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-~ Avoid wild functions and sets:

— 1o sets with infinite connected components:
integers, lattices...

— no complicated functions: f(x) = sin(1/x)

~ Comes from logic: o-minimal structures
avoid logical undecidability [Tarski] (Godel’s theorems are over integers)

~ Grothendieck’s dream to develop math. framework for geometry:

— tame topology [Esquisse d’un programme]
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Tameness - a generalized finiteness principle

~ Tameness from theory of o-minimal structures (model theory, logic)

intro book [van den Dries]
Recent lectures: 2022 Fields institute program (6 months)

sets in o-minimal structure S : tame sets

functions with graph being a tame set: tame functions

— tame manifold, tame bundles... a tame geometry
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Some evidence from string theory

~ Type lIB/F-theory pure flux vacuum landscape is tame

pure flux vacua: Gs€ H*(Yy,Z) Gy = xGy GG =
Yy

Theorem: This vacuum landscape given by fluxes and moduli

1s a tame set! [Bakker, TG,Schnell, Tsimerman "21]

/

finitely many fluxes, finitely many vacuum loci

=~ Coupling functions in effective actions are tame functions of moduli
|TG]|TG,van Vliet] in progress

= Relation between tameness, distance, and axionic string conjecture
|TG,Lanza,Li]

[Lanza,Marchesano,Martucci, Valenzuela]
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Tameness questions & answers

=~ Are QFTs tame at perturbative level?

Answer: If QFT is renormalizable, yes! — Theorem
If the QFT is non-renormalizable: depends on UV.

~ Are QFTs tame at non-perturbative level?

Answer: In simple examples, yes!
In general: depends on the UV structure.

= Are CFTs tame? Is the space of all CFTs tame? Answer: We think so, yes!

Conjecture:  All correlation functions are tame functions.
Set of all CFTs is tame if d.o.f. are bounded (and gap in 2d).
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Perturbative QF'T's

~ Theorem: For any renormalizable QFT with finitely many particles and
interactions all finite-loop amplitudes are tame functions of the masses,
external momenta, and coupling constants.

[Douglas, TG,Schlechter]

ﬁ A A ﬁ AQ(m17m27m37)\7ﬁ)

N

ms tame in all parameters

hidden finiteness property in all QFT amplitudes

Remarks: - theorem is very non-trivial: interesting implications for
Feynman amplitudes (symmetry «— relations)  [in progress]

- tameness is useful already without gravity "
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./45 = ‘Z]&j
J)

%

j = 17 SR Ngraphs,é

- Basicidea: Feynman integrals are tame by relating them to period
integrals of some auxiliary compact geometry Y,

9:n><q3%~/\/lgraph ; (pam)HZ

moduli space of Ygraph

Ito,m) = [ (H i’f) (H Dl) I(z) = L 0

gl

review book by [Weinzierl]
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Idea of the proof

-~ amplitudes are composed of finitely many Feynman integrals

j = 17 SR Ngraphs,é

- Basicidea: Feynman integrals are tame by relating them to period
integrals of some auxiliary compact geometry Y,

= Use: all steps only involve tame maps,
period integrals are tame maps in o-minimal structure Ray, exp

|Bakker,Mullane] "22

= Key point: renormalizable theories have only finitely many
counterterms — tameness preserved by finite composition

21
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Tameness at non-perturbative level

~ check tameness of partition functions of solvable theories:

0d theory: sine-Gordon 7 = / docim Yl o 2O

o

—> modified Bessel function is tame (construct geometry — period)

1d theory: harmonic oscillator (finite temperature partition function)

1
Z(B,m) = 2sinh B/(2m) = > tame in 0. 1

L

) - 1)

— tame in A\, A, theta tame on fundamental domain [Peterzil,Starchenko]

2d free Yang-Mills: SU(2) example  Zgy(z) = e16 (03(e

2d theories: (2,2) GLSMs appearing in Type II CY compactifications

7o [yl tame due to relation to periods
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Challenges for tameness

m2

: : A il Im
€ Lonsiderin0d: S = 7¢2 1 Zﬁ¢4 — 7= \geg‘*_A e (%) s

This is embarrassing!

