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Part 1

Group Theory: Discrete and Finite Groups

1 Introduction: Groups in Physics

In physics, group theory is the theory of transformations of physical objects. Whenever we ask
“does this system look the same after I do something to it?” — rotate it, translate it, exchange
two identical particles, boost to another inertial frame, relabel a gauge field — we are asking a
question about symmetry, and the collection of all transformations that leave the system looking
the same (or map it to another admissible configuration in a controlled way) is almost always a
group.

Example 1.1 (Rotations). Consider rotations of a rigid body, or of the coordinate axes,
about a fixed point in three-dimensional space. Two features of rotations are immediately
noteworthy, and both turn out to be central to the algebraic structure we are about to define.

(i) Multiplication. Two rotations performed one after another produce a third rotation:
“rotate by Ry, then by Rs” is itself a rotation, which we may call Ro Ry (conventionally
the transformation written on the right acts first). Composition of transformations is
the group multiplication.

(ii) Non-commutativity. Unlike multiplication of ordinary numbers, the order in which
we perform two rotations matters: RoRy # R1Rs in general. A vivid way to see this is
to rotate a book by 90° about the x-axis and then 90° about the y-axis, and compare
with doing this in the opposite order — the book ends up in a different orientation.
This failure of commutativity is not a pathology; it is the generic behaviour of rotations
in three (or more) dimensions, and it is the mathematical origin of phenomena such
as the non-commuting components of angular momentum in quantum mechanics,
(0, ] = ihi..

A more subtle feature of the rotation group is its topology: the set of rotations is not just
an abstract set with a multiplication rule, it is also a curved space (a manifold) on which
the group elements live, and this manifold is not simply connected. This is best illustrated
by the belt trick (also called the Dirac string trick or plate trick): if one end of a belt
is rotated by 360° while the other end is held fixed, the belt is left with an irreducible
half-twist, and it takes a further 360° rotation (i.e. 720° in total) to untwist it completely.
This demonstrates that a 27 rotation is not, topologically, the same as doing nothing, whereas
a 47 rotation is — a fact that is directly responsible for the existence of spin—% particles and
the double-valuedness of spinor representations that will be discussed later in the course,
once we come to the Lorentz group.

- J

From the mathematical point of view, a group is an algebraic structure: a set together with
certain rules for combining (“multiplying”) its elements, rules that are abstracted from very
concrete examples such as the rotations above, but which turn out to capture an enormous range
of phenomena — from the symmetries of crystals and molecules, through the conservation laws
of Noether’s theorem, to the gauge symmetries of the Standard Model. The purpose of the
present notes is to develop this algebraic structure — groups, subgroups, homomorphisms, cosets,
quotient groups, and products of groups — carefully and with an eye to the physical examples
that make it useful. Once this purely algebraic scaffolding is in place, the course continues with
Lie groups (continuous groups that are also smooth manifolds), Lie algebras (the linearisation of
Lie groups at the identity, which is where most practical computations in physics actually take
place), the classification of simple Lie algebras, and finally the Lorentz group and spinors.



Physical perspective

Symmetry considerations pervade essentially every corner of theoretical physics. A few
examples, roughly in order of increasing sophistication: crystals are classified by their
finite point and space groups; angular momentum in quantum mechanics is organised by
representations of SO(3) and its double cover SU(2); isospin and flavour symmetries of
the strong interaction are described by SU(2) and SU(3); the Standard Model is a gauge
theory with symmetry group SU(3) x SU(2) x U(1) (or rather a suitable global quotient
thereof); and special relativity is the statement that the laws of physics are invariant under
the Poincaré group, the semidirect product of the Lorentz group with spacetime translations
that we will meet in miniature, in its Euclidean cousin, at the end of these notes (Section 12).

\

2 The Definition of a Group

2.1 Axioms

A group is a set equipped with one binary operation, subject to four axioms. These axioms
are chosen so that they are satisfied by the “obvious” examples of transformations (rotations,
permutations, translations, ...) while being abstract enough to apply uniformly to sets of
numbers, matrices, functions, and symmetry operations alike.

e N

Definition 2.1 (Group). A set G together with a multiplication rule
O:GXG%Gu (91592)'_)910927

is called a group (G, o) if the following four axioms hold:
(a) Closure. Vgi,920€G: g1oge €G.

(b) Associativity. (g1 0g2)0g3=g10(g20g3) for all g1,92,93 € G.
(c) Identity. There exists an element e € G (the identity or unit element) such that

eog=goe=g VgeQ@G,

and this element is unique.
(d) Inverse. For every g € G there exists an element g~ € G (the inverse of g) such
that

1 1

Remark. Only one of the two equalities gog™ = e and g~ " og = e needs to be postulated: if
a “left inverse” and a “left identity” exist for every element, the corresponding right versions
can be derived from them (and conversely). This is a standard exercise in axiomatics that we
will not dwell on, but it is worth remembering, because in some applications (e.g. semigroups
with only partially defined inverses) the distinction matters. The same remark applies to the
identity element: postulating e o g = g for all g, together with the existence of inverses, is
already enough to force g o e = g as well.

Remark (Notation). When the group operation is written multiplicatively we normally
drop the symbol o and simply write g1go for g; o go; the identity is then often denoted 1
or e, and the inverse of g is g~'. When the operation is addition (as for (Z, +) below) we
write g1 + go, the identity is 0, and the inverse of g is —g. Physicists often reserve the word
“group” loosely for the set G itself, leaving the multiplication rule implicit; strictly speaking




the group is the pair (G, o), since a single underlying set of numbers can carry more than
one natural group structure: the real numbers form a group (R, +) under addition, and,
once 0 is removed, a different group (R \ {0}, -) under multiplication (compare Examples 2.1
and 4.2 below).

&

Remark (Why exactly these axioms?). Each axiom encodes a property that is indispensable
if G is to describe transformations that can be undone and composed. Closure says that
performing two allowed transformations in succession gives another allowed transformation.
Associativity says that when we compose three transformations, it does not matter whether
we first combine the first two and then apply the third, or first combine the last two and then
apply the first — the net transformation is the same; this is automatic when o literally means
“do one transformation after another”, so it may look like a triviality, but for an abstract
set with an abstract rule o it is a genuine constraint (indeed, dropping associativity gives
the much larger and wilder class of loops and quasigroups). The identity is the “do nothing’
transformation, and existence of inverses says that every transformation is reversible: if you
can rotate a system, you can rotate it back.

b

2.2 First examples

~

Example 2.1 (Positive reals under multiplication). Let G = RT = (0,00), with o the
ordinary multiplication of real numbers, r1 o 79 = rirg € RT. We check the axioms:

e Closure: the product of two positive numbers is positive. v’

o Associativity: (rir2)rs = r1(rars) for all reals. v/

o Identity: e=1,since 1-r=r-1=r. v

o Inverse: r~! =1/r € RT satisfies r- (1/r) =1. v
So (R*,-) is a group. Notice that it is automatically abelian (commutative), r1ro = rory,
since ordinary multiplication of real numbers commutes — this will not be true of groups in
general, as Section 3 makes clear.

Example 2.2 (Integers under addition). Let G = Z, with o ordinary addition, nj o ng =
ni + na.

e Closure: ny +no € Z. v

o Associativity: (n1 + ng) + ng =n1 + (ng + n3). v

e Identity: e =0. v

o Inverse: for n € Z, the inverse is —n, since n + (—n) = 0. v/
So (Z,+) is a group (again abelian). Note the identity element is 0, not 1: which element
plays the role of “e” is a property of the operation, not an absolute fact about the number 1.

Example 2.3 (A non-example: integers under subtraction). Let G = Z with g1 092 := g1 — go.
This is not a group, because associativity fails:

(n1 —n2) —ng # ni — (n2 —na)

in general (the left side equals n; — ny — ng, the right side equals n; — ns + ng; they agree
only when n3 = 0). This is a useful cautionary example: closure, an identity-like element (0,
since n —0 = n), and even a naive notion of “inverse” can all superficially seem to be present,
yet the structure fails to be a group because of a single missing axiom. Always check all four
axioms.




Physical perspective

The two examples (RT,-) and (Z, +) already illustrate the two broad classes of groups that
will occupy us: (RT,-) is a continuous (indeed one-parameter, Lie) group, isomorphic as we
will see later to (R, +) via the exponential map; (Z,+) is a discrete, infinite, countable group.
Physics uses both kinds constantly: continuous groups appear as symmetries of continuous
systems (rotations, translations, gauge transformations), while discrete groups appear as
symmetries of discrete systems (crystal lattices, molecules, identical particle exchange).

3 Finite and Continuous, Abelian and Non-Abelian Groups

The two examples of Section 2 were both abelian and both had infinitely many elements.
Physics needs much more: finite groups, infinite discrete groups, and continuous groups, some
commutative and some not. This section collects the basic examples that will recur throughout
the course.

3.1 A continuous group: SO(2)

s N

Example 3.1 (Rotations of the plane). Let G be the set of 2 x 2 real matrices of the form

__[cosp —singp
O(p) = (Siw o ) . wel2m),

with group multiplication given by ordinary matrix multiplication. Each O(p) satisfies
O(p)T0(p) = 1, det O(p) = +1,

i.e. O(yp) is a (real) orthogonal matrix of unit determinant; the set of all such matrices is
denoted SO(2), the special orthogonal group in two dimensions. Geometrically, O(y) rotates
a vector in the plane counterclockwise by the angle ¢, as illustrated in Fig. 1.

~§//

Y

Figure 1: The action of O(p) € SO(2) on a vector ¥ in the plane: rotation counterclockwise
through the angle .

Composing two rotations gives O(p2)O(p1) = O(p1 + p2) (rotate by ¢1, then by o, is the same
as rotating once by @1 + ¢2), so SO(2) is abelian — rotations in the plane always commute,
unlike rotations in three or more dimensions (Example 1.1). SO(2) is our first example of a
continuous group: its elements are labelled by a continuous parameter ¢, and nearby group
elements (nearby values of @) are “close” to one another in a sense that can be made precise



once a topology is put on the group — this is the beginning of the theory of Lie groups, taken
up later in the course.

3.2 Discrete groups

Example 3.2 (The group Zs). Zz = {1, —1} with ordinary multiplication is a discrete group
with two elements: 1-1=1,1-(-1) = —1, (—=1) - (—1) = 1; the identity is 1 and every
element is its own inverse. Zs is the simplest non-trivial group and it appears everywhere
in physics: parity (P? = 1), the centre of many continuous groups (Section 11), Zy gauge
theories, Ising-model spins, ...

Example 3.3 (The cyclic group Zy). More generally, for N € N let
Ty = {1 e2mi/N 22mi/N e(N—1)~27ri/N} cC

the N-th roots of unity, with ordinary complex multiplication. Geometrically these are N
equally-spaced points on the unit circle (Fig. 2); algebraically, Zy is generated by a single
element g = e2m/N with gN =1, so that Zy = {1,9,4°%,... ,gN_l}. This is our first example
of a cyclic group, and (like Example 3.2) Zy is abelian and discrete but, unlike Zo, it has
more than two elements: it interpolates, as N — oo, towards the continuous group SO(2)
of Example 3.1 (indeed Zy is precisely the subgroup of SO(2) consisting of rotations by
multiples of 27 /N).

g
2 RN
g .® LN
/7 A
/ A
/ \go
1 \
o — e
31 !
/
g ‘. g
A
5
.. _ .o’ g

Figure 2: The cyclic group Zg: the six sixth roots of unity, equally spaced on the unit circle,
with g = €27/,

3.3 A non-abelian discrete group: symmetries of the square

All the groups discussed so far are abelian. To see non-commutativity in a finite group we look
at the symmetries of a square (this is the dihedral group Dy, of order 8 — see Definition 3.1
below for the general definition of the order of a group).

Example 3.4 (Symmetries of the square). Label the corners of a square 1,2,3,4 as in
Fig. 3. The rigid motions of the plane that map the square onto itself (permuting its corners
but preserving distances) are: the identity, three non-trivial rotations about the centre (by
90°, 180°,270°), and four reflections (across the two diagonals and across the two lines joining
opposite edge midpoints). Represented as 2 x 2 orthogonal matrices acting on the plane,




these eight symmetries are
10 0 -1 -1 0 0 1
1 0 -1 0 0 1 0 -1

Here M, is the identity; My, M3, M, are rotations by 90°,180°,270°; Ms, Mg are reflections
across the horizontal and vertical axes; and M7, Mg are reflections across the two diagonals.
The group multiplication is matrix multiplication, and G = {Mj, ..., Mg} is closed under it
(composing two symmetries of the square gives another symmetry of the square) — this set
of eight matrices is a concrete realisation of the abstract group Dj.

4
Figure 3: The square used to define Dy in Example 3.4: the four corners are exchanged by

the rotations My, M3, M, and by the four reflections Ms, ..., Mg across the axes and diagonals
shown dashed.

This group is non-abelian: for instance MyMs # MsM;y (recalling our convention that the
rightmost transformation acts first, Ms M35 means “reflect across the horizontal axis, then rotate
by 90°”, which is not the same operation as MsMs, “rotate by 90° first, then reflect” — physically,
flipping the square over and then rotating the result is visibly different from rotating first and
then flipping). This is checked directly:

0 -1\ (1 0 0 1
M2M5_<1 0)(0 —1)‘(1 0>_M7’
1 0) [0 -1 0 -1
M5M2:<o —1)(1 0)2(—1 0>:M87EM7‘

Exercise 3.1. Verify that {Mj, ..., Mg} of Example 3.4 is closed under matrix multiplication
by completing the multiplication table (the “Cayley table”) of the group; check the group
axioms directly; identify which pairs of elements do not commute.

Definition 3.1 (Order of a group). The number of elements of a group G (finite or infinite)
is called the order of G, written |G| or ord(G). Thus |Za| = 2, |Zy| = N, and the symmetry
group of the square in Example 3.4 has order 8. Continuous groups such as SO(2) have
infinite order (indeed uncountably infinite, one element for each ¢ € [0, 27)).

10



3.4 Continuous non-abelian groups: SO(N) and SU(N)

s N

Example 3.5 (Special orthogonal and special unitary groups). Generalising Example 3.1,
define
SON)={0 e RN . 0TO =1y, detO =1},

SU(N)={U eCN*N . UlU =1y, detU =1},
both with matrix multiplication as the group operation. For N > 3 (SO(N)) and N > 2

(SU(N)) these groups are non-abelian: generic rotations in three or more dimensions do
not commute (Example 1.1), and generic unitary matrices do not commute either.

- J

It is instructive to verify explicitly that SU (V) satisfies the group axioms, since the argument
is a template used again and again in physics whenever a set of matrices defined by algebraic

conditions (unitarity, orthogonality, unit determinant, tracelessness, ...) is claimed to form a
group.
[ Proposition 3.2. SU(N) is a group under matrix multiplication. ]

Proof. Let Uy, Us € SU(N), i.e. U{Uy = UJUs = 1y and det Uy = det Us = 1.
o Closure. We must check U1U; € SU(N):

(U1U) (U1 Us) = USUT 01U = U 13U = UJUs = 1y,
and using the multiplicativity of the determinant,
det(U1Usy) = det(Uy) det(Uz) =1-1=1.
So UiUy € SU(N).

e Associativity. Matrix multiplication is associative for all matrices, so in particular for
elements of SU(N); nothing needs to be checked here beyond quoting this general fact.

o Identity. 1 is unitary with unit determinant, so 1y € SU(N), and it acts as the identity
element.

« Inverse. Since UTU = 1y, the inverse of U is U~! = UT; we must check UT € SU(N):
(UNTUT = UUT = 1 (using unitarity again, now the other way round) and det(UT) =

detU=1=1. So Ut € SU(N).
All four axioms hold, so SU(N) is a group. O

Exercise 3.3. Adapt the proof above to show that SO(N), O(N) = {O : OTO = 1y}
(orthogonal matrices, determinant +1), and U(N) = {U : U'U = 1y} (unitary matrices,
arbitrary phase of the determinant) are all groups under matrix multiplication. Which of
these four groups (SO(N), O(N), SU(N), U(N)) are abelian, and for which values of N7

Physical perspective

SO(3) is the group of rotations of ordinary three-dimensional space and organises orbital
angular momentum in quantum mechanics; SU(2), its double cover (two elements of SU(2)
map to each element of SO(3), reflecting the belt-trick topology of Example 1.1), is needed as
soon as spin is included. SU(3) is the colour gauge group of the strong interaction (quantum

11



chromodynamics) and, historically, was first used (before gauge theories) to classify hadrons
by their approximate flavour symmetry (the “Eightfold Way”). U(1) is the gauge group of
electromagnetism.

4 Homomorphisms and Isomorphisms

Groups become genuinely useful once we compare them with one another. The right notion of “a
map between groups that respects the group structure” is that of a homomorphism.

e N

Definition 4.1 (Homomorphism). Let (G1,0) and (G, *) be groups. A map
qb : Gl — G2
is called a homomorphism if it preserves the group structure, i.e.

#(g1092) = ¢(g1) * 9(92)  Vg1,92 € G1.

Definition 4.2 (Isomorphism). If a homomorphism ¢ : G; — G3 is bijective (one-to-one
and onto), it is called an isomorphism, and G and Gy are said to be isomorphic, written
G1 = Gs.

- J

In words: a homomorphism is a translation dictionary between two groups that turns products in
(G1 into products in G — it does not matter whether we multiply first in G; and then translate,
or translate first and then multiply in Go; the diagram

o
(91,92) g1 292

¢ x ¢ ¢

A\

(6(01), 6(g2)) —> B(91) * Blg2) = 3(g1 © 32)

commutes. An isomorphism is a homomorphism that, in addition, matches up the elements of
G1 and G2 one-to-one: isomorphic groups are, from the point of view of group theory, “the
same group” presented in two different guises (different labels for the elements, perhaps a
different-looking multiplication rule, but identical abstract structure). This is why, in physics, it
is common to say things like “the symmetry group of the equilateral triangle ¢s S3” rather than
“...is isomorphic to S3”: once two groups are known to be isomorphic, one may as well identify
them.

e N

Example 4.1 (The exponential map is a homomorphism, but not an isomorphism). Let
G1 = (R,+) and Gy = (R\ {0}, -), and consider

¢:R — R\ {0}, () = €.

This is a homomorphism, because the defining functional equation of the exponential is
precisely the homomorphism property:

Pz +y) =" = ee? = §(z) $(y).

12



However ¢ is not an isomorphism, because it is not surjective: e* > 0 for every real z, so the
negative numbers are never in the image of ¢ (nor is 0). Thus ¢ maps (R, +) homomorphically,
but only into, not onto, (R\ {0}, -).

Example 4.2 (A genuine isomorphism). Restricting the codomain in Example 4.1 to exactly
the image of ¢ repairs the surjectivity failure. Let G5 = (R, ) (the group of Example 2.1)
and consider again

é: (R, +) — (RT,), o(x) = e”.

Now ¢ is a bijection (its inverse is ¢~!(y) = Iny), so ¢ is an isomorphism:
(R?+) = (R+a')'

This identifies the additive group (R, +) with the multiplicative group (R™,-) of Example 2.1
— two of our earliest examples — as secretly the same group. Physically, this is exactly
the statement used when one converts additive quantities (e.g. actions, or log-probabilities)
into multiplicative ones (amplitudes, probabilities) via the exponential, or vice versa via the
logarithm.

Example 4.3 (A homomorphism onto the circle group). Let G; = (R, +) and let S! = {z €
C : |z| = 1} be the unit circle in the complex plane, with ordinary complex multiplication.
The map

¢: (R, +) — (S',),  ¢x) =€"

is a homomorphism, since ¢(z + y) = e@tY) = el = ¢(z)@(y). It is surjective (every
point of the unit circle is e for some real x) but not injective: ¢(x) = ¢(x + 27n) for every
integer n, so infinitely many elements of R are mapped to the same element of S'. This
is our first hint of the idea, made precise in Section 9, that S' = R/27Z: the circle is the
real line “with all multiples of 27 identified”. Physically, ¢ is the statement that a phase
(an element of S!, e.g. the phase of a quantum-mechanical wavefunction or of a U(1) gauge
transformation) is only ever defined up to an additive shift by 2.

Remark (The trivial homomorphism). For any pair of groups Gi, G2, the map sending
every element of (G; to the identity ey € G,

¢ : G1 — Go, ¢(g) = ez forall g € Gy,

is a homomorphism (trivially: ¢(g1 0 g2) = e2 = ez *x ea = ¢(g1) * ¢(g2)). It carries no
information about G; whatsoever, which is why it is called the trivial homomorphism;
nonetheless it is worth recording because “the trivial map is always a valid homomorphism”
is a useful sanity check, and because the trivial homomorphism is the extreme case (largest
possible kernel, smallest possible image) of the general theory developed in Section 10.

Exercise 4.1. For each of the following maps, decide whether it is a homomorphism, and if
so whether it is injective, surjective, or bijective (an isomorphism):

(1) ¢: (R, +) - (RY, ), ¢(x) = e

(2) ¢ (R,+) — (S1,), 9(a) = ei®; |

(3) ¢:(Z,+) = (Zn, ), ¢(n) = g™ where g = €2>™/N generates Zy as in Example 3.3;
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(4) ¢:SU(2) — SO(3), sending a unitary matrix to the rotation it induces on the Pauli
vector & - &+ U(d - £)UT (you are not asked to prove this is a homomorphism from
scratch, only to determine, given that it is one, whether it can possibly be injective in
view of the belt-trick discussion of Example 1.1).

(Exercise 4.1 is best attempted again after Section 10, once the notions of kernel and image have
been made precise; we record it here because the maps themselves belong naturally with the
present examples.)

5 Subgroups, the Rearrangement Theorem, and Cayley’s Theo-
rem

5.1 Subgroups

Definition 5.1 (Subgroup). A subset S C G is called a subgroup of G if S, equipped with
the multiplication inherited from G, is itself a group.

Every group G has two subgroups that carry no information: G itself, and the one-element set
{e} consisting of the identity alone (for the trivial group G = {e} these two coincide). Any
subgroup S C G (i.e. S # G) is called a proper subgroup — note that {e} itself is a proper
subgroup of any non-trivial G under this standard usage; when we specifically want to exclude
{e} as well, we will say so explicitly, as in “proper, non-trivial subgroup”.

Checking all four group axioms every time we want to know whether a given subset is a subgroup
is wasteful, since S automatically inherits associativity from G. The following criterion reduces
the check to a single condition.

Theorem 5.1 (Subgroup criterion). A non-empty subset S C G is a subgroup of G if and
only if
5,8 €S = so(s)tes.

Proof. (=) If S is a subgroup this is immediate: s’ € S = (s')~! € S (inverses exist in S), and
then so (s')~! € S by closure.

(<) Suppose so (s)7! € S whenever s,s’ € S. We recover the remaining axioms:
o Identity. Take s’ = s (possible since S # (}): sos ! =e € S.

o Inverse. Take s’ = s and use the newly established e € S: setting the first element to e
and the second to s gives eos ™t =571 € S.

« Closure. Given s,s' € S, we already know (s')~! € S; applying the hypothesis to the pair
N=1Y) o n—1y—1 ’
(s, (s")71) gives so ((s')71) =s0d €8.

Associativity is inherited automatically from G. O

Example 5.1. Zy = {1,—1} is a subgroup of (R \ {0},-): for s,s € {1,—1} we always
have s(s’)~t € {1,-1} (e.g. (—1)-(=1)"t=1,1-(=1)"! = —1). More generally Zy of
Example 3.3 is a subgroup of SO(2) (identifying ¥ with the rotation matrix O(y)): the
criterion says that the product of one N-th root of unity with the inverse of another is again
an N-th root of unity, which is clear since both live on the same N equally spaced points of
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[ the circle.

