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A few questions

Can we use basic principles (unitarity, causality, …) to 
constrain quantum gravity theories from the bottom up?

How much can a quantum theory of gravity, possessing 
a large spectral gap and satisfying minimal axioms, 

differ from Einstein's General Relativity?

After imposing such constraints, how big is the 
swampland?



Outline

2. What we can and cannot do for the swampland

1. Dispersive bounds a (very) short review

(3. Bonus?)



Dispersive bounds: 

a (very) short review



A dispersive bound

• Scalar EFT with shift symmetry (e.g. dilaton)

B(t) =

I
ds

s3
M(s, t)A sum rule:

At low energies

At high energies B(0) =

Z 1

0

ds

s3
ImM(s, 0) =

Z 1

0

ds

s2
�

s

• Unitarity, causality, etc             analytic properties of
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g2 = h�i > 0

(c.f. proof of the D=4 a-theorem)



• Uses positivity in the forward limit (e.g. optical theorem)

Forward limit bounds
• Example of “old fashioned” positivity bounds

• Can only bound sign of terms even in CoM energy squared (“s”)

• More examples of positivity:

- Coefficient of            in Maxwell EFT 
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F 4 [Adams, Arkani-Hamed, 
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- Coefficient of            in gravitational EFT 
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R4 [Cheung, Remmen]

• Forward limit dangerous when gravity is on
<latexit sha1_base64="9fg1jpkMYZq3Xy9J5xbbMaMyZ94="></latexit>
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F 4
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Q: Many swampland arguments are non-
perturbative in nature (e.g. black holes). 

Why would this ever help?

A: Dispersion relations are also non-
perturbative. LE part is computed in EFT, 

but HE part encodes non-perturbative 
processes. Constraints (unitarity, 

causality) are also general.



• Crossing

Gravity amplitude
• Let us focus on MHV sector

M(1+2�3�4+) = h23i4[14]4f(s, u)
M(1+2�3+4�) = h24i4[13]4f(t, s)
M(1+2+3�4�) = h34i4[12]4f(t, u)

• EFT expansion

f(s, u) = f(u, s)

R3 R4 D2R4 D4R4Einstein-Hilbert
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1. Low energy spectrum & EFT expansion


2. Quantum causality (= analiticity & crossing)


3. Lorentz invariance at all scales (spectrum organized by mass, spin)


4. Partial wave unitarity


5. Regge boundedness

Assumptions
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0 < ⇢hi
J (m2) = |chi

J,m2 |2 < 2
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pl ⌧ 1
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“Bootstrappy” Dispersive bounds

• If we can find a functional        such that F

then we get a bound on EFT coefficients from 

<latexit sha1_base64="wQhPZ13gM+YUWsmNNdJRgkFq5pU="></latexit>
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f(s, p2�s) = 0• Sum rule
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t = �p2

• Unitarity helps!
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2) � 0

[Caron-Huot, Van Duong; Caron-Huot, Li, JPM, Simmons-Duffin]



Gravity is weak (and attractive)
• Can find a functional such that

• This implies
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F [1/p2] = 1
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F [p6] = 0

and is positive on high-energy spectrum 

• So gravity is:

<latexit sha1_base64="TCw9jkLwILSx1rJjuhzY9lN7yuc="></latexit>

G =
X

J,m2

|cJ,m2 |2(positive)

1. Attractive (duh!)

2. Weakly coupled at all scales M < Mpl!

• This guarantees bounds on all contacts  
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M2igi < G
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(Sharp: dimensional analysis with O(1) coefficient fixed)



What we can and cannot do for 
the swampland
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R3
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R4

Forward limit
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R3

Two-sided bounds, 
not only positivity!

Provides an on-shell 
version of the usual 
species argument

<latexit sha1_base64="hBoQAAnZRMMbEgJX9ppqqcn4e1E="></latexit>
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[Caron-Huot, Li, JPM, Simmons-Duffin]

Cannot bound sign…



Positivity is spoiled by gravity
[Caron-Huot, Mazac, Rastelli, Simmons-Duffin]
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The reason is that graviton pole is attractive and dominates.          
We cannot probe it beyond the EFT cutof
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t ⇠ M2



Large black holes and WGC

[Henriksson, McPeak, Russo, Vichi]

Same goes for coefficient of            whose sign is correlated with 
shift in extremality bound
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F 4
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In general, we cannot use 
dispersive bounds to 
conclude that large BH 
satisfy WGC

[Kats, Motl, Padi]

“ ”

(See [Cheung, Liu, Remmen] and 
[Hamada, Noumi  Shiu] for other 
discussions)


  



Can we quantify no global symmetries?

• We can write sum rules for coefficients that break symmetry

e.g. Leading gravitational Z2 symmetry breaking
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+

Can we prove that RHS is necessarily non-zero? BH contribution?

• Unlikely, since we cannot exclude the possibility that the symmetry is 
gauged by looking at EFT amplitudes



Can we quantify no global symmetries?

• What about continues symmetries, for which we have a gauge field

• Invisible, since dispersion relations require at least two subtractions

# q

p1 � q/2 p1 + q/2

p2 + q/2 p2 � q/2
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I
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M = 0 8k � 2

• We would need singly-subtracted 
dispersion relations

<latexit sha1_base64="KJuV8S/kC+wC4gLAZ4PNChMHhIQ="></latexit>

B1 =

I
ds

s2
M = c1 ?



