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Is tameness general  
property of landscape  
of effective theories 
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of quantum gravity?
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➡ Tameness is generalized finiteness principle (‘finiteness of structure’)
→  restricts sets and functions:  tame sets + tame functions
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3

→  no sets with infinite connected components: 
      integers, lattices…  

➡ Avoid wild functions and sets:  

➡ Comes from logic: o-minimal structures 
avoid logical undecidability [Tarski] (Gödel’s theorems are over integers) 

➡ Grothendieck’s dream to develop math. framework for geometry:
  →  tame topology   [Esquisse d’un programme]

➡ Tameness is generalized finiteness principle (‘finiteness of structure’)
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intro book [van den Dries] 
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S

sets in o-minimal structure      :   tame sets

functions with graph being a tame set:  tame functions

<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S

→ tame manifold, tame bundles… a tame geometry
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<latexit sha1_base64="ApRpu2SQGnUIus1o0+UNm7mkQ0Y=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIhVdFt10WcE+tIlhMp22QyeTMDMRSsjGX3HjQhG3foY7/8ZJm4W2HrhwOOde7r3HjxiVyrK+jcLS8srqWnG9tLG5tb1j7u61ZRgLTFo4ZKHo+kgSRjlpKaoY6UaCoMBnpOOPrzO/80iEpCG/VZOIuAEacjqgGCkteeaBQzlsPNQqd17t1AmQGvl+cp+eeGbZqlpTwEVi56QMcjQ988vphzgOCFeYISl7thUpN0FCUcxIWnJiSSKEx2hIeppyFBDpJtMHUnislT4chEIXV3Cq/p5IUCDlJPB1Z3ainPcy8T+vF6vBpZtQHsWKcDxbNIgZVCHM0oB9KghWbKIJwoLqWyEeIYGw0pmVdAj2/MuLpH1Wtc+r1k2tXL/K4yiCQ3AEKsAGF6AOGqAJWgCDFDyDV/BmPBkvxrvxMWstGPnMPvgD4/MH0vSVRw==</latexit>

2 H
4(Y4,Z)

<latexit sha1_base64="q7AP43MwTrNo3Je7cxNXhk2ju0M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiBz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJRzOLqS/wWLKQEWwy6W7YQMNqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0nnou5d1t2HRq15U8RRhhM4hXPw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8dKo2g</latexit>

G4pure flux vacua:
<latexit sha1_base64="a+8/KPWE9NqI5tn6YsqMvKRDGj0=">AAACCHicbZC7SgNBFIZn4y3G26qlhYNBsAq7EtRGCFpoGcFcJLsss5OTZMjs7DIzq4QlpY2vYmOhiK2PYOfbOLkUmvjDwMd/zuHM+cOEM6Ud59vKLSwuLa/kVwtr6xubW/b2Tl3FqaRQozGPZTMkCjgTUNNMc2gmEkgUcmiE/ctRvXEPUrFY3OpBAn5EuoJ1GCXaWIG97zGhg+wuKA/xVVDG3gO0uzDGcw84D+yiU3LGwvPgTqGIpqoG9pfXjmkagdCUE6VarpNoPyNSM8phWPBSBQmhfdKFlkFBIlB+Nj5kiA+N08adWJonNB67vycyEik1iELTGRHdU7O1kflfrZXqzpmfMZGkGgSdLOqkHOsYj1LBbSaBaj4wQKhk5q+Y9ogkVJvsCiYEd/bkeagfl9yTUvmmXKxcTOPIoz10gI6Qi05RBV2jKqohih7RM3pFb9aT9WK9Wx+T1pw1ndlFf2R9/gBY7ZhG</latexit>Z

Y4

G4 ^G4 = `

➡ Type IIB/F-theory pure flux vacuum landscape is tame 

Theorem:    This vacuum landscape given by fluxes and moduli   
                     is a tame set! [Bakker,TG,Schnell,Tsimerman ’21]

<latexit sha1_base64="RtEOioxxm59/warCSb8DexQNgp8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDEQ9iVoF6EoAc9RjAPTJYwO5lNhszOLjO9QljyF148KOLVv/Hm3zh5HDSxYJiiqpvuriCRwqDrfjtLyyura+u5jfzm1vbObmFvv27iVDNeY7GMdTOghkuheA0FSt5MNKdRIHkjGNyM/cYT10bE6gGHCfcj2lMiFIyilR5vO2VyRU7t1ykU3ZI7AVkk3owUYYZqp/DV7sYsjbhCJqkxLc9N0M+oRsEkH+XbqeEJZQPa4y1LFY248bPJxiNybJUuCWNtn0IyUX93ZDQyZhgFtjKi2Dfz3lj8z2ulGF76mVBJilyx6aAwlQRjMj6fdIXmDOXQEsq0sLsS1qeaMrQh5W0I3vzJi6R+VvLOS+X7crFyPYsjB4dwBCfgwQVU4A6qUAMGCp7hFd4c47w4787HtHTJmfUcwB84nz8ciY9C</latexit>

G4 = ⇤G4
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<latexit sha1_base64="ApRpu2SQGnUIus1o0+UNm7mkQ0Y=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIhVdFt10WcE+tIlhMp22QyeTMDMRSsjGX3HjQhG3foY7/8ZJm4W2HrhwOOde7r3HjxiVyrK+jcLS8srqWnG9tLG5tb1j7u61ZRgLTFo4ZKHo+kgSRjlpKaoY6UaCoMBnpOOPrzO/80iEpCG/VZOIuAEacjqgGCkteeaBQzlsPNQqd17t1AmQGvl+cp+eeGbZqlpTwEVi56QMcjQ988vphzgOCFeYISl7thUpN0FCUcxIWnJiSSKEx2hIeppyFBDpJtMHUnislT4chEIXV3Cq/p5IUCDlJPB1Z3ainPcy8T+vF6vBpZtQHsWKcDxbNIgZVCHM0oB9KghWbKIJwoLqWyEeIYGw0pmVdAj2/MuLpH1Wtc+r1k2tXL/K4yiCQ3AEKsAGF6AOGqAJWgCDFDyDV/BmPBkvxrvxMWstGPnMPvgD4/MH0vSVRw==</latexit>

2 H
4(Y4,Z)

<latexit sha1_base64="q7AP43MwTrNo3Je7cxNXhk2ju0M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiBz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJRzOLqS/wWLKQEWwy6W7YQMNqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0nnou5d1t2HRq15U8RRhhM4hXPw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8dKo2g</latexit>

G4pure flux vacua:
<latexit sha1_base64="a+8/KPWE9NqI5tn6YsqMvKRDGj0=">AAACCHicbZC7SgNBFIZn4y3G26qlhYNBsAq7EtRGCFpoGcFcJLsss5OTZMjs7DIzq4QlpY2vYmOhiK2PYOfbOLkUmvjDwMd/zuHM+cOEM6Ud59vKLSwuLa/kVwtr6xubW/b2Tl3FqaRQozGPZTMkCjgTUNNMc2gmEkgUcmiE/ctRvXEPUrFY3OpBAn5EuoJ1GCXaWIG97zGhg+wuKA/xVVDG3gO0uzDGcw84D+yiU3LGwvPgTqGIpqoG9pfXjmkagdCUE6VarpNoPyNSM8phWPBSBQmhfdKFlkFBIlB+Nj5kiA+N08adWJonNB67vycyEik1iELTGRHdU7O1kflfrZXqzpmfMZGkGgSdLOqkHOsYj1LBbSaBaj4wQKhk5q+Y9ogkVJvsCiYEd/bkeagfl9yTUvmmXKxcTOPIoz10gI6Qi05RBV2jKqohih7RM3pFb9aT9WK9Wx+T1pw1ndlFf2R9/gBY7ZhG</latexit>Z

Y4

G4 ^G4 = `

➡ Type IIB/F-theory pure flux vacuum landscape is tame 

Theorem:    This vacuum landscape given by fluxes and moduli   
                     is a tame set! [Bakker,TG,Schnell,Tsimerman ’21]

<latexit sha1_base64="RtEOioxxm59/warCSb8DexQNgp8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDEQ9iVoF6EoAc9RjAPTJYwO5lNhszOLjO9QljyF148KOLVv/Hm3zh5HDSxYJiiqpvuriCRwqDrfjtLyyura+u5jfzm1vbObmFvv27iVDNeY7GMdTOghkuheA0FSt5MNKdRIHkjGNyM/cYT10bE6gGHCfcj2lMiFIyilR5vO2VyRU7t1ykU3ZI7AVkk3owUYYZqp/DV7sYsjbhCJqkxLc9N0M+oRsEkH+XbqeEJZQPa4y1LFY248bPJxiNybJUuCWNtn0IyUX93ZDQyZhgFtjKi2Dfz3lj8z2ulGF76mVBJilyx6aAwlQRjMj6fdIXmDOXQEsq0sLsS1qeaMrQh5W0I3vzJi6R+VvLOS+X7crFyPYsjB4dwBCfgwQVU4A6qUAMGCp7hFd4c47w4787HtHTJmfUcwB84nz8ciY9C</latexit>

G4 = ⇤G4

finitely many fluxes, finitely many vacuum loci
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2 H
4(Y4,Z)

<latexit sha1_base64="q7AP43MwTrNo3Je7cxNXhk2ju0M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiBz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJRzOLqS/wWLKQEWwy6W7YQMNqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0nnou5d1t2HRq15U8RRhhM4hXPw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8dKo2g</latexit>

G4pure flux vacua:
<latexit sha1_base64="a+8/KPWE9NqI5tn6YsqMvKRDGj0=">AAACCHicbZC7SgNBFIZn4y3G26qlhYNBsAq7EtRGCFpoGcFcJLsss5OTZMjs7DIzq4QlpY2vYmOhiK2PYOfbOLkUmvjDwMd/zuHM+cOEM6Ud59vKLSwuLa/kVwtr6xubW/b2Tl3FqaRQozGPZTMkCjgTUNNMc2gmEkgUcmiE/ctRvXEPUrFY3OpBAn5EuoJ1GCXaWIG97zGhg+wuKA/xVVDG3gO0uzDGcw84D+yiU3LGwvPgTqGIpqoG9pfXjmkagdCUE6VarpNoPyNSM8phWPBSBQmhfdKFlkFBIlB+Nj5kiA+N08adWJonNB67vycyEik1iELTGRHdU7O1kflfrZXqzpmfMZGkGgSdLOqkHOsYj1LBbSaBaj4wQKhk5q+Y9ogkVJvsCiYEd/bkeagfl9yTUvmmXKxcTOPIoz10gI6Qi05RBV2jKqohih7RM3pFb9aT9WK9Wx+T1pw1ndlFf2R9/gBY7ZhG</latexit>Z

Y4

G4 ^G4 = `

➡ Type IIB/F-theory pure flux vacuum landscape is tame 

Theorem:    This vacuum landscape given by fluxes and moduli   
                     is a tame set! [Bakker,TG,Schnell,Tsimerman ’21]

<latexit sha1_base64="RtEOioxxm59/warCSb8DexQNgp8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDEQ9iVoF6EoAc9RjAPTJYwO5lNhszOLjO9QljyF148KOLVv/Hm3zh5HDSxYJiiqpvuriCRwqDrfjtLyyura+u5jfzm1vbObmFvv27iVDNeY7GMdTOghkuheA0FSt5MNKdRIHkjGNyM/cYT10bE6gGHCfcj2lMiFIyilR5vO2VyRU7t1ykU3ZI7AVkk3owUYYZqp/DV7sYsjbhCJqkxLc9N0M+oRsEkH+XbqeEJZQPa4y1LFY248bPJxiNybJUuCWNtn0IyUX93ZDQyZhgFtjKi2Dfz3lj8z2ulGF76mVBJilyx6aAwlQRjMj6fdIXmDOXQEsq0sLsS1qeaMrQh5W0I3vzJi6R+VvLOS+X7crFyPYsjB4dwBCfgwQVU4A6qUAMGCp7hFd4c47w4787HtHTJmfUcwB84nz8ciY9C</latexit>

G4 = ⇤G4

➡ Coupling functions in effective actions are tame functions of moduli
[TG][TG,van Vliet] in progress

➡ Relation between tameness, distance, and axionic string conjecture
[TG,Lanza,Li]

[Lanza,Marchesano,Martucci,Valenzuela]

finitely many fluxes, finitely many vacuum loci
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➡ Are QFTs tame at perturbative level?
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➡ Are QFTs tame at perturbative level?
Answer:  If QFT is renormalizable, yes! → Theorem
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Answer:  If QFT is renormalizable, yes! → Theorem
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➡ Are QFTs tame at non-perturbative level?

➡ Are CFTs tame? Is the space of all CFTs tame?

➡ Are QFTs tame at perturbative level?

If the QFT is non-renormalizable: depends on UV.

Answer:  In simple examples, yes!
In general: depends on the UV structure. 

Answer:  If QFT is renormalizable, yes! → Theorem
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➡ Are QFTs tame at non-perturbative level?

➡ Are CFTs tame? Is the space of all CFTs tame?

➡ Are QFTs tame at perturbative level?

If the QFT is non-renormalizable: depends on UV.

Answer:  In simple examples, yes!
In general: depends on the UV structure. 

Answer:  We think so, yes!

Answer:  If QFT is renormalizable, yes! → Theorem
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➡ Are QFTs tame at non-perturbative level?

➡ Are CFTs tame? Is the space of all CFTs tame?

➡ Are QFTs tame at perturbative level?

If the QFT is non-renormalizable: depends on UV.

Answer:  In simple examples, yes!
In general: depends on the UV structure. 

Answer:  We think so, yes!

All correlation functions are tame functions.Conjecture:
Set of all CFTs is tame if d.o.f. are bounded (and gap in 2d).

Answer:  If QFT is renormalizable, yes! → Theorem



Tameness in perturbative QFTs
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➡ Theorem:    For any renormalizable QFT with finitely many particles and 
interactions all finite-loop amplitudes are tame functions of the masses,  
external momenta, and coupling constants.                    

[Douglas,TG,Schlechter]
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➡ Theorem:    For any renormalizable QFT with finitely many particles and 
interactions all finite-loop amplitudes are tame functions of the masses,  
external momenta, and coupling constants.                    