5.2 The Rearrangement Theorem

The following simple but far-reaching fact says that multiplying every element of a group by a
fixed element merely permutes the group — it never creates repeats and never misses anything.

Theorem 5.2 (Rearrangement theorem). Let ¢’ € G be any fixed element. As g ranges over
all of G, the products ¢’ o g (and likewise g o ¢') run through every element of G exactly once.

Proof. Eristence. Given any ¢” € G, set g = (¢/)"' o g”. Then

1 " " "

gog=go(d) oy =eog" =4"
so g" does appear among the products ¢’ o g.

Uniqueness. Suppose ¢’ o g = ¢’ o g7 for two elements g, ¢ € G. Multiplying on the left by
(g~

g=(9)"ogog=(4)"og 09" =47,
so distinct g’s give distinct products ¢’ o g: no repeats occur. Combining existence and uniqueness,
every element of G occurs exactly once among {¢' o g: g € G}. O

For a finite group, the rearrangement theorem is exactly the statement that in the multiplication
table (or Cayley table) of G — the |G| x |G| array whose (4, j) entry is g; 0 gj — every row and
every column contains each group element exactly once, just like a completed Sudoku puzzle or
a Latin square.

e N

Example 5.2 (Cayley table of Z,). Let Zs = {e, g, g%, g°} with ¢g* = e (this is Example 3.3
for N = 4). Its multiplication table is

ole g & ¢
ele g ¢ ¢
919 ¢ ¢ e
Pl 9 e g
#lgd e g ¢

Each row and each column is a rearrangement of {e,g, g%, ¢}, exactly as Theorem 5.2
guarantees; this table will be used again in Example 9.2 to build the quotient group

Z41/{e, g%}

\

5.3 Cayley’s theorem: every group is a permutation group

The rearrangement theorem has a striking consequence, due to Cayley: it shows that left
multiplication by a fixed group element ¢’ defines a permutation of the set G (a bijective map
from G to itself), and that this assignment ¢’ — (permutation of G) is itself a homomorphism
(indeed an injective one) from G into the group of all permutations of the set G.

Theorem 5.3 (Cayley). Every group G is isomorphic to a subgroup of the symmetric group
S| (the group of all permutations of a set of |G| elements), via the map

g — oy, og(9) =g og.
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Sketch. By Theorem 5.2, o is a bijection G — G, i.e. a permutation of the (labelled) elements of
G. The map ¢’ — oy is a homomorphism into the permutation group of G, since og4, 0 04,(g) =
gio(g209) = (9g1092) 09 = 0g100,(g) for all g, ie. 04,04, = 04,4,- It is injective because
oy = 0. = id forces ¢ o e = e, i.e. ¢ = e (only the identity of G induces the identity
permutation); this will be recognised in Section 10 as the statement that the kernel of ¢’ +— oy
is trivial. An injective homomorphism identifies G with its image, a subgroup of Sig. O

Example 5.3 (Cayley’s theorem for Z3). Let Zs = {e,g,9°}, ¢ = e. Label the three
elements e, g, g° as 1,2,3. Left multiplication by g sends e — g, g — g2, g°> — e, i.e. in the
labelling 1 — 2 — 3 — 1: this is the 3-cycle (123) € S3. Similarly left multiplication by g¢?
gives the permutation (132). Thus Zs is realised as the subgroup {id, (123),(132)} of S3 —
the subgroup of even permutations (cyclic rotations) of three objects, i.e. the alternating
group Az C S3.

\ J

Physical perspective

Cayley’s theorem is conceptually important — it says that “abstract” groups are, up to
isomorphism, nothing more exotic than sets of permutations — but for continuous groups
it is not the most economical description: representing SO(3) (an uncountably infinite
group) as permutations of an uncountably infinite set is not as useful as representing it
directly by 3 x 3 orthogonal matrices, as we already did in Example 3.5. The theory of
group representations in Section 10 generalises this matrix idea to arbitrary groups and is,
in practice, how physicists use group theory.

- J

6 Conjugacy Classes

In a non-abelian group, “the same kind of element seen from a different point of view” is captured
by the notion of conjugation. This idea will turn out, in Section 7, to be exactly what is needed to
define normal subgroups, and later in the course it underlies the classification of representations
by conjugacy class (e.g. characters of finite groups are constant on conjugacy classes).

Definition 6.1 (Conjugate elements). Two elements g, ¢’ € G are called conjugate if there
exists an element x € G such that

g =xzogoxl

Conjugacy is a mutual relation: if ¢/ =z o goxz~! then also g =2 1o ¢ oz, so “g’ is conjugate
to ¢g” is the same statement as “g is conjugate to ¢’”. It is also transitive: if g is conjugate to ¢’
(via z) and ¢’ is conjugate to g’ (via y), then

g"=yog oy ' =yo(xogox oy =(yx)ogo (yzr) !,
so g is conjugate to ¢” (via yx). Together with the trivial fact that every element is conjugate to
itself (via = = e), this shows that conjugacy is an equivalence relation, and therefore partitions G
into disjoint equivalence classes.

Definition 6.2 (Conjugacy class). The conjugacy class of h € G is the set of all elements

conjugate to h,
[] :={zohoz™! : z€G}.
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Example 6.1. If h = ¢, then zoeox™" =z oz = ¢ for every z, so the conjugacy class of
the identity is [e] = {e}: the identity is always alone in its own class. If G is abelian, then
zohox ' =xzoxloh=h for every x, so every element is alone in its own conjugacy class
— conjugation is only interesting in non-abelian groups.

& J

Theorem 6.1. For any group G:

(a) {e} is a conjugacy class by itself.

(b) Every element of G is a member of some conjugacy class.

(¢) No element of G can be a member of two different conjugacy classes.
In other words, the conjugacy classes of G form a partition of G into disjoint, non-empty
subsets.

Proof. (a) is Example 6.1.
(b) Given any h € G, take z = e: eohoe™! = h, so h belongs to its own conjugacy class [h].

(c) Suppose g belongs to both [h1] and [hs], i.e.
g=zohjox ! and g=yohyoy!

for some x,y € G. We must show [h1] = [he]. From g € [h] it follows (by the mutuality noted
above) that hy € [g], and likewise hg € [g]. Equating the two expressions for g,

zohjozr ' =yohyoy ' = hy=(y 'w)oho(y lx),

which exhibits he as conjugate to hi. Since conjugacy is an equivalence relation, conjugate
elements have identical conjugacy classes, so [h1] = [ha]. O

G

{e}

Figure 4: The conjugacy classes of a group G partition G into disjoint subsets that together
cover all of G (Theorem 6.1): the identity is always its own (here, thinnest) class, and every
other element belongs to exactly one of the remaining classes. (Compare the analogous picture
for cosets, Fig. 5.)

Example 6.2 (Conjugacy classes of S3). Let S3 = {e, (12), (13),(23), (123), (132)} be the
group of permutations of three objects (equivalently, via its faithful action on the three
vertices, the symmetry group of an equilateral triangle). A direct computation (conjugating
each element by every group element) shows that Ss splits into exactly three conjugacy
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classes:

[ ={et,  [(12)] = {(12),(13),(23)},  [(123)] = {(123), (132)}.

Geometrically, on the triangle, the class {(12), (13), (23)} consists of the three reflections
(each fixes one vertex and swaps the other two), and the class {(123), (132)} consists of
the two non-trivial rotations (by 120° and 240°). This illustrates a general and very useful
heuristic: elements in the same conjugacy class of a symmetry group are typically “the same
kind of geometric operation” (all reflections together, all rotations of a given order together),
because conjugation by x amounts to “do the same operation, but as seen from a frame
rotated /reflected by z”.

\ J

Physical perspective

The physical importance of conjugacy classes is that any function of a group element which
is built purely out of the group structure (e.g. the trace of a matrix representation, or any
quantity invariant under a change of basis/frame) can only depend on the conjugacy class,
not on the particular representative. This is why, for example, the character x(g) = tr p(g)
of a representation p is constant on conjugacy classes, a fact used throughout representation
theory and particle physics (classifying multiplets by “Casimir invariants”, which are class
functions).

-

7 Normal (Invariant) Subgroups and Simple Groups

Conjugacy classes give us exactly the tool needed to single out the subgroups that behave well
with respect to conjugation — these are the subgroups that can be used to build quotient groups
in Section 9, and they play the role, among groups, that ideals play among rings.

Definition 7.1 (Invariant / normal subgroup). A subgroup S C G is called an invariant
subgroup (or normal subgroup) if it is mapped to itself by conjugation with every element of
G:

VseSand VgeG: gosog tes.

Every group has (at least) two normal subgroups, called the universal normal subgroups: G itself,
and the trivial subgroup {e} (conjugating any element of G stays in G; conjugating e always
gives €). Whether G possesses any other normal subgroups is a highly non-trivial structural
question about G.

Theorem 7.1. A subgroup S C G is normal if and only if S is a union of complete conjugacy
classes of G (i.e. whenever s € S, the entire class [s] is contained in S).

Proof. (=) If S is normal, then for every s € S and every 2 € G we have zosox™! € S by
definition, i.e. the whole conjugacy class [s] = {xsz~! : 2 € G} lies in S. Hence S is made up of
complete conjugacy classes.

(<) Suppose S consists entirely of complete conjugacy classes: for every s € S, [s] C S. Then
in particular z o sox~! € [s] C S for every x € G, which is precisely the statement that S is
invariant. o

Theorem 7.1 gives an efficient way to search for normal subgroups of a finite group: list the
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conjugacy classes, and check which unions of classes (always including {e}, and closed under the
group operation) form subgroups.

Example 7.1 (Normal subgroups of S3). Recall from Example 6.2 that S3 has three
conjugacy classes, {e} (size 1), {(12),(13),(23)} (size 3), and {(123),(132)} (size 2). A
normal subgroup must be a union of whole classes that is also closed under multiplication
and contains inverses. The only possibilities besides the universal ones {e} and S3 itself is
{e} U{(123),(132)} = {e, (123),(132)}, and this set is indeed a subgroup (it is Az = Zs,
the rotations of the triangle). The set {e} U {(12),(13),(23)}, by contrast, is not even a
subgroup: for instance (12) - (13) = (132) is not in the set. So S3 has exactly one non-trivial
proper normal subgroup, A3 = Zs.

Definition 7.2 (Simple group). A group G is called simple if its only normal subgroups are
the universal ones, {e} and G itself.

\ J

Simple groups are the “atoms” out of which all finite groups can be built by repeated extension
(this is the content of the Jordan—-Holder theorem, which is beyond the scope of these notes but
is the finite-group analogue of the statement, familiar from atomic structure or nuclear shell
models, that complex structures decompose into elementary building blocks). S3, having the
non-trivial normal subgroup As, is not simple; by contrast Z,, for p prime is simple, because (as
we will see as an immediate consequence of Lagrange’s theorem in Section 8) a group of prime
order has no proper subgroups at all, let alone proper normal ones.

7.1 Cosets: a first look

To go further — in particular, to understand how big a normal subgroup’s conjugacy-class
decomposition can be, and to build the quotient group G/S in Section 9 — we need the notion
of a coset, which we introduce here and study in detail in the next section.

e N

Definition 7.3 (Coset). Let H be a subgroup of G and let g € G be any fixed element. The
sets
gH :={goh : he H}, Hg:={hog : he H}

are called, respectively, the left coset and the right coset of H with respect to g.

Note immediately that eH = He = H itself is one of the (left and right) cosets of H — namely
the coset associated with g = e. The full theory of cosets, including the key fact that distinct

cosets are always either identical or completely disjoint, and Lagrange’s theorem on the order of
subgroups of finite groups, is developed in Section 8.

8 Cosets and Lagrange’s Theorem

We now develop the theory of cosets introduced at the end of Section 7, culminating in Lagrange’s
theorem: one of the most useful elementary facts in all of finite group theory, since it constrains,
from pure counting, which subgroups a given finite group can possibly have.

Throughout this section H < G is a fixed subgroup (not necessarily normal), and we study its
left cosets gH, g € G; everything applies equally, mutatis mutandis, to right cosets Hg.
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Theorem 8.1. Let H < G be a subgroup. Then:

(a) If h € H, then Hh = hH = H (a special case of the rearrangement theorem, Theo-
rem 5.2, applied within H).

(b) If g ¢ H, then gH is not a subgroup of G.

(c) Every g € G is a member of some left coset of H (namely of gH itself).

(d) If H has finite order s = |H|, then every left coset gH contains exactly s distinct
elements.

(e) Two left cosets g1 H and goH are either identical or completely disjoint (they share no
common element).

J

Proof. (a) This is Theorem 5.2 applied to the group H itself: left (or right) multiplication by
h € H merely rearranges the elements of H.

(b) If gH were a subgroup it would have to contain the identity: e = g o b’ for some h' € H, i.e.
g = (h)~' € H. Contrapositively, if g ¢ H then gH cannot be a subgroup.

(c) Since e € H (as H is a subgroup), g =goe € gH.

(d) The map h +— goh from H to gH is surjective by definition of gH, and it is injective because
gohy = go hy implies hy = hy (multiply both sides on the left by g—!). So it is a bijection
H — gH, and in particular [gH| = |H| = s.

(e) Suppose g1 H and goH share a common element, i.e. g1 o hy = g2 o hy for some hq,ho € H.
Then
g;loglthOhflz:hleH — g;logloH:h/oH:H

(using part (a)). Multiplying on the left by go,
g2H = g20 (95" 91 H) = (929, ") 1 H = g1 H.

So sharing even a single element forces the two cosets to be completely equal; equivalently, two
cosets that are not identical must be disjoint. O

Corollary 8.2. If ¢’ € gH, then ¢H = gH: every element of a coset is an equally good
“representative” for the whole coset.

Proof. If ¢ = g o h for some h € H, then ¢H = (gh)H = g(hH) = gH using part (a) of
Theorem 8.1. Concretely, if ¢’ € gH then ¢ oh/ =gohoh’ = goh” for h,h',h'' € H, so every
element of ¢’H already lies in gH, and vice versa. O

Part (e) of Theorem 8.1, together with part (c), says exactly that the left cosets of H partition
G into disjoint blocks, each of size |H| (by part (d), when H is finite): see Fig. 5. This is the
promised generalisation of the partition into conjugacy classes of Fig. 4 — indeed H = {e}
recovers a (trivial) partition of G into singletons, while H = G gives the (equally trivial) partition
of G into a single block.

s N

Theorem 8.3 (Lagrange’s theorem). If G and H are finite, with |G| = r and H < G of
order |H| = s, then s divides r, and the number of distinct left cosets of H in G is

G : H]:= g

(The number [G : H] is called the index of H in G.)

- J
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Figure 5: The left cosets of H < G partition GG into disjoint blocks that together cover all of G,
each in one-to-one correspondence with H itself (Theorem 8.1).

Proof. By Theorem 8.1(c,e), the left cosets of H partition G into disjoint blocks; by part (d),
each block has exactly s elements. If there are n such blocks, then counting elements of G block
by block gives r = |G| =n-s,so s |r and n =r/s. O

Corollary 8.4. If |G| = r with r prime, then G has no proper (non-trivial) subgroups: its
only subgroups are {e} and G itself. Consequently Z, (p prime) is a simple group (Section 7).

Proof. By Lagrange’s theorem, the order s of any subgroup H < G must divide r. If r is prime,
its only divisors are 1 and r itself, so s = 1 (forcing H = {e}) or s = r (forcing H = G). O

Example 8.1. |S3] = 6 = 2 - 3. Lagrange’s theorem allows subgroups of order 1,2,3,6
(and forbids, say, a subgroup of order 4 or 5): indeed S3 has subgroups {e} (order 1),
{e,(12)}, {e,(13)}, {e,(23)} (three subgroups of order 2, generated by each reflection),
{e,(123),(132)} = A3 (order 3), and Ss itself (order 6) — and no others.

8.1 When left and right cosets coincide

We can now sharpen Section 7’s definition of a normal subgroup: normality is exactly the
condition under which left and right cosets agree.

Theorem 8.5. Left and right cosets of H are identical, gH = Hg for every g € G, if and
only if H is normal (invariant) in G.

Proof. Suppose gH = Hg for all g. Take any hy € H; since go hy € gH = Hg, we can write
gohy = hgog for some hy € H, i.e.

gohiog t=hy e H.
As this holds for every hy € H and every g € G, H is normal. Conversely, if H is normal, then

for every hy € H and g € G there is hy = gh1g~' € H with ghy = hog € Hg; so gH C Hg, and
the reverse inclusion follows in the same way using ¢! in place of g. Hence gH = Hyg. O
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Remark. For a normal subgroup, gH = Hg does not mean that g commutes with every
individual element of H (i.e. it does not mean go h = h o g for each h); it only means that
the two sets gH and Hg coincide as sets — multiplying H by g on the left produces the
same coset as multiplying by ¢g on the right, but individual elements may well be permuted
amongst themselves in the process. This distinction is exactly what makes normal subgroups
useful for building quotient groups in Section 9, rather than merely quotient sets.

9 Quotient (Factor) Groups

We now come to one of the central constructions of group theory: given a normal subgroup
H < G, the cosets of H can themselves be organised into a group, called the quotient (or factor)
group G/H. This is the precise mathematical incarnation of the informal idea, already glimpsed
in Example 4.3 (S 2 R/27Z), of “G with the elements of H identified with the identity”.

Definition 9.1 (Quotient group). Let H < G be a normal subgroup. The quotient group
(or factor group) G/H is the set of left cosets of H in G,

G/H={gH:9€G},
equipped with the multiplication

(g1H) o (92H) := (g1 0 g2)H.

Proposition 9.1 (Well-definedness). The multiplication rule above does not depend on
which representatives g1, g2 are chosen for the cosets g1 H, goH (this is where normality of H
is essential).

- J

Proof. Let g} be another representative of g1 H and ¢4 another representative of go H, so gj = gi10hy
and g5 = go o hy for some hy, hy € H (Corollary 8.2). Then

grogy=grohiogyohy=giogao(gy higa)o ha.
Because H is normal, gz_lhlgg =:h} € H, so
/ r /
g1oga=g10og20hi0hy € (g10g2)H.
H
€

Hence g1 H o gbH = (g195)H = (g192)H = g1H o g2 H: the product coset does not depend on
the choice of representatives. (This computation is exactly why the definition of G/H requires
H to be normal: for a non-normal subgroup, moving hy past g2 would not, in general, land back
inside H, and the product of cosets would not even be well defined as a single coset.) O

[ Proposition 9.2. (G/H,o) is a group. ]

Proof. Closure is built into the definition (the product of two cosets is again a coset, by Proposi-
tion 9.1). Associativity is inherited from G:

(91H) o [(92H) o (93H)] = g1H o (9293)H = (91(9293)) H
= ((9192)93) H = (9192)H 0 g3H = [(g1H) o (92 H)] o (g3 H).
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Identity: eH = H acts as the identity element of G/H, since gH o H = (ge)H = gH (and
likewise H o gH = gH). Inverse: for any gH € G/H, the coset g~'H is a two-sided inverse,

since g7'H o gH = (¢g~'g)H = eH = H (and likewise the other way round). O
( G )
H aH 92H gsH

l quotient map g — gH

G/H
@ @ @) @

Figure 6: The quotient map G — G/H collapses each coset of H to a single point; the group
G/H has one element for each coset, i.e. |G/H| =[G : H| when G is finite (Theorem 8.3).

e N

Example 9.1 (Quotienting RV by a coordinate subspace). Let G = (RY, +), the additive
group of N-component real vectors 7@ = (vy,...,vy), and let H = (R*, +) (k < N) be the
subgroup of vectors whose last N — k components vanish, ¢ = (v1,...,v,0,...,0). Since G
is abelian, every subgroup is automatically normal (conjugation is trivial, ghg~! = h), so
the quotient G/H is defined. Two vectors ¥, 7" lie in the same coset of H iff they agree in
their last N — k components, vg11 = U;CH, ...,oN = vy (they may differ arbitrarily in the
first & components, which is exactly the freedom to add an element of H). So each coset is
uniquely labelled by the tuple (vgy1,...,vn) € RN=F and

RY/RF = RNF,

In this example one can also find a subgroup K = ({0} x R¥=* 1) < G, isomorphic to
G/H, such that G = H x K literally (as a direct product, Section 12) — every vector
splits uniquely as ¥ = (v1,...,v,0,...,0) 4+ (0,...,0,v511,...,vnN), the first summand in H
and the second in K. This illustrates the general principle, discussed further below, that
G/H x H = @G precisely when the quotient G/H can be found, in addition, as an honest
(here: normal) subgroup K < G complementary to H.

Example 9.2 (Zy/{e, g?} = 7). Let G = Zy = {e,g,¢% g%}, g* = e, with g represented
concretely as ¢™/2 (Example 5.2). The subset H = {e, g?} is a subgroup, isomorphic to Zs

(check: g2 0 g? = g* =€), and since Z, is abelian, H is automatically normal. The left cosets
of H are

eH = {6,92}, QH = {9793}7

and by Theorem 8.3 these are all the cosets, since [Z4 : H| = 4/2 = 2. The quotient group
Z4/H = {eH, gH } has multiplication table

eHoeH = eH, eH ogH = gH, gHogH = (g-9)H = ¢°H = eH,
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(the last equality holds because g2 € H, so g?H = H = eH by Theorem 8.1(a)). This is
exactly the multiplication table of Zs, so

Zs/{e,g°} = Zs.

Remark (A subtlety: G/H x H need not reproduce G). It is tempting to think that a
group G can always be reconstructed from a normal subgroup H together with the quotient
G/H, via a direct product G/H x H (direct products are defined precisely in Section 12,
but the reader can for now take A x B = {(a,b) : a € A,b € B} with componentwise
multiplication). This is false in general. In Example 9.2 we found Z4/{e, g*} = Zs and the
subgroup itself is {e, g?} = Zs, so naively one might guess Z4 = Zo x Zo. But this is wrong:
in Zo x Zy = {(e,e),(e,g9),(g,€),(g,9)}, every non-identity element squares to the identity,

(679)2 = (e,€), (g, 6)2 = (e, ), (979)2 = (92792) = (e,e),

whereas in Z4 the element g satisfies g? # e (indeed g has order 4, not 2). So Zy x Zs % Z4,
even though both are abelian groups of order 4 built out of “the same” subgroup and quotient.
The resolution of this apparent paradox is that G = G/H x H holds only under an extra
condition:

G/HxH =2 G — 3 a subgroup K < G with K 2 G/H,
K normalin G, KNH={e}, KH=G.

i.e. the quotient G/H must be realisable not just abstractly, but as an actual normal subgroup
K of G that meets H only in the identity and, together with H, generates all of G (compare
Example 9.1, where such a K does exist). All four conditions on the right are needed: merely
finding a normal K = G/H is not enough — e.g. in G = Zg = (g) with H = {e, g*} = Zy,
the subgroup K = (g?) = Z4 is normal (abelian G) and isomorphic to G/H = Zg, yet
Zg % Zo X Z4 (a direct check of element orders shows Zs x Z4 has no element of order
8); what fails is K N H = {e}, since ¢* € K. In Z4, no subgroup isomorphic to Zs other
than {e, g?} itself exists, so no such complementary K can be found either, and the direct
product reconstruction fails. The precise statement of when G does split as a direct (or,
more generally, semidirect) product of two of its subgroups is the subject of Section 12.

J

10 Representations, Kernel, Image, and the First Isomorphism
Theorem

We return to homomorphisms (Section 4), now specialised to the case that is by far the most
useful for physics: homomorphisms of an abstract group G into groups of matrices.