— we expect Z to be tame, but tameness of exponential periods (e.g. K (x))
is subtle over C

= General question: What are the precise conditions on Lagrangians
in d=0,1 such that Z is tame?

proposal in [Douglas, TG,Schlechter] - should be answerable!
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Challenges for tameness

= Tameness is constraining!

e.g. consider discrete symmetry group G

/ ( qg - )\) — 7 ()\) — never tame if dim(G) is infinite

— tameness requires that all such symmetries are gauged or eventually
brokeninfull Z  ‘No global symmetries in QG’

= Non-tameness of Lagrangian: easy to get non-tame Lagragian by
picking non-tame potential V(x)

Simple:  V(0) = Acos(f) + B cos(a0) « irrational

Fancy: We =Y P (X X)) + Z Z,(sin 2mi X,)? [Tachikawal]

(susy or not susy is undecidable)
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Tameness and the RG

= Interesting if RG flow is tame: d 2
5 AdAg - pert (d A, ) —l_(/)(g )

linear order: tameness preserved if all \; real (otherwise limit cycles) [Miller]

renormalizable theory: use tameness of amplitudes — finite loop Bpert(g) tame
— study of flows e.g. [Rolin,Sanz Schaefkel]....

Are QFTs with limit cycles in the RG in the swampland?

~ Integrating out fields preserves tameness
assume: field space M and potential V (@1, ¢p2) tame

oV ; ;
Integrate out: M., — { O} N M — intersection of tame spaces

091
heav : P |
mq l ﬁl Vg1, p2) = V({p1),p2) — projection of tame function
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~ CFTs are axiomatically well-defined: theory set T
assume: CFT is unitary and local

- correlation functions (1 (x1)O2(x2)...) + partition function
dependon: (1) & & % d - dimensional space-time
(2) points on conformal manifold M

(3) parameters specifying theory P

~ Are these functions tame functions? Are M and ‘P tame spaces?

— finiteness of CFTs,
non-zero radius of convergence in CFT perturbation theory, ...
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CET Tameness Conjecture hotole T Sl

(1) Parameter space P labelling all CFTs in d>1 is tame set if
- appropriate central charge (measure of d.o.f) is bounded by ¢
- in d=2: lowest operator dimension bounded from below by A,

(2) Conformal manifold M for any CFT is tame manifold.

(3) Any partition function and any correlation function on fixed 3.,
of a fixed list of operators at fixed locations is a tame function
of the parameters and on M.

(4) Any partition function and any correlation function is a tame
function on Y., if 2. is a tame set in the same o-minimal structure.

Call the o-minimal structure: RcpTg
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Construction of [Roprg

= Construct a structure:

structure generated by real polynomials: Ralg S oinicad
: . structure . ~
startwath Plri, . o, ) =0 T Pi(x1,...,x,) =0 Pg(x1,...,20) >0

Add correlation functions + set P of the set 7/ of d-dim. CFTs

P(ZUl,...,Zl?n,fl(iU),fQ(w),...,fn(x)) = LAl RT

axioms

~ Tameness question:  Is R4 an o-minimal/tame structure?

= Note: - well-known o-minimal structures are Rexp, R Ran,exp
- recently: Rg*,exp defines F($)|(0,oo) and C(x)’(o,l) |[Rolin etal "22]
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Tameness for Quantum gravity
[Douglas, TG,Schlechter]

- Interesting: perturbative string theory is not tame
— perturbative amplitudes have infinitely many poles

[s non-perturbative string theory tame?

perturbative 2d non-critical string — 3d non-critical M-theory [Horava,
partition function not tame partition function tame! Keeler]

Does tameness require that strings become membranes?

~ AdS/CFT correspondence: quantum gravity in AdS,:+1 space is
defined in the o-minimal structure

ReorTd

40



QFTs

define an o-minimal / tame
structures

define a structures



Thanks!