[Douglas,TG,Schlechter]

<latexit sha1_base64="47yIzGI9HQs1ItgcG3O0sOiJzLI=">AAACFXicbVBLSwMxGMz6rPVV9eglWIQKS9mtRT1WvXisYB/QLUs2m21Dk+ySZAtl6Z/w4l/x4kERr4I3/43p46CtA4Fh5vuSzAQJo0o7zre1srq2vrGZ28pv7+zu7RcODpsqTiUmDRyzWLYDpAijgjQ01Yy0E0kQDxhpBYPbid8aEqloLB70KCFdjnqCRhQjbSS/YHsc6T5GLLse+xVY4r5rQ+5XbO6f2x4zF4XIht6QYJic+YWiU3amgMvEnZMimKPuF768MMYpJ0JjhpTquE6iuxmSmmJGxnkvVSRBeIB6pGOoQJyobjZNNYanRglhFEtzhIZT9fdGhrhSIx6YyUkGtehNxP+8Tqqjq25GRZJqIvDsoShlUMdwUhEMqSRYs5EhCEtq/gpxH0mEtSkyb0pwFyMvk2al7F6Uq/fVYu1mXkcOHIMTUAIuuAQ1cAfqoAEweATP4BW8WU/Wi/VufcxGV6z5zhH4A+vzB8O1nK4=</latexit>

A2(m1,m2,m3,�, ~p)

<latexit sha1_base64="5VwnjFHh6Olo0x7inlKQQkWthk0=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7Lv98sVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwD9zY2e</latexit>m1

<latexit sha1_base64="dbD0R8vOR85ULvP4a/BRYCg4TCQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh6LXjxWtLXQLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqmzjVlLVoLGLdCYlhgivWstwK1kk0IzIU7DEc38z8xyemDY/Vg50kLJBkqHjEKbFOupf9Wr9c8areHHiV+DmpQI5mv/zVG8Q0lUxZKogxXd9LbJARbTkVbFrqpYYlhI7JkHUdVUQyE2TzU6f4zCkDHMXalbJ4rv6eyIg0ZiJD1ymJHZllbyb+53VTG10FGVdJapmii0VRKrCN8exvPOCaUSsmjhCqubsV0xHRhFqXTsmF4C+/vEratap/Ua3f1SuN6zyOIpzAKZyDD5fQgFtoQgsoDOEZXuENCfSC3tHHorWA8plj+AP0+QP/UY2f</latexit>m2

<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�
<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�<latexit sha1_base64="G0O97EEyspqc1itd2ofB2z56nu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VbC20oWy2k3btZhN2N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqHVCNgktsGm4EthOFNAoEPgaj25n/OEaleSwfzCRBP6IDyUPOqLFSqztGRpJeueJW3TnIKvFyUoEcjV75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdSyWNUPvZ/NopObNKn4SxsiUNmau/JzIaaT2JAtsZUTPUy95M/M/rpCa89jMuk9SgZItFYSqIicnsddLnCpkRE0soU9zeStiQKsqMDahkQ/CWX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGDzBM7zCmxM7L86787FoLTj5zDH8gfP5Azlsjuk=</latexit>

~p
<latexit sha1_base64="G0O97EEyspqc1itd2ofB2z56nu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VbC20oWy2k3btZhN2N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqHVCNgktsGm4EthOFNAoEPgaj25n/OEaleSwfzCRBP6IDyUPOqLFSqztGRpJeueJW3TnIKvFyUoEcjV75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdSyWNUPvZ/NopObNKn4SxsiUNmau/JzIaaT2JAtsZUTPUy95M/M/rpCa89jMuk9SgZItFYSqIicnsddLnCpkRE0soU9zeStiQKsqMDahkQ/CWX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGDzBM7zCmxM7L86787FoLTj5zDH8gfP5Azlsjuk=</latexit>

~p

tame in all parameters<latexit sha1_base64="SYDM+v0CI44ECulX2//ydAwdMrY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNbio1u5qlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEA5I2g</latexit>m3
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➡ Theorem:    For any renormalizable QFT with finitely many particles and 
interactions all finite-loop amplitudes are tame functions of the masses,  
external momenta, and coupling constants.                    

[Douglas,TG,Schlechter]

<latexit sha1_base64="47yIzGI9HQs1ItgcG3O0sOiJzLI=">AAACFXicbVBLSwMxGMz6rPVV9eglWIQKS9mtRT1WvXisYB/QLUs2m21Dk+ySZAtl6Z/w4l/x4kERr4I3/43p46CtA4Fh5vuSzAQJo0o7zre1srq2vrGZ28pv7+zu7RcODpsqTiUmDRyzWLYDpAijgjQ01Yy0E0kQDxhpBYPbid8aEqloLB70KCFdjnqCRhQjbSS/YHsc6T5GLLse+xVY4r5rQ+5XbO6f2x4zF4XIht6QYJic+YWiU3amgMvEnZMimKPuF768MMYpJ0JjhpTquE6iuxmSmmJGxnkvVSRBeIB6pGOoQJyobjZNNYanRglhFEtzhIZT9fdGhrhSIx6YyUkGtehNxP+8Tqqjq25GRZJqIvDsoShlUMdwUhEMqSRYs5EhCEtq/gpxH0mEtSkyb0pwFyMvk2al7F6Uq/fVYu1mXkcOHIMTUAIuuAQ1cAfqoAEweATP4BW8WU/Wi/VufcxGV6z5zhH4A+vzB8O1nK4=</latexit>

A2(m1,m2,m3,�, ~p)

<latexit sha1_base64="5VwnjFHh6Olo0x7inlKQQkWthk0=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7Lv98sVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwD9zY2e</latexit>m1

<latexit sha1_base64="dbD0R8vOR85ULvP4a/BRYCg4TCQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh6LXjxWtLXQLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqmzjVlLVoLGLdCYlhgivWstwK1kk0IzIU7DEc38z8xyemDY/Vg50kLJBkqHjEKbFOupf9Wr9c8areHHiV+DmpQI5mv/zVG8Q0lUxZKogxXd9LbJARbTkVbFrqpYYlhI7JkHUdVUQyE2TzU6f4zCkDHMXalbJ4rv6eyIg0ZiJD1ymJHZllbyb+53VTG10FGVdJapmii0VRKrCN8exvPOCaUSsmjhCqubsV0xHRhFqXTsmF4C+/vEratap/Ua3f1SuN6zyOIpzAKZyDD5fQgFtoQgsoDOEZXuENCfSC3tHHorWA8plj+AP0+QP/UY2f</latexit>m2

<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�
<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�<latexit sha1_base64="G0O97EEyspqc1itd2ofB2z56nu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VbC20oWy2k3btZhN2N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqHVCNgktsGm4EthOFNAoEPgaj25n/OEaleSwfzCRBP6IDyUPOqLFSqztGRpJeueJW3TnIKvFyUoEcjV75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdSyWNUPvZ/NopObNKn4SxsiUNmau/JzIaaT2JAtsZUTPUy95M/M/rpCa89jMuk9SgZItFYSqIicnsddLnCpkRE0soU9zeStiQKsqMDahkQ/CWX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGDzBM7zCmxM7L86787FoLTj5zDH8gfP5Azlsjuk=</latexit>

~p
<latexit sha1_base64="G0O97EEyspqc1itd2ofB2z56nu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VbC20oWy2k3btZhN2N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqHVCNgktsGm4EthOFNAoEPgaj25n/OEaleSwfzCRBP6IDyUPOqLFSqztGRpJeueJW3TnIKvFyUoEcjV75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdSyWNUPvZ/NopObNKn4SxsiUNmau/JzIaaT2JAtsZUTPUy95M/M/rpCa89jMuk9SgZItFYSqIicnsddLnCpkRE0soU9zeStiQKsqMDahkQ/CWX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGDzBM7zCmxM7L86787FoLTj5zDH8gfP5Azlsjuk=</latexit>

~p

tame in all parameters<latexit sha1_base64="SYDM+v0CI44ECulX2//ydAwdMrY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNbio1u5qlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEA5I2g</latexit>m3

hidden finiteness property in all QFT amplitudes
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➡ Theorem:    For any renormalizable QFT with finitely many particles and 
interactions all finite-loop amplitudes are tame functions of the masses,  
external momenta, and coupling constants.                    

[Douglas,TG,Schlechter]

<latexit sha1_base64="47yIzGI9HQs1ItgcG3O0sOiJzLI=">AAACFXicbVBLSwMxGMz6rPVV9eglWIQKS9mtRT1WvXisYB/QLUs2m21Dk+ySZAtl6Z/w4l/x4kERr4I3/43p46CtA4Fh5vuSzAQJo0o7zre1srq2vrGZ28pv7+zu7RcODpsqTiUmDRyzWLYDpAijgjQ01Yy0E0kQDxhpBYPbid8aEqloLB70KCFdjnqCRhQjbSS/YHsc6T5GLLse+xVY4r5rQ+5XbO6f2x4zF4XIht6QYJic+YWiU3amgMvEnZMimKPuF768MMYpJ0JjhpTquE6iuxmSmmJGxnkvVSRBeIB6pGOoQJyobjZNNYanRglhFEtzhIZT9fdGhrhSIx6YyUkGtehNxP+8Tqqjq25GRZJqIvDsoShlUMdwUhEMqSRYs5EhCEtq/gpxH0mEtSkyb0pwFyMvk2al7F6Uq/fVYu1mXkcOHIMTUAIuuAQ1cAfqoAEweATP4BW8WU/Wi/VufcxGV6z5zhH4A+vzB8O1nK4=</latexit>

A2(m1,m2,m3,�, ~p)

<latexit sha1_base64="5VwnjFHh6Olo0x7inlKQQkWthk0=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7Lv98sVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwD9zY2e</latexit>m1

<latexit sha1_base64="dbD0R8vOR85ULvP4a/BRYCg4TCQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh6LXjxWtLXQLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqmzjVlLVoLGLdCYlhgivWstwK1kk0IzIU7DEc38z8xyemDY/Vg50kLJBkqHjEKbFOupf9Wr9c8areHHiV+DmpQI5mv/zVG8Q0lUxZKogxXd9LbJARbTkVbFrqpYYlhI7JkHUdVUQyE2TzU6f4zCkDHMXalbJ4rv6eyIg0ZiJD1ymJHZllbyb+53VTG10FGVdJapmii0VRKrCN8exvPOCaUSsmjhCqubsV0xHRhFqXTsmF4C+/vEratap/Ua3f1SuN6zyOIpzAKZyDD5fQgFtoQgsoDOEZXuENCfSC3tHHorWA8plj+AP0+QP/UY2f</latexit>m2

<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�
<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�<latexit sha1_base64="G0O97EEyspqc1itd2ofB2z56nu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VbC20oWy2k3btZhN2N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqHVCNgktsGm4EthOFNAoEPgaj25n/OEaleSwfzCRBP6IDyUPOqLFSqztGRpJeueJW3TnIKvFyUoEcjV75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdSyWNUPvZ/NopObNKn4SxsiUNmau/JzIaaT2JAtsZUTPUy95M/M/rpCa89jMuk9SgZItFYSqIicnsddLnCpkRE0soU9zeStiQKsqMDahkQ/CWX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGDzBM7zCmxM7L86787FoLTj5zDH8gfP5Azlsjuk=</latexit>

~p
<latexit sha1_base64="G0O97EEyspqc1itd2ofB2z56nu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VbC20oWy2k3btZhN2N4US+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqHVCNgktsGm4EthOFNAoEPgaj25n/OEaleSwfzCRBP6IDyUPOqLFSqztGRpJeueJW3TnIKvFyUoEcjV75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdSyWNUPvZ/NopObNKn4SxsiUNmau/JzIaaT2JAtsZUTPUy95M/M/rpCa89jMuk9SgZItFYSqIicnsddLnCpkRE0soU9zeStiQKsqMDahkQ/CWX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGDzBM7zCmxM7L86787FoLTj5zDH8gfP5Azlsjuk=</latexit>

~p

tame in all parameters<latexit sha1_base64="SYDM+v0CI44ECulX2//ydAwdMrY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNbio1u5qlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEA5I2g</latexit>m3

hidden finiteness property in all QFT amplitudes

Remarks:  - theorem is very non-trivial: interesting implications for 
                     Feynman amplitudes (symmetry ⟷ relations)        [in progress]
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➡ amplitudes are composed of finitely many Feynman integrals 

loop-level using a finite number of propagators and interaction vertices. We will
not assume that the considered theory is renormalizable, but also include the
cases of having an e↵ective theory valid up to a certain cut-o↵ scale. The key
aspect we want to retain is the presence of finitely many counterterms, which is
either achieved through renormalizability or the treatment of the e↵ective theory
to a certain loop-order.

3.1 Definablity Statement

Let us begin with introducing the precise definablitiy statement. In order to do
that we denote by A`(p,m) the considered physical `-loop Feynman amplitude
with p = (p1, ..., pn) being the n independent momenta of the external states and
m = (m1, ...mp) being the bare masses of of the fields of the theory. Depending
on the dimension d of our theory, it might be necessary to evaluate A`(p,m) with
a renormalization scheme. We will do that using dimensional regularization and
denote by ✏ the parameter labelling the dimension d+ ✏ in which the regularized
amplitude is evaluated. The physical amplitude A` is then obtained in the ✏ ! 0
limit. It should be viewed as a real map and takes values in the interval [0, 1],
i.e. we have a map

A` : M⇥P ! [0, 1] , (3)

where M is the momentum space spanned by p and P is the parameter space
of the considered quantum field theory and is spanned by the masses m and
interaction vertices extracted from L. The main statement of this paper is to
show:

The `-loop amplitude A` as a map M ⇥ P to R is definable in the o-
minimal structure Ran,exp.

We will show this statement in three main steps: (1) introduce a definable struc-
tures on the domain and the target of the amplitude; (2) show that the amplitudes
are given by (mixed) period integrals, and (3) use recent strong theorems proving
the definable of the mixed period map. We will discuss some of the implications
of the definability of amplitudes in section 3.3.

Let us now sketch in more detail how the definability of amplitutes can be
shown. To begin with, note that in perturbative quantum field theory, the `-loop
amplitude A` is split up in the contribution of Feynman diagrams

A` =
���
X

j

I`,j

���
2

j = 1, . . . , Ngraphs,` , (4)

where Ngraphs,` denotes the number of Feynman diagrams at loop-level `. The
integrals I`,j can a priori depend on all fields of the theory. Most of the machinery

5
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➡ Basic idea:  Feynman integrals are tame by relating them to period 
                    integrals of some auxiliary compact geometry  
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we are going to use is based on integrals only including scalars. But it is always
possible to reduce a tensor integral to pure scalar integrals, albeit with di↵erent
powers of the propagators and in di↵erent integer dimensions [4]. We will assume
that this procedure has been carried out and all I`,j are scalar integrals. We refer
the reader to [4] for a more detailed discussion of this reduction.