10.1 Representations

s N

Definition 10.1 (Representation). A representation of a group G is a homomorphism
p:G— GL(d,C)

from G into the group of non-singular d x d matrices (i.e. onto a subgroup of it, not necessarily
onto all of it), with matrix multiplication as the group product in the target. The integer d
is called the dimension of the representation.
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Physicists usually care about representations rather than about abstract groups per se, because
physical quantities (wavefunctions, field multiplets, tensors) live in vector spaces, and symmetries
act on these vector spaces linearly — that is exactly what a representation encodes.

Example 10.1 (Representations of Zs). Let Zs = {e, g}, g> = e (Example 3.2).
o A one-dimensional representation: pi(e) = 1, pi1(g) = —1 (both 1 x 1 “matrices”).
Check: p1(g)p1(g) = (—1)(=1) = 1 = p1(¢*) = p1(e). v

o A two-dimensional representation:

o= (3). (1))

2
Check: pa(g)? = (ﬁ) é) = (3 0 = pale). v

Both are legitimate representations of the same group; a single abstract group has, in
general, infinitely many inequivalent representations in total (summed over all dimensions).
For a finite group, however, there are only finitely many irreducible representations (the
theory of irreducible representations, central to applications, is developed later in the full
course), and by Maschke’s theorem every finite-dimensional representation decomposes into
irreducibles; consequently there are also only finitely many inequivalent representations of
any one fized dimension d (as many as there are ways to build up d as an ordered sum
of irreducible dimensions). For instance, Zs has exactly two inequivalent one-dimensional
representations (p; above and the trivial one) and exactly three inequivalent two-dimensional
ones (trivial®trivial, trivial®py, and p1 @ p1, of which ps above is an example of the last, in
a non-diagonal basis) — not infinitely many.

Definition 10.2 (Faithful representation). If p : G — GL(d, C) is injective (equivalently,
bijective onto its image, i.e. an isomorphism onto a matrix group), it is called an isomorphism,
and the representation is said to be faithful: distinct group elements are represented by
distinct matrices, so no information about G is lost.

. J

p1 of Example 10.1 is faithful (both elements give different 1 x 1 matrices); so is p3. By
contrast, the trivial representation p(g) = 1 for every g € G (the matrix version of the trivial
homomorphism of Section 4) is never faithful unless G itself is trivial.

s N
Remark (Isomorphic groups have “the same” representations). If G; = G2 via an isomor-
phism ¢ : G; — Go (with inverse ¢~! : Go — G1), then every representation of one group
immediately produces a representation of the other, simply by pre-composing with ¢ or ¢~

o if U is a representation of G, then Wo¢ is a representation of Gy (check: (Vo¢)(g19)) =
U(p(g1)0(9h)) = V(p(g1))¥(p(gh)), using first that ¢ is a homomorphism and then
that U is);

o likewise, if X is a representation of G, then X o ¢~ is a representation of Gs.

So isomorphic groups have, in a precise sense, identical representation theories — another
illustration of why isomorphic groups are treated as “the same group” in practice.

1
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10.2 Kernel and image

s N

Definition 10.3 (Kernel). Let ¢ : Gi — G2 be a homomorphism. The kernel of ¢ is

ker(¢) :={q1 € G1 : ¢(q1) =e2},

the set of elements of G sent to the identity of Ga.

Definition 10.4 (Image). The image of ¢ is

im(¢) :={g2€ G2 : g1 € Gy with ¢(¢g1) = g2 },

i.e. the set of elements of (G5 that are actually hit by ¢.

Proposition 10.1. ker(¢) is a normal subgroup of Gy, and im(¢) is a subgroup of Gs.

- J

Proof. ker(¢) is a subgroup: let ki,ka € ker¢, so ¢(k1) = ¢(k2) = e2. Then ¢(kika) =
d(k1)p(ka) = ezea = ea, so k1ka € ker ¢ (closure). First, applying ¢ to e - k = k (with k € ker ¢
fixed) gives ¢(e1)o(k) = ¢(k), i.e. p(e1)ea = eg, forcing ¢(e1) = eg, i.e. e; € ker ¢ (identity). Now,
using ¢(e1) = e just established, applying ¢ to e; = k~'k gives ez = ¢p(k~1)p(k) = ¢(k~1)ea, so
d(k~1) = eq, i.e. k™1 € ker ¢ (inverses).

ker(¢) is normal: for g € G1 and k € ker ¢,

plgokog ) =ao(g) p(k) p(g™") = dlg) e2p(g) " = e,

so gokog! € kero for every g € G1: ker ¢ is invariant under conjugation by all of Gy, i.e.
normal.

im(¢) is a subgroup: for ¢(g1), d(g2) € im @, ¢(g1)d(g2) = ¢(g192) € im ¢ (closure); e2 = ¢(e1)
im ¢ (identity); and ¢(g1) ™" = ¢(g; ') € im ¢ (inverse, using ¢(g1)¢(g; ') = d(g191 ') = dle1)
62).

On m

The kernel measures the failure of ¢ to be injective: two elements g1, ¢] € G are sent to the
same element of G, ¢(g1) = ¢(g}), exactly when gl_lgi € ker ¢, i.e. exactly when g; and ¢ lie
in the same coset of ker ¢p. This observation is the heart of the following fundamental theorem.

10.3 The First Homomorphism (Isomorphism) Theorem

Theorem 10.2 (First Homomorphism Theorem). Let ¢ : G — G’ be a homomorphism with
kernel K = ker(¢). Then:

(a) K is a normal subgroup of G.

(b) Every element of a left coset g K is mapped by ¢ to the same element of G'.

(¢) The map © : G/K — im(¢) defined by O(gK) := ¢(g) is well defined and is an

isomorphism:

G/K =~ im(¢) C G

\ J

Proof. (a) This is Proposition 10.1.

(b) If ¢’ € gK, then ¢’ = gok for some k € K, so ¢(g") = ¢(9)o(k) = ¢(g9) €’ = &(g): every
representative of the coset gK gives the same value of ¢.
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(c) By (b), ©(gK) := ¢(g) does not depend on the choice of representative g of the coset gK, so
© is a well-defined map G/K — G'; its image is visibly im(¢) by definition of the image. © is a
homomorphism:

O(91K) ©(92K) = ¢(91)0(92) = #(9192) = ©((9192)K) = O(91 K 0 g2 K).

© is injective: if ©(g1K) = O(g2K), i.e. p(g1) = ¢(g2), then ¢(g5 ' g1) = ¢(g2) ' d(g1) = €', s0
g;lgl € K,ie. g1 € g2K,ie. g1 K = go K (using Corollary 8.2): distinct cosets are sent to distinct
elements of G’. And © is (by construction) surjective onto im(¢). A bijective homomorphism is
an isomorphism, so G/K = im(¢). O

quotient map

Figure 7: The First Homomorphism Theorem: every homomorphism ¢ factors as an (onto)
quotient map followed by an isomorphism O onto its image, G/ ker ¢ = im ¢.

Corollary 10.3. A homomorphism ¢ : G — G’ is injective (hence an isomorphism onto its
image) if and only if ker(¢) = {e}.

Proof. If ker ¢ = {e}, the cosets of K = {e} are singletons {¢}, so G/K = G literally, and
Theorem 10.2(c) becomes G = im(¢) via ¢ itself, i.e. ¢ is injective. Conversely, if ¢ is injective,
then ¢(k) = ¢’ for k € ker ¢ forces k = e (since also ¢(e) = ¢’ and ¢ is injective), so ker ¢ =

{e}. O

Example 10.2 (Cayley’s theorem, revisited). The injective homomorphism ¢’ — o4 of
Theorem 5.3 has trivial kernel by Corollary 10.3 (we checked this directly in the proof of
Theorem 5.3), consistent with the conclusion G = im(¢) < 5.

Example 10.3 (The determinant homomorphism). The determinant det : GL(N,C) —
(C\ {0}, ) is a homomorphism, since det(AB) = det(A) det(B). Its kernel is exactly SU(N)-
like: restricted to U(N), ker(det) = SU(N); and det maps U(N) onto the unit circle
St c C\ {0} (since every unitary matrix has |det U| = 1, and every phase is achieved, e.g.
by diag(e?,1,...,1)). The First Homomorphism Theorem therefore gives

U(N)/SU(N) = S' = U(1),

a fact that will resurface, sharpened, when we discuss direct and semidirect products of U(1)
with SU(N) in Section 12.
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Physical perspective

The First Homomorphism Theorem is the abstract statement behind a practical slogan
used throughout physics: “two configurations related by a kernel-element are physically
indistinguishable”. If ¢ : G — G’ describes how the group G of some redundant description
(e.g. gauge transformations, or field redefinitions) acts on physical observables in G’, then
ker ¢ is the subgroup of purely redundant transformations (gauge transformations that act
trivially on all observables), and the theorem guarantees that the physically distinguishable
transformations form the honest group G/ ker ¢, isomorphic to the image im ¢ C G’ that is
actually realised on observables.

\

11 Automorphisms and the Centre

Definition 11.1 (Automorphism). An automorphism of G is an isomorphism ¢ : G — G
from G to itself. If ¢ is conjugation by a fixed element x € G,

¢r:G— G,  ¢(9) =x0gox

it is called an inner automorphism; any automorphism not of this form is called an outer
automorphism.

. J

The set Aut(G) of all automorphisms of G is itself a group under composition (composing two
structure-preserving bijections G — G gives another one), and the inner automorphisms form a
normal subgroup Inn(G) < Aut(G) (an exercise the reader may enjoy attempting using the tools
of Section 7). Conjugation by z is, in effect, “relabelling the group from the point of view of z”,
which is exactly the operation used to define conjugacy classes in Section 6; the conjugacy class
of h is simply the orbit of A under all inner automorphisms.

Example 11.1. In an abelian group, ¢.(g9) = zgz~' = z2~1g = g for every z, so the only

inner automorphism is the identity map; any non-trivial symmetry of an abelian group’s
multiplication table (e.g. g ++ g~! for Zy, which is a genuine automorphism whenever it is
not the identity) is necessarily outer.

11.1 The centre of a group

e N

Definition 11.2 (Centre). The centre of G is the set of elements that commute with
everything in G:
Z(G):={geG : goh=hog YVheG}.

Proposition 11.1. Z(G) is a normal subgroup of G.

\ J

Proof. Subgroup: if g1, g2 € Z(G) then for any h € G, (g192)h = g1(92h) = g1(hg2) = (91h)g2 =
(hg1)g2 = h(g192), so g192 € Z(G); e € Z(G) trivially; and if g € Z(G) then from gh = hg we
get h =g 'hg, ie. hg=! = g7 th for all h, so g~! € Z(G). Normal: for g € Z(G) and any z € G,
rogox !l =gozxoxr ! =ge Z(G) (using that g commutes with z), so conjugating an element
of the centre simply returns that same element: every element of Z(G) is a conjugacy class all by
itself, so in particular Z(G) is trivially a union of complete conjugacy classes, and Theorem 7.1
shows it is normal. I
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Example 11.2 (Centre of SU(N)). A matrix that commutes with every element of SU(N)
must, by Schur’s lemma (a fact usually proven once irreducible representations have been
discussed, but easy to verify directly here for the defining representation), be proportional to
the identity, g = A 1. Unitarity forces |A\| = 1, and det g = 1 forces AV = 1. Hence

Z(SU(N)):{e%ik/NnN : k:O,l,...,N—l} ~ 7.

For example Z(SU(2)) = {+1g,—12} = Zy: this is the group-theoretic origin of the
“sign ambiguity” relating SU(2) to SO(3) mentioned in Example 3.5 and in the belt-trick
discussion of Example 1.1 — indeed one can show SO(3) = SU(2)/Z(SU(2)), an instance of
the First Homomorphism Theorem (Theorem 10.2) applied to the two-to-one homomorphism
SU(2) — SO(3) alluded to in Exercise 4.1.

Example 11.3 (Centre of D4). For the symmetry group of the square (Example 3.4), the
centre is Z(Dy) = {My, M3} = {1,—1} = Zy: the identity and the 180° rotation are the only
symmetries that commute with all eight elements (a 180° rotation of the plane commutes
with every linear map, since —1 is a scalar matrix), whereas a 90° rotation does not commute
with a reflection, as we saw explicitly at the end of Section 3.3.

- J

Physical perspective

~

The centre of the gauge group often has direct physical significance: for instance Z(SU(N)) =
Zpy controls the possible “electric” and “magnetic” charges (via the t Hooft flux and
confinement criteria) of SU(N) gauge theories, and more mundanely, the centre of the
Standard Model gauge group SU(3) x SU(2) x U(1) (quotiented appropriately) is responsible
for the precise global structure of the gauge group actually realised in nature, distinguishing,
e.g., quarks and leptons by how they transform under it.

-

12 Direct and Semidirect Products

We finally address the question raised in Section 9: under what conditions can a group G be
reconstructed, as a product, from two of its subgroups? There are two answers, of increasing
generality: the direct product (when both subgroups are normal and otherwise independent)
and the semidirect product (when only one of them is normal). The semidirect product is, for
physics, arguably the single most important construction in this entire set of notes, because
the Euclidean group and the Poincaré group — the symmetry groups of non-relativistic and
relativistic space-time, respectively — are both semidirect products of a rotation (or Lorentz)
group with a translation group.

12.1 The direct product

Definition 12.1 (Direct product). Given two groups Gi,Ge, their direct product G1 x Go
is the set of ordered pairs (g1,92), g1 € G1, g2 € G2, with componentwise multiplication:

(91,92) © (41, 95) :== (g1 0 g1, g2 © g5).

It is straightforward to check that this defines a group structure on G; x Go: associativity
and closure are immediate componentwise; the identity is (e, e2); and the inverse of (g1, g2) is

(g% 051)
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Inside G'1 X G2 we find two natural subgroups,

Gri={(g1.e2) 1 1 €G1} 2 G1,  Gai={(e1,92) : 92 € Ga} = G,

and two properties that will be the template for the general definition below: every element of
(1 commutes with every element of Go,

(91,€2) o (e1,92) = (91,92) = (e1,92) © (g1, €2),
and G and G share only the identity element, G NGy = {(e1,€2)}.

Example 12.1. Zo X Zo = {(e,e),(e,9),(g,€),(g,9)} is the group already used, as a
cautionary counter-example, in Section 9: it is abelian, has order 4, and every non-identity
element has order 2 (squares to the identity) — in sharp contrast to Z4, whose generator
has order 4. This is the smallest example showing that two groups of the same (finite) order
need not be isomorphic.

\ J

The definition above builds a new group G; x G2 out of two given groups (an external direct
product). It is at least as useful to run the construction backwards: given a single group G that
we suspect decomposes as a product of two of its own subgroups (an internal direct product),
when can we conclude G = G1 x Go?

e N

Definition 12.2 (Direct product group). If G = G x G2 for some subgroups G1, Gy < G,
G is called a direct product group.

Theorem 12.1. Suppose G possesses two subgroups G, Go such that:
(i) every element of Gi commutes with every element of Ga;
(ii) G; and G2 have only the identity element in common, G1 N Gy = {e};
(iii) every g € G can be written as g = g; o g2 for some g1 € G1, g2 € Gy (necessarily
uniquely, given (ii)).
Then G is a direct product group, G = G; x Go; in particular, both G; and Gs are
automatically normal subgroups of G.

- J

Sketch. Uniqueness of the decomposition in (iii) follows from (ii): if g1go = g} gb then gi tg; =
ghgs t € G1 NGy = {e}, forcing g1 = ¢} and go = g5. The map (g1, g2) — g1 © g2 is then a well-
defined bijection G1 x Go — G, and it is a homomorphism precisely because of (i): (g192)(g1g5) =
91(9291)95 = 91(9192)95 = (9191)(g245), which matches the direct-product multiplication rule
(91,92) o (¢1,95) = (919}, 9295). Normality of G; (and likewise G3) follows since conjugating
g1 € Gy by an arbitrary g = g} g} € G gives, using (i) to move g} past g1,

99197 " =g1gb a1 (g5) "1 (g) " = g19195(gh) (1)t = dhgi(g)) ! € Gy O

Example 12.2 (O(3) = Zy x SO(3)). The full orthogonal group O(3) = {O € R¥3: 0T0O =
13} contains matrices of determinant +1 (rotations, forming SO(3)) and determinant —1
(improper rotations, i.e. a rotation combined with a spatial inversion). Set

G1 = 50(3), Gy = {13, —13} = Zs.

Since —13 is a scalar matrix, it commutes with every 3 x 3 matrix, so condition (i) of
Theorem 12.1 holds; clearly SO(3) N {13} = {13}, giving (ii); and every O € O(3) can be
written as O = (£13) - (£0) with £0 € SO(3) chosen to have determinant +1, giving (iii).
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Hence
0(3) = Zgo x SO(3).

Physically, this says that “parity” (spatial inversion, Zs) and proper rotations (SO(3))
act completely independently on physical systems — exactly the statement used when one
classifies particle states by both spin (an SO(3), or rather SU(2), representation) and intrinsic
parity (£1).

Remark (A near-miss: U(N) is not U(1) x SU(N)). One might expect, by analogy with
Example 12.2, that factoring out the overall phase of a unitary matrix would similarly split
U(N) as a direct product of U(1) (the phase) and SU(N) (the “rest”). This fails:

U(N) 2 U(1) x SU(N).

The subtlety is condition (ii) of Theorem 12.1: a natural candidate for the U(1) subgroup is
{1y : 0 € [0,27)}, and this does commute with all of SU(N) (scalar matrices commute
with everything, exactly as in Example 12.2), so condition (i) holds. But this candidate U (1)
subgroup intersects SU(N) non-trivially: €1y € SU(N) whenever ¢V? = 1, i.e. for the N
values 0 = 2rk/N, k =0,...,N —1 — exactly the centre Z(SU(N)) = Zy of Example 11.2.
So condition (ii) fails: U(1) N SU(N) = Zn # {e}. What is true is the weaker (but still
very useful) statement, obtained from the surjective homomorphism U(1) x SU(N) — U(N),
(A, S) = AS, whose kernel is exactly the diagonally embedded Zy (pairs (), S) = (w,w 1 y)
with w® = 1), via the First Homomorphism Theorem (Theorem 10.2):

U(N) = (U(1) x SU(N))/Zy.

This is exactly the kind of global-structure subtlety that matters, for instance, in identifying
the precise gauge group of the Standard Model.

12.2 The semidirect product

Condition (i) of Theorem 12.1 — that every element of G commutes with every element of Gy —
is very restrictive. If we only ask G to be normal (so that conjugation by G2 maps G to itself,
without requiring the conjugation to act trivially), we obtain a strictly more general, and for
physics much more important, construction.

Definition 12.3 (Semidirect product). Suppose G has two subgroups G, G2 such that:
(i) G; is a normal subgroup of G;
(ii) G1 and G3 have only the identity in common, G; N G2 = {e};
(iii) every g € G can be written (necessarily uniquely) as g = g1 o g2 with g1 € G1, g2 € Ga.
Then G is called the semidirect product of G and G, written G = G71 x Gs.

- J

Notice that this is exactly Theorem 12.1 with condition (i) weakened from “Gi, G2 commute
elementwise” to “Gy is normal”; a direct product is the special case of a semidirect product
in which, in addition, G also happens to be normal (and then G, Gy automatically commute
elementwise, as one can check). In a semidirect product, Gy acts on G; by conjugation —
g2 0410 g;l € G, for g1 € G1, g2 € Go, since (G1 is normal — and this action need not be trivial,
which is precisely what happened in Section 9 and is what we now see concretely in the group of
rigid motions of space.
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12.3 Worked example: the Euclidean group

-

Example 12.3 (The Euclidean group in R?). A general rigid motion of R® (one that
preserves all distances) is a rotation followed by a translation:

I @ =07+t 0cO0(3), tcR3

We write such a transformation as a pair (O, t_) Composing two such motions, first (Oq, t_i)
and then (O, 13),

' = O3 + 1ty = 0901 + 11) + by = (0201) & + (O2ty + ),
shows that the composition law of the Euclidean group E(3) = O(3) x R? is
(Oa,12) 0 (O1,11) = (0201, Oaty + 1),
with identity (13,0) and inverse (checked directly)
(0,0)~t = (0T, —0™t),  since  (OT,-0T#) o (0,t) = (070, OTt - O™t) = (13,0),

and likewise (O,t) o (O, —~0Tt) = (OOT, ~0OO0Tt +t) = (13,0).

81

&

Figure 8: A general Euclidean transformation (O, f}: a rotation O followed by a translation by ¢
(Example 12.3).

-

Example 12.4 (E(3) as a semidirect product). Inside E(3) we identify two natural sub-
groups,

G1 = {(13,%) : £ € R®} (pure translations), Go = {(0,0): 0 € O(3)} (pure rotations),

each isomorphic to (R?,+) and O(3) respectively, intersecting only in the identity (13,0),
and such that every element (O, f) (13, f) (0, 0 ) decomposes uniquely as required. But
only G is normal, not G2: conjugating a translatlon by a general group element keeps it a
translation,

(0,1)o(13,@)0(0, ) = (0, Od+t)o(0T, —0T1) = (00T, ~00TT+0d+t) = (13, 0d) € Gy

so (G is invariant (with the rotation part of the conjugating element acting on the translation
vector @ — Od — exactly the non-trivial conjugation action that distinguishes a semidirect
from a direct product). Conjugating a rotation, on the other hand, does not stay in G
whenever ¢ # 0:

(0,%) o (R,0) 0 (0,8)"' = (OR,#) o (OT, -0"t) = (OROT, ~OROTT + 1),

which is not a pure rotation (its translation part —OROTt + ¢ is generally non-zero) —
physically, “rotating about a different point” is the composition of a rotation with a translation,
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so the subgroup of rotations about the origin specifically is not preserved when we change
reference point by conjugation. Hence

E(3) = R3 % 0(3),

a genuine semidirect, not direct, product: this is the reason rigid motions of space combine
less simply than, say, the direct product O(3) = Zy x SO(3) of Example 12.2.

Remark (Matrix representation of E(3)). The Euclidean group is conveniently represented
by 4 x 4 matrices acting on R? in homogeneous coordinates,

(o t . 13 0 o [OT -OTt
9=\o 1) o 1) 9 “\o 1 )

acting on the augmented vector (#,1)” by ordinary matrix multiplication, g - (Z,1)7 =
(OZ + t, 1)T. This matrix form makes the composition law of Example 12.3 completely
transparent, since it is now just matrix multiplication, and it is the representation used in
practice (e.g. in robotics and computer graphics, as well as in the physics of rigid bodies).

-

Physical perspective

The Poincaré group of special relativity, R x O(1,3) — spacetime translations semidirect
with Lorentz transformations — has exactly the same semidirect-product structure as E(3)
above, with O(3) replaced by the Lorentz group O(1,3) and R? replaced by Minkowski space-
time R13. Wigner’s classification of relativistic particles by mass and spin is, technically, the
classification of the unitary irreducible representations of the Poincaré group, obtained using
the semidirect-product structure via what is called the method of induced representations (or
“Wigner’s little group” method) — a beautiful and directly physical application of exactly
the group-theoretic machinery assembled in this section. This is one of the main destinations
of the continuation of this course, once Lie groups and Lie algebras have been introduced.

&

13 Supplementary Exercises

The exercises below collect and extend the ones marked in the original lecture notes at various
points (Examples 3.4 and 3.5 and Exercise 4.1 above already contain several); they are gathered
here for convenient reference and practice.

Exercise 13.1. Complete the multiplication (Cayley) table of Dy = {My,..., Mg} from
Example 3.4. Use it to answer: (a) which elements commute with everything (i.e. what is
Z(Dy4))? (b) which elements are their own inverse? (c) find all subgroups of order 2 and
order 4, and check that their orders divide |D4| = 8, consistent with Lagrange’s theorem
(Theorem 8.3).

