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Introduction

In curved space, each bit of mass should move along geodesics

Optimal transport:
best way of moving
mass distributions

[Monge 1781, Kantorovich 1940...}
review: [Villani ’08}

the whole motion can also be understood as a geodesic
in the space of probability distributions
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Applications in this talk:

® Gravitational equations <=> concavity of “Tsallis entropy’

® Bounds on spin-2 KK masses °

=>  aswampland theorem for large c.c. °

and a challenge for small c.c.



Plan

® Entropy and transport
® Entropy and (classical) gravity
® Bounds on eigenvalues

® Application: spin-2 conjectures
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one can even use this to reformulate Einstein’s equations {McCann ’19; Mondino, Suhr ’19]
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e If measure is ‘weighted”: /g — ¢/ /g V-U—e 'V (efU)

‘weighted expansion’

S GBS = — Jy V30 (ValUn VU™ + RS UTU)
I

Rmn o vmvnf
® “Tsallis entropy’: homogeneous (rather than extensive) [~ log Rényi entropyl
[Havrda, Charvat ’67; Patil, Taillie ’82; Tsallis ’88}
from axioms in {Suyari ’95, Furuichi ’os}
N
Sy =N (1 — Ju \/geprl)
oo, f N, f [De Luca, De Ponti,
|:> Rmn — Rmn e Luca, De Ponti

Mondino, AT 22 to appear}
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Entropy and gravity

Consider a higher-dimensional gravity mp~° [ dPz\/—gp Rp + matter

and a compactification ds%, = eZA(dS?l + ds?)

. max. ] ‘de-warped’
EoM: R MN — —m D (TM 1_2 anr NT) — TM N symmetric internal
. A — éf(d) external
internal: ”
Ron + (D = 2)(=V VA + 0, A8, A) = (D — 2)|dA]2 + V2A)gmn + Ton
sign?
|
RN’f — Agmn - m2 D(Tmn — égmnT(d))
non-negative [“Reduced
: Ener
for all bulk field &Y
f=(D-2)A ° o1 47 b - ces Condition”}]
type II and d = 11 sugra
N=2-d<0

actually still good! ® for brane sources



® we can reformulate this equation in term of entropy:

[De Luca, De Ponti,
Theor C1n: Mondino, AT 22 to appear}

Rmn _|_ (D T 2)(_vmvnA "|_ amA(?nA) — Agmn "|_ %m%_D(Tmn T %gmnT(d))

i
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[De Luca, De Ponti,
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of geodesics
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+ inequality can be saturated when p is peaked at one point



® we can reformulate this equation in term of entropy:

[De Luca, De Ponti,
The orem.: Mondino, AT 22 to appear}

Ry + (D —2)(—=Vy Vo A+ 0, A0 A) = Agpn + %m%_D(Tmn — %gmnT(d))

Tsallis entropy quantifying our ignorance @
of particle position in internal space velocity field

of geodesics

N—1 — miin
O < [vael p ™ (Agmn + 5mB 7 (Toun — 59mnT(a))U™U™)

+ inequality can be saturated when p is peaked at one point

® purely internal equation: in terms of first derivative of Shannon entropy
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‘synthetic’ point of view: generalization to singularities

generalize to /
Inspiration: functions N non-smooth functions: e z
f7<0

of one variable

Roughly similar:

[Sturm ’06; Lott, Villani ’o7;

generalize to Ambrosio, Gigli, Savaré 14}
non-smooth manifolds:

2 . ) )
Rmn >0 = at S <0 ‘Riemann-Curvature-Dimension’ {[RCD}
condition: concavity of entropy
more generally generalize to
non-smooth manifolds:
RN > —Kgmn “RCD(—K, N)” space

[De Luca, De Ponti,

This applies to D-branes Mondino, AT 21; 22 o appear]
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® gauge fixing; disentangling different spins; ...

Hard to compute KK spectrum. , . .
® masses= eigenvalues of internal diff. operators

A univer Sal I CSUltI [Csaki, Erlich, Hollowood,

Spin_two Operator — Shirman’oo; Bachas, Estes 11}
weighted Laplacian

total dimension

. - f=(D-2)4
Ar(y) = —Le 19, (\/ggm”ef(‘?nw)
V3
ds?, = e?4(ds? + ds?)
internal
warping ‘de-warped’

metric

® Eigenvalue bounds can be obtained by optimal transport methods

on spaces with bounds for the R/ tensors.
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Luckily, the ‘REC’ does imply such Ricci bounds!

Ron + (D = 2)(=V .V A + 8, A0 A) = Agnn + 3m

|dA|2gmn

non-negative

f=(D-2)4
N=2—-d< 0

actually still good!