The physical amplitude is always finite and the divergences cancel separately
at any loop level A`. But a single Feynman diagram I`,i can have an infinite
result. To extract the physical relevant finite piece one expands the Feynman
integrals in a Laurent series around the dimension d+ ✏:

I`,j(p1, ...pn, ✏) =
X

i�imin

✏
i
I
(i)
`,j . (5)

As the final expression for the amplitude is finite and we are only interested in the
amplitude in the dimension d, i.e. the limit ✏ ! 0, the amplitude is expressible
in terms of the coe�cients of this Laurent series. The amplitude is the absolute
square of the Feynman integrals, thus there is an upper limit on the order of
the expansion which will contribute to the finite piece given by imin. Thus the
amplitude can be written as

A` =

Ngraphs,`X

j1=1

Ngraphs,`X

j2=1

iminX

i=0

I
(i)
`,j1

I
(imin�i)
`,j2

. (6)

From now on we will focus on a single object I
(i)
l,j , which we will simply denote

by I to avoid cluttering of the notation. We will see that these integrals are
definable in Ran,exp and therefore also the amplitude.

To see the definability of the individual Feynman integral I we want to obtain
this integral in a geometric setting. Therefore, we associate an auxiliary complex
manifold Ygraph to each Feynman diagram. We denote the complex dimension
of Ygraph by dgraph The details of this construction are rather technical and we
postpone their discussion to section 4. The key point is that Ygraph admits a
moduli spaceMgraph of complex structure deformations, i.e. Ygraph actually should
be thought of as a family of complex manifolds varying over Mgraph. The local
coordinates zi on Mgraph can be explicitly constructed as polynomials of the
momenta p with and masses m. The upshot of this construction is that we
replace the information (p,m) in the `-loop integral with complex variables zi in
a definable way by a definable map

M⇥P ! Mgraph , (p,m) 7! z . (7)

Henceforth we work on the moduli space Mgraph. The Feynman integrals are
lifted to functions on the moduli space Mgraph and given by volumes of cycles
of real dimension dgraph in the auxiliary geometry Ygraph. We will discuss this

6
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Ygraph

we are going to use is based on integrals only including scalars. But it is always
possible to reduce a tensor integral to pure scalar integrals, albeit with di↵erent
powers of the propagators and in di↵erent integer dimensions [4]. We will assume
that this procedure has been carried out and all I`,j are scalar integrals. We refer
the reader to [4] for a more detailed discussion of this reduction.

The physical amplitude is always finite and the divergences cancel separately
at any loop level A`. But a single Feynman diagram I`,i can have an infinite
result. To extract the physical relevant finite piece one expands the Feynman
integrals in a Laurent series around the dimension d+ ✏:

I`,j(p1, ...pn, ✏) =
X

i�imin

✏
i
I
(i)
`,j . (5)

As the final expression for the amplitude is finite and we are only interested in the
amplitude in the dimension d, i.e. the limit ✏ ! 0, the amplitude is expressible
in terms of the coe�cients of this Laurent series. The amplitude is the absolute
square of the Feynman integrals, thus there is an upper limit on the order of
the expansion which will contribute to the finite piece given by imin. Thus the
amplitude can be written as

A` =

Ngraphs,`X

j1=1

Ngraphs,`X

j2=1

iminX

i=0

I
(i)
`,j1

I
(imin�i)
`,j2

. (6)

From now on we will focus on a single object I
(i)
l,j , which we will simply denote

by I to avoid cluttering of the notation. We will see that these integrals are
definable in Ran,exp and therefore also the amplitude.

To see the definability of the individual Feynman integral I we want to obtain
this integral in a geometric setting. Therefore, we associate an auxiliary complex
manifold Ygraph to each Feynman diagram. We denote the complex dimension
of Ygraph by dgraph The details of this construction are rather technical and we
postpone their discussion to section 4. The key point is that Ygraph admits a
moduli spaceMgraph of complex structure deformations, i.e. Ygraph actually should
be thought of as a family of complex manifolds varying over Mgraph. The local
coordinates zi on Mgraph can be explicitly constructed as polynomials of the
momenta p with and masses m. The upshot of this construction is that we
replace the information (p,m) in the `-loop integral with complex variables zi in
a definable way by a definable map

M⇥P ! Mgraph , (p,m) 7! z . (7)

Henceforth we work on the moduli space Mgraph. The Feynman integrals are
lifted to functions on the moduli space Mgraph and given by volumes of cycles
of real dimension dgraph in the auxiliary geometry Ygraph. We will discuss this
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Ygraphthe case of a pure scalar ` loop integral in d dimensions the integral takes the
form

I(p,m) =

Z  LY

r=1

dd
k

i⇡d/2

! 
nY

j=1

1

D
vj
j

!
, (9)

where Dj = p
2
j � m

2
j are the propagators4 of the theory and the vj 2 Z the

exponents of the propagators. In scalar theories one considers vj = 1, but we
keep vj general in order to also be able to treat non-scalar fields. We assume that
in case the amplitude requires to include a tensor structure, e.g. arising from
gauge fields, that a reduction to scalar integrals has been performed. In such
a case d might not be the actual space-time dimension, but a dimension fixed
in the reduction. At each loop level there are only a finite number of Feynman
integrals. The number of relevant integrals can be reduced further by integration
by parts identities to a set of so-called master integrals. It has been shown that the
number of these master integrals is indeed generally finite [14]. To make contact
with the geometric interpretation it is useful to rewrite the integral in di↵erent
representations. A standard trick in the computation of Feynman integrals is
to replace products of propagators with a single sum at the cost of introducing
Schwinger parameters xi. I.e. one uses the identity

nY

j=1

1

D
vj
j

=
� (v)

nQ
j=1

�(vj)

Z

xj�0

dn
x �(1�

nX

j=1

xj)

Qn
j=1 x

vj�1
jPn

j=1 xjDj
(10)

to replace the propagators in (9). Here we have defined the sum of the propagator
exponents v =

Pn
j=1 vj to shorten the expressions. One can then perform the

integrals over the loop momenta and arrives at the following representation [15]:

I =
� (v � `d/2)

nQ
j=1

�(vj)

Z

xj�0

nY

j=1

dxjx
vj�1
j �(1�

nX

j=1

xj)
F

`d/2�v

U (L+1)d/2�v
. (11)

The F = F (x, p,m) and U = U(x, p,m) in this expressions are so-called Symanzik
polynomials, which are homogeneous polynomials of degrees `+1 and ` in the
Schwinger parameters. Their exact form can be determined algorithmically from
the Feynman graph using graph theoretic methods [16]. The details are described
in appendix 7.2

This ratio of polynomials is still not perfectly suited for a geometric interpre-
tation, for which one would prefer to have only a single polynomial. There are
two observations which help with this problem. First, in some cases the repre-
sentation (11) simplifies. `-loop banana integrals have `+1 propagators, thus in

4The propagators are understood with a suitable contour deformation around the poles.
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➡ amplitudes are composed of finitely many Feynman integrals 

loop-level using a finite number of propagators and interaction vertices. We will
not assume that the considered theory is renormalizable, but also include the
cases of having an e↵ective theory valid up to a certain cut-o↵ scale. The key
aspect we want to retain is the presence of finitely many counterterms, which is
either achieved through renormalizability or the treatment of the e↵ective theory
to a certain loop-order.

3.1 Definablity Statement

Let us begin with introducing the precise definablitiy statement. In order to do
that we denote by A`(p,m) the considered physical `-loop Feynman amplitude
with p = (p1, ..., pn) being the n independent momenta of the external states and
m = (m1, ...mp) being the bare masses of of the fields of the theory. Depending
on the dimension d of our theory, it might be necessary to evaluate A`(p,m) with
a renormalization scheme. We will do that using dimensional regularization and
denote by ✏ the parameter labelling the dimension d+ ✏ in which the regularized
amplitude is evaluated. The physical amplitude A` is then obtained in the ✏ ! 0
limit. It should be viewed as a real map and takes values in the interval [0, 1],
i.e. we have a map

A` : M⇥P ! [0, 1] , (3)

where M is the momentum space spanned by p and P is the parameter space
of the considered quantum field theory and is spanned by the masses m and
interaction vertices extracted from L. The main statement of this paper is to
show:

The `-loop amplitude A` as a map M ⇥ P to R is definable in the o-
minimal structure Ran,exp.

We will show this statement in three main steps: (1) introduce a definable struc-
tures on the domain and the target of the amplitude; (2) show that the amplitudes
are given by (mixed) period integrals, and (3) use recent strong theorems proving
the definable of the mixed period map. We will discuss some of the implications
of the definability of amplitudes in section 3.3.

Let us now sketch in more detail how the definability of amplitutes can be
shown. To begin with, note that in perturbative quantum field theory, the `-loop
amplitude A` is split up in the contribution of Feynman diagrams

A` =
���
X

j

I`,j

���
2

j = 1, . . . , Ngraphs,` , (4)

where Ngraphs,` denotes the number of Feynman diagrams at loop-level `. The
integrals I`,j can a priori depend on all fields of the theory. Most of the machinery
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➡ Basic idea:  Feynman integrals are tame by relating them to period 
                    integrals of some auxiliary compact geometry  
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➡ Use:  all steps only involve tame maps,  
          period integrals are tame maps in o-minimal structure   
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limit. It should be viewed as a real map and takes values in the interval [0, 1],
i.e. we have a map
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where M is the momentum space spanned by p and P is the parameter space
of the considered quantum field theory and is spanned by the masses m and
interaction vertices extracted from L. The main statement of this paper is to
show:

The `-loop amplitude A` as a map M ⇥ P to R is definable in the o-
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We will show this statement in three main steps: (1) introduce a definable struc-
tures on the domain and the target of the amplitude; (2) show that the amplitudes
are given by (mixed) period integrals, and (3) use recent strong theorems proving
the definable of the mixed period map. We will discuss some of the implications
of the definability of amplitudes in section 3.3.

Let us now sketch in more detail how the definability of amplitutes can be
shown. To begin with, note that in perturbative quantum field theory, the `-loop
amplitude A` is split up in the contribution of Feynman diagrams
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where Ngraphs,` denotes the number of Feynman diagrams at loop-level `. The
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  Tameness at non-perturbative level

➡ check tameness of partition functions of solvable theories:

- 0d theory:  sine-Gordon           

→ modified Bessel function is tame (construct geometry → period) 

reduces to the the standard integral 8

Z =

Z ⇡

�⇡

d� e
4� sin2(�) = 2⇡e2�I0(2�) . (18)

Here I0(x) is the modified Bessel function of the first kind. For this function we
can find an explicit geometric realization. To see this, one constructs a gauged
linear sigma model (GLSM) corresponding to the charge vector l = {�2, 1, 1, 1}.
The geometry described by this model has the fundamental period

!0 =
X x

n�(2n+ 1)

�(n+ 1)3
= e

2x
I0(2x) , (19)

which is exactly the partition function of the Sine-Gordon model. Note that the
sum of the charges does not cancel and the GLSM thus does not describe a flat
space. Nevertheless, this connection shows that e2xI0(2x) is a period integral and
thus Ran,exp-definable by [8]. This implies that the partition function of the 0d
Sine-Gordon model as a function of � is definable in Ran,exp. However we will see
in §4.2 that the generalization to other 0d models is an open question.

1d QFT

Let us consider the general finite temperature partition function: given an energy
spectrum En, possibly depending on other couplings (schematically denoted ~�),
this is

Z(�,~�) =
X

n

exp
⇥
� �En(~�)

⇤
=

Z
dxG(x, x; �) (20)

where G is the Euclidean time propagator.

We first consider the harmonic oscillator with V (x) = m2

2 x
2 and frequency

! = 1/m, then

Z(�,m) =
1

2 sinh �/(2m)
(21)

is definable in Ran,exp for �,m 2 (0,1).

What about more general potentials? One might argue on physical grounds
that the energy levels and partition function will be tame under variations which
preserve the large field behavior. One can show [32, 33] that starting from a
potential with a discrete and nondegenerate spectrum, and adding a relatively
bounded perturbation (so, preserving the large field behavior), the energy levels
and partition function are analytic in an open region containing this starting

8We choose the coe�cient of the coupling such that the normalized partition function Z/Z0

becomes exactly a geometric period, see equation (19). This is purely for aesthetics and any
rescaling � ! a� would work.
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  Tameness at non-perturbative level

➡ check tameness of partition functions of solvable theories:

- 0d theory:  sine-Gordon           

→ modified Bessel function is tame (construct geometry → period) 

reduces to the the standard integral 8

Z =

Z ⇡

�⇡

d� e
4� sin2(�) = 2⇡e2�I0(2�) . (18)

Here I0(x) is the modified Bessel function of the first kind. For this function we
can find an explicit geometric realization. To see this, one constructs a gauged
linear sigma model (GLSM) corresponding to the charge vector l = {�2, 1, 1, 1}.
The geometry described by this model has the fundamental period

!0 =
X x

n�(2n+ 1)

�(n+ 1)3
= e

2x
I0(2x) , (19)

which is exactly the partition function of the Sine-Gordon model. Note that the
sum of the charges does not cancel and the GLSM thus does not describe a flat
space. Nevertheless, this connection shows that e2xI0(2x) is a period integral and
thus Ran,exp-definable by [8]. This implies that the partition function of the 0d
Sine-Gordon model as a function of � is definable in Ran,exp. However we will see
in §4.2 that the generalization to other 0d models is an open question.

1d QFT

Let us consider the general finite temperature partition function: given an energy
spectrum En, possibly depending on other couplings (schematically denoted ~�),
this is

Z(�,~�) =
X

n

exp
⇥
� �En(~�)

⇤
=

Z
dxG(x, x; �) (20)

where G is the Euclidean time propagator.

We first consider the harmonic oscillator with V (x) = m2

2 x
2 and frequency

! = 1/m, then

Z(�,m) =
1

2 sinh �/(2m)
(21)

is definable in Ran,exp for �,m 2 (0,1).

What about more general potentials? One might argue on physical grounds
that the energy levels and partition function will be tame under variations which
preserve the large field behavior. One can show [32, 33] that starting from a
potential with a discrete and nondegenerate spectrum, and adding a relatively
bounded perturbation (so, preserving the large field behavior), the energy levels
and partition function are analytic in an open region containing this starting

8We choose the coe�cient of the coupling such that the normalized partition function Z/Z0

becomes exactly a geometric period, see equation (19). This is purely for aesthetics and any
rescaling � ! a� would work.
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- 1d theory:  harmonic oscillator (finite temperature partition function)

reduces to the the standard integral 8

Z =

Z ⇡

�⇡

d� e
4� sin2(�) = 2⇡e2�I0(2�) . (18)

Here I0(x) is the modified Bessel function of the first kind. For this function we
can find an explicit geometric realization. To see this, one constructs a gauged
linear sigma model (GLSM) corresponding to the charge vector l = {�2, 1, 1, 1}.
The geometry described by this model has the fundamental period

!0 =
X x

n�(2n+ 1)

�(n+ 1)3
= e

2x
I0(2x) , (19)

which is exactly the partition function of the Sine-Gordon model. Note that the
sum of the charges does not cancel and the GLSM thus does not describe a flat
space. Nevertheless, this connection shows that e2xI0(2x) is a period integral and
thus Ran,exp-definable by [8]. This implies that the partition function of the 0d
Sine-Gordon model as a function of � is definable in Ran,exp. However we will see
in §4.2 that the generalization to other 0d models is an open question.