Exercise 13.2. Show directly (i.e. without simply citing Example 3.5) that SO(N) is a
group under matrix multiplication, following the pattern of the proof given there for SU(N).
Do the same for O(N) and U(N). Which of SO(N), O(N), SU(N), U(N) are abelian, and
for which N?
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Exercise 13.3. Let G = RT under multiplication and consider the map ¢(r) = Inr. Verify
explicitly that this is the inverse isomorphism to the one constructed in Example 4.2, and
use it to translate the group axioms of (R™,-) into the group axioms of (R, +) term by term.

Exercise 13.4. Determine the conjugacy classes of Dy (Example 3.4), and check, as in
Theorem 7.1, which unions of conjugacy classes form (normal) subgroups. How many normal
subgroups does D4 have?

Exercise 13.5. Let H = {e, (12)} < S3. List the left cosets and the right cosets of H in S3
explicitly, and verify that they do not coincide (consistent with Theorem 8.5, since H is not
normal in S3 — compare with the unique normal subgroup As found in Section 7).

Exercise 13.6. Redo the computation of Example 9.2 for G = Zg and H = {e, g3} = Zy:
list the cosets of H, write the multiplication table of Zg/H, and identify this quotient group
among the groups of order 3.

Exercise 13.7. Verify the two conjugation computations of Example 12.4 using the 4 x 4
matrix representation of the Euclidean group given at the end of Section 12.3, and confirm
that the translation subgroup is preserved while the rotation subgroup is not (unless ¢ = 0).

Exercise 13.8. Show that Inn(G), the group of inner automorphisms of G' (Section 11),
is isomorphic to G/Z(G). (Hint: consider the homomorphism G — Aut(G), x — ¢, and
identify its kernel and image using the First Homomorphism Theorem, Theorem 10.2.)

Part 11

Lie Groups: Continuous Symmetries

14 From Discrete to Continuous Symmetries

In Part A we studied groups whose elements could be listed, or at least separated from one
another: finite groups such as S3 or Z,, and infinite but discrete groups. Many of the most
important symmetries in physics, however, are continuous: a rotation can be by any angle
@ € (—m, 7|, a boost can be by any rapidity, and the elements of the group are labelled by one
or more continuously varying real parameters. Such groups are called Lie groups, after the
Norwegian mathematician Sophus Lie.

Physical perspective

Continuous symmetries are the backbone of modern theoretical physics. The rotation group
SO(3) underlies angular momentum in quantum mechanics; the Lorentz group SO(3,1) is
the symmetry group of special relativity; and internal symmetry groups such as SU(2) and
SU(3) organise the particles of the electroweak and strong interactions. Understanding the
structure of Lie groups — and, crucially, their representations — is therefore indispensable
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for a physicist.

A Lie group combines two structures that, at first sight, seem unrelated:

e an algebraic structure (it is a group, with an associative multiplication, identity, and
inverses), and

o a topological/analytic structure (its elements form a manifold, so that one can speak of
nearby elements, continuity, and differentiability).

The interplay between these two structures is what makes Lie theory both rich and tractable:
because the group multiplication is analytic, the entire (local) structure of the group near the
identity is captured by a finite-dimensional linear object, the Lie algebra, obtained by linearising
the group multiplication at the identity element.

15 Lie Groups: Definition and Basic Structure

Definition 15.1. A group G is called a (real) Lie group of dimension n if it satisfies the

following four conditions.

(L1) Faithful representation. G possesses at least one faithful representation by d x d
matrices, i.e. an injective homomorphism g — I'(g) into GL(d,C) (or GL(d,R)). We
may then measure the “size” of a group element using the matrix norm

d 1/2
0| = (Z |n-j|2) :

3,j=1

(L2) Parametrization. There is a subset Mg C R™ (an open neighbourhood of the origin)
and a map § = (§1,...,&,) € Mg — T'(§) € G that parametrizes the group elements
near the identity by n continuously varying real parameters.

(L3) One-to-one near the identity. For every £ € M there is exactly one group element
I'(€), and I'(§) = 1 (the identity) if and only if £ = 0: the parametrization is one-to-one
in a neighbourhood of the identity, with £ = 0 corresponding to e.

(L4) Analyticity. Each matrix entry I';;(£) is an analytic function of &, i.e. it can be
expanded in a convergent power series around & = 0.

Remark. Condition (L1) allows us to think of G concretely as a set of matrices (even if
the “abstract” group was defined differently), while (L2)—(L4) say that, at least near the
identity, G looks like an ordinary piece of R™ with analytic transition functions — precisely
the definition of an (analytic) manifold. The number n is called the dimension of the Lie

group.

-

Physical perspective

On this definition of a Lie group. The definition (L1)—(L4) is deliberately built around
the existence of a chosen faithful matriz representation I'(§). This is exactly the situation a
physicist meets in practice: the Lie groups that appear in mechanics, quantum mechanics,
and particle physics — SO(3), SU(2), SU(3), the Lorentz group, and so on — are handed
to us already as groups of matrices acting on some physical space (configuration space, spin
space, an internal “flavour” space). It therefore costs us nothing, and buys a great deal
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of concreteness, to build the definition around a matrix representation from the outset:
the norm ||I'||, the parametrization I'(§), and the analyticity of I';;(£) are all immediately
meaningful, computable objects.
This is not, however, the definition a mathematician would start from, and it is worth
flagging the difference clearly so that it does not cause confusion later. The intrinsic,
representation-independent definition treats a Lie group as a set GG that is simultaneously:
 an abstract smooth (differentiable) manifold, i.e. a space that locally looks like R™ via
smooth coordinate charts, glued together by smooth transition functions — with no
reference to any ambient matrix space at all; and
e a group, such that the multiplication map G x G — G, (g,¢’) — gog’, and the inversion

map G — G, g+ g~!, are both smooth maps between manifolds.
This intrinsic definition is more general: it does not presuppose that G can be realised as
a group of matrices of some fixed finite size, whereas our definition (L1)—(L4) does (via
condition (L1)). For the groups of interest to physicists this distinction rarely bites — a
theorem of Ado guarantees that every finite-dimensional (real or complex) Lie algebra admits
a faithful matrix representation, and the corresponding statement is true for the connected Lie
groups built from them in all the cases we shall meet — but conceptually the manifold-based
definition is the correct starting point, since it makes clear that the Lie group structure is
intrinsic to G and does not depend on an arbitrary choice of matrices used to describe it. We
adopt the matrix-based definition here because it lets us get to concrete computations (Lie
algebras, representations, characters) immediately, with the tools of Part A; the intrinsic,
manifold-based definition, together with the associated notions of tangent bundles, vector
fields, and the exponential map, will be developed properly in the second part of the course.

15.1 The Lie Algebra as the Tangent Space at the Identity

Because I'(§) is analytic in £, we may Taylor-expand around the identity:

& or
F(g) = H+Z£p@p+0(§2)v @p = g .
p=1 Ple=0
The matrices Oyq,...,0, are called the generators of the Lie group. They span a real, n-

dimensional linear vector space (the tangent space to G at the identity), called the Lie algebra
gof G.

Definition 15.2. Let G be an n-dimensional Lie group with parametrization I'(§) as above.
The Lie algebra of G is the real vector space

or

g:spanR{@l,...,@n}, ®p: % .
P £=0

\

We tacitly assume, as part of what it means for £ — I'(£) to be a genuine (as opposed to merely
continuous and one-to-one) parametrization, that this map is an immersion at the identity, i.e.
that its derivative there has full rank n — equivalently, that {©,} are linearly independent, so
that g really is n-dimensional, matching the dimension of G. (This regularity condition does not
actually follow from one-to-one-ness of I' alone: a map can be injective and analytic near 0 while
still having a singular derivative there, e.g. £ — &3 on R. It is, however, automatically satisfied
by every parametrization one meets in practice, such as I'(§) = exp(3_,£,0,) for a fixed basis

0,})
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15.2 Group Multiplication Near the Identity: Structure Constants

Let g =T'(§) and ¢’ =T'(¢’) be two group elements near the identity, and let ¢” = ¢’ 0 g = T'(£").
Since the parametrization is one-to-one near e, the new parameters £ must be some function of
the old ones,
& =fil, & &0 &), i=10m,

and by (L4) the functions f; are analytic. Because goe = g and e o g = g, we must have the
boundary conditions

fi0) =&,  fi0;¢) =¢&.
Moreover, since g~! also lies near the identity when g does, the equation f;(¢;¢’) = 0 (expressing
gog~! =e) has, by the implicit function theorem (using analyticity of f;), a unique analytic
solution &'(€), whose linearisation follows directly from the boundary conditions above (f;(&;¢) =
& + &+ 0(&L)), so setting this to zero gives, to leading order):

& =—&+0(&),

i.e. the parameter of g7 is, to leading order, simply —&, as one would expect. Expanding f; to
second order in &, & around the origin generates the famous structure constants of the Lie algebra,
which encode the (non-commutative, in general) multiplication law [O4, ©y] = >, fap® O — the
subject of a more detailed treatment in the Lie algebra chapter proper. Here we only stress the
key conceptual point:

1

Remark. The entire local structure of the Lie group multiplication — an a priori complicated
analytic function of 2n variables — is determined, to leading non-trivial order, by the finite-
dimensional linear data of the Lie algebra g. This is the sense in which “the Lie algebra
linearises the Lie group”.

16 Key Examples of Lie Groups

Example 16.1. Example 1: The positive reals (R, )

Take G = (RT,-), with identity e = 1. A faithful (here, 1 x 1) representation is I'(z) = z
itself, or equivalently we may parametrize z = ¢ with ¢ € R, so that I'(¢) = e¢ and group
multiplication becomes ordinary addition of the parameter &: T'(€)['(¢') = $1¢ = D(¢ + ¢&).
This is a 1-dimensional, abelian Lie group; its Lie algebra is the 1-dimensional space spanned
by © = d%ef‘g:o — 1,

Example 16.2 (Rotations in the plane, O(2) and SO(2)). The orthogonal group O(2)

consists of real 2 x 2 matrices D satisfying DT D = 1; equivalently, writing D = CCL Z)’

the conditions are a? +b% = ¢ +d? = 1 and ac+bd = 0. Solving these, one finds two families:

D(yp) = (CSDS(’O —sm<p> , det D = +1 or D/(cp) = <095<p S > , det D = —1.
singp  cosp singp —cosy

The determinant-+1 matrices form the subgroup SO(2) = {D(p) : ¢ € (—m, 7|}, a 1-
dimensional, abelian, compact Lie group (parametrized by a single angle ranging over a
bounded, periodic interval). Every element of O(2) can be written as an element of SO(2)

multiplied by the fixed matrix A = L0 ) (a reflection), so O(2) = SO(2) U A - SO(2).

0 -1
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The Lie algebra of SO(2) is spanned by the single generator
3 (0 —1)
=0 1 0)°

Im
A

_dD

@—@

Figure 9: SO(2) is the group of rotations of the plane, parametrized by the angle ¢ € (—7, 7).
Geometrically it is a circle: a compact, connected, 1-dimensional Lie group.

Example 16.3 (The special unitary group SU(2)). SU(2) consists of 2 x 2 complex matrices
u with ufu = 15 and detw = +1. Writing

- (_%* f) a,peC,

the unitarity condition ufu = 1 reduces to the single real condition
o + 18> = 1.

Writing o = ag + ia3 and 8 = ag + ia; with ag,a1,a2,a3 € R, this condition becomes
ag + a2 + a3 + a% = 1: topologically, SU(2) is the 3-sphere S? sitting inside R%. In particular
SU(2) is a compact, connected, 3-dimensional Lie group.
The Lie algebra su(2) itself consists of the anti-Hermitian, traceless 2 x 2 matrices O, = 20y,
built from the three Hermitian, traceless Pauli matrices,

(o1 (o —i (1 0
01 = 1 07 g2 = 2 0 Y 03 — 0 _17

via u(@) ~ 1la+a-0 =1y + %Ei' & near the identity: it is the anti-Hermitian combinations
©, = 504, not the Hermitian o, themselves, that form a real vector space closed under
commutation (as any Lie algebra must). In the “physics convention” one instead works
with the Hermitian generators T, = £0, = —i©, and writes u(@) ~ 1, + id - T, trading the
anti-Hermitian ©, (which exponentiate directly to unitary matrices) for Hermitian 7, (which
are the “observables” physicists want, at the price of an explicit factor of 7 in the exponent).

- J
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Figure 10: Schematic depiction of SU(2) & S3: every group element u(a, 3) corresponds to a
point on the unit 3-sphere |a|? + |32 = 1 in C? = R*. The picture shows the usual reduced-
dimension cross-section used to visualise S® (concentric circles represent circles of latitude on
the sphere).

Example 16.4 (The Lorentz group in 1 + 1 dimensions). Consider linear transformations
A of 2-dimensional Minkowski space that preserve the metric = diag(1, —1): ATnA = 7.

Writing A = <(cl b), this condition becomes a? — c? =1, b — d?> = —1, ab — c¢d = 0, which

d

is solved by
a=-coshy, b=sinhy, c¢=sinhy, d = coshy;,

i.e. the familiar Lorentz boost

cosh y sinh x t/ t
Ax) = =A
() (sinhx cosh X) ’ (:1:' () x)’
(with the metric n = diag(1, —1) acting on components ordered (¢, ), so that the preserved
quadratic form reads t? — 22, matching a® — ¢ = 1 etc. above), with x € R the rapidity.

Unlike SO(2), this parameter ranges over the whole real line rather than a bounded interval:
the Lorentz group (even in this simple 1 + 1-dimensional form) is a non-compact Lie group.

J

Physical perspective

Compactness has an important physical consequence, spelled out in Theorem 20.2 below:
compact Lie groups (like SO(3), SU(2), SU(3)) always admit finite-dimensional unitary
representations, which is why we can represent angular momentum or isospin by finite-
dimensional unitary matrices. Non-compactness alone does not imply the opposite — e.g.
the non-compact abelian group (R, +) still has plenty of finite-dimensional (one-dimensional)
unitary representations y — e’*X — but for a connected simple non-compact Lie group such
as SO (3,1), the full (non-abelian, semisimple) Lorentz group, one can show there is no
non-trivial finite-dimensional unitary representation: one reason relativistic quantum field
theory must be formulated more subtly (using infinite-dimensional unitary representations,
or finite-dimensional but non-unitary ones, such as those acting on spinor or tensor fields).

16.1 Discrete Symmetries and the Four Components of the Lorentz Group

If we also allow the determinant to be —1 and reversals of time or space orientation, we obtain
additional disconnected pieces of the full Lorentz group in 1 + 1 dimensions:

_ [coshx sinhx [ coshy sinh x
Alx) = (sinhx coshx> » PADO = (— sinhy —coshy/’ TAG), PTAO,
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where P = é _01> is a parity (space) reflection and T" = <_01 (1)> is time reversal (recall

components are ordered (¢,x), so P flips  and T flips ¢, as their names require). These four
families are distinguished by the sign of det A and the sign of A%y (whether time orientation is
preserved), giving four disjoint pieces:

0
A
A

P-component | Identity comp.

det = —1, A% > Oldet = +1, A% >0

(&
.

> det A

det = —1, A% < Oldet = +1, A% < 0
T-component | PT-component

Figure 11: The full Lorentz group (even in 1 4 1 dimensions) has four connected components,
distinguished by det A = £1 and the sign of A%. Only the component containing the identity
(upper right) is itself a subgroup (indeed a normal subgroup, Theorem 17.1); the other three are
its cosets, obtained by multiplying by P, T, or PT.

17 Connected Components

Definition 17.1. Two elements g, ¢’ of a Lie group G lie in the same connected component
if ¢’ can be reached from g by continuously varying the parameters of a faithful representation
I';;(€) (i.e. there is a continuous path of group elements joining them). The connected
component containing the identity is denoted Gg (or S).

Example 17.1. (R\ {0}, ) has two connected components: the positive reals (r > 0) and
the negative reals (r < 0); the value = 0 is simply excluded, since it does not lie in the group
at all. Likewise O(2) = SO(2) U A - SO(2) has two connected components, distinguished
by det D = +1; and, as we saw above, the full Lorentz group in 141 dimensions has four
connected components.

Theorem 17.1. (The identity component is a normal subgroup.) Let S be the
connected component of a Lie group G containing the identity e. Then S is itself a normal
(invariant) subgroup of G.

. J

Proof. S is a subgroup. We check the subgroup criterion directly: S is non-empty (it contains e),
and we must show that s, s’ € S implies so s’ ™! € S.

By definition of S, there exist continuous paths 7,7 : [0,1] — G with v(0) = +/(0) = e and
v(1) = s, 4'(1) = ¢, lying entirely in G (i.e. each y(t), 7/(t) is itself a group element depending
continuously on t). Since group multiplication (g,¢') + g o ¢ and inversion g — ¢g~! are
continuous (indeed analytic, by (L4) together with the inverse-function argument of Section 15),
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the composite path
n(t) =)oy ()", tel0,1],

is itself a continuous path of group elements, with 7(0) = eoe™! = e and (1) = s o s'~!. Hence
n is a continuous path joining e to s o s'~!, which by definition means s o s'~! € S. This proves
S is a subgroup.

S is normal. Let © € G be arbitrary, and consider the conjugation map ¢, : G — G, c;(g) =
xgxr~!, which is continuous (indeed analytic) since it is built by composing the (analytic) group
multiplication with itself. If v : [0, 1] — G is a continuous path with v(0) = e, y(1) = s € S, then
¢ 0y is again a continuous path, now with

(czoy)(0)=zex ! =e, (cz 0v)(1) = zsz L.
So ¢, o is a continuous path joining e to xsz ™!, showing zsx~! € S for every s € S. Asz € G
was arbitrary, zSxz~! C S for every x; applying the same argument with 2~ in place of x gives
r7 1Sz C S, ie. S C xSz~ and combining the two inclusions gives zSz~! = S for every z € G.
Hence S is normal. O

Corollary 17.2. Every connected component of G is a (left) coset of S: either S itself, or
gS for some g ¢ S. In particular, every connected component is, geometrically, a copy of the
Lie group S (translated by g), and all connected components of G have the same dimension
as G.

Proof. Let C be any connected component of G, and pick some g € C. We claim C' = ¢S.

(¢S C C.) For any s € S, there is a continuous path 7 from e to s lying in G; then g o~y
(left-translating the whole path by g, again continuous since group multiplication is continuous)
is a continuous path from goe = g to go s, lying in G. Hence g and gs lie in the same connected
component, which is C' (since g € C' by assumption); so gs € C. As s € S was arbitrary, g5 C C.

(C C ¢S.) Conversely, if h € C, then g and h lie in the same connected component, so there is a
continuous path § from g to h. Left-translating by ¢!, the path ¢~' o § is continuous and runs
from g~ og=e to g~ o h, showing g~'h € S, i.e. h € ¢8S.

Combining both inclusions, C = ¢S. Finally, left translation by g, i.e. the map s — go s, is
a bijection S — ¢S that is continuous with continuous inverse h +— g~! o h (both built from
the analytic group operations); it is therefore a homeomorphism, so ¢S is topologically just a
translated copy of S, with the same dimension. O

Definition 17.2. A Lie group is called connected if it has only one connected component
(i.e. G = S). A connected, non-abelian Lie group is called simple if it has no proper
connected normal subgroup other than {e} and G itself (the non-abelian requirement excludes
groups like U(1) or (R, +), which vacuously satisfy the subgroup condition — their only
proper subgroups are discrete, hence disconnected — without being what one means by
“simple”).

- J

18 Compactness

Definition 18.1 (Elementary definition used in this part.). A matrix Lie group G is called
compact if it is a closed and bounded subset of the finite-dimensional space of matrices in
which it is represented. Equivalently, in the parametrised language used here, the group can
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be covered by finitely many coordinate regions with bounded parameter ranges, including all
their limiting group elements.

J

Remark. Intrinsic definition, for the later topology and differential-geometry
part. A Lie group is compact if its underlying topological space, equivalently its underlying
manifold, is compact. In general topology this means that every open cover has a finite
subcover. For the finite-dimensional matrix groups considered here, the Heine-Borel theorem
reduces this intrinsic definition to the elementary closed-and-bounded criterion above. We
use the elementary formulation in the present group-theory part and postpone the topological

formulation and its consequences until the relevant geometric language has been developed.

N

\

Example 18.1. SO(2) is compact: ¢ ranges over the bounded, “periodic” interval (—m, 7].

SU(2) is compact: it is (topologically) the 3-sphere, a closed and bounded subset of R%. In
contrast, (R*,-) and the Lorentz group (parametrized by an unbounded rapidity y € R) are
non-compact.

19 Representations of Groups

We now turn to the theory of representations, which is how group theory becomes a genuinely
powerful computational tool in physics: instead of working with an abstract group, we work

with concrete matrices acting on a vector space, e.g. the Hilbert space of a quantum-mechanical

system.

e

Definition 19.1. A representation of a group G is a homomorphism ® : G — {I'} from
G to a group of d x d (real or complex) matrices, under which group multiplication maps to
matrix multiplication:

®(g1) ®(g2) = ®(91 © 92) for all g1,92 € G.

The integer d is called the dimension of the representation, and the vector space V =2 C¢ (or

R?) on which the matrices act is called the carrier space (or module) of the representation.

Example 19.1. Every group G has the trivial representation ®(g) = 1 (the 1 x 1
identity matrix) for all g € G. A less trivial example: for G = (R, +), the map ®(z) = e”
is a (1-dimensional) representation, since ®(z + y) = "% = e’ = P(x)P(y); here
P:(R,+)— (RT,-).

Definition 19.2. Two representations I' and I of G (of the same dimension d) are called
equivalent if there exists an invertible matrix S such that

I'(g) = ST(g)S! forall g € G.

Equivalent representations describe “the same” representation, merely expressed in a different
basis of the carrier space.
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19.1 Reducibility

Definition 19.3. A representation I' acting on V is called reducible if there is a proper,
non-trivial subspace W C V' that is invariant, i.e. T'(g) W C W for all g € G. Choosing a
basis adapted to W, a reducible representation takes the block-triangular form

o) - (M 1),

If, furthermore, one can choose the basis so that I'js = 0 as well (i.e. both W and a
complementary subspace are invariant), the representation is called completely reducible

(or decomposable):
I(9) = <Flb(g) F23(9)>.

A representation with no non-trivial invariant subspace at all is called irreducible.

'y D) ' 0
0 T'yo 0 Tao
reducible completely reducible

Figure 12: A reducible representation can always be brought to block upper-triangular form (left):
the two diagonal blocks T'11, I'9o are themselves representations (shaded), the block below the
diagonal is forced to be zero by invariance of W’ but the block I'15 above the diagonal is generic
and need not vanish (shown in neutral grey, not the same colour as an actual representation
block). If the representation is completely reducible (right), the remaining off-diagonal block T'19
vanishes as well — both off-diagonal blocks are now white — and I' = I'1; & I'ss decomposes into
an honest direct sum of the two (unchanged, hence identically coloured) smaller representations.

20 Unitary Representations

For physical applications — where representation matrices typically act on a Hilbert space and
must preserve probabilities — unitary representations (I'(¢)TT'(¢g) = 1 for all g) are particularly
important. Remarkably, for finite groups and compact Lie groups, unitarity comes essentially for
free.

Theorem 20.1. (Unitarity of representations of finite groups.) Every representation
of a finite group is equivalent to a unitary representation.

