in this solution?
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N = 2 Extensions and Solutions

8 — Conclusions
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8 — Conclusions

[1 Supergravity is a extremely useful tool to explore perturbative and
non-perturbative String Theory.
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correspondence between solutions, form potentials, and worldvolume actions,
all in agreement with duality.
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[1 How the the standard fields and the extensions fit in non-Abelian gauge
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of N = 2,d = 4 gauged theories, showing two new kind of solutions which
should be given stringy interpretations.
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[1 How globally well-defined cosmic string solutions are constructed.
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8 — Conclusions

[1 Supergravity is a extremely useful tool to explore perturbative and
non-perturbative String Theory.
[1 There is still much to be learned about Supergravity:

[1 I have reviewed the extensions of V = 2, d = 4 theory and shown the

correspondence between solutions, form potentials, and worldvolume actions,
all in agreement with duality.

[1 I have reviewed recent results in the search for new supersymmetric solutions
of N = 2,d = 4 gauged theories, showing two new kind of solutions which
should be given stringy interpretations.

[J I have left aside several important developments:

[1 How the the standard fields and the extensions fit in non-Abelian gauge
algebras (Fq1 or G5 in d = 5 (Gomis & Roest arXiv:0706.0667)).

[1 How globally well-defined cosmic string solutions are constructed.

[1 There is still much work to be done in the N = 2. d = 4 theories:
[0 3-forms (domain walls, gaugings)?
[] 4-forms?

[ Relation between strings (in general (d — 3)-branes) and Scherk-Schwarz
reductions...
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