1d QFT

Let us consider the general finite temperature partition function: given an energy
spectrum En, possibly depending on other couplings (schematically denoted ~�),
this is

Z(�,~�) =
X

n

exp
⇥
� �En(~�)

⇤
=

Z
dxG(x, x; �) (20)

where G is the Euclidean time propagator.

We first consider the harmonic oscillator with V (x) = m2

2 x
2 and frequency

! = 1/m, then

Z(�,m) =
1

2 sinh �/(2m)
(21)

is definable in Ran,exp for �,m 2 (0,1).

What about more general potentials? One might argue on physical grounds
that the energy levels and partition function will be tame under variations which
preserve the large field behavior. One can show [32, 33] that starting from a
potential with a discrete and nondegenerate spectrum, and adding a relatively
bounded perturbation (so, preserving the large field behavior), the energy levels
and partition function are analytic in an open region containing this starting

8We choose the coe�cient of the coupling such that the normalized partition function Z/Z0

becomes exactly a geometric period, see equation (19). This is purely for aesthetics and any
rescaling � ! a� would work.

20

→ tame in 
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2d QFT: Free Yang-Mills theory

As an example of a two-dimensional theory we take the free Yang-Mills theories.
In two dimensions these have no perturbative degrees of freedom, but the theories
still include non-perturbative e↵ects. The partition functions for a SU(N) group
were computed in [37] with the result

Z =
X

R

dim(R)�e�
�A
2N C2(R)

, (24)

where the sum runs over the irreducible representations R of the gauge group.
In this expression we denoted by A and � the area and Euler characteristic of
the spacetime, respectively. C2 is the quadratic Casimir of the gauge group and
� = g

2
N is the ’t Hooft coupling. As an example we take the SU(2) partition

function on a torus. For this theory the partition function becomes

ZSU(2) = e
A�
16 (✓3(e

�A�
16 )� 1). (25)

The definability of theta-functions on their fundamental domain was shown in [38].
Thus the free SU(2) Yang-Mills theory provides another example of a non-
perturbatively definable partition function for all A,� > 0. Note that this result
naturally extends to many other settings in which theta-functions specify the
partition functions.

Non-critical M-theory and 2d strings

Two-dimensional non-critical Type 0A and 0B string theories have been studied in
much detail [39,40]. These theories admit one free parameter µ which allows one
to define a perturbative expansion. At the non-perturbative level these theories
are completed by matrix models. We are interested in checking the tameness of
the partition function of these two-dimensional string theories in the parameter µ.

In [41] it was shown that the matrix models of two-dimensional non-critical
string theory arise as solutions of a three dimensional non-critical M-theory. This
M-theory also depends on single free parameter, µ̃ = g

�2/3
M , which is identified

with the free parameter µ = g
�1
s of the string theories. Compactifying this non-

critical M-theory on a thermal circle of radius R leads to a theory which is dual to
the topological A-model on the conifold [42]. The partition function ZM(R, gM)
of the non-critical M-theory is equal to the partition function ZA(t, gA) of the
topological A-model. In this identification gM is mapped to the Kähler modulus
of the conifold as t = 2⇡Rg

3/2
M and R is mapped to gA = 2⇡iR in the A-model.

22

- 2d free Yang-Mills: SU(2) example

→ tame in          ,  theta tame on fundamental domain  [Peterzil,Starchenko] 
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  Tameness at non-perturbative level

➡ check tameness of partition functions of solvable theories:

- 2d theories:    (2,2) GLSMs appearing in Type II CY compactifications 
                                                               tame due to relation to periods  

<latexit sha1_base64="REGWV/fpZzldsgizjeKasWdrMbc=">AAACDXicbZC7SgNBFIZn4y3GW9TSZjAKNobdENRGCNoINhHNBbObZXZykgyZvTAzK4QlL2Djq9hYKGJrb+fbOJuk0MQfBj7+cw5nzu9FnEllmt9GZmFxaXklu5pbW9/Y3Mpv79RlGAsKNRryUDQ9IoGzAGqKKQ7NSADxPQ4Nb3CZ1hsPICQLgzs1jMDxSS9gXUaJ0pabP7h3k9t2aYTPMbST4+sUbI8IbFcZtkGRFNx8wSyaY+F5sKZQQFNV3fyX3Qlp7EOgKCdStiwzUk5ChGKUwyhnxxIiQgekBy2NAfFBOsn4mhE+1E4Hd0OhX6Dw2P09kRBfyqHv6U6fqL6craXmf7VWrLpnTsKCKFYQ0MmibsyxCnEaDe4wAVTxoQZCBdN/xbRPBKFKB5jTIVizJ89DvVS0Torlm3KhcjGNI4v20D46QhY6RRV0haqohih6RM/oFb0ZT8aL8W58TFozxnRmF/2R8fkD33GZjg==</latexit>

ZS2 = e�K = ⇧̄⌘⇧

- 0d theory:  sine-Gordon           

→ modified Bessel function is tame (construct geometry → period) 

reduces to the the standard integral 8

Z =

Z ⇡

�⇡

d� e
4� sin2(�) = 2⇡e2�I0(2�) . (18)

Here I0(x) is the modified Bessel function of the first kind. For this function we
can find an explicit geometric realization. To see this, one constructs a gauged
linear sigma model (GLSM) corresponding to the charge vector l = {�2, 1, 1, 1}.
The geometry described by this model has the fundamental period

!0 =
X x

n�(2n+ 1)

�(n+ 1)3
= e

2x
I0(2x) , (19)

which is exactly the partition function of the Sine-Gordon model. Note that the
sum of the charges does not cancel and the GLSM thus does not describe a flat
space. Nevertheless, this connection shows that e2xI0(2x) is a period integral and
thus Ran,exp-definable by [8]. This implies that the partition function of the 0d
Sine-Gordon model as a function of � is definable in Ran,exp. However we will see
in §4.2 that the generalization to other 0d models is an open question.

1d QFT

Let us consider the general finite temperature partition function: given an energy
spectrum En, possibly depending on other couplings (schematically denoted ~�),
this is

Z(�,~�) =
X

n

exp
⇥
� �En(~�)

⇤
=

Z
dxG(x, x; �) (20)

where G is the Euclidean time propagator.

We first consider the harmonic oscillator with V (x) = m2

2 x
2 and frequency

! = 1/m, then

Z(�,m) =
1

2 sinh �/(2m)
(21)

is definable in Ran,exp for �,m 2 (0,1).

What about more general potentials? One might argue on physical grounds
that the energy levels and partition function will be tame under variations which
preserve the large field behavior. One can show [32, 33] that starting from a
potential with a discrete and nondegenerate spectrum, and adding a relatively
bounded perturbation (so, preserving the large field behavior), the energy levels
and partition function are analytic in an open region containing this starting

8We choose the coe�cient of the coupling such that the normalized partition function Z/Z0

becomes exactly a geometric period, see equation (19). This is purely for aesthetics and any
rescaling � ! a� would work.
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- 1d theory:  harmonic oscillator (finite temperature partition function)

reduces to the the standard integral 8

Z =

Z ⇡

�⇡

d� e
4� sin2(�) = 2⇡e2�I0(2�) . (18)

Here I0(x) is the modified Bessel function of the first kind. For this function we
can find an explicit geometric realization. To see this, one constructs a gauged
linear sigma model (GLSM) corresponding to the charge vector l = {�2, 1, 1, 1}.
The geometry described by this model has the fundamental period

!0 =
X x

n�(2n+ 1)

�(n+ 1)3
= e

2x
I0(2x) , (19)

which is exactly the partition function of the Sine-Gordon model. Note that the
sum of the charges does not cancel and the GLSM thus does not describe a flat
space. Nevertheless, this connection shows that e2xI0(2x) is a period integral and
thus Ran,exp-definable by [8]. This implies that the partition function of the 0d
Sine-Gordon model as a function of � is definable in Ran,exp. However we will see
in §4.2 that the generalization to other 0d models is an open question.

1d QFT

Let us consider the general finite temperature partition function: given an energy
spectrum En, possibly depending on other couplings (schematically denoted ~�),
this is

Z(�,~�) =
X

n

exp
⇥
� �En(~�)

⇤
=

Z
dxG(x, x; �) (20)

where G is the Euclidean time propagator.

We first consider the harmonic oscillator with V (x) = m2

2 x
2 and frequency

! = 1/m, then

Z(�,m) =
1

2 sinh �/(2m)
(21)

is definable in Ran,exp for �,m 2 (0,1).

What about more general potentials? One might argue on physical grounds
that the energy levels and partition function will be tame under variations which
preserve the large field behavior. One can show [32, 33] that starting from a
potential with a discrete and nondegenerate spectrum, and adding a relatively
bounded perturbation (so, preserving the large field behavior), the energy levels
and partition function are analytic in an open region containing this starting

8We choose the coe�cient of the coupling such that the normalized partition function Z/Z0

becomes exactly a geometric period, see equation (19). This is purely for aesthetics and any
rescaling � ! a� would work.
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→ tame in 
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�,m

2d QFT: Free Yang-Mills theory

As an example of a two-dimensional theory we take the free Yang-Mills theories.
In two dimensions these have no perturbative degrees of freedom, but the theories
still include non-perturbative e↵ects. The partition functions for a SU(N) group
were computed in [37] with the result

Z =
X

R

dim(R)�e�
�A
2N C2(R)

, (24)

where the sum runs over the irreducible representations R of the gauge group.
In this expression we denoted by A and � the area and Euler characteristic of
the spacetime, respectively. C2 is the quadratic Casimir of the gauge group and
� = g

2
N is the ’t Hooft coupling. As an example we take the SU(2) partition

function on a torus. For this theory the partition function becomes

ZSU(2) = e
A�
16 (✓3(e

�A�
16 )� 1). (25)

The definability of theta-functions on their fundamental domain was shown in [38].
Thus the free SU(2) Yang-Mills theory provides another example of a non-
perturbatively definable partition function for all A,� > 0. Note that this result
naturally extends to many other settings in which theta-functions specify the
partition functions.

Non-critical M-theory and 2d strings

Two-dimensional non-critical Type 0A and 0B string theories have been studied in
much detail [39,40]. These theories admit one free parameter µ which allows one
to define a perturbative expansion. At the non-perturbative level these theories
are completed by matrix models. We are interested in checking the tameness of
the partition function of these two-dimensional string theories in the parameter µ.

In [41] it was shown that the matrix models of two-dimensional non-critical
string theory arise as solutions of a three dimensional non-critical M-theory. This
M-theory also depends on single free parameter, µ̃ = g

�2/3
M , which is identified

with the free parameter µ = g
�1
s of the string theories. Compactifying this non-

critical M-theory on a thermal circle of radius R leads to a theory which is dual to
the topological A-model on the conifold [42]. The partition function ZM(R, gM)
of the non-critical M-theory is equal to the partition function ZA(t, gA) of the
topological A-model. In this identification gM is mapped to the Kähler modulus
of the conifold as t = 2⇡Rg

3/2
M and R is mapped to gA = 2⇡iR in the A-model.
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- 2d free Yang-Mills: SU(2) example

→ tame in          ,  theta tame on fundamental domain  [Peterzil,Starchenko] 
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  Challenges for tameness

➡ Consider in 0d:                               →  

The A-model partition function takes the form

logZA =
1

g2A

⇣
pA(t) +

t
3

12
� Li3

�
e
�t
�⌘

+
⇣
CA �

t

24
�
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log

�
1� e

�t
�⌘

+
1X

n=2

g
2n�2
A

✓
B2nB2n�2

2n(2n� 2)(2n� 2)!
+

B2n

2n(2n� 2)!
Li3�2n(e

�t)

◆
, (26)

where pA is a quadratic polynomial, CA is a constant, and Bn are the Bernoulli
numbers. To leading order in gA this is the genus zero prepotential of the conifold,
which can be expressed in terms of the periods. Using the Ran,exp-definability of
the periods in the Kähler modulus t, we infer the definability of the partition
function in µ for this leading term. In this example, however, the tameness can
also be directly inferred from the the fact that the appearing functions Lin and
the exponential function are definable in Ran,exp (see appendix B). Higher orders
in the 1/R-expansion correspond to higher genus corrections in the topological
A-model. Due to the Ran,exp-definability of the appearing functions we infer that
tameness in gM, R persists at finite genus. For the all genus partition function we
are confronted with the same problem as encountered in non-perturbative QFT,
since the infinite summation could destroy the tameness in the coupling gA of the
A-model and therefore in the radius of the M-theory. It would be interesting to
use the recent insights [43] to also show tameness in R.

4.2 Challenges for tameness in non-perturbative QFT

In this subsection we will explain some of the challenges that one has to face
in order to establish tameness results at a non-perturbative level. Firstly, we
will show that even for simple settings, in which we expect tameness to persist
at the non-perturbative level, we need new mathematical definability results go-
ing beyond those for period integrals. For example, we show that the partition
function of the zero-dimensional �4-theory is given by an exponential period, for
which definability has not been established. Secondly, we discuss the issues that
can arise when the UV theory itself contains non-tame functions. We argue, in
particular, how global symmetries of infinite order challenge tameness and how
this is linked to some conjectural properties of quantum gravity.

Zero-dimensional partition functions and exponential periods

Let us consider zero-dimensional �4-theory and determine its partition function.
The action of this theory is given by

S =
m

2

2
�
2 +

�

4!
�
4
. (27)
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The parameters of the theory are m and �. We assume them to be non-negative
real numbers to ensure that the path integral converges. In the free field case
the partition function is simply a Gaussian integral Z(� = 0) =

p
2⇡
m and clearly

definable in m. In the case of a non-zero value of the coupling the integral can
still be performed with the result

Z =

r
3

�
e

3m4

4� mK 1
4

✓
3m4

4�

◆
, (28)

where K 1
4
(x) is the modified Bessel function of the second kind. This is a non-

oscillating, exponentially decaying function. It can be rewritten in terms of con-
fluent hypergeometric functions 1F1. While this shows some analogy of the par-
tition function (28) with geometric periods, which can involve e.g 2F1, there are
important di↵erences that we want to discuss momentarily. Before doing this,
let us note that K⌫(x) is an analytic function on the real line. This implies that
it is restricted analytic for any finite length interval x 2 [x0, x1] and therefore
K 1

4
(x)|[x0,x1] is definable in Ran,exp. However, the weak coupling limit � ! 0 in

(28) is at x ! 0 and we would like to have a definability statement including this
limit. It turns out that this is an open question.