Proof. Let T'(g), g € G, |G| = N, be a (not necessarily unitary) matrix representation. Define

S =Y T(g9)I(g).

geqG

Step 1: S is Hermitian and positive definite. Since (F(g)TF(g))T =T(g)'T(g), each summand is
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Hermitian, hence so is S. For any vector v # 0, ¢Sy = > IT(g)®||? > 0 (strictly, because the
term g = e alone already contributes ||¢||? > 0, as T'(e) = 1).

Step 2: the key invariance identity T\(go)t ST(go) = S for every fized go € G. This is where the
rearrangement theorem is used — exactly once, and applied directly to S itself, rather than
mixed into the later change-of-basis algebra. Insert I'(go)T(-)T'(go) around the whole sum defining
S and use that T' is a homomorphism, I'(h)I'(go) = I'(hgo):

T(g0)" ST(g0) = > T(g0)' T(h) T'(h) T(go)

heG
= 3 (T(A)T(90) (T(WT(90)) = 3 T(hgo)! T(hgo)-
heG heG

By the rearrangement theorem, right multiplication by the fixed element gy permutes G (as h
ranges over (G, so does h' := hgg), so relabelling the sum,

T(go) ST (g0) = > T(h =S.
h'eG

Since go € G was arbitrary, we have shown

I(g)TST(g) =S for every g € G. (1)

Step 3: constructing the unitary equivalent. Because S is Hermitian and positive definite (Step
1), it can be diagonalised by a unitary matrix U: S = UTdU with d = diag(ds, . ..,d,), d; > 0.
Define

X :=UWdU, sothat X=XT>0, X?=UfdUu=29, X! exists.

Now define the new representation I''(g) := X I'(g) X !, equivalent to I' by construction. Since
X = X', we have (X DI = (X1 =X"1 5o

M) = (XT(9) X ) = (x ) 1@ xT = X7 T() x.
Therefore, using X? = S and then the invariance identity Eq. (1) from Step 2:

I(g) I'(g) = (X 'T(9)TX) (XT(9)X ) = X' T(9) X*T'(g) X'
=X ' (D) ST X '=x"1sx1=x"'X>x"1=1

So I is unitary. O

Remark. For a compact Lie group the same strategy works, replacing the finite sum
>_gec by an integral J: dg over the group with respect to an invariant (“Haar”) measure,
S = [,dgT'(g)'T(g) — the compactness guarantees this integral is finite (finite “volume”),
which is exactly what is needed for S to be well defined and positive definite as in Step
1 above. The invariance identity of Step 2, I'(go)ST'(go) = S, now follows from the
substitution k' = hgo inside the integral, i.e. from the property [, dg F(990) = [ dg F(g)
for any (integrable) function F' and any fixed gy € G — the continuous analogue of the
rearrangement theorem used in Step 2 — which is precisely what the (right-invariant, and
for compact groups also left-invariant, i.e. bi-invariant) Haar measure provides. Steps 1 and
3 then go through exactly as before.
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Theorem 20.2. If GG is finite or a compact Lie group, then every representation of G is
equivalent to a unitary representation.

. J

Lemma 20.3 (Equivalences between unitary representations can be chosen unitary). If T’
and I are both unitary representations of G' and are equivalent, i.e. I'(g) = ST(g) S~! for
some invertible S, then S can be chosen to be unitary as well.

\ J

Proof. From I(g) = ST(g)S~! we get I'(g)~! = ST'(g)~'S~!; since both representations are
unitary, I'(g)~! = I'(¢)" and I'(g)~! = I"(g)', and also I'(g)" = (S~)TT'(¢9)TST by taking the
Hermitian conjugate of the defining relation. Comparing the two expressions for I'(g)~! = I(g)T,

ST(g) !5 = (S HT(g) 'St = (STS)T(g9)"' =T(g)"" (STS) forall g,

i.e. B := STS commutes with every I'(g)~', equivalently with every I'(g). If T is irreducible,
Schur’s Lemma II (Theorem 21.2, proved below) immediately gives B = A1 with A > 0 (since
B = S5 is positive definite), so S:=5 /+/X still implements the equivalence I" = STS~! and is
now unitary, StS = 1. (For a general, reducible I the same conclusion holds after decomposing
into irreducible blocks and applying this argument block by block, using Corollary 20.4 below.) [

Physical perspective

It is important not to over-generalise Theorem 20.2: it is compactness (or finiteness) that
guarantees a finite-dimensional unitary representation exists at all. A mon-compact Lie
group can fail badly to have any non-trivial finite-dimensional unitary representation —
indeed, this is exactly the situation for the Lorentz group discussed above (Section 16): its
non-compactness (the rapidity x ranges over the unbounded line R, rather than a bounded
interval) is precisely why the “volume” argument of the remark above breaks down (% dx
diverges), and correspondingly why all of its non-trivial finite-dimensional representations
(built from spinor and tensor indices) are necessarily non-unitary.

-

Corollary 20.4. Every reducible representation of a finite or compact Lie group is com-
pletely reducible.

\ J

Proof. By Theorems 20.1 and 20.2 we may replace I' by an equivalent unitary representation (this
does not affect reducibility, since equivalence is just a change of basis). So assume I'(¢)'T'(g) = 1
for all g. Let W C V be a proper, non-trivial invariant subspace, I'(g)/W C W for all g € G, and
let P be the orthogonal projector of V onto W (so P2 = P, P! = P, and I'(g) P is simply I'(g)
restricted to act on W and then re-embedded in V).

Step 1: invariance of W is equivalent to I'(g)P = PI'(g)P for all g. Indeed, I'(g)W C W says
precisely that applying P after I'(g) has no effect when we start from a vector already in W,
i.e. PT'(g)Pv =T'(g)Pv for every v € V (not just v € W), which is the stated matrix identity
PT'(g)P =T(g)P.

Step 2: the complementary subspace W+ = (1 — P)V is invariant too. Take the Hermitian
conjugate of the identity from Step 1:

T(9)P)' = (PT(9)P)! = PiT(9) = PIT(9)'P! — PT(9)f = PT(9)' P,

using P! = P. Since g was an arbitrary element of G, we may replace ¢ by ¢~! in this identity;

using unitarity, I'(g~!) = I'(g9)~" = I'(¢)', so the identity becomes exactly PT(g) = PI'(g)P
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— i.e. the same identity as in Step 1, but with P and I'(g) swapped on the left. Combining
I'(g)P = PT'(g)P (Step 1) with PI'(g) = PT'(g)P (just derived), the right-hand sides agree, so in
fact

I'(g) P = PT(g) for all g € G,

i.e. P commutes with the whole representation. It follows immediately that 1 — P commutes
with T'(g) too, and then

L(g)(1-P)=(1-P)T(g9) =(1-P)I'(g)(1-P),

which is precisely the invariance condition I'(g)W+ C W+ for the complementary subspace
Wt =(1-P)V.

Step 3: conclusion. Choosing an orthonormal basis adapted to the orthogonal decomposition
V =W @ W+ (first an orthonormal basis of W, then one of W), the invariance of both W and
W+ means every T'(g) is simultaneously block-diagonal in this basis: I'(g) = I'11(g) ® T'22(g) with
no off-diagonal coupling. Hence I is completely reducible. If either block is itself reducible, the
same argument applies to it in turn, so by induction on the dimension I' decomposes entirely
into a direct sum of irreducible unitary representations. ]

Example 20.1. (A representation that is reducible but not completely reducible.)
Consider G = (R, +) (which is neither finite nor compact) and the 2-dimensional representa-

tion
r<x>=<}) f>, r<m>r<y>=<}) f) (3 ﬁ’>=<}) xﬁy)zr@cw).

The subspace spanned by ((1)) is invariant, but there is no complementary invariant subspace:
I'(z) cannot be brought to block-diagonal form for all  simultaneously. This illustrates why
the hypotheses of Corollary 20.4 (finiteness or compactness) are essential.

-

21 Schur’s Lemmas

Schur’s Lemmas are two deceptively simple statements with enormous consequences for represen-
tation theory.

Theorem 21.1. (Schur’s Lemma I.) Let I and I” be irreducible representations of G, of
dimensions d and d’ respectively, and suppose A is a d’ x d matrix such that

I"(g) A= AT(g) forallgeG.

Then either A =0, or d = d' and A is invertible (so that I',T” are in fact equivalent).

. J

Proof. The matrix A defines a linear map V' — V' between the carrier spaces of I' (dimension
d) and T” (dimension d'); the hypothesis IV(g)A = AT'(g) says that A intertwines the two
representations. We show separately that ker A is an invariant subspace of V' and that im A is
an invariant subspace of V.

ker A is invariant. Suppose 1 € ker A, i.e. Ay = 0. For any g € G,
AT (g)y) = (AT(g))¥ = (I'(g) A)y =T"(g) (Ay) =T"(g) - 0 =0,

so I'(g)y € ker A as well. Hence I'(g) ker A C ker A for every g: ker A is an invariant subspace of
V. Since I is irreducible, by definition it has no non-trivial invariant subspace, so ker A must be

46



either {0} or the whole of V. If ker A =V, then A = 0 and we are done. So assume from now
on ker A = {0}, i.e. A is injective.

im A is invariant. Let ¢ € im A, say ¢ = Ay for some ¢ € V. For any g € G,
I"(g)¢ =T"(g) Ap = AT(g) ¥ € im 4,

since I'(g)y € V is again some vector that A maps into im A by definition. Hence I"(g) im A C
im A for every g: im A is an invariant subspace of V'. Since I is irreducible, im A is either {0}
or all of V'. As we are in the case A # 0 (having excluded ker A = V above), im A # {0}, so
im A =V’': A is surjective.

Conclusion. A is injective and surjective, hence a linear isomorphism V' — V’; in particular
dimV = dimV’, i.e. d = d', and A (now a square matrix) is invertible. Moreover, from
I"(g)A = AT'(g) we get I'"(g) = AT'(g)A~! for all g, so I" and I are equivalent representations. [J

Theorem 21.2. (Schur’s Lemma II.) Let I" be a d-dimensional irreducible representation
of G over C, and suppose B is a d X d matrix commuting with the representation,

I'(g) B= BTI(g) forall g € G.

Then B = A1 for some scalar A\ € C.

\

Proof. This is where working over the compler numbers is essential: the characteristic polynomial
det(B — A1) = 0 is a degree-d polynomial equation in A\, which by the fundamental theorem of
0 —1

1 0
has no real eigenvalue). Fix such an eigenvalue A, and set A := B — A1l. Then A still commutes
with the representation,

[(g)A=T(9) B—AT'(g9) = BT'(g9) - AT(g9) = AT'(g)  forall g,

algebra always has at least one root A € C (this can fail over R: e.g. a rotation matrix

i.e. A satisfies the hypothesis of Schur’s Lemma I (Theorem 21.1) with I' =T' (so automatically
d = d’). That lemma tells us A is either 0 or invertible. But by construction \ is an eigenvalue
of B, meaning precisely that det(B — A1) = det A = 0: A is not invertible. The only remaining
possibility is A =0, i.e. B = \1. O

Corollary 21.3. Every irreducible representation of an abelian group over C is one-
dimensional.

Proof. Let I' be an irreducible complex representation of an abelian group G, and fix any gg € G.
Since G is abelian, I'(gg) commutes with I'(g) for every g € G: T'(9)I'(go) = I'(90)T'(9). By
Schur’s Lemma IT (Theorem 21.2, which requires the ground field to be algebraically closed —
this is exactly where C is used), I'(go) = A(go) I for some scalar A(gp). As go was arbitrary,
every representation matrix is a multiple of the identity; but then every subspace is invariant, so
irreducibility forces d = 1. O

Remark. The qualifier is essential: over R, Schur’s Lemma II fails (an eigenvalue of a real
matrix need not be real), and indeed SO(2) — an abelian Lie group — has, acting on R? in
the defining (identity) representation, the genuinely 2-dimensional real-irreducible rotation
cosp —sine

. met above: this representation has no real invariant
singp cosp

matrices D(p) =
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line (a would-be eigenvector would need a real eigenvalue of modulus 1 other than =41,
impossible for ¢ # 0, 7), yet becomes reducible into two 1-dimensional complex pieces etiv
once complexified.

Example 21.1. For G = Zy = {e, g}, an example of a 2-dimensional (reducible!) repre-
1

sentation is I'(e) = 1q, I'(g) = 0 _01 ; this decomposes as the direct sum of the two

inequivalent 1-dimensional irreducible representations {1, 1} and {1, —1}, consistent with the

corollary above.

. J

21.1 Real, Complex, and Pseudo-real Representations

If T'(g) is a representation, then so is its complex conjugate I'*(g), since I'*(g1)[*(g2) =
(T'(91)T'(g2))" = T'*(g1g2). This leads to a three-way classification of irreducible representa-
tions:

Definition 21.1. An irreducible representation I' is called:
« real, if there exists S such that I'*(g) = ST'(g) S~! for all g, with S symmetric (ST = S)
— equivalently, I' is equivalent to a representation by real matrices;
« pseudo-real, if such an S exists but is instead antisymmetric, ST = —8;
e complex, if no such S exists at all, i.e. I' and I'* are inequivalent representations.

\ J

Physical perspective

This classification matters physically: e.g. the spin—% representation of SU(2) is pseudo-real
(related to the existence of the antisymmetric invariant tensor €,3 used to raise/lower SU(2)
indices), while representations of SU(N) for N > 3 are generically complex — which is why,
for instance, quarks (in the fundamental of SU(3)color) and antiquarks (in the conjugate
representation) are physically distinct.

-

22 Orthogonality Relations and Characters

Schur’s Lemmas have a further, extremely useful consequence: an orthogonality relation among
the matrix elements of inequivalent irreducible representations, which underlies practically all
applications of representation theory to physics (selection rules, decomposition of reducible
representations, etc.).

Let Iy (of dimension n,) and T'y (of dimension np) be two unitary, irreducible representations of
a finite group G of order N = |G|. Fix indices 1 < j < ng,, 1 < m < ny, and let EU™) denote the
ng X Np matrix with a single entry 1 in position (j,m) and 0 elsewhere. Define the n, x nj, matrix

Mjm =3 Talg) EV™ Ty(g) .

geG

Step 1: My, intertwines I'y and T'y. For any h € G, relabelling the summation index g — ¢’ = hg
(a bijection of G with itself, so the sum over ¢’ € G is the same as the sum over g € G) and using

Ly(g)' =To(h™lg) " = Fb(g’)*lrb(h)i

Lo(h) Mjy, = Z Lo (hg) EY™ Ty (g Z To(g") EV™ Dy(g) "' Ty(h) = M Ty(h).
geG g'eG
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This is exactly the hypothesis of Schur’s Lemma I (Theorem 21.1), with the roles (IV,T', A) =
(Pav Fb7 Mjm)

)

Step 2: evaluating My, via Schur’s Lemma. Writing out matrix elements, since Ez%

Jmlk_zzr 9)ip pq ( ZF 9)ij Fb 9)” )mk:

geG pPq geqG

= 5pj 5qm’

If I’y and Ty are inequivalent (in particular if a # b), Schur’s Lemma I forces Mj,,, = 0 for every
choice of j,m, i.e.

Z La(9)ij (Tu(g)™ )mk =0 for all 7, 7, k, m.

geqG

If instead a = b (so ny = np =:nand I'y, =T'p), Schur’s Lemma II applies instead (since now Mj,,
commutes with the single irreducible representation I', in the sense I'y(h) My, = M;nI'a(h)),
giving Mj,, = A\jm, 1, for some scalar Aj,;, depending on j, m. To pin down Aj,,, take the trace
(set i = k and sum):

M =D Ta(9)ij(Tal9) ™), = D Lal9) " 'Tal9)],; = D mj = N oy

geG i geG geG

while also tr Mjy, = tr(\jm1,) = nAjp,. Comparing, \j, = %5,@, SO

Y Tal9)ij Talg) ™), = nﬁ S Oi-

geG a

Step 3: using unitarity to reach the final form. Since I'y(g) is unitary, (Fa(g)_l)mk = (T, (g)T)mk =
La(9)fm; relabelling k — [, the a = b result becomes 3>, T'a(9)i I'5(9)im = %@méﬂ, while the
a # b result becomes 3>, I'a(9)i5 I';(9)1m = 0. Combining both cases into a single statement gives
the celebrated (great) orthogonality relation:

o .
Z ﬁ Fa(g)ij Fb (g)lm = dap 0l 6jm- (2)
geG

In words: viewed as vectors indexed by g € G, the (rescaled) matrix-element functions g
Vna/NT4(g)ij are mutually orthonormal, for all irreducible representations a and all choices of
matrix indices ¢, 7 — this is the precise sense in which representation matrix elements generalise
the orthonormal Fourier basis {e"¥}, made explicit in Eq. (3) below.

22.1 Characters

Definition 22.1. The character of a representation I is the function xr : G — C given by
the trace,

xr(g) == tr (T'(g)).

Since the trace is invariant under conjugation, equivalent representations have identical characters,
and characters are automatically class functions (constant on conjugacy classes) — precisely
because conjugate group elements are related by ¢’ = xzgz~!, and tr(I'(z)['(¢)I'(z)~') = tr I'(g).

To pass from the matrix-element orthogonality relation Eq. (2) to a relation among characters,
set 7 =i and m = in Eq. (2) and sum over both i (from 1 to n,) and [ (from 1 to ny):

Na N Ng MNp
ZZZ Ta(9)ii T5(9)u =YY dab b S
i=11=1 gEG i=11=1

49



On the left, >, Tu(9)i = trl'a(9) = Xa(g) and likewise > ;T (9)u = x;(g); on the right,
i1 9ap0id;; is only non-zero when a = b (forcing n, = np =: n), in which case Zlel 0;105 =

© 11 =mn=ng,. So the right-hand side collapses to 045 14, and dividing through by n, yields
the character orthogonality relation:

3 3 xalo) i 9) = b )
geG

Physical perspective

The orthogonality relation Eq. (3) is a direct generalisation of the orthogonality of Fourier
modes: for G = U(1) (or, at finite level, Zy), the irreducible representations are I',, () = "¢,
and Eq. (3) becomes precisely

1 2m . .
o d‘ﬁ e e = 6n,mv

21 Jo
the orthogonality of Fourier modes on the circle. In this sense, Fourier analysis is simply the
representation theory of the abelian group U(1) — and the character orthogonality relation
Eq. (3) is the direct generalisation of Fourier’s theorem to arbitrary (finite or compact)
groups.

& J

Characters are especially useful in practice because they let us decompose an arbitrary (reducible)
representation I' into irreducibles without having to explicitly find the change-of-basis matrix: if
I' =, m., (with T'y irreducible, appearing with multiplicity m,), then xr = ", maXaq, and
Eq. (3) gives immediately

1 .
Mg = N Z XF(Q) Xa(g)7
geG

a simple, purely numerical recipe for extracting the multiplicities.

Part 111

Lie Algebras: From Groups to Algebras and
Back

23 Introduction: Why Linearise a Lie Group?

In Part B we defined Lie groups as sets of matrices depending analytically on continuous
parameters, and we introduced, in passing, the generators ©, = 0I'/0¢,|¢—o obtained by
differentiating the group elements at the identity. We saw that these generators do not merely
span a vector space: the group multiplication law, expanded to second order in the parameters,
forces the commutators [©,, O] to close back onto the span of the ©,, defining the structure
constants of the group.

This chapter takes that observation seriously and develops it into a full theory. The generators,
together with the commutator bracket, form an algebraic structure in their own right — the Lie
algebra g of G — and remarkably, almost all of the information contained in the (connected
component of the) Lie group G is already encoded in the finite-dimensional, purely algebraic
object g. Since linear algebra is vastly simpler than the analysis of a curved group manifold,
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this is an enormous simplification: many questions about Lie groups (What are the subgroups?
What are the representations? Which groups are related by covering maps?) can be answered by
first solving the corresponding, purely algebraic question for g, and only afterwards worrying
about global (topological) subtleties.

Physical perspective

This is the single most important idea in the application of group theory to physics. A
physicist essentially never studies a continuous symmetry group “globally”; instead, one writes
down the generators (angular momentum operators, isospin operators, the generators of the
Poincaré group,. .. ), computes their commutation relations, and works almost exclusively
at the Lie algebra level. The present chapter makes precise exactly how much information
survives this simplification, and — crucially — exactly what is lost (global topology: is the
group simply connected? compact? what are its discrete central subgroups?), so that we
know when we must go back and think about the group itself.

- J

24 The Lie Algebra: Abstract Definition

We first isolate, in purely algebraic terms, the structure that a Lie group’s generators satisfy,
without reference to any specific group or matrix representation.

Definition 24.1. A Lie algebra X (over the real numbers) is a (finite-dimensional) real
vector space equipped with a bilinear product

x* 0 XxX — X, (a,b) —> a b,

called the Lie product (or Lie bracket), satisfying the following axioms for all a,b,c € X
and o, 5 € R:
(i) Bilinearity: (aa + b) * ¢ = a(a * ¢) + (b * ¢), and likewise in the second slot.
(ii) Antisymmetry: a *b= —b*a (in particular a *x a = 0).
(iii) Jacobi identity:
ax(bxc)+bx(cxa)+cx*(axb)=0.

Remark. Axioms (i)—(iii) are exactly what allows for a complete classification of (finite-
dimensional, semisimple) Lie algebras and their representations — one of the great achieve-
ments of nineteenth- and twentieth-century mathematics, and the basis for everything from
the classification of elementary particle multiplets to the periodic table’s structure via angular
momentum. Antisymmetry alone would make X merely an anticommutative algebra; it is
the Jacobi identity that encodes, in linear-algebraic language, the associativity of the group
multiplication from which the bracket ultimately descends (see Theorem 25.1 below), and it
is what makes the theory rigid enough to classify.

- J

The definition also makes sense, verbatim, for a complex vector space X (with a, 8 € C); one
then speaks of a complex Lie algebra. Given a real Lie algebra X, one may always form
its complexification X¢ := X @ iX (formal complex linear combinations of elements of X),
extending the bracket complex-bilinearly; this turns out to be an extremely useful trick, allowing
us to form complex linear combinations of generators (such as the ladder operators ty = t & ito
of Section 31 below) while still classifying representations of the original real Lie algebra X.
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Example 24.1. Let X = { N x N complex matrices }: since it allows complex linear
combinations, this is a complex vector space of (complex) dimension N2, and hence also a
real vector space, of (real) dimension 2N?, if one restricts to real linear combinations of a
basis. Define

ax*xb:=ab—ba = [a,b],

the ordinary matrix commutator. Bilinearity and antisymmetry are immediate. The Jacobi
identity is a direct (if slightly tedious) computation:

[a, [b, c]] + [b, [c, a]] + [c, [a, b]] = a(be — ¢b) — (be — ¢b)a
+ b(ca — ac) — (ca — ac)b
+ c¢(ab — ba) — (ab — ba)c
= (abc — acb — bea + cba) + (bca — bac — cab + ach)
+ (cab — cba — abc + bac)
=)

since every one of the six triple products abe, ach, bac, bea, cab, cba appears exactly once with
a + sign and once with a — sign. Hence every associative algebra becomes a Lie algebra
under the commutator bracket; this is by far the most important source of examples, and it
is the one relevant to matrix Lie groups.

Definition 24.2. A Lie algebra X is called abelian if a x b =0 for all a,b € X.

- J

Choosing a basis {t,}_; of X, bilinearity of the bracket means that [t,,t] is determined once
we know its expansion in the same basis,

[ta, tn) = fap" te (sum over ¢ understood),

and the numbers f,;¢ € R are the structure constants of X in this basis (we already met these
in Part B, obtained there directly from the group multiplication law). Antisymmetry of the
bracket forces fu¢ = — fpe ¢, and the Jacobi identity translates into a quadratic constraint on the

fabC:

Theorem 24.1 (Jacobi identity in components). For any basis {t,} of a Lie algebra with
structure constants f.p°¢,

fabdfdc6 + fbcdfdae + fcadfdbe = 0.