K =|Al + 55
o> (D—2)dA]|

‘sup of the warping’
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We can now prove some theorems:

empirical bound on & among SE’s:
[Collins, Jafferis, Vafa, Xu, Yau 22}
and among sphere quotients:
[Gorodski, Lange, Lytchak, Mendes '19}

® mass bounds in terms of the diameter

[largest distance between any two points}

2
o mz < n (‘A| e %0‘2) - ’y(’n) dil:mQ [De Luca, AT 21} using {Setti 98}
WIP: extension using RCD sing. [De Luca, De Ponti,

for now, M,, smooth. Mondino, AT WIP

with N <0 — getridof o

so small diameter does imply scale separation [Calderon '1;
2 2 C(d) p y p De Luca, De Ponti,

for spin-2. For now, no O-planes Mondino, AT: 22 t0 appear
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® bounds in terms of Cheeger constant T /e DDA

[De Luca, De Ponti, et . y
Mondino, AT 21} ‘min. of Perimeter; a space where hp is small |
area A

has a small ‘neck’:

adapting
17,2 2 21 2272 [De Ponti, Mondino o]
® smallest mass: hi <m7 < maX{l_ohl‘/Ka ?h1} e Pond, Mondino 19
K =[A] + 2

D—-2
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® bounds in terms of Cheeger constant T /e DDA

[De Luca, De Ponti,

Mondino, AT 21} ‘min. of Perimeter; a space where h; is small
area A

has a small ‘neck’:

adapting
172 2 21 2212 [De Ponti, Mondino 19}
¢ smallest mass: hi <m7 < max{l—ohlv K, ?h1} )
K=|Al+F
RCD(K, o0) sing. ’ ’ D—2

broad class, including O-planes [recall: includes D-branes}

[De Luca, De Ponti,
Mondino, AT ’22 to appear}

® similar bounds on higher eigenvalues



2

Theorem: mj < 600k max{m%, Al + DJ—Q}




Theorem: mi < 600k? max {m%, A + DG_Q}

o o> mj < 600k%m]

2
*mi > |Al + 5= ;

o2
A+ 5=




Theorem: mi < 600k? max {m%, A + DG_Q}

o o> mj < 600k%m]

2
*mi > |Al + 5= ;

If one lowers m?
b A] + 25




2

Theorem: mi < 600k? max {m%, A + DG_Q}

" > m? < 600k%2m?

2
*mi > |Al + 5= ;

If one lowers m7,

o2
A+ 5=

it drags down all the higher m?



Theorem: mj < 600k max{m%, Al + DJ—Q}

ms
o
2 2 2 2.2
msy
2
m o o
my
o
If one lowers m7, 2
A+ 5=

it drags down all the higher m?

. . . . = KK scale ~ m
in agreement with the Spin-2 conjecture !

[Klaewer, Liist, Palti 18]
{[de Rham, Heisenberg, Tolley ’18}
[Bachas '19}
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Theorem: mi < 600k? max {m%, A + DG_Q}

2
D—-2

om? > |A| + o> mi < 600k*ms3

If one lowers m7,

it drags down all the higher m?

in agreement with the Spin-2 conjecture

e For arbitrarily small m?, counterexamples exist

Maldacena—Nunez solutions with >, with small necks

Other light spin-2 fields?

o2
A+ 5=

= KK scale ~ m;

[Klaewer, Liist, Palti 18]
{[de Rham, Heisenberg, Tolley ’18}
[Bachas '19}

9.




Conclusions

® Optimal transport in curved space depends on a ‘weighted Ricci tensor’

* Einstein equations for compactifications equivalent to ‘concavity’ for Tsallis entropy

® Bounds on spin-2 KK masses in terms of diameter or Cheeger constant

c> Pproves spin-2 conjectures, in appropriate regime
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Entropy

S(p1,...,pn) such that:

I : Khinchin ’53, Fadeev ’56}
1 is completely symmetric (Khinchin 53, Fadeev’s

2 S(p,1 — p) continuous in p > S =—2_;pilogp;
3 S(tp1, (1 — t)pa,pas -« - s Pn) Shannon entropy
= S(P1, -+, Pn) +P1S(E, 1 — 1) [up to constants}

[implies extensivity}

If we replace 3 with

[Suyari ’95, Furuichi "os}

3" S(tp1, (1 — t)p2,p2y -+ Pn) = o> S=-1L (1-%.p
; = o5 (1 =>_;p)
S(p1, -+ Pn) +07S(E,1 — 1) :

Tsallis entropy

{up to constants}
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[with usual caveats about supergravity singularities}

eDp-branes, p < 5: {also M2,Mjs}
r = 0 at infinite distance! v o < o0.

e DO:

math proof for exact solution; plausible in general.
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e D7, D&:

math proof for exact solution; plausible in general.

g < Q.

ds? =
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Are string theory singularities RCD? 0o ds? = e24(ds + ds?)

¢
[with usual caveats about supergravity singularities} Ao,y + H(dr? +r2ds? )
o> (D — 2)|dA]
eDp-branes, p < 5: lalso M2,M5s] ‘sup of the warping’
r = 0 at infinite distance! v* o < 0.
e DG:
math proof for exact solution; plausible in general.
o = 00, but Ry, — 8V, 0, A > 0 anyway.
e D7, DS:
math proof for exact solution; plausible in general. o < oc.
e Op-planes: RCD(K, N < 0)
U
R < 0 forp > b; .

[De Luca, De Ponti,

Mondino, AT: WIP} RCD(K, N > 0)