The modified Bessel function of the second kind can be written as an integral
in the following way. We recall that

K 1
4
(x) =

p
⇡x

1
4

21/4�
�
3
4

�
Z 1

1

e
�xt dt

(t2 � 1)
1
4

. (29)

for x > 0. Note that this expression involves an integral over an algebraic form
! = dt/(t2 � 1)1/4, as for a period integral, but now includes an additional
exponential suppression factor e�xt. The generalized notion one can introduce to
capture these cases are so-called exponential periods of the form

⇧exp =

Z

⌃

e
�f

! , (30)

where f is an algebraic function and ! is an algebraic form. A precise definition
was given in [24]. In this notion one defines ⇧exp to be a special complex number,
which can be written as an integral of the form (30) with f , !, and ⌃ having spe-
cial properties stated in [24,44]. In [44] it was shown that the real and imaginary
parts of ⇧exp are volumes of certain definable sets. However, strong theorems,
as the ones in [8–10] for the period map and period integrals, are still missing.
To make progress in this direction, it would be interesting to obtain definabil-
ity results for certain exponential motives defined in the foundational work [45].
This gives a framework to consider ⇧exp(x) as being obtained from a suitable
cohomology that varies over some space parameterized by x. It is expected that
this gives a framework to discuss, for example, the definability of the modified
Bessel functions.9 We find it interesting that tameness at the non-perturbative

9We would like to thank Bruno Klingler for discussions on this point.
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  Challenges for tameness

➡ Consider in 0d:                               →  

The A-model partition function takes the form

logZA =
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where pA is a quadratic polynomial, CA is a constant, and Bn are the Bernoulli
numbers. To leading order in gA this is the genus zero prepotential of the conifold,
which can be expressed in terms of the periods. Using the Ran,exp-definability of
the periods in the Kähler modulus t, we infer the definability of the partition
function in µ for this leading term. In this example, however, the tameness can
also be directly inferred from the the fact that the appearing functions Lin and
the exponential function are definable in Ran,exp (see appendix B). Higher orders
in the 1/R-expansion correspond to higher genus corrections in the topological
A-model. Due to the Ran,exp-definability of the appearing functions we infer that
tameness in gM, R persists at finite genus. For the all genus partition function we
are confronted with the same problem as encountered in non-perturbative QFT,
since the infinite summation could destroy the tameness in the coupling gA of the
A-model and therefore in the radius of the M-theory. It would be interesting to
use the recent insights [43] to also show tameness in R.

4.2 Challenges for tameness in non-perturbative QFT

In this subsection we will explain some of the challenges that one has to face
in order to establish tameness results at a non-perturbative level. Firstly, we
will show that even for simple settings, in which we expect tameness to persist
at the non-perturbative level, we need new mathematical definability results go-
ing beyond those for period integrals. For example, we show that the partition
function of the zero-dimensional �4-theory is given by an exponential period, for
which definability has not been established. Secondly, we discuss the issues that
can arise when the UV theory itself contains non-tame functions. We argue, in
particular, how global symmetries of infinite order challenge tameness and how
this is linked to some conjectural properties of quantum gravity.

Zero-dimensional partition functions and exponential periods

Let us consider zero-dimensional �4-theory and determine its partition function.
The action of this theory is given by
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m
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2
�
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�
4
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The parameters of the theory are m and �. We assume them to be non-negative
real numbers to ensure that the path integral converges. In the free field case
the partition function is simply a Gaussian integral Z(� = 0) =

p
2⇡
m and clearly

definable in m. In the case of a non-zero value of the coupling the integral can
still be performed with the result
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where K 1
4
(x) is the modified Bessel function of the second kind. This is a non-

oscillating, exponentially decaying function. It can be rewritten in terms of con-
fluent hypergeometric functions 1F1. While this shows some analogy of the par-
tition function (28) with geometric periods, which can involve e.g 2F1, there are
important di↵erences that we want to discuss momentarily. Before doing this,
let us note that K⌫(x) is an analytic function on the real line. This implies that
it is restricted analytic for any finite length interval x 2 [x0, x1] and therefore
K 1

4
(x)|[x0,x1] is definable in Ran,exp. However, the weak coupling limit � ! 0 in

(28) is at x ! 0 and we would like to have a definability statement including this
limit. It turns out that this is an open question.

The modified Bessel function of the second kind can be written as an integral
in the following way. We recall that
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for x > 0. Note that this expression involves an integral over an algebraic form
! = dt/(t2 � 1)1/4, as for a period integral, but now includes an additional
exponential suppression factor e�xt. The generalized notion one can introduce to
capture these cases are so-called exponential periods of the form

⇧exp =

Z

⌃

e
�f

! , (30)

where f is an algebraic function and ! is an algebraic form. A precise definition
was given in [24]. In this notion one defines ⇧exp to be a special complex number,
which can be written as an integral of the form (30) with f , !, and ⌃ having spe-
cial properties stated in [24,44]. In [44] it was shown that the real and imaginary
parts of ⇧exp are volumes of certain definable sets. However, strong theorems,
as the ones in [8–10] for the period map and period integrals, are still missing.
To make progress in this direction, it would be interesting to obtain definabil-
ity results for certain exponential motives defined in the foundational work [45].
This gives a framework to consider ⇧exp(x) as being obtained from a suitable
cohomology that varies over some space parameterized by x. It is expected that
this gives a framework to discuss, for example, the definability of the modified
Bessel functions.9 We find it interesting that tameness at the non-perturbative

9We would like to thank Bruno Klingler for discussions on this point.
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where pA is a quadratic polynomial, CA is a constant, and Bn are the Bernoulli
numbers. To leading order in gA this is the genus zero prepotential of the conifold,
which can be expressed in terms of the periods. Using the Ran,exp-definability of
the periods in the Kähler modulus t, we infer the definability of the partition
function in µ for this leading term. In this example, however, the tameness can
also be directly inferred from the the fact that the appearing functions Lin and
the exponential function are definable in Ran,exp (see appendix B). Higher orders
in the 1/R-expansion correspond to higher genus corrections in the topological
A-model. Due to the Ran,exp-definability of the appearing functions we infer that
tameness in gM, R persists at finite genus. For the all genus partition function we
are confronted with the same problem as encountered in non-perturbative QFT,
since the infinite summation could destroy the tameness in the coupling gA of the
A-model and therefore in the radius of the M-theory. It would be interesting to
use the recent insights [43] to also show tameness in R.

4.2 Challenges for tameness in non-perturbative QFT

In this subsection we will explain some of the challenges that one has to face
in order to establish tameness results at a non-perturbative level. Firstly, we
will show that even for simple settings, in which we expect tameness to persist
at the non-perturbative level, we need new mathematical definability results go-
ing beyond those for period integrals. For example, we show that the partition
function of the zero-dimensional �4-theory is given by an exponential period, for
which definability has not been established. Secondly, we discuss the issues that
can arise when the UV theory itself contains non-tame functions. We argue, in
particular, how global symmetries of infinite order challenge tameness and how
this is linked to some conjectural properties of quantum gravity.

Zero-dimensional partition functions and exponential periods

Let us consider zero-dimensional �4-theory and determine its partition function.
The action of this theory is given by
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The parameters of the theory are m and �. We assume them to be non-negative
real numbers to ensure that the path integral converges. In the free field case
the partition function is simply a Gaussian integral Z(� = 0) =

p
2⇡
m and clearly

definable in m. In the case of a non-zero value of the coupling the integral can
still be performed with the result
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where K 1
4
(x) is the modified Bessel function of the second kind. This is a non-

oscillating, exponentially decaying function. It can be rewritten in terms of con-
fluent hypergeometric functions 1F1. While this shows some analogy of the par-
tition function (28) with geometric periods, which can involve e.g 2F1, there are
important di↵erences that we want to discuss momentarily. Before doing this,
let us note that K⌫(x) is an analytic function on the real line. This implies that
it is restricted analytic for any finite length interval x 2 [x0, x1] and therefore
K 1

4
(x)|[x0,x1] is definable in Ran,exp. However, the weak coupling limit � ! 0 in

(28) is at x ! 0 and we would like to have a definability statement including this
limit. It turns out that this is an open question.

The modified Bessel function of the second kind can be written as an integral
in the following way. We recall that

K 1
4
(x) =

p
⇡x

1
4

21/4�
�
3
4

�
Z 1

1

e
�xt dt

(t2 � 1)
1
4

. (29)

for x > 0. Note that this expression involves an integral over an algebraic form
! = dt/(t2 � 1)1/4, as for a period integral, but now includes an additional
exponential suppression factor e�xt. The generalized notion one can introduce to
capture these cases are so-called exponential periods of the form

⇧exp =

Z

⌃

e
�f

! , (30)

where f is an algebraic function and ! is an algebraic form. A precise definition
was given in [24]. In this notion one defines ⇧exp to be a special complex number,
which can be written as an integral of the form (30) with f , !, and ⌃ having spe-
cial properties stated in [24,44]. In [44] it was shown that the real and imaginary
parts of ⇧exp are volumes of certain definable sets. However, strong theorems,
as the ones in [8–10] for the period map and period integrals, are still missing.
To make progress in this direction, it would be interesting to obtain definabil-
ity results for certain exponential motives defined in the foundational work [45].
This gives a framework to consider ⇧exp(x) as being obtained from a suitable
cohomology that varies over some space parameterized by x. It is expected that
this gives a framework to discuss, for example, the definability of the modified
Bessel functions.9 We find it interesting that tameness at the non-perturbative

9We would like to thank Bruno Klingler for discussions on this point.
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where pA is a quadratic polynomial, CA is a constant, and Bn are the Bernoulli
numbers. To leading order in gA this is the genus zero prepotential of the conifold,
which can be expressed in terms of the periods. Using the Ran,exp-definability of
the periods in the Kähler modulus t, we infer the definability of the partition
function in µ for this leading term. In this example, however, the tameness can
also be directly inferred from the the fact that the appearing functions Lin and
the exponential function are definable in Ran,exp (see appendix B). Higher orders
in the 1/R-expansion correspond to higher genus corrections in the topological
A-model. Due to the Ran,exp-definability of the appearing functions we infer that
tameness in gM, R persists at finite genus. For the all genus partition function we
are confronted with the same problem as encountered in non-perturbative QFT,
since the infinite summation could destroy the tameness in the coupling gA of the
A-model and therefore in the radius of the M-theory. It would be interesting to
use the recent insights [43] to also show tameness in R.

4.2 Challenges for tameness in non-perturbative QFT

In this subsection we will explain some of the challenges that one has to face
in order to establish tameness results at a non-perturbative level. Firstly, we
will show that even for simple settings, in which we expect tameness to persist
at the non-perturbative level, we need new mathematical definability results go-
ing beyond those for period integrals. For example, we show that the partition
function of the zero-dimensional �4-theory is given by an exponential period, for
which definability has not been established. Secondly, we discuss the issues that
can arise when the UV theory itself contains non-tame functions. We argue, in
particular, how global symmetries of infinite order challenge tameness and how
this is linked to some conjectural properties of quantum gravity.

Zero-dimensional partition functions and exponential periods

Let us consider zero-dimensional �4-theory and determine its partition function.
The action of this theory is given by
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The parameters of the theory are m and �. We assume them to be non-negative
real numbers to ensure that the path integral converges. In the free field case
the partition function is simply a Gaussian integral Z(� = 0) =

p
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m and clearly

definable in m. In the case of a non-zero value of the coupling the integral can
still be performed with the result

Z =

r
3

�
e

3m4

4� mK 1
4

✓
3m4

4�

◆
, (28)

where K 1
4
(x) is the modified Bessel function of the second kind. This is a non-

oscillating, exponentially decaying function. It can be rewritten in terms of con-
fluent hypergeometric functions 1F1. While this shows some analogy of the par-
tition function (28) with geometric periods, which can involve e.g 2F1, there are
important di↵erences that we want to discuss momentarily. Before doing this,
let us note that K⌫(x) is an analytic function on the real line. This implies that
it is restricted analytic for any finite length interval x 2 [x0, x1] and therefore
K 1

4
(x)|[x0,x1] is definable in Ran,exp. However, the weak coupling limit � ! 0 in

(28) is at x ! 0 and we would like to have a definability statement including this
limit. It turns out that this is an open question.

The modified Bessel function of the second kind can be written as an integral
in the following way. We recall that
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for x > 0. Note that this expression involves an integral over an algebraic form
! = dt/(t2 � 1)1/4, as for a period integral, but now includes an additional
exponential suppression factor e�xt. The generalized notion one can introduce to
capture these cases are so-called exponential periods of the form

⇧exp =

Z

⌃

e
�f

! , (30)

where f is an algebraic function and ! is an algebraic form. A precise definition
was given in [24]. In this notion one defines ⇧exp to be a special complex number,
which can be written as an integral of the form (30) with f , !, and ⌃ having spe-
cial properties stated in [24,44]. In [44] it was shown that the real and imaginary
parts of ⇧exp are volumes of certain definable sets. However, strong theorems,
as the ones in [8–10] for the period map and period integrals, are still missing.
To make progress in this direction, it would be interesting to obtain definabil-
ity results for certain exponential motives defined in the foundational work [45].
This gives a framework to consider ⇧exp(x) as being obtained from a suitable
cohomology that varies over some space parameterized by x. It is expected that
this gives a framework to discuss, for example, the definability of the modified
Bessel functions.9 We find it interesting that tameness at the non-perturbative

9We would like to thank Bruno Klingler for discussions on this point.
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where pA is a quadratic polynomial, CA is a constant, and Bn are the Bernoulli
numbers. To leading order in gA this is the genus zero prepotential of the conifold,
which can be expressed in terms of the periods. Using the Ran,exp-definability of
the periods in the Kähler modulus t, we infer the definability of the partition
function in µ for this leading term. In this example, however, the tameness can
also be directly inferred from the the fact that the appearing functions Lin and
the exponential function are definable in Ran,exp (see appendix B). Higher orders
in the 1/R-expansion correspond to higher genus corrections in the topological
A-model. Due to the Ran,exp-definability of the appearing functions we infer that
tameness in gM, R persists at finite genus. For the all genus partition function we
are confronted with the same problem as encountered in non-perturbative QFT,
since the infinite summation could destroy the tameness in the coupling gA of the
A-model and therefore in the radius of the M-theory. It would be interesting to
use the recent insights [43] to also show tameness in R.

4.2 Challenges for tameness in non-perturbative QFT

In this subsection we will explain some of the challenges that one has to face
in order to establish tameness results at a non-perturbative level. Firstly, we
will show that even for simple settings, in which we expect tameness to persist
at the non-perturbative level, we need new mathematical definability results go-
ing beyond those for period integrals. For example, we show that the partition
function of the zero-dimensional �4-theory is given by an exponential period, for
which definability has not been established. Secondly, we discuss the issues that
can arise when the UV theory itself contains non-tame functions. We argue, in
particular, how global symmetries of infinite order challenge tameness and how
this is linked to some conjectural properties of quantum gravity.