Proof. Expand [ta’ [tba tCH + [tba [tCa ta]] + [tcu [taa th = 0 using [tba tc] = fbcdtd etc.:

[ta; [tba tc“ = [taa fbcdtd] = fbcd[taa td] = fbcdfadete = _fbcdfdaet67

and cyclically for the other two terms. Summing the three (cyclic in a,b,c) and setting the
coefficient of each basis vector t. to zero gives the stated identity (up to relabelling of the cyclic
order, which is immaterial since the sum is already cyclic). O

25 From the Group to the Algebra: Tangent Vectors and the
Exponential Map

We now justify, carefully and in full generality, the claim already used informally in Part B: the
commutator of two generators of a Lie group is again a generator. This is where the Jacobi
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identity — and indeed the whole Lie-algebra structure — is seen to descend directly from the
associativity of the group multiplication.

25.1 Tangent Vectors to Curves

Definition 25.1. Let G be an n-dimensional Lie group with parametrization I'(¢), £ € R™,
and let I'(s), s € (—¢,¢), be a differentiable curve in G with I'(0) = e (i.e. {(s) is a differentiable
curve in parameter space with {(0) = 0). Writing the matrices ©, = 0I'/0,|¢—¢ for the
generators as before, the tangent vector to the curve I'(s) at s = 0 is

_i& giC
p=1 ds s=0 agﬂ £=0

. J

dl'(s)
ds

_dg,
ds s:O'

n
:ZapG)p = a € g, ap :
s=0 p=1

Since the ©, span the linear vector space g, every tangent vector to a curve through the identity
is (by definition) an element of g; and conversely every element a = 3° a,0, € g is the tangent
vector to some curve through e (for instance, the straight line £(s) = sa in parameter space,
to first order; we will shortly meet a much better choice of curve, the one-parameter subgroup
A(s) = exp(sa)). In this sense g is exactly the tangent space to the manifold G at the point e,
as the notation of Part B already suggested.

Theorem 25.1. (Closure of the bracket / origin of the Jacobi identity.) Let a,b € g
be tangent vectors (at s = 0) to two curves A(s), B(s) through the identity of G. Then the
commutator [a,b] = ab — ba (ordinary matrix commutator, since A(s), B(s) are matrices) is
again an element of g: it is the tangent vector, at s = 0, to the curve

O(s) = A(V3) B(Y5) A3 B(Ya) ™ (s>0),
ie C(s) =1+ s[a,b] + O(s*?).

\ J

Proof. Write the curves to second order in their own parameter,
A(s) =1+ sa+ 5sPas +O(s®),  B(s) =1+ sb+ 35°bs + O(s%),

where as := A(0), by := B(0) are whatever second derivatives the curves happen to have (they
need not lie in g; we shall see that they drop out of the final answer, as they must, since [a,b] € g
cannot depend on the arbitrary choice of curve representing a and b). Inverting order by order
(multiply out A(s)A(s)~! = 1 and match powers of s),

A(s)' =1 —sa+ s <a2 - %az) +0(s%), B(s)'=1-5sb+s* (b2 - %bg) + O(s%).

We now build up the “group commutator” D(s) := A(s)B(s)A(s) ' B(s)~! two factors at a time.
Step 1: A(s)B(s).

A(s)B(s) = 1+ s(a+b) + 5*(Saz + bo + ab) + O(s°).
Step 2: multiply by A(s)~!. Keeping all terms up to O(s?),
A(s)B(s)A(s)™ = [1+ s(a+b) + s2(Sas + 3bs + ab) | [1 = sa + 5% (a? = Jaz)] + O(s?)
=1+s[(a+b)—al+ 32{(a2 — %@) —(a+b)a+ (%ag + by + ab)} +0(s%)

= ]1+sb+s2[%b2+ab—ba} +0(s®) = ]l+sb—|—s2<%b2+[a,b]) +0(s%),
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where in the last line the terms a2 — %ag —a®2—ba+ %ag + %bz + ab collapsed to %bg + ab — ba.
Step 3: multiply by B(s)™L.
D(s) = A(s)B(s)A(s) " B(s) ™' = [1+ sb+ 5230 + [a,8]) | [1 = sb+ 52 (b7 = 1o ) | + O(s°)
=1+ s(b—b)+ 5[ (02 = 3bs) =02+ (b + [0, b)) | + O(s*)
=1+ s*[a,b] + O(s*).

All dependence on the “unphysical” second derivatives as, by has cancelled, exactly as it must.
Reparametrizing s = /-, i.e. setting C(s) := D(y/s) = 1 + s [a,b] + O(s*/?), we read off

dC(s) ~ [a.]
ds s=0
so [a, b] is indeed the tangent vector at the identity to the curve C(s) € G, i.e. [a,b] € g. O

N
Remark. This is the promised derivation of the Lie-algebra structure “from the group”: the
only input was that G is a group of matrices closed under multiplication and inversion (so
that D(s) = A(s)B(s)A(s)"'B(s)~! is again a curve in G) and that this multiplication is
associative. That the resulting bracket automatically satisfies antisymmetry and the Jacobi
identity (Definition 24.1) is therefore not a separate assumption — it is inherited for free from
the associativity of matrix multiplication, exactly as in the worked example of Example 24.1.
Conceptually: the Lie bracket measures the extent to which two one-parameter subgroups fail
to commute, at leading (quadratic) order in the group parameters. If G is abelian, D(s) = 1
identically and [a,b] = 0 for all a,b € g: the Lie algebra of an abelian Lie group is itself
abelian, consistent with Section 24.

25.2 The Exponential Map and One-Parameter Subgroups

Among all curves through the identity with a given tangent vector a € g, one choice is canonical
and deserves special attention.

Definition 25.2. For a € g (an n X n matrix, in our matrix-group setting), the matrix
exponential is defined by the everywhere-convergent power series

ok

a
exp(a) =Y o =L+a+ja’ +ga°+---.
k=0 "

\ J

Theorem 25.2. Let a € g. Then:
(a) A(t) := exp(ta), t € R, defines a one-parameter subgroup of G: a smooth curve
lying entirely in G, with

dA

A0) =1,  A(t1)A(tz) = A(t1 +t2) Vii,t2 €R, =
=0

= a.
(b) Every element of G sufficiently close to the identity can be written, uniquely, as exp(a)
for some (small) a € g: the exponential map is a local diffeomorphism between a
neighbourhood of 0 € g and a neighbourhood of e € G, with local inverse the logarithm.
(c) If G is, in addition, compact and connected, then every element of G (not just
those near e) can be written as exp(a) for some a € g (though generally not uniquely:
e.g. exp(2mr ©) = exp(0) = 1 for a suitably normalised generator © of a compact
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one-parameter subgroup).

Proof. (a) That A(t) € G for every t, and that A(t; + t2) = A(t1)A(t2), follows because a € g
means, by Definition 25.1, that a is tangent to some curve in G through e; one shows (this
requires the fuller apparatus of Lie’s theorems, only sketched here) that the specific curve exp(ta),
built purely from a and the ambient matrix algebra, is guaranteed to stay inside G precisely
because g is closed under the bracket (Theorem 25.1) — intuitively, G is “curved along the
directions in g” to all orders, not just to first order, and the exponential resums the entire
Taylor series of the group multiplication law along the direction a. The functional equation
A(t1)A(ta) = A(t1 + t2) is the ordinary law of exponents for commuting matrices (ta and t'a
always commute), ef1%f2¢ = e(itt2)a proved termwise from the power series exactly as for

ordinary numbers. Differentiating the series termwise at t = 0 gives A(0) = a.

(b) This is the inverse function theorem applied to the map a — exp(a) near a = 0: its derivative
at a = 0 is the identity map on g (from exp(a) = 1 + a + O(a?)), hence invertible, so exp is a
diffeomorphism between a small enough ball around 0 € g and a small enough neighbourhood of
1ed.

(c) We only sketch the true statement here, since a fully honest proof needs tools beyond this
course (either a bi-invariant Riemannian metric on G, for which exp becomes the Riemannian
exponential map, together with the Hopf-Rinow theorem applied to the compact — hence
complete — manifold G; or the maximal torus theorem, which shows every element of a compact
connected G lies in some maximal torus T' C G, and exp | : t — T is already known to be onto
because T is a torus). What part (b) does immediately give is the weaker statement that the
subgroup H generated by exp(g) (i.e. all finite products of exponentials) is all of G: H contains
an open neighbourhood of e by part (b), and a subgroup containing an open neighbourhood
of e is automatically both open (it is a union of translates hU of that neighbourhood) and
closed (its complement is a union of cosets, each open by the same argument, so the complement
is open too); since G is connected, H = G. (Beware the tempting but fallacious shortcut
of trying to upgrade this to “exp(g) itself is open” via the Baker-Campbell-Hausdorff series
exp(a) exp(b) = exp(a + b+ %[a,b] +...): this series converges, and b — BCH(a,b) is a local
diffeomorphism in b, only where ad(a) has no eigenvalue in 27iZ \ {0} — which can fail, so
this does not establish that exp(g) is open at an arbitrary one of its points exp(a).) For a
non-compact connected group even the full statement (c) can fail: e.g. in SL(2,R) there are
elements not of the form exp(a) for any single a in the Lie algebra, although (consistent with the
weaker statement just proved) every element is still a product of finitely many exponentials. [

Remark. Part (c) is extremely useful in practice: to check whether some claimed identity,
homomorphism, or representation property holds for all of a compact connected Lie group
G, it suffices to check it on elements of the form exp(a), a € g — and by continuity and the
group property, often it is enough to check it to first order in a near the identity, recovering
the whole group by exponentiating and using closure. This is precisely the sense in which
“the Lie algebra determines the (connected, compact) Lie group”; Section 30 below makes
precise exactly how much freedom remains (the choice of which connected group with a given
Lie algebra one means).

J

25.3 A General Recipe: Linearising the Defining Condition of a Matrix Group

The exponential map provides an extremely efficient, direct way of writing down the Lie algebra
of any matrix Lie group defined by algebraic conditions on its elements: simply substitute
g = exp(a) into the defining condition and expand to first order in a (equivalently, differentiate
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the condition at ¢ = 0 along the curve g(f) = exp(ta)). We illustrate this for the classical matrix
groups.

Example 25.1. (a) SL(N,C) and its Lie algebra sl(/N,C). The defining condition
is det(g) = 1. Using the identity det(exp(a)) = exp(tra) (immediate by putting a in
triangular form, e.g. over C, so that exp(a) is triangular with diagonal entries e, whence

detexp(a) = []; e™ = ezi i = gtra)
det(exp(a)) =@ =1 =  tr(a) = 0.

So sI(N,C) = {a € CN*N : tr(a) = 0}, the traceless complex N x N matrices, a complex
vector space of dimension N2 — 1.
(b) U(N) and SU(N). Unitarity, ufu = 1, becomes, with u = exp(a),

exp(a)texp(a) = exp(al)exp(a) =1 = af = —q,

i.e. a is anti-Hermitian. (One can see the implication directly to first order, 1 + af 4 a +
O(a?) = 1, or note that at = —a is exactly the condition under which exp(a)’ = exp(al) =
exp(—a) = exp(a)~! holds to all orders, so it is both necessary and sufficient.) Together
with tracelessness (from (a), since SU(N) C SL(N,C)), we obtain

su(N) = {a e CVN : ¢t = —q, tr(a) =0},

a real vector space (anti-Hermitian matrices do not close under multiplication by a general
complex scalar) of real dimension N2 — 1. Physicists almost always write a = i § with 6 = 67
Hermitian and traceless, so that group elements are written exp(ig -t) with ¢, Hermitian
generators, as we did for SU(2) above (there, N?> — 1 = 3, matching the three Pauli matrices).
U(N) itself has Lie algebra u(/N), the anti-Hermitian matrices without the trace condition,
of real dimension N?; note u(N) = su(N) & u(1), reflecting U(N) = (SU(N) x U(1))/Zn.
(c) O(N) and SO(N). Orthogonality, OTO = 1, becomes exp(a)’ exp(a) = 1. Differenti-
ating at the identity gives a’ + a = 0; conversely, a’ = —a implies exp(a)? = exp(—a) =
exp(a)™!, so the condition is exact, i.e.

a = —a,

a antisymmetric. An antisymmetric real matrix is automatically traceless, so det(expa) =
e @ = 1 automatically: every a € so(N) already satisfies the SO(N) condition, and so(N) =
o(N) (the tangent spaces to O(N) and to SO(N) at the identity coincide, even though
O(N) itself has two connected components — reflections are not reached by exponentiating
s50(N), consistent with Theorem 25.2(c), since O(N) is compact but disconnected). The
real dimension of s0(N) (the number of independent entries of a real antisymmetric N x N
matrix) is (g) =1N(N -1).

(d) The pseudo-orthogonal groups O(p,q). Let n = diag(+1,...,+1,—1,...,—1) be

P q
the invariant metric (p+ ¢ = N; for the Lorentz group, p =1,q = 3 or p = 3,¢ = 1 according

to signature convention). The defining condition is OTnO = 7, which linearises (by the
identical argument) to

aTn +na=0 = na is antisymmetric <= (na)T = —na.

So so(p,q) = {a € RM*¥ : na+a’n = 0}; again real dimension 1N (N — 1), matching so(IN)
(the two Lie algebras are, in fact, related by the complexification-then-different-real-form
procedure familiar from the Lorentz group so(3, 1) versus the Euclidean so(4)). Explicitly,
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. 0 1 . .
for p=1,q = 1 (boosts along one axis) one finds a = (1 0> satisfies na 4+ a’n = 0 with
cosht sinht
sinht cosht
illustrating why the boost generators are not anti-symmetric (unlike rotation generators)
and why boosts do not form a compact one-parameter subgroup: cosht,sinht¢ never return

to (1,0) for t # 0.

n = diag(1, —1), and exp(ta) = , the familiar Lorentz boost of rapidity ¢ —

25.4 Example Revisited: su(2)

Recall from Part B the generators of SU(2) built from the Pauli matrices, O, = 40, (so that
O, is anti-Hermitian, as required for exp({,0,) € SU(2) to be unitary) or, in the physicist’s
Hermitian convention, t, := %O’a with ©, = it,. A direct computation using o,0p = dgp 1 + i€4pc0c
gives

[taa tb] = %[Uav Ub] = %(Jaab - Ubaa) = i<2i€abco—c> = 1 €abe e,

so the structure constants of su(2) in the Hermitian basis {t,} are fu,¢ = i€sp. (the factor of
1 is a consequence of using Hermitian, rather than anti-Hermitian, generators; it disappears if
one instead uses ©, = it,, for which [, Op] = —€apO., real structure constants as required by
Definition 24.1 for a real Lie algebra). We will use exactly this Hermitian convention, standard
in physics, throughout Section 31 below.

By Theorem 25.2(a), U(t) = exp(itf - t) for a unit vector # € R? is the one-parameter subgroup
of SU(2) describing rotation about the axis 7 by angle ¢ (up to the familiar factor of 2 relating
SU(2) and SO(3) rotation angles, discussed in Example 27.3 below); and by Theorem 25.2(c),
since SU(2) is compact and connected, every element of SU(2) is of the form exp(i€ - ) for some
E € R3 (though the representation is not unique, since 7 - ¢ and its negative both generate the
same one-parameter subgroup traversed in opposite directions, and |£| is only defined modulo 47
along any fixed axis).

26 Left- and Right-Invariant (Haar) Measure

Although this chapter is chiefly concerned with the purely algebraic object g, one analytic fact
about the group G itself is used so pervasively (already in Part B’s proof that every representation
of a compact group is equivalent to a unitary one, where a finite group’s averaging ﬁ >_gec had

to be replaced by an integral [ dg over the group) that we pause to construct it properly here.

Definition 26.1. Let G be an n-dimensional Lie group with a coordinate patch x =
(zl,...,2") = A(z) € G, A(0) = e. A measure du(z) = p(z) d*z (with p(x) > 0 smooth) is
called left-invariant if

/G f(wo-g) dulg) = /G f(g) du(g)

for every integrable f and every fixed z¢ € G (writing group elements simply as g, xo rather
than A(z), A(xo)); equivalently, for every measurable S C G, pu(zoS) = u(S). A measure is
right-invariant if instead p(Sxo) = p(S) for all zg.

. J

26.1 Construction and the Defining Functional Equation

Write the group composition law in coordinates as A(zo)A(z) = A(A(zo,x)) for a smooth
function A (so that 2’ = A(xg, ) is the coordinate of the left-translate of A(z) by A(zg)); note
A(zo,0) = z0, since A(z9)A(0) = A(xo)e = A(xo).

o7



Theorem 26.1. A density pr(x) defines a left-invariant measure duy, = pr(z) d"x if and
only if it satisfies, for all xg, x

614(.%’0, .T)

det
¢ ox

pL(A(zo, 7)) = pr(). (4)

In particular, setting x = 0 (and using A(z,0) = x9),

0A(xo, )|~

det
¢ ox

1
; ()

=0

pL(zo) = pr(0)

so pr, is completely determined, up to the overall normalisation constant pr(0), by the
Jacobian of left translation evaluated at the identity. An entirely analogous construction,
using A(z)A(z9) = A(A'(z,20)) and differentiating with respect to the first argument at
x = 0, produces the right-invariant density pg.

- J

Proof. Left-invariance requires [ f(xo - g)pr(g)d"g = [ f(9)pr(g) d"g for every f. Substituting
g = A(x) in the left-hand integral and changing variables to 2’ = A(xg,z) (so z = A(x, )~ (2'),
a diffeomorphism for fixed xg, with f(zg - A(m)) = f(A(2))),

[ HA@N) o)) |det ! = [ f(A@) pue) a5,

and since this must hold for every test function f, the two integrands, viewed as functions of the
(now shared) integration variable 2/, must agree pointwise:

pr(z(z))

where x = x(z’) denotes the inverse change of variables 2’ = A(xg,x). Substituting 2’ = A(zo,x)
back in (equivalently, just relabelling the dummy variable 2/ — x and using det(dz/0z') =

[det(@x’/@x)]_l = [det(@A(mo,x)/&L‘)]_l) gives

det —

det — | = pr(2) for all 2/,
x

0A(xo, x
pr(A(zo, 7)) det(aO) = pr(2),
x
which is Eq. (4). Equation (5) is the special case x = 0. The right-invariant case is identical
with the roles of the two arguments of the group law exchanged. O

N
Remark. A fundamental theorem of Lie theory (which we do not prove here) guarantees
that a left-invariant measure — and likewise a right-invariant one — always exists, and is
unique up to an overall positive multiplicative constant; Eq. (5) exhibits it explicitly once
the group law A(xg,x) is known in some coordinate system. This is the Haar measure of
G. For a finite group, the (left- and right-invariant, and in that case automatically equal)
Haar measure is simply the uniform counting measure p(g) = 1 used throughout Part A, and
Eq. (4) reduces to the statement underlying the rearrangement theorem: summing f(z(g)
over all g € G reproduces -, f(g).

26.2 Compact Groups Are Unimodular

In general, the left- and right-invariant measures of a Lie group need not coincide (a simple
non-compact counterexample is the “ax 4+ b” group of affine transformations x +— ax + b of R,
a > 0). For compact groups, however, the two always agree, which is exactly the property used
in Part B to generalise the finite-group unitarity proof to compact Lie groups.

o8



Theorem 26.2. If G is a compact Lie group, its left-invariant and right-invariant Haar
measures coincide (up to the normalisation constant): G is unimodular.

Proof. Fix a left-invariant measure py. For each xg € G, the right-translate of py, defined by
w7’ (S) == pr(Sxo), is again left-invariant (since p7°(9S) = pr(9Szo) = pr(Szo) = p7°(S), using
left-invariance of py, itself). By the uniqueness (up to scale) of the left-invariant measure, there
must exist a positive number A(zg), called the modular function, such that

pr(Szo) = Axo) pur(S) for all measurable S.
Applying this twice,
pr(Szor1) = A(w1) pr(Szo) = A(wo)A(x1) pr(S),

while directly pur,(S(zoz1)) = A(zox1) pr(S); comparing, A(zoz1) = A(zo)A(z1), ie. A: G —
(Rs0, x) is a continuous group homomorphism.

Now use compactness: A(G) is the continuous image of a compact set, hence a compact subgroup
of (R~g, X). But (Rsg, X) = (R, +) via the logarithm, and the only compact subgroup of (R, +)
is {0} (any other subgroup is either discrete and unbounded, e.g. ¢Z for ¢ # 0, or dense in R
and hence non-compact, e.g. if it contains two incommensurate numbers); so log A(G) = {0}, i.e.
A = 1. Therefore pur(Sxg) = pr(S) for every xg: pr is also right-invariant, hence equal (up to
the normalisation already fixed) to pg. O

Remark. For a compact group one conventionally normalises the (now unique, bi-invariant)
Haar measure to have total volume [ du = 1, in direct analogy with ﬁ >_geq for a finite
group; with this normalisation, the substitution rule [, dg F(ggo) = [, dg F(g) used in Part
B’s compact-group unitarity proof is exactly the statement that p is right-invariant (equiva-
lently, by Theorem 26.2, left-invariant), i.e. the continuous analogue of the rearrangement
theorem for finite groups.

Example 26.1. The Haar measure of SU(2). We compute the (bi-invariant, by
Theorem 26.2, since SU(2) is compact) Haar measure explicitly. Write u € SU(2) as
u= _Oé* f* with o, 8 € C, |a|?+|B|* = 1: this exhibits SU(2) as the unit sphere 3 C R4
via (Re o, Im o, Re 5,Im f3). Since left- and right-multiplication by a fixed uy € SU(2) act
on C? = (a, B) (viewed as R*) as an orthogonal (indeed unitary) linear transformation — it
preserves |a|? + |B|?, being built from unitary 2 x 2 matrices acting on the columns of u —
both translations preserve the ordinary round volume element of S C R*. Hence the Haar
measure of SU(2) is, up to normalisation, the round volume element of the unit 3-sphere,
which we now make explicit in coordinates.

Set a = cosgew, 8 = singew, with 6 € [0,7], ¢,1 each ranging over a period of 27
(these are Hopf coordinates on S%; one checks directly that |a|? + |82 = cos? § +sin? § =1
automatically). A direct computation of the induced metric on S? (or, equivalently, of the
Jacobian in Eq. (5)) gives the volume element

dpsy(e) o< sin6 df do dy (0 € [0, 7)),

exactly the familiar sin 6 df d¢ of ordinary spherical coordinates, now with an extra flat
angle . (Concretely: writing a = x1 + iz2, B = 3 + ir4 and computing ds®> = Y, dx?
restricted to the sphere in these coordinates gives ds? = %dGZ + cos? g dip? + sin? g d¢?,

99



whose associated volume form is v/det g df d¢ dy) = 3 sin § cos § df dp dp = % sin 0 df d¢ di);
as a check, [ O%fo%isinﬁdﬁ dpdy = 22121 = 272, correctly reproducing the
volume of the unit 3-sphere.) Note that at # = 0 the coordinate ¢ becomes degenerate
(only @ = €™ survives), so the locus # = 0 is not a single point but the whole circle
{(cos0-€™,0) : ¢ € [0,27)} traced out by v; likewise § = 7 degenerates 1 and is the circle
traced out by ¢. These two circles are exactly the degenerate fibres of the Hopf fibration
S3 — 52 over the poles of the base S? — unlike the actual poles # = 0,7 of the ordinary
2-sphere, they are one-dimensional, not single points — but since sin § = 0 there, they still
correctly carry zero measure in dugy(2).-

- J

27 The Lie Group—Lie Algebra Correspondence

We now make precise the dictionary between structures on the group G and structures on its
Lie algebra g, extending the discussion of subgroups and normal subgroups from Part A to the
continuous setting.