Strong form of WGC/RFC?
• There is a very special singly subtracted 

dispersion relation, which extracts 
amplitude at threshold

<latexit sha1_base64="aWsXhNPctx1rVt0UluljQz8v5O8="></latexit>

B0
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I
dsM(s, t)

s(s� (m1 +m2)2)

• At low energies this is precisely the RFC combination
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(also works with scalars)

• However, we are free to choose any charges, which naively don’t 
affect high-energy part of the sum rule.

• Also we can always turn of the electromagnetic coupling, so first 
need to attack no global symmetries



Strong form of WGC/RFC?

•Still, if we assume RFC we have an interesting sum rule

•Q for you: Is there anything universal about the boundary 
term in string theory?

<latexit sha1_base64="l2vsVKHzN5LT/7ZQTFvQEzWoefE="></latexit>
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with positive dominant terms for small t.
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Rank conjectures? Bounds on CY data?
• Absolute upper bounds could connect to rank conjectures, bound 

number of CYs?

• Non-rigorous absolute upper bounds 
(primal bootstrap)
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rG  26�D

• Q for you: Can one phrase rank conjecture 
as upper bound on ratio of Wilson 
coefficients in SUGRA EFT?

e.g.

• We can only bound ratios of Wilson 
coefficients

<latexit sha1_base64="msSRhamRLnVOtm02s+gyOHwCs0c=">AAAB+nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7xwSOBlcwOszBhZnYzM2tCVj7Bq969Ga/+jFe/xAH2IGAlnVSqutPdFcScaeO6305uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhtcTv/lElWaRfDCjmPoC9yULGcHGSvd3j5VuseSW3SnQMvEyUoIMtW7xp9OLSCKoNIRjrdueGxs/xcowwum40Ek0jTEZ4j5tWyqxoNpPp6eO0YlVeiiMlC1p0FT9O5FiofVIBLZTYDPQi95E/M9rJya89FMm48RQSWaLwoQjE6HJ36jHFCWGjyzBRDF7KyIDrDAxNp25LYEYF2wo3mIEy6RxVvbOy5XbSql6lcWThyM4hlPw4AKqcAM1qAOBPrzAK7w5z8678+F8zlpzTjZzCHNwvn4BDO2UKw==</latexit>

R4 D=10 Maximal SUSY

[Guerrieri, Penedones, Vieira]



Bonus: Amplitudes and moduli 
spaces of vacua



Summary
• We can prove that Einstein gravity is the only option at low 

energies with a gap. Expectation from EFT, but with O(1) 
coefficients fixed.

• Some of the traditional suggestions for connecting dispersion 
relations and the swampland are now understood to not work in 
general (e.g. extremality shift)

• Understanding the gap between the “bottom up” swampland and 
the “top down” swampland seems a worthwhile exercise

• There still seems to be a gap between what we can do today and 
the goals of the swampland community. Perfect reason to 
continue our conversations :)



Thank you!



• Amplitudes defined by expanding around VEV

Geometry of amplitudes
<latexit sha1_base64="kYaD8ZI56WM6aKdjCM8Agg2y/Vo="></latexit>

�I = vI + �I

• Do not depend on field basis
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hpi|�J(x)|0i = eiJ(v)eip·x

• States are sections of a the tangent bundle over the space of vacua. 
Amplitudes also live on the tangent space. 

but on a choice of frame
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equations of motion
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e2

[Cheung, Helset, JPM]

• Q for you: Is there any interesting behavior at infinite distance for 
quantities that live on the tangent space?



Some amplitudes

• Examples:
<latexit sha1_base64="VyoQ58PNckFro5jIDtr1tVobNWc="></latexit>
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• Must be a function of geometric invariants! e.g. curvature of 
moduli space

<latexit sha1_base64="Zgu1P/WmRV/6U3FOaFTSqU6kbjU="></latexit>
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[Volkov; Dixon, Kaplunovsky, Louis]

[Cheung, Helset, JPM]



Soft scalar theorem
• New soft theorem, intuition:

• Dotting the i’s etc

<latexit sha1_base64="Jju3eKTAUfqEgpBwFZvmw6F9yfc="></latexit>
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“on-shell connection”“Derivative w.r.t VEV”
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[Cheung, Helset, JPM]

• Works with coupling to other matter (fermions, gauge fields, …)
[Cheung, Derda, Helset, JPM, to appear]



Infinitesimal vs. finite vs. infinite distance

• (multi)Soft limits lets us move 
around moduli space


Zeno’s paradox

• However, even to move a finite distance 
we need amplitudes with infinitely many 

• Perhaps species scales can be tied 
to scale of breaking of unitarity
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• Distinction between finite and infinite 
distance non-obvious




Summary
• We can prove that Einstein gravity is the only option at low 

energies with a gap. Expectation from EFT, but with O(1) 
coefficients fixed.

• Some of the traditional suggestions for connecting dispersion 
relations and the swampland are now understood to not work in 
general (e.g. extremality shift)

• Understanding the gap between the “bottom up” swampland and 
the “top down” swampland seems a worthwhile excercise

• There still seems to be a gap between what we can do today and 
the goals of the swampland community. Perfect reason to 
continue our conversations :)



Thank you!