Zero-dimensional partition functions and exponential periods

Let us consider zero-dimensional �4-theory and determine its partition function.
The action of this theory is given by
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The parameters of the theory are m and �. We assume them to be non-negative
real numbers to ensure that the path integral converges. In the free field case
the partition function is simply a Gaussian integral Z(� = 0) =

p
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m and clearly

definable in m. In the case of a non-zero value of the coupling the integral can
still be performed with the result
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where K 1
4
(x) is the modified Bessel function of the second kind. This is a non-

oscillating, exponentially decaying function. It can be rewritten in terms of con-
fluent hypergeometric functions 1F1. While this shows some analogy of the par-
tition function (28) with geometric periods, which can involve e.g 2F1, there are
important di↵erences that we want to discuss momentarily. Before doing this,
let us note that K⌫(x) is an analytic function on the real line. This implies that
it is restricted analytic for any finite length interval x 2 [x0, x1] and therefore
K 1

4
(x)|[x0,x1] is definable in Ran,exp. However, the weak coupling limit � ! 0 in

(28) is at x ! 0 and we would like to have a definability statement including this
limit. It turns out that this is an open question.

The modified Bessel function of the second kind can be written as an integral
in the following way. We recall that
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for x > 0. Note that this expression involves an integral over an algebraic form
! = dt/(t2 � 1)1/4, as for a period integral, but now includes an additional
exponential suppression factor e�xt. The generalized notion one can introduce to
capture these cases are so-called exponential periods of the form

⇧exp =

Z

⌃

e
�f

! , (30)

where f is an algebraic function and ! is an algebraic form. A precise definition
was given in [24]. In this notion one defines ⇧exp to be a special complex number,
which can be written as an integral of the form (30) with f , !, and ⌃ having spe-
cial properties stated in [24,44]. In [44] it was shown that the real and imaginary
parts of ⇧exp are volumes of certain definable sets. However, strong theorems,
as the ones in [8–10] for the period map and period integrals, are still missing.
To make progress in this direction, it would be interesting to obtain definabil-
ity results for certain exponential motives defined in the foundational work [45].
This gives a framework to consider ⇧exp(x) as being obtained from a suitable
cohomology that varies over some space parameterized by x. It is expected that
this gives a framework to discuss, for example, the definability of the modified
Bessel functions.9 We find it interesting that tameness at the non-perturbative

9We would like to thank Bruno Klingler for discussions on this point.
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➡ Tameness is constraining! 
e.g. consider discrete symmetry group G

level forces us to tackle a new class of functions.

Clearly, it would be helpful to know whether these functions are Ran,exp-
definable, or perhaps definable in another o-minimal structure. Not yet knowing
this, we will at least give a name to our ignorance: let us denote the structure to
which 0d QFT observables belong as RQFT0. We will discuss its precise definition
in §5.1. Our question then becomes, is RQFT0 o-minimal and if so, is it a new
structure or simply Ran,exp.

One-dimensional partition functions and quantum periods

There are reasons to think that quantum mechanics also leads to a new class of
functions, possibly requiring a di↵erent definition of tameness. A very interesting
approach to the full quantum problem is the exact WKB method, see [46] and
references therein. In a complicated way explained there, the spectrum can be
determined using a modified Bohr-Sommerfeld condition (22) defined in terms of
“quantum periods.” Another important relation discussed in this literature is to
1 + 1 integrable QFT [47].

In §5.1 we will discuss a structure RQFT1 defined by the observables of 1-
dimensional QFT, so that we can ask: is it o-minimal?

Counterexamples, global symmetries, and tameness in the UV

Having discussed situations where we expect tameness to be present, let us now
turn to cases where tameness is absent and discuss reasons and remedies for this.
We can distinguish various classes of counterexamples according to the restric-
tions we place on the UV definition of the theory. For example, we might not be
surprised to find that a theory whose UV Lagrangian includes non-tame functions
has a non-tame partition function. Whether or not this can actually happen in
theories compatible with quantum gravity will be the subject of section 5. How-
ever, a priori there appears to be nothing wrong to include a non-tame function
in the definition in the UV theory.

The basic example here is a theory with a theta angle ✓, such as 4d QCD.
If we regard the partition function as a function of ✓ 2 R then of course it is
not tame due to the presence of a periodic potential cos ✓. This issue is easily
remedied by identifying ✓ ⇠= ✓ + 2⇡ and taking the domain to be ✓ 2 [0, 2⇡).
More generally, let us consider a theory depending on couplings � varying over
some parameter space P. We want to study the symmetry group G acting on �,
in some faithful representation, such that the partition function is invariant

Z(g · �) = Z(�) . (31)
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[Tachikawa]Fancy:

We show this by resorting to the negative solution to Hilbert’s 10th problem4 we reviewed in
Sec. 2.4. Take a Diophantine equation

P⇠(x1, . . . , xk) = 0 (3.3)

over Z corresponding to a Turing machine ⇠. We now consider a Wess-Zumino model with 2k+1
chiral superfields Y , Z1, . . . , Zk and X1, . . . , Xk, with the superpotential

W⇠ = Y P⇠(X1, . . . , Xk)
2 +

X

a

Za(sin 2⇡iXa)
2
. (3.4)

Let us now look for supersymmetric vacua of this model. The condition @W⇠/@Za = 0
imposes the condition Xa 2 Z. Then the condition @W⇠/@Y = 0 imposes the condition P⇠ =
0. When these two conditions are met, the remaining F-term conditions @W⇠/@Xa = 0 are
automatically satisfied, without restricting the vacuum expectation values of Za and Y . We found
that this model breaks supersymmetry if and only if the Diophantine equation P⇠ does not have
any solution over integers, i.e. if and only if the Turing machine ⇠ does not halt.

Now, the undecidability of the halting of Turing machines immediately means that there is
no uniform algorithm to decide if a given 2d N=(2, 2)-supersymmetric Wess-Zumino model is
supersymmetric or not. Furthermore, by using the Turing machine ⇠ZFC which looks for a con-
tradiction of ZFC, we can construct a Wess-Zumino model with the superpotential W⇠ZFC which
breaks supersymmetry if and only if ZFC is consistent, which can neither be proved nor be dis-
proved by means of ZFC itself.
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➡ Interesting if RG flow is tame:

4.3 Action of the renormalization group

In this section we set out the hypothesis that renormalization group flow is tame.
We will not make a precise conjecture, in part because the conditions we would
need to impose are not clear and in part because defining the RG as precisely as
we would need to do goes well beyond our scope here. The following is meant
to make the point that this question is very central and could be studied in a
precise way.

Recall that the RG is a flow on the space of cuto↵ QFTs, usually formulated
as a system of ordinary di↵erential equations for the couplings gi of operators Oi,

� ⇤
d

d⇤
g
i = �

i(g), (33)

defined so that a joint variation of ⇤ and g
i preserves physical observables mea-

sured at energies below ⇤. The linearized RG is obtained by evaluating @�
i
/@g

j,
which in an appropriate diagonalized basis yields the expansion

�
i
pert(g) = (d��i)g

i +O(g2) , (34)

where d is the space-time dimension d and �i are the operator dimensions. The
higher order terms can be computed using perturbation theory. In general there
can also be nonperturbative terms, but we have little to say about them at
present.

While there is a great deal of physics here, let us simply regard Eq. (33) as
a mathematical definition and observe that it has two ingredients: a space of
theories T parameterized by g

i, and a vector field � on this space. While the
process of renormalization involves many choices, it is geometric; di↵erent choices
of conventions, contact terms, etc. are related by di↵eomorphisms on the space
of couplings.10 Thus, the question “is the RG tame” becomes, are the di↵erent
renormalization schemes of physical interest related by tame di↵eomorphisms,
and is there a renormalization scheme in which the components of � are tame
functions? If so, are the solutions gi(⇤) of the RG flow (33) tame?

The simplest situation to consider is the linear approximation in (34) with a
beta function (d��i)gi. In this case �(g) is trivially definable in Ralg and we can
ask if the solutions gi(⇤) are tame as well. A version of this question was studied
in [55]. What one finds is that gi(⇤) is only definable in an o-minimal structure,
namely Rexp if all ⇤i are real. In case some of the ⇤i one necessarily leaves the
o-minimal setting and can, for example, encounter spiraling solutions. In the
RG context they are known as RG limit cycles, and a rather exotic phenomenon

10This is arguably a tautology as if we were to find choices which were not related by di↵eo-
morphisms, we could introduce additional geometric structures to make the framework covari-
ant. For example, the dilaton in the 2d sigma model can be motivated this way [54].

27



  Tameness and the RG

➡ Interesting if RG flow is tame:
<latexit sha1_base64="sAfft6uQF9/pHzMZusyR20mgZ0k="></latexit>

�⇤
d

d⇤
gi = �i

pert = (d��i)g
i +O(g2)



  Tameness and the RG

➡ Interesting if RG flow is tame:

linear order:  tameness preserved if all        real (otherwise limit cycles) [Miller]
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<latexit sha1_base64="hjHs4/tlIKdY3aVU9ZeO455GQwE=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0GIl7ArQT0GvXiMYB6QhDA76SRDZnaXmV5hWeKvePGgiFc/xJt/4+Rx0MSChqKqm+6uIJbCoOd9O2vrG5tb27md/O7e/sGhe3TcMFGiOdR5JCPdCpgBKUKoo0AJrVgDU4GEZjC+nfrNR9BGROEDpjF0FRuGYiA4Qyv13EInAGS9rKMVjUHjpDQ877lFr+zNQFeJvyBFskCt5351+hFPFITIJTOm7XsxdjOmUXAJk3wnMRAzPmZDaFsaMgWmm82On9Azq/TpINK2QqQz9fdExpQxqQpsp2I4MsveVPzPayc4uO5mIowThJDPFw0SSTGi0yRoX2jgKFNLGNfC3kr5iGnG0eaVtyH4yy+vksZF2b8sV+4rxerNIo4cOSGnpER8ckWq5I7USJ1wkpJn8krenCfnxXl3Puata85ipkD+wPn8AVBWlI8=</latexit>

�pert(g)
→  study of flows e.g.

Are QFTs with limit cycles in the RG in the swampland?

<latexit sha1_base64="sAfft6uQF9/pHzMZusyR20mgZ0k="></latexit>
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  Tameness and the RG

➡ Interesting if RG flow is tame:

➡ Integrating out fields preserves tameness   

linear order:  tameness preserved if all        real (otherwise limit cycles) [Miller]
<latexit sha1_base64="J9psaI7JSGWCzolyMSvPjQAKbg0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK7e4tl0h7oleuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns3gk5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTJ8nfaE5Qzm2hDIt7K2EDammDG1EJRuCt/jyMmmeVb2L6vn9eaV2ncdRhCM4hlPw4BJqcAd1aAADCc/wCm/Oo/PivDsf89aCk88cwh84nz/hco/h</latexit>

�i

renormalizable theory: use tameness of amplitudes →  finite loop                 tame    
[Rolin,Sanz,Schaefke],…  

<latexit sha1_base64="hjHs4/tlIKdY3aVU9ZeO455GQwE=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0GIl7ArQT0GvXiMYB6QhDA76SRDZnaXmV5hWeKvePGgiFc/xJt/4+Rx0MSChqKqm+6uIJbCoOd9O2vrG5tb27md/O7e/sGhe3TcMFGiOdR5JCPdCpgBKUKoo0AJrVgDU4GEZjC+nfrNR9BGROEDpjF0FRuGYiA4Qyv13EInAGS9rKMVjUHjpDQ877lFr+zNQFeJvyBFskCt5351+hFPFITIJTOm7XsxdjOmUXAJk3wnMRAzPmZDaFsaMgWmm82On9Azq/TpINK2QqQz9fdExpQxqQpsp2I4MsveVPzPayc4uO5mIowThJDPFw0SSTGi0yRoX2jgKFNLGNfC3kr5iGnG0eaVtyH4yy+vksZF2b8sV+4rxerNIo4cOSGnpER8ckWq5I7USJ1wkpJn8krenCfnxXl3Puata85ipkD+wPn8AVBWlI8=</latexit>

�pert(g)
→  study of flows e.g.

Are QFTs with limit cycles in the RG in the swampland?

<latexit sha1_base64="sAfft6uQF9/pHzMZusyR20mgZ0k="></latexit>

�⇤
d
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pert = (d��i)g
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  Tameness and the RG

➡ Interesting if RG flow is tame:

➡ Integrating out fields preserves tameness   
<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="dIPZgJpPCPZIY+WAUA1FXKyDH6Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSirosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1b2u1h/r5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDXhZKC</latexit>

V (�1,�2)assume:  field space         and  potential                       tame

linear order:  tameness preserved if all        real (otherwise limit cycles) [Miller]
<latexit sha1_base64="J9psaI7JSGWCzolyMSvPjQAKbg0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK7e4tl0h7oleuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns3gk5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTJ8nfaE5Qzm2hDIt7K2EDammDG1EJRuCt/jyMmmeVb2L6vn9eaV2ncdRhCM4hlPw4BJqcAd1aAADCc/wCm/Oo/PivDsf89aCk88cwh84nz/hco/h</latexit>

�i

renormalizable theory: use tameness of amplitudes →  finite loop                 tame    
[Rolin,Sanz,Schaefke],…  

<latexit sha1_base64="hjHs4/tlIKdY3aVU9ZeO455GQwE=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0GIl7ArQT0GvXiMYB6QhDA76SRDZnaXmV5hWeKvePGgiFc/xJt/4+Rx0MSChqKqm+6uIJbCoOd9O2vrG5tb27md/O7e/sGhe3TcMFGiOdR5JCPdCpgBKUKoo0AJrVgDU4GEZjC+nfrNR9BGROEDpjF0FRuGYiA4Qyv13EInAGS9rKMVjUHjpDQ877lFr+zNQFeJvyBFskCt5351+hFPFITIJTOm7XsxdjOmUXAJk3wnMRAzPmZDaFsaMgWmm82On9Azq/TpINK2QqQz9fdExpQxqQpsp2I4MsveVPzPayc4uO5mIowThJDPFw0SSTGi0yRoX2jgKFNLGNfC3kr5iGnG0eaVtyH4yy+vksZF2b8sV+4rxerNIo4cOSGnpER8ckWq5I7USJ1wkpJn8krenCfnxXl3Puata85ipkD+wPn8AVBWlI8=</latexit>

�pert(g)
→  study of flows e.g.

Are QFTs with limit cycles in the RG in the swampland?