27.1 Subalgebras and Ideals

Definition 27.1. Let X be a Lie algebra. A subspace X’ C X is called a Lie subalgebra if
it is closed under the bracket:

a,beX’ = |[a,b €X.

A subalgebra 3 C X is called an invariant subalgebra, or ideal, if it absorbs brackets with
the whole of X, not merely with itself:

acX,bey = Ja,b] €.

(Every ideal is in particular a subalgebra, taking a € 3 C X above.)

- J

Theorem 27.1. Let G be a Lie group with Lie algebra g.
(a) If H < G is a (connected) Lie subgroup, its Lie algebra § is a Lie subalgebra of g.
(b) If, moreover, H <4 G is a normal (invariant) subgroup, then b is an ideal of g.
(c) Conversely, every Lie subalgebra h C g is the Lie algebra of a unique connected Lie
subgroup H < G; and H < G if § is an ideal.

- J

Proof. (a) A tangent vector to a curve lying entirely in H is, a fortiori, a tangent vector to a
curve in G, so h C g as a subspace; and b is closed under the bracket by Theorem 25.1 applied
within H itself (the curve C(s) built there from two curves in H again lies in H, since H is a
subgroup).

(b) Let h € h be tangent at s =0 to a curve H(s) C H, and let a € g be tangent at ¢t =0 to a
curve A(t) C G. Normality of H means A(t)H(s)A(t)~! € H for every t and every s. Fix t: the
curve s — A(t)H (s)A(t)~! lies entirely in H, so its tangent vector at s = 0,

d _
o =At)hA(t)L,

s=0

A H(s)A®t) ]

is an element of h — for every value of t. Thus t — A(t)hA(t)~! is a curve lying entirely in the
fixed subspace h C g, so its own derivative at ¢ = 0 is again in bh (differentiating a curve valued
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in a linear subspace stays in that subspace):

la,h] = %[A(t)hA(t)*l]

=ah — ha € .
t=0

Since a € g and h € h were arbitrary, b is an ideal.

(c) This is the (harder) direction of Lie’s second and third theorems: every subalgebra integrates
to a unique connected subgroup (obtained, e.g., as the subgroup generated by exp(h)), and the
normality statement follows by reversing the differentiation argument of (b) and re-exponentiating.
We do not reprove Lie’s theorems here; the content relevant to us is the dictionary itself, which
we use freely below. m

Theorem 27.2. If hh and £ are both ideals of a Lie algebra g, then so is their bracket
[h, €] :=span{ [b,c]:be b, cet}

Proof. Let a € g, b € b, c € £. The Jacobi identity, rearranged, gives
[av [b> C]] = [[av b]’ C] + [b, [a, CH

(This is simply a*(bxc) = —bx(cxa)—cx*(axb) = —b*(c*a)+ (a*b) xc, using antisymmetry twice,
which is [[a, b], ¢|]+[b, [a, c]] after renaming (axb)xc = [[a, b], c| and —bx(cxa) = bx(a*xc) = [b, [a, c]].)
Now [a,b] € b because b is an ideal, so [[a,b],c] € [h,E]; and [a,c] € € because ¢ is an ideal,
so [b,[a,c]] € [h,€ (indeed already in span{[b,c']} C [h,¥]). Hence [a,[b,c]] € [h,¥€ for every
generator [b, | of [h, €] and every a € g, so (by linearity in the second slot) [a, z] € [h, ] for every
z € [b,€: it is an ideal. O

27.2 Homomorphisms and Isomorphisms

Definition 27.2. A map ® : G — G’ between Lie groups is a (Lie group) homomorphism
if it is a group homomorphism, ®(g192) = ®(g1)®(g2), and is analytic. Every such ® induces
a map 1 : g — g’ on the Lie algebras,

¥(@) 1= & B (exp(ta) (ac o)
=0

which is automatically linear and satisfies ¢ ([a,b]) = [¢(a),1(b)] (a Lie algebra homo-
morphism): linearity and the bracket property both follow by differentiating ® along the
constructions of Theorems 25.1 and 25.2 and using that ® is a group homomorphism at every
step.

® is a (Lie group) isomorphism if it is, in addition, one-to-one and onto (with analytic
inverse); v is then a Lie algebra isomorphism, ¢ : g — ¢'.

cosr —sinx

Example 27.1. Let @ : U(1) — SO(2), ®(e®) = P

, an isomorphism of

Lie groups (both are the circle group, realised in two different ways). The Lie algebra of
U(1) is u(1) = iR (purely imaginary numbers, under commutation — trivially abelian, since
U(1) C C is commutative), with generator © = ¢; the induced map is

_ d [cost —sint (0 -1
o dt \sint cost t:O_ 1 0)’
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which is indeed the generator of s0(2) found in Part B, confirming v is (as it must be, ® being
an isomorphism) an isomorphism u(1) = s0(2) of the two (one-dimensional, automatically
abelian) Lie algebras.

- J

Theorem 27.3. Let ® : G — G’ be a Lie group homomorphism with kernel K = {g € G :
®(g) = €'}. Then:

(a) K is a normal (invariant) subgroup of G.

(b) If K is discrete (i.e. every point of K has a neighbourhood in G containing no other
point of K), then the induced Lie algebra map ¢ : g — ¢’ is injective. If, moreover,
® is surjective (equivalently, since ® is then an open map onto a group of the same
dimension as G/K, whenever G’ is connected and dim G = dim G’), ¢ is in fact an
isomorphism.

- J

Proof. (a) K is a subgroup since ® is a homomorphism (®(k1k2) = ®(k1)P(
®(k~!) = ®(k)~! = ¢’), and normal since ®(gkg—') = ®(g)®(k)®(g)~! = ®(g)e
any g € G,k € K.

(b) Since K is discrete, there is a neighbourhood E of e € G with E N K = {e}. Shrinking F
if necessary, ® is one-to-one on E: if ®(g;) = ®(g2) for ¢g1,92 € E, then glgz_1 € KN(EE™Y),
which, for E small enough, forces gig5 L= ¢ ie. g1 = ¢g2. In particular ® is injective in a
neighbourhood of e, so its derivative there, ¢ : g — ¢, is injective: if ¥(a) = 0 for some a # 0,
the one-parameter subgroup t — exp(ta) would be mapped by ® to a curve in G’ tangent to
0 at t = 0, and standard facts about analytic maps then force ®(exp(ta)) = €’ for all small ¢,
contradicting injectivity of ® on E (unless a = 0). This proves the first (injectivity) claim of (b),
without any further hypothesis.

For the second (isomorphism) claim, injectivity of ¢ already gives dim g < dim g¢’. If in addition
® is surjective, then (assuming, as is the case in every application below, that G’ is connected) ®
is also an open map near e — a standard consequence of the constant-rank theorem once one
knows & is a local homeomorphism onto its image and that image, being a subgroup containing
a neighbourhood of €/, is all of the connected group G’ — so ® maps a neighbourhood of e onto
a neighbourhood of €', forcing dimg = dim g’ and hence 1 to be onto as well. Being linear,
injective and (now) onto, v is a vector-space isomorphism, and we already know it respects
the bracket; hence v is a Lie algebra isomorphism. (Every use of this theorem in these notes
— R = S0(2), SU((2) = SO(3), G — G/K — has ® manifestly surjective, so the isomorphism
conclusion applies.) O

Remark. Significance: the Lie algebra determines the Lie group only locally.
Theorem 27.3 says that a homomorphism with discrete kernel gives an isomorphism of Lie
algebras, even though @ itself need not be one-to-one on all of G (only near the identity) — G
and G’ can be globally quite different (different topology, e.g. one compact and the other not,
or one simply connected and the other not) while sharing exactly the same Lie algebra. Two
Lie groups with the same Lie algebra are called locally isomorphic. Determining which
globally distinct Lie groups share a given Lie algebra is precisely the subject of Section 30
below.

Example 27.2. (R,+) and SO(2) are locally, but not globally, isomorphic. Consider

®:R — SO(2), (t) = Z?ﬁ; _Cilsntt> (rotation by t). This is a Lie group homomorphism,
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D(t) + ta) = P(t1)P(t2), with kernel K = 27Z: discrete, but countably infinite. By
Theorem 27.3, the induced map ¥ : (R, +) — s0(2) is a Lie algebra isomorphism — both are
one-dimensional abelian Lie algebras, so this is no surprise — yet ® itself is very far from a
group isomorphism: it is an co-to-one covering map. Globally, (R, +) is non-compact and
simply connected (no non-contractible loops, being an interval), whereas SO(2) = U(1) is
compact and not simply connected (a loop that winds around the circle cannot be contracted
to a point without leaving the group). This is the simplest possible illustration of Section 30:
(R, +) is the universal covering group of SO(2), and every other connected Lie group with
the same Lie algebra s0(2) is a quotient R/(cZ) for some ¢ > 0, all of which are isomorphic
to SO(2) after rescaling ¢.

Example 27.3. The covering homomorphism SU(2) — SO(3). Every u € SU(2) acts
on the real, three-dimensional space of traceless Hermitian 2 x 2 matrices, X = Z-& (¥ € R?),
by X +— uXu'; since uXu' is again traceless Hermitian, this defines R(u) € GL(3,R)
via R(u)Z - & = u(Z - &)ul. Because det(uXu') = det(X) = —|#|? (using det(¥ - &) =
—(z2+ 23 +23)) and tr (uXul)(uX'ut)) = tr(XX'), the map R(u) preserves the length of 7,
so R(u) € O(3); continuity in w and R(1) = 1 (with SU(2) connected) force R(u) € SO(3).
One checks directly R(ujuz) = R(u1)R(uz2), so ® := R : SU(2) — SO(3) is an analytic Lie
group homomorphism.

Its kernel consists of those u with uXu' = X for every traceless Hermitian X, i.e. u commutes
with all of su(2) (as Hermitian matrices via X = i - (anti-Hermitian generator)); by Schur’s
Lemma (Part B) applied to the (irreducible, as we verify in Section 31) defining representation
of SU(2) on C2, u must be a multiple of the identity, and unitarity plus detu = 1 forces
u==1. So K =ker® = {1,-1} = Zy: discrete (indeed finite). By Theorem 27.3, ®
induces an isomorphism su(2) = s0(3) (consistent with both being three-dimensional with
structure constants i€gp., resp. €qpe, in suitable bases), while globally ® is a two-to-one
covering map: SO(3) = SU(2)/Zs. This is the algebraic origin of the physicist’s “spin—%
particles pick up a minus sign under a 27 rotation”: a full (27) rotation in SO(3) lifts to
either uw = exp(imn - &) = —1 or back to +1 depending on which of the two sheets of the
double cover one started on, and a 47 rotation is needed to guarantee a return to +1.

- J

28 Direct Products, Direct Sums, and Tensor Products

Before turning to the adjoint representation and to the classification of representations of su(2),
we need some general constructions for building new groups, vector spaces, and representations
out of old ones. This is also the right place to sort out a persistent and genuinely confusing
notational habit in the physics literature: the symbol ® is routinely used for two completely
different constructions — combining two groups into a bigger group, and combining two vector
spaces into a bigger vector space — which happen to behave very differently (additively versus
multiplicatively in dimension). We first give careful, formal definitions of all three constructions
in play, and then show how each is used to build representations.

28.1 Three Constructions

Definition 28.1. Let G, H be groups. Their direct product G x H is the group whose
underlying set is the Cartesian product {(g,h) : ¢ € G, h € H}, with componentwise
multiplication

(91, h1) - (92, h2) := (9192, h1h2),
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identity (eg,ex), and inverse (g,h)~! = (¢, h~1). If G, H are Lie groups, so is G x H,

with
dim(G x H) = dim G + dim H

(as a manifold, G x H is simply the product manifold, and near the identity a pair of
independent parameters (£,n) for G and H separately parametrises G x H). The direct
product describes two symmetries acting independently, with no interaction between the
two factors: G and H commute inside G x H in the sense that (g,ep) and (eq, h) always
commute for any g € G,h € H.

Definition 28.2. Let V, W be (finite-dimensional, real or complex) vector spaces with bases
{eV}dimV {eyv}?lzniw Their direct sum V & W is the vector space of ordered pairs (v, w),
v € V,w € W, with componentwise addition and scalar multiplication, «(vy, wy)+p5(ve, we) 1=
(avy + B2, aw; + Bws); a basis is given by the union {(e}’,0)} U {(0, e}”)}, so that

dim(V e W) =dimV + dim W.

Theorem 28.1. There exist (unique) linear maps
w:V-oVeW, w:W—-sVael, v VeW =V, aw: VoW W
(the natural inclusions and projections) with 7y o vy = Ly, mw oty = Ly, 7y oty = 0,

7TWOLV:0.

- J

Proof. Take ty(v) = (v,0), tw(w) = (0,w), Ty (v, w) = v, Ty (v, w) = w; all the stated identities
are immediate from these definitions. O

s N

Definition 28.3. Let V, W be as above. Their tensor product V ® W is the vector space
with basis {e} ® e}/v} (formal symbols, one for each pair (i,j), so dimV - dim W of them in
total), so that

dim(V @ W) = dim(V) - dim(W).

For general vectors v = ", vle) € V, w = Do w’ e}/V € W, one defines

v®w::20iwje}/®egv e VeWw,
i7j

which is manifestly bilinear in (v, w): (avi + fv2) @ w = a(v1 ® w) + f(v2 @ w), and likewise
in the second slot.

Theorem 28.2. (Universal property.) To every bilinear map ® : V x W — U (for
any vector space U) there corresponds a unique linear map ® : V@ W — U such that

P(v@w) =P(v,w) for allv e V;w € W.

. J

Proof. Define ® on the basis by &D(e}/ ® e}/V) = ®(e), e}/v) and extend linearly; this is well defined
since {e}’ ®e}/v} is a basis (no relations to check), and one verifies ®(v@w) = > i viwI (el e]W) =
® (v, w) using bilinearity of ®. Uniqueness holds because a linear map is determined by its values

on a basis, and every basis vector el‘-/ ® e}” is of the required product form v ® w. ]
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Remark. A notational warning. The table below summarises the three constructions just
defined; note in particular that the direct product of groups behaves additively in dimension,
exactly like the direct sum of vector spaces, and not like the tensor product.

Construction Combines Elements Dimension
Direct product two groups pairs (g, h) dim G + dim H
Direct sum two vector spaces — pairs (v, w) dimV 4+ dim W

Tensor product two vector spaces sumsof v®@w dimV -dim W

Despite this, physicists very commonly write G ® H for the direct product of groups — the
Standard Model gauge group, for instance, is almost universally written SU(3)®@SU(2)®@U (1),
even though, by Definition 28.1, this is the direct product SU(3) x SU(2) x U(1): three
mutually commuting, non-interacting symmetry groups, of total dimension 84+-3+1 = 12 (not
8 x 3 x 1 =24). The symbol ® is, properly, reserved for the tensor product of vector spaces
(or of representations, Section 28.2 below) — as in “the quark fields transform in the (3,2, #)
representation”, which really is built as a tensor product of representation spaces, dimension
3 X 2 = 6 per generation. Throughout the rest of this chapter we use x exclusively for direct
products of groups and ® exclusively for tensor products of vector spaces/representations,
and we flag explicitly, below, exactly how the two constructions interact.

28.2 Representations Built From These Constructions

The construction we will actually need throughout the rest of this chapter combines two rep-
resentations of the same group G into a new representation of GG, again on the tensor product
vector space V @ W.1!

e N

Definition 28.4. Let 'V, T'" be representations of a group G on V, W respectively. The
tensor product representation I'V @ T acts on V ® W (Definition 28.3) by

T @I")(9) (v@w) = (TV(g)v) ® TV (9)w) (9 €G),

extended linearly to all of V'@ W (well defined by Theorem 28.2, applied to the bilinear map
(v,w) = T'V(g)v @ T (g)w). One checks immediately that this is again a representation:
TV @ TW)(g192) = (TV @ TW)(g1)(TV ® I'")(ga), inherited directly from T'V(g1g2) =
I'V(g1)I'V (g2) and likewise for TV

Remark. Not every element of V@ W is of the simple form v ® w. A general element
o A el ® e}-/v is of product form v ® w only if the matrix AY = v'w’ has rank one; a
generic matrix A does not. This is, quite literally, the mathematical statement of quantum
entanglement: if V, W are the state spaces of two subsystems, a generic joint state cannot
be written as a simple product v ® w of a state of the first subsystem with a state of the
second — it is entangled.

LA more refined treatment would distinguish this from the external tensor product representation I'V X T
of the direct product group G x H (possibly G # H), defined by (I'V ®TW)(g,h) := TV(g) ® TW(h) for
(g,h) € G x H — the construction physicists mean, for instance, when they say quark fields transform in the
(3,2, %) of SU(3) x SU(2) x U(1), with each factor acting on its own tensor slot. The construction defined here
is recovered from it by restricting to the diagonal subgroup {(g,9) : g € G} 2 G C G x G. We will not need to
distinguish the two further.
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Example 28.1. A representation of a direct product group that is not a tensor
product representation. Let G = {e,a} = Zy and H = {e, b} = Zs, and let the direct
product G x H (Definition 28.1) act on C? by

T(e,e)=1, T(a,e)=T(e;d)=X, T(a,b)=X>=1, X:= (? é) .

One checks directly that this respects the group law of G x H: e.g. (a,e)(e,b) = (a,b) in
G x H, and indeed I'(a,e)I'(e,b) = X - X = 1, while I'(a, b) was defined to be 1 — consistent.
So I' is a genuine two-dimensional representation of G x H = Zo X Zs.

This is not a tensor product representation, i.e. there is no way to write ' =TV @ T'W for
representations I'V of G, 'V of H (necessarily one-dimensional, since 1-2 =2-1 = 2 are the
only ways to factor dim = 2). Suppose I'V is one-dimensional, i.e. a character y : H — C*;
then I'(g, h) would have to equal I'V'(g) - x(h), forcing in particular

T(a,e) =TV (a) - x(e) =TV (a)-1,  T(e,b) =TV (e) - x(b) = 1 - x(b) = x(8)1:

the second identity would force I'(e, b) to be a scalar multiple of the identity matriz. But
I'(e,b) = X has eigenvalues +1, —1 and so is manifestly not proportional to 1 — a contra-
diction. The symmetric argument (with I'V" one-dimensional instead) rules out the other
factorisation. So I' genuinely mixes the two basis vectors in a way that cannot be attributed
to GG alone or to H alone acting “in its own slot”, which is exactly the sense in which it fails
to be a tensor product representation.

(In fact T is still reducible: diagonalising X in the basis 1+ := == (1, £1) gives I'(a, )+ =

V2
+1)4 and T'(e, b)p+ = +1)1, so T’ decomposes as a direct sum (x+®x+)B(x—R@x_) of two one-
dimensional tensor product representations, where x4 = 1 is trivial and x_(a) = x—(b) = —1.

This illustrates the general pattern: a representation of G x H need not itself be a tensor
product, but — for finite or compact groups — it always decomposes into a direct sum of
them.)

Theorem 28.3. Let ¢V, t" denote the Lie-algebra representations induced (as in Section 27)
by I'V, TW. The Lie-algebra representation induced by the tensor product I'V @ IT'V is not
tV @ tW, but rather the Leibniz combination

T(a):=t"(a) @ lw + 1y @tV (a) (a€g).

d d
Proof. By definition, T'(a) = 7 {(FV ® FW)(eXp(ta))} ‘ @ [Fv(exp(ta)) ®FW(exp(ta))} ‘ .
t= =
The tensor product of two matrices depending on ¢ obeys the ordinary Leibniz (product) rule
for differentiation — immediate componentwise, since (M (t) ® N(t))(ij)(kl) = M, (t)Nji(t) is an

ordinary product of scalar functions of ¢ — so

_ dl'V (exp(ta))

dT'W (exp(ta))
dt @

T(a) g

@ TW(e) + TV (e)
0

=t"(a)®@ 1w + 1y @tV (a). O
0

Remark. This “Leibniz rule at the Lie-algebra level” is exactly the familiar statement,
from angular momentum addition in quantum mechanics, that the total angular momentum
of a two-particle system is J=JV®1+1gJ® (usually abbreviated JO 4 j(z)), not
JU @ J@). angular momentum operators act on a tensor product by the sum rule of
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Theorem 28.3, precisely because they generate (infinitesimal) group transformations, which
act on tensor products by Definition 28.4. This will be the starting point for the Clebsch—
Gordan decomposition of Section 32.

Definition 28.5. Given representations I'V on V and I'"V' on W of the same group G,
their direct sum I'V & T acts on V & W (Definition 28.2) by (TV @ TW)(g)(v,w) :=
(TV(g)v, TW(g)w); in block-matrix form, using the inclusions and projections of Theo-
V(g 0

0 TW(g)
Part B. Unlike the tensor product representations above, the direct sum of two representations
of G is always of this G itself (never of a direct product G x H): it simply lets G act on V'
and W “side by side”, without mixing them.

rem 28.1, this is , exactly the completely reducible form encountered in

Remark. Symmetric and antisymmetric tensor powers. Given a single representation
I" of G on a d-dimensional space V, its square I' ® I' acts on V ® V, but this action preserves
the splitting of V ® V into the symmetric part Sym? V = span{e; ® ej+e;®e;} (dimension
3d(d+1)) and the antisymmetric part A2V = span{e; ®e; —e; ®e;} (dimension 3d(d—1)),
since (I' ® I')(g) commutes with the swap e; ® e; <> e; ® e; for every g:

VeV=Sym’V e A%V, d=3dd+1)+3dd-1).

For G = SO(d) acting on V = R? by its defining representation, the antisymmetric part
AV has exactly the dimension $d(d — 1) = dimso(d) of the adjoint representation defined
below, and indeed 4s (isomorphic to) the adjoint representation of SO(d): an antisymmetric
matrix a € so(d) is itself naturally an element of A’R? (via a = Yicj Gij(e; ® ej — e @ e;)),
and conjugation a — RaR™' = RaR” for R € SO(d) matches exactly the action of I'®I" on
A%V. This is why, for instance, the generators of SO(3) (three of them, 5 -3 -2 = 3) can
be labelled either by an antisymmetric pair of indices [ij] or, using €;;, by a single vector
index k — the two labellings are related by the isomorphism A?R3? =2 R3 special to three
dimensions.

29 The Adjoint Representation

A Lie algebra always possesses one representation that requires no external input to construct:
its action on dtself.

e N

Definition 29.1. Let g be a Lie algebra. For a € g, define the linear map ad(a) : g — g by
ad(a) b := [a, b] (beg).

The assignment a +— ad(a) is called the adjoint representation of g. In a basis {t,}
with structure constants [t,,tp] = fup te, the matrix elements of ad(t,) (an n x n matrix,
n = dim g, acting on the n-dimensional carrier space g itself) are given by the structure
constants. Since the generators t, carry lower indices, we contract them with upper indices
and write the matrix of ¢, with a lower row index b and an upper column index c:

(T29),¢ == foa®,  sothat (T2t = foatc = [to,ta] = —ad(ta) by

Matrix products contract an upper with a lower index, (T,74)s¢ = (T4)p(Ty)cc. The index
order fy,° (rather than f,;¢) and the resulting minus sign are exactly what makes 724 obey the
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same commutation relations as the %, [Tjd, Tjd] = fud® T, ead, for the ordinary matrix product
(see Theorem 29.1). Equivalently, 724 is minus the transpose of the matrix (ad(t,))% = fu®
one obtains by writing the coefficients of ad(t,)ts in a column.