<latexit sha1_base64="sAfft6uQF9/pHzMZusyR20mgZ0k="></latexit>
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  Tameness and the RG

➡ Interesting if RG flow is tame:

➡ Integrating out fields preserves tameness   
<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="dIPZgJpPCPZIY+WAUA1FXKyDH6Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSirosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1b2u1h/r5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDXhZKC</latexit>

V (�1,�2)assume:  field space         and  potential                       tame

→  projection of tame function
<latexit sha1_base64="wf+eKhJyR7B/+MNUbIaYSsOttiU=">AAACJ3icbVBdS8MwFE39nPOr6qMvwSFsMEY7hvokQ198nOA+YC0lzbItLE1Lkiqj7N/44l/xRVARffSfmLV90M0LIeeecy7JPX7EqFSW9WWsrK6tb2wWtorbO7t7++bBYUeGscCkjUMWip6PJGGUk7aiipFeJAgKfEa6/uR6rnfviZA05HdqGhE3QCNOhxQjpSnPvOyUnWhMPbuaXvUKdAQdjRUSInyAWmSIjxiBmckRaVfN2jqseGbJqllpwWVg56AE8mp55qszCHEcEK4wQ1L2bStSboKEopiRWdGJJYkQnqAR6WvIUUCkm6R7zuCpZgZwGAp9uIIp+3siQYGU08DXzgCpsVzU5uR/Wj9Wwws3oTyKFeE4e2gYM6hCOA8NDqggWLGpBggLqv8K8RgJhJWOtqhDsBdXXgades0+qzVuG6XmVR5HARyDE1AGNjgHTXADWqANMHgEz+ANvBtPxovxYXxm1hUjnzkCf8r4/gFXvKRl</latexit>

V (�1,�2) ! V (h�1i,�2)

Integrate out  
heavy       :  

→  intersection of tame spaces
<latexit sha1_base64="XyUyxZyLhh7sr4oLBqIL9TPh1Cw="></latexit>

Mvac =
n @V

@�1
= 0

o
\ M

<latexit sha1_base64="atwBTWaewmruY30kSfX/vOndlS0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeN/vlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lqn9Zrd3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz40juw=</latexit>

�1
<latexit sha1_base64="h2U2cnMf/ZwwTBMwnznNXMIcTt4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GmakPlZSdOPCRQX7gOlQMpm0Dc1jSDJCGfoZblwo4tavceffmGmnoKIHAodzziX3nihhVBvP+3RKS8srq2vl9crG5tb2TnV3r61lqjBpYcmk6kZIE0YFaRlqGOkmiiAeMdKJxte533kgSlMp7s0kISFHQ0EHFCNjpYD3/cverY3HqF+tee6plwN6rrcgheIXSg0UaParH71Y4pQTYTBDWge+l5gwQ8pQzMi00ks1SRAeoyEJLBWIEx1ms5Wn8MgqMRxIZZ8wcKZ+n8gQ13rCI5vkyIz0by8X//KC1AwuwoyKJDVE4PlHg5RBI2F+P4ypItiwiSUIK2p3hXiEFMLGtlSxJSwuhf+T9onrn7n1u3qtcVXUUQYH4BAcAx+cgwa4AU3QAhhI8AiewYtjnCfn1XmbR0tOMbMPfsB5/wKZTpDT</latexit>

m1 > ⇤

linear order:  tameness preserved if all        real (otherwise limit cycles) [Miller]
<latexit sha1_base64="J9psaI7JSGWCzolyMSvPjQAKbg0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK7e4tl0h7oleuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns3gk5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTJ8nfaE5Qzm2hDIt7K2EDammDG1EJRuCt/jyMmmeVb2L6vn9eaV2ncdRhCM4hlPw4BJqcAd1aAADCc/wCm/Oo/PivDsf89aCk88cwh84nz/hco/h</latexit>

�i

renormalizable theory: use tameness of amplitudes →  finite loop                 tame    
[Rolin,Sanz,Schaefke],…  

<latexit sha1_base64="hjHs4/tlIKdY3aVU9ZeO455GQwE=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0GIl7ArQT0GvXiMYB6QhDA76SRDZnaXmV5hWeKvePGgiFc/xJt/4+Rx0MSChqKqm+6uIJbCoOd9O2vrG5tb27md/O7e/sGhe3TcMFGiOdR5JCPdCpgBKUKoo0AJrVgDU4GEZjC+nfrNR9BGROEDpjF0FRuGYiA4Qyv13EInAGS9rKMVjUHjpDQ877lFr+zNQFeJvyBFskCt5351+hFPFITIJTOm7XsxdjOmUXAJk3wnMRAzPmZDaFsaMgWmm82On9Azq/TpINK2QqQz9fdExpQxqQpsp2I4MsveVPzPayc4uO5mIowThJDPFw0SSTGi0yRoX2jgKFNLGNfC3kr5iGnG0eaVtyH4yy+vksZF2b8sV+4rxerNIo4cOSGnpER8ckWq5I7USJ1wkpJn8krenCfnxXl3Puata85ipkD+wPn8AVBWlI8=</latexit>

�pert(g)
→  study of flows e.g.

Are QFTs with limit cycles in the RG in the swampland?

<latexit sha1_base64="sAfft6uQF9/pHzMZusyR20mgZ0k="></latexit>
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Tameness of CFTs



  Conformal field theories

➡ CFTs are axiomatically well-defined:   theory set   
assume:  CFT is unitary and local

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T



  Conformal field theories

➡ CFTs are axiomatically well-defined:   theory set   
assume:  CFT is unitary and local

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T

<latexit sha1_base64="pC7yyEcWan/vEfrD1QmKhKLcBNs=">AAACIXicbVDLSsNAFJ34rPUVdelmsAjtJiSlaJdFN+6sYB/QhDCZTtuhk0mYmYgl9Ffc+CtuXCjSnfgzTtosbOuBgcM55zL3niBmVCrb/jY2Nre2d3YLe8X9g8OjY/PktC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyb+Z0nIiSN+KOaxMQL0ZDTAcVIack36y5DfMgIdEOkRhix9H7qO+Vn36ksSVUtVSuWZblikffNkm3Zc8B14uSkBHI0fXPm9iOchIQrzJCUPceOlZcioShmZFp0E0lihMdoSHqachQS6aXzC6fwUit9OIiEflzBufp3IkWhlJMw0MlsabnqZeJ/Xi9Rg7qXUh4ninC8+GiQMKgimNUF+1QQrNhEE4QF1btCPEICYaVLLeoSnNWT10m7ajlXVu2hVmrc5HUUwDm4AGXggGvQAHegCVoAgxfwBj7Ap/FqvBtfxmwR3TDymTOwBOPnFyujokA=</latexit>

hO1(x1)O2(x2)...i➡ correlation functions                                           + partition function
<latexit sha1_base64="SpDX7+HmNhOQccorBnc9wXj97Qo=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2g/oriWbZtvQJLskWbUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk381gNVmsXyzowSGgjclyxiBBsr3T91GfKZRP4t6wvcLVfcqjsFWiReTiqQo94tf/m9mKSCSkM41rrjuYkJMqwMI5yOS36qaYLJEPdpx1KJBdVBNr16jI6s0kNRrGxJg6bq74kMC61HIrSdApuBnvcm4n9eJzXRRZAxmaSGSjJbFKUcmRhNIkA9pigxfGQJJorZWxEZYIWJsUGVbAje/MuLpHlS9c6qpzenldplHkcRDuAQjsGDc6jBNdShAQQUPMMrvDmPzovz7nzMWgtOPrMPf+B8/gDIIZIP</latexit>

xi 2 ⌃depend on: d - dimensional space-time(1)

(3)  parameters specifying theory 
<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
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  Conformal field theories

➡ CFTs are axiomatically well-defined:   theory set   
assume:  CFT is unitary and local
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hO1(x1)O2(x2)...i➡ correlation functions                                           + partition function
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xi 2 ⌃depend on: d - dimensional space-time(1)

(3)  parameters specifying theory 
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➡ Are these functions tame functions? Are        and      tame spaces? 
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→ finiteness of CFTs,  
     non-zero radius of convergence in CFT perturbation theory, … 



  CFT Tameness Conjecture [Douglas,TG,Schlechter]

(1)  Parameter space      labelling all CFTs in d>1 is tame set if  
       -   appropriate central charge (measure of d.o.f) is bounded by  
       -   in d=2:  lowest operator dimension bounded from below by 
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ĉ
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�min
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(2)  Conformal manifold         for any CFT is tame manifold. 
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(3)  Any partition function and any correlation function on fixed      ,  
      of a fixed list of operators at fixed locations is a tame function 
      of the parameters and on       .
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(4)  Any partition function and any correlation function is a tame 
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ĉ
<latexit sha1_base64="3j5ldpny3NYbQEAu0/tUlY6pjnM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE1GNRDx4r2A9oQthst+3S3U3YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPz4lRwA5737ZTW1jc2t8rblZ3dvf0D9/CoZZJMU9akiUh0JyaGCa5YEzgI1kk1IzIWrB2P7mZ+e8y04Yl6gknKQkkGivc5JWClyHWDeyaARHmgJZZcTSO36tW8OfAq8QtSRQUakfsV9BKaSaaACmJM1/dSCHOigVPBppUgMywldEQGrGupIpKZMJ9fPsVnVunhfqJtKcBz9fdETqQxExnbTklgaJa9mfif182gfxPmXKUZMEUXi/qZwJDgWQy4xzWjICaWEKq5vRXTIdGEgg2rYkPwl19eJa2Lmn9Vu3y8rNZvizjK6ASdonPko2tURw+ogZqIojF6Rq/ozcmdF+fd+Vi0lpxi5hj9gfP5A3aHk5A=</latexit>

�min

(2)  Conformal manifold         for any CFT is tame manifold. 
<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

(3)  Any partition function and any correlation function on fixed      ,  
      of a fixed list of operators at fixed locations is a tame function 
      of the parameters and on       .

<latexit sha1_base64="AP1GKE831ATthHd/5R6XRwc0Lig=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrnd+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AG5Njww=</latexit>

⌃
<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

(4)  Any partition function and any correlation function is a tame 
       function on      ,  if        is a tame set in the same o-minimal structure.

<latexit sha1_base64="AP1GKE831ATthHd/5R6XRwc0Lig=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrnd+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AG5Njww=</latexit>

⌃
<latexit sha1_base64="AP1GKE831ATthHd/5R6XRwc0Lig=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrnd+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AG5Njww=</latexit>

⌃

Call the o-minimal structure:
<latexit sha1_base64="YtviAKZUzEPgiJ36x7ReK/crc58=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVUmkqMtiQVxW6QuaECbTSTt08mDmRiwhbvwVNy4UcetfuPNvnLRZaOuBC4dz7uXee7yYMwmm+a0tLa+srq2XNsqbW9s7u/refkdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb9zI/e49FZJFYQsmMXUCPAyZzwgGJbn6oR1gGHleepe5qQ30AdLGdSsbZK5eMavmFMYisQpSQQWarv5lDyKSBDQEwrGUfcuMwUmxAEY4zcp2ImmMyRgPaV/REAdUOun0g8w4UcrA8COhKgRjqv6eSHEg5STwVGd+r5z3cvE/r5+Af+mkLIwToCGZLfITbkBk5HEYAyYoAT5RBBPB1K0GGWGBCajQyioEa/7lRdI5q1rn1dptrVK/KuIooSN0jE6RhS5QHd2gJmojgh7RM3pFb9qT9qK9ax+z1iWtmDlAf6B9/gA+gpdp</latexit>RCFTd

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P



  Construction of  

➡ Construct a structure:

<latexit sha1_base64="YtviAKZUzEPgiJ36x7ReK/crc58=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVUmkqMtiQVxW6QuaECbTSTt08mDmRiwhbvwVNy4UcetfuPNvnLRZaOuBC4dz7uXee7yYMwmm+a0tLa+srq2XNsqbW9s7u/refkdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb9zI/e49FZJFYQsmMXUCPAyZzwgGJbn6oR1gGHleepe5qQ30AdLGdSsbZK5eMavmFMYisQpSQQWarv5lDyKSBDQEwrGUfcuMwUmxAEY4zcp2ImmMyRgPaV/REAdUOun0g8w4UcrA8COhKgRjqv6eSHEg5STwVGd+r5z3cvE/r5+Af+mkLIwToCGZLfITbkBk5HEYAyYoAT5RBBPB1K0GGWGBCajQyioEa/7lRdI5q1rn1dptrVK/KuIooSN0jE6RhS5QHd2gJmojgh7RM3pFb9qT9qK9ax+z1iWtmDlAf6B9/gA+gpdp</latexit>RCFTd

‣ structure generated by real polynomials:

<latexit sha1_base64="ALllurqOmULNuuGFeddWXvkI7R8="></latexit>

P (x1, ..., xn) = 0start with



  Construction of  

➡ Construct a structure:

<latexit sha1_base64="YtviAKZUzEPgiJ36x7ReK/crc58=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVUmkqMtiQVxW6QuaECbTSTt08mDmRiwhbvwVNy4UcetfuPNvnLRZaOuBC4dz7uXee7yYMwmm+a0tLa+srq2XNsqbW9s7u/refkdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb9zI/e49FZJFYQsmMXUCPAyZzwgGJbn6oR1gGHleepe5qQ30AdLGdSsbZK5eMavmFMYisQpSQQWarv5lDyKSBDQEwrGUfcuMwUmxAEY4zcp2ImmMyRgPaV/REAdUOun0g8w4UcrA8COhKgRjqv6eSHEg5STwVGd+r5z3cvE/r5+Af+mkLIwToCGZLfITbkBk5HEYAyYoAT5RBBPB1K0GGWGBCajQyioEa/7lRdI5q1rn1dptrVK/KuIooSN0jE6RhS5QHd2gJmojgh7RM3pFb9qT9qK9ax+z1iWtmDlAf6B9/gA+gpdp</latexit>RCFTd

‣ structure generated by real polynomials:

<latexit sha1_base64="ALllurqOmULNuuGFeddWXvkI7R8="></latexit>

P (x1, ..., xn) = 0start with

o-minimal

structure  
axioms

<latexit sha1_base64="b27HnkwZGeD5vX1HkB4q6SUXSRo="></latexit>

Pi(x1, ..., xn) = 0
<latexit sha1_base64="IeXUMiimf5690K/dmD8WC/etMaA="></latexit>

P̃k(x1, ..., xn) > 0

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg



  Construction of  

➡ Construct a structure:

<latexit sha1_base64="YtviAKZUzEPgiJ36x7ReK/crc58=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVUmkqMtiQVxW6QuaECbTSTt08mDmRiwhbvwVNy4UcetfuPNvnLRZaOuBC4dz7uXee7yYMwmm+a0tLa+srq2XNsqbW9s7u/refkdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb9zI/e49FZJFYQsmMXUCPAyZzwgGJbn6oR1gGHleepe5qQ30AdLGdSsbZK5eMavmFMYisQpSQQWarv5lDyKSBDQEwrGUfcuMwUmxAEY4zcp2ImmMyRgPaV/REAdUOun0g8w4UcrA8COhKgRjqv6eSHEg5STwVGd+r5z3cvE/r5+Af+mkLIwToCGZLfITbkBk5HEYAyYoAT5RBBPB1K0GGWGBCajQyioEa/7lRdI5q1rn1dptrVK/KuIooSN0jE6RhS5QHd2gJmojgh7RM3pFb9qT9qK9ax+z1iWtmDlAf6B9/gA+gpdp</latexit>RCFTd

‣ structure generated by real polynomials:

<latexit sha1_base64="ALllurqOmULNuuGFeddWXvkI7R8="></latexit>

P (x1, ..., xn) = 0start with

o-minimal

structure  
axioms

<latexit sha1_base64="b27HnkwZGeD5vX1HkB4q6SUXSRo="></latexit>

Pi(x1, ..., xn) = 0
<latexit sha1_base64="IeXUMiimf5690K/dmD8WC/etMaA="></latexit>

P̃k(x1, ..., xn) > 0

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

‣ Add correlation functions + set       of the set       of d-dim. CFTs
<latexit sha1_base64="Jb8QzqoU+PKuwQ404HN/Hudunzc=">AAAB8nicdVBPS8MwHE3nvzn/TT16CQ7BU2lr2eZt6MXjhM0NujLSLN3C0qQkqTDKPoYXD4p49dN489uYbhNU9EHg8d7vR97vRSmjSjvOh1VaW9/Y3CpvV3Z29/YPqodHd0pkEpMuFkzIfoQUYZSTrqaakX4qCUoiRnrR9Lrwe/dEKip4R89SEiZozGlMMdJGCgYJ0hOMWN6ZD6s1x75s1j2/Dh3bcRqu5xbEa/gXPnSNUqAGVmgPq++DkcBZQrjGDCkVuE6qwxxJTTEj88ogUyRFeIrGJDCUo4SoMF9EnsMzo4xgLKR5XMOF+n0jR4lSsyQyk0VE9dsrxL+8INNxM8wpTzNNOF5+FGcMagGL++GISoI1mxmCsKQmK8QTJBHWpqWKKeHrUvg/ufNst277t36tdbWqowxOwCk4By5ogBa4AW3QBRgI8ACewLOlrUfrxXpdjpas1c4x+AHr7RPwKpG1</latexit>

T
<latexit sha1_base64="RUrI9p5u1eNkxxZ7MqUFJ5tJiyY="></latexit>

P (x1, ..., xn, f1(x), f2(x), ..., fn(x)) = 0

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P



  Construction of  

➡ Construct a structure:

<latexit sha1_base64="YtviAKZUzEPgiJ36x7ReK/crc58=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVUmkqMtiQVxW6QuaECbTSTt08mDmRiwhbvwVNy4UcetfuPNvnLRZaOuBC4dz7uXee7yYMwmm+a0tLa+srq2XNsqbW9s7u/refkdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb9zI/e49FZJFYQsmMXUCPAyZzwgGJbn6oR1gGHleepe5qQ30AdLGdSsbZK5eMavmFMYisQpSQQWarv5lDyKSBDQEwrGUfcuMwUmxAEY4zcp2ImmMyRgPaV/REAdUOun0g8w4UcrA8COhKgRjqv6eSHEg5STwVGd+r5z3cvE/r5+Af+mkLIwToCGZLfITbkBk5HEYAyYoAT5RBBPB1K0GGWGBCajQyioEa/7lRdI5q1rn1dptrVK/KuIooSN0jE6RhS5QHd2gJmojgh7RM3pFb9qT9qK9ax+z1iWtmDlAf6B9/gA+gpdp</latexit>RCFTd

‣ structure generated by real polynomials:

<latexit sha1_base64="ALllurqOmULNuuGFeddWXvkI7R8="></latexit>

P (x1, ..., xn) = 0start with

o-minimal

structure  
axioms

<latexit sha1_base64="b27HnkwZGeD5vX1HkB4q6SUXSRo="></latexit>

Pi(x1, ..., xn) = 0
<latexit sha1_base64="IeXUMiimf5690K/dmD8WC/etMaA="></latexit>

P̃k(x1, ..., xn) > 0

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

‣ Add correlation functions + set       of the set       of d-dim. CFTs
<latexit sha1_base64="Jb8QzqoU+PKuwQ404HN/Hudunzc=">AAAB8nicdVBPS8MwHE3nvzn/TT16CQ7BU2lr2eZt6MXjhM0NujLSLN3C0qQkqTDKPoYXD4p49dN489uYbhNU9EHg8d7vR97vRSmjSjvOh1VaW9/Y3CpvV3Z29/YPqodHd0pkEpMuFkzIfoQUYZSTrqaakX4qCUoiRnrR9Lrwe/dEKip4R89SEiZozGlMMdJGCgYJ0hOMWN6ZD6s1x75s1j2/Dh3bcRqu5xbEa/gXPnSNUqAGVmgPq++DkcBZQrjGDCkVuE6qwxxJTTEj88ogUyRFeIrGJDCUo4SoMF9EnsMzo4xgLKR5XMOF+n0jR4lSsyQyk0VE9dsrxL+8INNxM8wpTzNNOF5+FGcMagGL++GISoI1mxmCsKQmK8QTJBHWpqWKKeHrUvg/ufNst277t36tdbWqowxOwCk4By5ogBa4AW3QBRgI8ACewLOlrUfrxXpdjpas1c4x+AHr7RPwKpG1</latexit>

T
<latexit sha1_base64="RUrI9p5u1eNkxxZ7MqUFJ5tJiyY="></latexit>

P (x1, ..., xn, f1(x), f2(x), ..., fn(x)) = 0

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
structure  
axioms

<latexit sha1_base64="SM2g5v4+jGahp82H3qWe5EmWibk="></latexit>RT



  Construction of  

➡ Construct a structure:

<latexit sha1_base64="YtviAKZUzEPgiJ36x7ReK/crc58=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVUmkqMtiQVxW6QuaECbTSTt08mDmRiwhbvwVNy4UcetfuPNvnLRZaOuBC4dz7uXee7yYMwmm+a0tLa+srq2XNsqbW9s7u/refkdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb9zI/e49FZJFYQsmMXUCPAyZzwgGJbn6oR1gGHleepe5qQ30AdLGdSsbZK5eMavmFMYisQpSQQWarv5lDyKSBDQEwrGUfcuMwUmxAEY4zcp2ImmMyRgPaV/REAdUOun0g8w4UcrA8COhKgRjqv6eSHEg5STwVGd+r5z3cvE/r5+Af+mkLIwToCGZLfITbkBk5HEYAyYoAT5RBBPB1K0GGWGBCajQyioEa/7lRdI5q1rn1dptrVK/KuIooSN0jE6RhS5QHd2gJmojgh7RM3pFb9qT9qK9ax+z1iWtmDlAf6B9/gA+gpdp</latexit>RCFTd

‣ structure generated by real polynomials:

<latexit sha1_base64="ALllurqOmULNuuGFeddWXvkI7R8="></latexit>

P (x1, ..., xn) = 0start with

o-minimal

structure  
axioms

<latexit sha1_base64="b27HnkwZGeD5vX1HkB4q6SUXSRo="></latexit>

Pi(x1, ..., xn) = 0
<latexit sha1_base64="IeXUMiimf5690K/dmD8WC/etMaA="></latexit>

P̃k(x1, ..., xn) > 0

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

‣ Add correlation functions + set       of the set       of d-dim. CFTs
<latexit sha1_base64="Jb8QzqoU+PKuwQ404HN/Hudunzc=">AAAB8nicdVBPS8MwHE3nvzn/TT16CQ7BU2lr2eZt6MXjhM0NujLSLN3C0qQkqTDKPoYXD4p49dN489uYbhNU9EHg8d7vR97vRSmjSjvOh1VaW9/Y3CpvV3Z29/YPqodHd0pkEpMuFkzIfoQUYZSTrqaakX4qCUoiRnrR9Lrwe/dEKip4R89SEiZozGlMMdJGCgYJ0hOMWN6ZD6s1x75s1j2/Dh3bcRqu5xbEa/gXPnSNUqAGVmgPq++DkcBZQrjGDCkVuE6qwxxJTTEj88ogUyRFeIrGJDCUo4SoMF9EnsMzo4xgLKR5XMOF+n0jR4lSsyQyk0VE9dsrxL+8INNxM8wpTzNNOF5+FGcMagGL++GISoI1mxmCsKQmK8QTJBHWpqWKKeHrUvg/ufNst277t36tdbWqowxOwCk4By5ogBa4AW3QBRgI8ACewLOlrUfrxXpdjpas1c4x+AHr7RPwKpG1</latexit>
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<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
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➡ Note:  - well-known o-minimal structures are        
            - recently:                    defines                      and

to the domain 0  �  a are restricted analytic functions. e
r, r 2 R is not

restricted analytic and Ran,exp has to be used to make ez definable on the domain
0  �  a. We stress that even though Ran,exp is significantly larger than Ralg,
there are commonly appearing functions that are not definable in this structure.
Most notably, neither the Gamma-function �(x) on (0,1) nor the Riemann Zeta-
function on (1,1) are definable in Ran,exp as shown in [16].

It is important to stress that the theory of o-minimal structures is very rich
and still under investigation. To give an example of this, let us note that a long-
standing question of whether or not one can construct an o-minimal structure
that makes both �(x)|(0,1) and ⇣(x)|(0,1) definable was only answered very re-
cently. It has been proved more than two decades ago in [17] that one construct
two di↵erent o-minimal structures making either one or the other function de-
finable. To show that there is a structure in which both are definable was only
achieved earlier this year in [18]. This example indicates that, in general, it is
not possible to simply combine o-minimal structures to find larger structures.
Whether or not there is a single o-minimal structure that su�ces for all physical
applications is an open and challenging question. In this work, it will be often
su�cient to consider the o-minimal structure Ran,exp, but it is important to keep
in mind that the generalized finiteness properties and the logical completeness
statements are present in all o-minimal structures.

3 Tameness of perturbative amplitudes

In this section we will make our main statement and sketch the proof of the
Theorem stated in section 1.1. For this we first carefully define our setup and the
involved spaces. Our starting point is a quantum field theory on a d-dimensional
space-time defined by a Lagrangian L. We require this theory to be local and
describe the dynamics of finitely many fields which are either scalars, fermions,
gauge fields, or higher form fields. We stress that the considered Lagrangians
are thus assumed to have only finitely many terms that depend polynomially
on the fields of the theory. This will ensure that in perturbation theory the
physical amplitudes can be computed to a certain fixed loop-level using a finite
number of propagators and interaction vertices. Our main statement will also
need renormalizablity of the QFT, since it relies on the presence of only finitely

many counterterms. We will comment on the treatment of non-renormalizable
e↵ective theories and later return to these cases in section 5.
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<latexit sha1_base64="1pj5EngRqp30mm3GsvG3r/aWO54=">AAACK3icbVDLSsNAFJ34rPUVdelmsAguSkmkqMtSNy6r2Ac0IUymk3boZBJmJmIJ+R83/ooLXfjArf/hpM1C2x4YOJxzLnPv8WNGpbKsT2NldW19Y7O0Vd7e2d3bNw8OOzJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1x9e5330gQtKI36tJTNwQDTkNKEZKS57ZdEKkRr6f3mVe6ogQksc4q8J5FfGlYjVPe2bFqllTwEViF6QCCrQ889UZRDgJCVeYISn7thUrN0VCUcxIVnYSSWKEx2hI+ppyFBLpptNbM3iqlQEMIqEfV3Cq/p1IUSjlJPR1Ml9Xznu5uMzrJyq4clPK40QRjmcfBQmDKoJ5cXBABcGKTTRBWFC9K8QjJBBWut6yLsGeP3mRdM5r9kWtfluvNJpFHSVwDE7AGbDBJWiAG9ACbYDBE3gB7+DDeDbejC/jexZdMYqZI/APxs8vtwyolg==</latexit>Rexp,Ran,Ran,exp
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<latexit sha1_base64="Zf6/Ky7GNDTA8Ju9KlcQ3X+EWAI=">AAACDnicbZC7SgNBFIZnvcZ4i1raLIaAiIRdCWoZtNAyirlANobZyUkyZPbCzFlJWPYJbHwVGwtFbK3tfBtnkxSa+MPAx3/OYc753VBwhZb1bSwsLi2vrGbWsusbm1vbuZ3dmgoiyaDKAhHIhksVCO5DFTkKaIQSqOcKqLuDy7RefwCpeODf4SiElkd7Pu9yRlFb7VzB8Sj2XTe+TdrxmBkV8VVyf3TsIAwxhmGYJO1c3ipaY5nzYE8hT6aqtHNfTidgkQc+MkGVatpWiK2YSuRMQJJ1IgUhZQPag6ZGn3qgWvH4nMQsaKdjdgOpn4/m2P09EVNPqZHn6s50YTVbS83/as0Iu+etmPthhOCzyUfdSJgYmGk2ZodLYChGGiiTXO9qsj6VlKFOMKtDsGdPnofaSdE+LZZuSvnyxTSODNknB+SQ2OSMlMk1qZAqYeSRPJNX8mY8GS/Gu/ExaV0wpjN75I+Mzx+hpJ0g</latexit>RG⇤,exp [Rolin etal ’22]
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➡ AdS/CFT correspondence:  quantum gravity in AdSd+1  space is  
                                                  defined in the o-minimal structure 

<latexit sha1_base64="zXqYIOfmTSExnhhLNJIbcc5owC8=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEirosFsRllb6gCWEymbRDJ5MwMxFKyMZfceNCEbd+hjv/xkmbhbYeuHA4517uvcdPGJXKsr6NldW19Y3NylZ1e2d3b988OOzJOBWYdHHMYjHwkSSMctJVVDEySARBkc9I35+0Cr//SISkMe+oaULcCI04DSlGSkueeexESI19P3vIvSxzRARbt508yD2zZtWtGeAysUtSAyXanvnlBDFOI8IVZkjKoW0lys2QUBQzkledVJIE4QkakaGmHEVEutnsgRyeaSWAYSx0cQVn6u+JDEVSTiNfdxbnykWvEP/zhqkKr92M8iRVhOP5ojBlUMWwSAMGVBCs2FQThAXVt0I8RgJhpTOr6hDsxZeXSe+ibl/WG/eNWvOmjKMCTsApOAc2uAJNcAfaoAswyMEzeAVvxpPxYrwbH/PWFaOcOQJ/YHz+AOGtlpk=</latexit>RCFTd

[Douglas,TG,Schlechter]
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