\ J

s N

Theorem 29.1. ad is indeed a representation of g: for all a,b € g,

[ad(a),ad(b)] = ad ([a, b]).

. J

Proof. Apply both sides to an arbitrary ¢ € g. The left side gives, using the definition of ad
twice,

[ad(a),ad(b)]c = ad(a)ad(b)c — ad(b) ad(a)c = [a, [b, c]] — [b, [a, ]].
The right side gives ad([a,b]) ¢ = [[a, ], c]. So the claimed identity is exactly
[av [b7 CH - [b7 [a7 CH - [[CL, b]a C] =0,

which is precisely the Jacobi identity of Definition 24.1, rearranged (recall [a, [b, c|]] + [b, [c, a]] +
[e, [a, b]] = 0; using antisymmetry, [b, [c, a]] = —[b, [a, c|] and ¢, [a, b]] = —[[a, b], ¢], giving exactly
the identity above). O

Remark. This is a satisfying converse to the observation, in Section 24, that the Jacobi
identity descends from associativity of the group law: here we see that the Jacobi identity
is, conversely, ezactly the statement that “multiplication by elements of g” (i.e. ad) is
itself a bona fide representation of g. Every Lie algebra therefore comes equipped, for
free, with a representation on a space of the same dimension as the group itself — this is
the representation physicists use, for example, to describe gauge bosons (which transform
in the adjoint representation of the gauge group, e.g. the eight gluons for SU(3) with
dimsu(3) = 32 — 1 =8).

Definition 29.2. The corresponding representation at the group level, the adjoint repre-
sentation of G, is
Ad(A)a:=AaA™"  (A€G, acy),

i.e. Ad(A) is the linear map g — g given by conjugation by A (note that AaA~! € g indeed,
being the tangent vector at ¢ = 0 to the curve Aexp(ta)A~! € G). One checks immediately
that Ad(A;As) = Ad(A;) Ad(As) (both sides send a — A Ay a Ay ATY), so Ad is indeed an
n-dimensional representation of G.

Theorem 29.2. For every a € g and t € R,
Ad (exp(ta)) = exp (¢t ad(a)) (as linear operators on g).
In particular, ad is exactly the Lie-algebra representation induced (in the sense of Section 27)

by the group representation Ad.

- J

Proof. Fix a € g and b € g, and define F(t) := Ad(exp(ta))b = exp(ta)b exp(—ta) € g.
Differentiating the matrix product using the ordinary product rule,

F(t) = a exp(ta) b exp(—ta) — exp(ta) b exp(—ta)a = a F(t) — F(t) a = [a, F(t)] = ad(a) F(t).
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So F(t) solves the linear, constant-coefficient ODE F' = ad(a)F with initial condition F(0) = b;
the unique solution of such an ODE is F(t) = exp (tad(a))b (exactly as for the ordinary scalar
equation f = \f, f(t) = e f(0), since the same power-series argument applies verbatim to the
operator ad(a) acting on the finite-dimensional space g). Comparing the two expressions for
F(t), and since b € g was arbitrary, Ad(exp(ta)) = exp(tad(a)) as operators on g. Differentiating
both sides at ¢ = 0 recovers ad(a) as the derivative of Ad along exp(ta), i.e. exactly the induced
Lie-algebra representation of Ad, by definition. O

Physical perspective

The identity Ad(exp(ta)) = exp(tad(a)) is used constantly in practice: it is the statement that
conjugating a group element by exp(ta), to all orders in ¢, resums into the Baker—Campbell-
Hausdorff-type exponentiated commutator series b — b+t[a, b] —l—%[a, [a,b]]+- - - familiar from,
e.g., the Heisenberg-picture time evolution of an operator under a similarity transformation,
or from computing how a field transforms under a finite (rather than infinitesimal) gauge
transformation once its infinitesimal transformation law (its representation of g) is known.

- J

30 Simply Connected Groups and the Universal Covering Group

We saw in Examples 27.2 and 27.3 that a given Lie algebra can be the Lie algebra of several
genuinely different (globally non-isomorphic) connected Lie groups, related to one another by
homomorphisms with discrete kernel. We now classify all of them, for a fixed Lie algebra g, in
terms of a single distinguished representative: the universal covering group. This requires a
little topology.

30.1 Homotopy of Paths and Loops

Definition 30.1. Let G be a (connected) Lie group. A path in G is a continuous map
g : [0,1] — G; it runs from ¢(0) to g(1). A path with ¢g(0) = g(1) = x¢ (returning to its
starting point) is called a loop based at x.

Two paths g, g : [0,1] — G with the same endpoints, g(0) = §(0) and g(1) = g(1), are called
homotopic if there is a continuous family of paths F'(t, s), t, s € [0, 1], interpolating between
them with the endpoints held fixed throughout the deformation:

F(t,0) =g(t), F(t,1)=g(t), F(0,s) =g¢(0), F(1,s) =g(1) forallse]|0,1].

A loop is called contractible if it is homotopic to the constant loop g(t) = xg. G is called
simply connected if G is connected and every loop in G is contractible.

Example 30.1. SU(2) is simply connected. We saw in Example 26.1 that SU(2) is, as a
manifold, the unit sphere S® C R*. Topologically, every loop on S™ for n > 2 is contractible:
intuitively, a loop is a one-dimensional object and so (generically) misses at least one point
p € S™; but S™\ {p} is topologically an ordinary (contractible) n-dimensional space R"
(via stereographic projection), inside which the loop can be shrunk to a point without ever
needing to pass through p. Hence SU(2) = S is simply connected.

Example 30.2. SO(3) is not simply connected. Every rotation is determined by an axis
f € S? and an angle ¢ € [0, 7] (angles beyond 7 are redundant, since rotating by 27 — ¢
about —n gives the same rotation as ¢ about 7); so SO(3) can be pictured as the solid ball
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B={3=pn:¢e0,n]} CR?of radius m, with each boundary point @ (at ¢ = )
identified with its antipode —J — since a rotation by 7 about 7 equals the rotation by
7 about —n. This identified-ball picture makes SO(3) topologically the real projective space
RP3, which is not simply connected, as Fig. 13 below illustrates.

SO(3) as a ball of radius 7 identify @ ~ —@ on 0B

7}

contractible loop,
| -
(same point!)

(stays in the interior) (endpoints are the same group element)

Figure 13: SO(3) pictured as a solid ball of radius 7 with antipodal boundary points identified.
A loop entirely in the interior (left) can always be shrunk to a point. A path running from one
boundary point ¢ to its antipode —g (right) is, because of the identification, already a loop (it
starts and ends at the same group element), but it cannot be contracted: any attempt to shrink
it must eventually break through the identified boundary sphere. Traversing such a path twice
(i.e. a “47 rotation”), however, is contractible — consistent with 71(SO(3)) = Zs.

A straight path from a boundary point & to its identified antipode —g (Fig. 13, right) is a
genuine loop (it begins and ends at the very same rotation), yet it cannot be continuously shrunk
to the constant loop without at some stage crossing the boundary sphere discontinuously. One
can show that traversing such a loop twice is contractible, so that m;(SO(3)) = Zsy (only two
homotopy classes of loops exist). This factor of two is not a mathematical curiosity: it is the
precise topological origin of the need for SU(2), the double cover of SO(3), in the quantum
mechanics of spin.

30.2 The Universal Covering Group

Theorem 30.1. For every (finite-dimensional, real) Lie algebra g there exists a unique (up
to isomorphism) simply connected Lie group G with Lie algebra g, called the universal
covering group of any connected Lie group with Lie algebra g. Every other connected Lie
group G with the same Lie algebra g is isomorphic to a quotient

G = G/K

for some discrete subgroup K of the centre Z(G) = {z € G : zg = gz Vg € G} of G
(discreteness of K ensures, by Theorem 27.3, that the quotient map G—G /K induces an
isomorphism on Lie algebras, as it must if G and G share the Lie algebra g; and K must lie
in the centre precisely so that G /K is a group at all with K as the kernel of a homomorphism
from C:’, which forces K to be normal, and a discrete normal subgroup of a connected group
is automatically central).
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Remark. This theorem “bails down” (reduces) the classification of connected Lie groups to
two much more tractable problems: classifying (finite-dimensional) Lie algebras — a purely
algebraic problem, solved completely for semisimple Lie algebras by the Cartan classification
— and, for each such Lie algebra, classifying the (finite) discrete subgroups of the centre of its
universal covering group, an easy finite-group-theory problem once Z (G’) is known.

Example 30.3. SU(2) is the universal covering group of SO(3). We showed su(2) =

e

s0(3) (Example 27.3) and SU(2) is simply connected (Example 30.1), so SU(2) = SO(3).
The centre of SU(2) is Z(SU(2)) = {1,—1} = Zs (a matrix commuting with every SU(2)
matrix must, by Schur’s Lemma applied to the irreducible defining representation, be a
multiple of 1, and unitarity with unit determinant forces it to be £1). The only discrete
subgroups of Zy are {1} and all of Zy, giving exactly two connected Lie groups with Lie
algebra su(2) = so(3):

G/{1}=5U(2) and  G/Zy = SU(2)/{£1} = SO(3),

matching the double cover found directly in Example 27.3. (For SU(N), N > 2, the centre
is the larger cyclic group Zy = {eQﬂik/N]l :k=0,...,N — 1}, giving correspondingly more
connected groups sharing su(N), such as PSU(N) := SU(N)/Zn.)

- J

Physical perspective

Projective representations and the spin—statistics of representation theory. Since G
is simply connected, Theorem 30.1 together with the group—algebra correspondence guarantees
that every representation of g exponentiates to an honest representation of G. Tt does not,
however, always descend to an honest representation of a non-simply-connected G = G /K:
a representation D of g descends to G if and only if the corresponding representation of G
sends every element of K to the identity operator.

The paradigm example is the spin—% representation of su(2) = so(3) (constructed explicitly
in Section 31): it exponentiates to an honest, two-dimensional representation of SU(2), but
the non-trivial central element —1 € Z(SU(2)) = K is represented by —layxo # Laxa, not
the identity. So the Spin—% representation does not descend to an honest representation
of SO(3) = SU(2)/Zy: instead it defines only a projective representation of SO(3) (a
representation up to an overall sign/phase, D(R1)D(R2) = =D(R;1R3)), which is exactly
the familiar statement that a spinor picks up a factor of —1 under a rotation by 27 (an
element of SO(3) that is not the identity element of SU(2)’s preferred lift, even though it is
the identity of SO(3)). By contrast, integer-spin representations (spin 0,1,2,..., built in
Section 31) do represent —1 € SU(2) trivially, and so descend to honest representations of
SO(3) — consistent with the fact that only integer-spin fields (not half-integer spin) can be
built directly out of tensors (rather than spinors) of SO(3).

& J

31 Classification of the Irreducible Representations of su(2) =
s0(3)
We now put all of the machinery developed so far — the Lie bracket, the adjoint/Casimir idea,

Schur’s Lemma from Part B — to work on the single most important example in all of physics:
the classification of every finite-dimensional representation of su(2).
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31.1 Ladder Operators and the Casimir Invariant

Let D be a finite-dimensional representation of s1(2) on a complex vector space V', and write
te := D(t,) (a slight abuse of notation) for the images of the Hermitian generators satisfying
[tastb] = i€aqpete (Section 25.4). We may take complex linear combinations of the ¢, (working in
the complexification su(2)c = sl(2, C) mentioned in Section 24); the most useful combinations
are the ladder operators

ty =1t £ito.

Theorem 31.1. The ladder operators satisfy
[t3,t2] = £te,  [ty,t_] =283,  tl =tz (if D is unitary).
Moreover, the Casimir operator

12 =3 + 13+ 13 = 83 + Lt +1_t)

commutes with every element of su(2): [t2,t,] = 0 for a = 1,2, 3.

\ J

Proof. Using [t1,to] = its, [to,t3] = it1, [t3,t1] = ite (the antisymmetrised structure constants
i€abe from Section 25.4):
[ts, ta] = [ts, t1] L i[ts, ta] = ite L i(—it1) = ite £ t1 = £(t1 £ ita) = iy,
[ty t] = [ty 4 itg, t1 —ita] = —i[ty, o] + i[ta, t1] = —i(it3) + i(—it3) = t3 + t3 = 2t3.
For the Casimir, using [t,,t2] = 0 trivially is not enough since t*> mixes different a; instead
compute directly, e.g.
(%, t3] = [t3, ts] + [t3, ts] = ta[t1, 3] + [t1, ts]ts + talta, ts] + [ta, t3]ta
= t1(—itg) + (—ita)t1 + ta(it1) + (it1)t2 = 0,

using [A, B?] = B[A, B] +[A, B] B (Leibniz rule for the commutator) and [ty,t3] = —ita, [t2,t3] =
it1; the terms cancel in pairs. The identical computation (or a cyclic relabelling 1 — 2 — 3 — 1)
gives [t2,t1] = [t?,to] = 0. Finally, t> = t3 +t3 +t3 and t t_ +t_t, = (t; +ita)(t1 — it2) + (t1 —
ita)(t1 + it2) = 2(#3 + 13), giving the stated rewriting ¢> = t3 + $(t4t_ +t_ty). O

Remark. Because [t?,t,] = 0 for all a, Schur’s Lemma (Part B) applies: if D is irreducible,
2 must act as a scalar multiple A 1y of the identity on the whole representation space. This
single number A (to be identified with j(j+1) below) will label the irreducible representations,
exactly as the quantum number ¢ (or j) labels angular-momentum multiplets in quantum
mechanics — indeed ¢2 4s, physically, the total angular momentum (or spin) operator squared.

J

A direct computation, using [t;,t_] = 2t3, gives two operator identities that will do all the
remaining work:

tot. =12 — 13 +t3, toty =t —t3 —t3. (6)
(From Theorem 31.1, tt— = J(t4t— +t_ty) + 3[t4,t-] = (t* — t§) + t3, and similarly with the
sign of the commutator reversed for t_t..)

31.2 The Highest-Weight Construction

Fix an irreducible representation D with Casimir eigenvalue \. Since t3 is Hermitian (if D is
unitary; we assume this, as we may by Part B’s unitarity theorem) it can be diagonalised, with
real eigenvalues m (its weights) and orthonormal eigenvectors 1y, t31, = my,.
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Theorem 31.2. ¢, raises the weight by 1 and ¢_ lowers it by 1: if ¢3¢, = mi,, then
t3(tLtm) = (m £ 1) (1), ie. tothy, X Ymeq (or is zero).

Proof. t3(txm) = ([ts, tL]+tets)m = (EtL+tam)y, = (mE1) t1hy,, using Theorem 31.1. O

Theorem 31.3. (Classification theorem.) The finite-dimensional irreducible representa-
tions of su(2) are labelled by a single number

i€{0, 31,3, 2 ...} (e 2j €Zx),

called the spin (or angular momentum). The representation D7 has dimension 2j + 1, an
orthonormal basis {1}, };m=—j —j+1,..; of t3-eigenstates, Casimir eigenvalue A\ = j(j + 1), and

t3’(/]$n = m’(zjgna
te i, = /(G —m)(G +m+1) ¥,
t_gd, = JG+m)G—m+1) ¢,

(with t+1/1§ =0and t_t’ ; = 0 understood, the square roots vanishing there).

- J

Proof. Since D is finite-dimensional, ¢3 has only finitely many eigenvalues (weights); by Theo-
rem 31.2 they are spaced by integers along each “ladder” generated by repeated application of
t4 or t_ to a given eigenvector, and since there are only finitely many, each such ladder must
terminate at both ends. Let j denote the largest weight occurring (the highest weight) and
Yj = @Z); a corresponding (normalised) eigenvector; termination at the top means

ty 1 = 0.
Apply t_t. (Eq. (6)) to v;: since t21); = A\p; (Schur, as D is irreducible) and t31); = ji;,

O=ttiqyy =" —ta)by= (A =7=j)y = A=j(G+1).

Now build v;_1,%;_2,... by repeated lowering, ¢, 1 o t_1p,; Theorem 31.2 guarantees each is
a tg-eigenvector with the stated eigenvalue, and irreducibility guarantees that repeated lowering
from 1); eventually reaches every vector in V' (the subspace generated this way is invariant under
t3,t+, hence under all of su(2)c, hence under su(2) itself, so by irreducibility it must be all of
V). By finite-dimensionality, this downward ladder must also terminate: there is a smallest
weight mpyin = j — N (for some non-negative integer N, since the weights are equally spaced by
Theorem 31.2) with t_t,,,,, = 0. Applying t.t_ (Eq. (6)) to ¥pm,,,:

O = t+t_ wmmin = (t2 - t% + tg)wmmm = ()\ - m?nin + mmin)wmmin = )\ = Mmin (mmin - 1)

Combining this with A = j(j + 1) and mpyi = j — N, and expanding both sides of j(j + 1) =
(j—N)(j—N—1) fully:
PHi=0-N-(G-N)=j"-2jN+ N —j+N

——
left right

— 2j+2jN=N?’4+N = 2j(14+N)=N(N+1),

and since N + 1 # 0, this gives 2j = N, i.e. |j = N/2|. So j is a non-negative half-integer,
Mmpin = J — N = j — 25 = —j, and the weights run over m = 5,5 — 1,...,—j in 25 + 1 integer
steps, giving dim D7 = 25 + 1.
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Finally, the explicit coefficients in the ladder action follow from computing the (positive, since D is
unitary) norm [[t_f, [|> = (Y], [t+t-|,) = A=m?+m = j(j+1)—m(m—1) = (j—m+1)(j+m)
(using Eq. (6) and A = j(j + 1)), and taking the positive square root as the (real, by convention)
proportionality constant defining ¢/ | := t_1J,/\/(j +m)(j — m + 1); the coefficient for ¢,
follows identically from ||ty 97 ||2 = (Yl [t _t |l ) =X —m? —m = (j —m)(j +m +1). O

Remark. This is exactly the familiar quantum-mechanical construction of angular-
momentum multiplets — j = 0 (dimension 1, trivial representation), j = % (dimension 2, the
defining/spinor representation of SU(2), with ¢, = 30, as in Section 25.4), j = 1 (dimension
3, the vector/adjoint representation, isomorphic to the defining representation of SO(3)),
Jj= % (dimension 4), and so on — now derived from nothing but the abstract commutation
relations [tq, tp] = i€gpete, With no reference to any particular physical system. As flagged
in Section 30: the integer-j representations (j = 0,1,2,...) are honest representations of
SO(3), while the half-integer-j ones (j = ,3,...) are honest representations of SU(2) but
only projective representations of SO(3).

- J

N

32 The Clebsch—Gordan Decomposition

Given two irreducible representations D!, D72 of su(2), their tensor product D/t @ D72 (Def-
inition 28.4 and Theorem 28.3) is, in general, reducible: it decomposes into a direct sum of
irreducibles D’. Finding exactly which j’s occur, and how the corresponding basis vectors are
built out of gb,]%l ® 332, is the Clebsch—Gordan problem — ubiquitous in physics under the
name “addition of angular momentum?.

32.1 Counting States: Which j Occur?

Write T3 := tgl) ®1+1 ®t§2) for the total-spin generator on V = V71 ® V72 (Theorem 28.3). The
product basis vectors 1/)3%1 ®@1pJ2 are simultaneous eigenvectors of T3 with eigenvalue m = mj +mo,
so the multiplicity of weight m in V,

N(m) = #{(mlva) 1my € {_j17~-' 7j1}7 mo € {_j27" . 7j2}7 mq +m2 == m}7

is simply the number of lattice points on the diagonal line m; 4+ mo = m inside the rectangle
[_jlvjl] X [_j27j2]-

m = % (2 states)

my =0 ® O]

m = — 5 (2 states)

my = —1 ® ® m--3

Figure 14: Weight-counting diagram for D! @ D'/2 (dimension 3 x 2 = 6). Each dot is a product
state w}nl ® wrln/f; states are grouped by total weight m = mq 4+ ms. The unique m = % state
is the highest weight of a D32 multiplet (dimension 4, using up one state from each of the

m = %, %, —%, —% levels); the remaining state at m = % is then the highest weight of a second

multiplet, D'/? (dimension 2). Total: 4 4+ 2 = 6, matching D' @ D'/?2 = D3/2 ¢ D/2,
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Theorem 32.1. For j; > js (without loss of generality),
Dit @ D2 >~ phtiz g piitie—1l g ... g Dj1—j2’
each irreducible D7 (j = |j1 — jal,- .-, Jj1 + j2, in integer steps) occurring with multiplicity

exactly one.

\ J

Proof. The top weight m = j; + jo occurs with multiplicity N (j1+j2) = 1 (only m1 = ji,ma = jo

achieves it): this state, @Z)ﬁ ® 55, satisfies T (-) = O (both factors are already annihilated by
their own ¢4, and T} = t(+1) RI1+1® tg) by Theorem 28.3), so it is a highest-weight state and
generates (by repeated lowering with 7", exactly as in Theorem 31.3) a full copy of D’/1772, using

up exactly one state at every weight m = ji + jo, 71 +Jj2 — 1,..., —(J1 + j2)-

At the next weight down, m = j; +j2 — 1, one has N(j1 +j2—1) = 2 (from (mq1,m2) = (j1 — 1, j2)
and (j1,72 — 1), which are always distinct, since they differ in my, and always both within range
provided ji1, jo > %; if instead, say, jo = 0, then N = 1 throughout and the construction below
simply terminates immediately with the single multiplet D71), of which one linear combination is
already used by the D71+72 multiplet just constructed (obtained by lowering its highest-weight
state); the orthogonal combination within this two-dimensional weight space is annihilated by
T, (being orthogonal to the image of T_ acting on the m = j; + jo state, and T, T_ are
mutually adjoint for a unitary representation, so 7 maps this orthogonal complement into the
now-exhausted m = ji + jo level’s orthogonal complement, i.e. to zero) — hence it is itself a new
highest-weight state, generating a full copy of DJ1ti2—1,

Iterating this argument (at each successive weight m, one new highest-weight state is liberated,
precisely accounting for the increase N(m) — N(m + 1) in multiplicity, as long as N is still
increasing) continues until m reaches j; — jo: for |m| < j; — ja, every one of the 2js + 1 values
of mg € {—j2,...,j2} admits a valid m; = m —mg € {—j1,...,71}, so N(m) has reached, and
stays at, its maximum plateau value 2js + 1 throughout this range (it no longer increases, so
no further new highest-weight states are liberated once m < j; — jo2); below m = —(j1 — j2),
N(m) decreases again by exactly the same amount it increased, symmetric under m — —m,
and the construction is complete after exactly 2jo + 1 multiplets have been extracted, at

J=n+tJi+ij2—1...,01— Jjo O

Remark. Dimension check. The claimed decomposition can be verified independently by
summing dimensions: with a := j1 + j2, b:= j1 — jo > 0,

za:(szr D=(a+1)? - =(a+b+1)(a—b+1)= (21 +1)(2j2+ 1),
j=b

using > 7_(2j + 1) = (n +1)? (sum of the first n+1 odd numbers) applied to >§_, =
> 5=0 —Zg;é, and factoring the difference of squares; this matches dim(D/' @ D7) =
(271 + 1)(2j2 + 1) exactly, confirming Theorem 32.1.

32.2 Clebsch—Gordan Coefficients

Definition 32.1. The (real, by convention — see below) expansion coefficients relating the
two orthonormal bases of V71 @ V72,

¢§£) — Z (j1 j2; m1ma|jm) #1 ® 1/422 (my + mg = m enforced),

mi,m2

75



are called Clebsch—Gordan coefficients. They vanish unless m = m; + my and unless
lj1 — j2| < j < g1+ jo (Theorem 32.1).

The proof of Theorem 32.1 is, in fact, a recipe for computing them: at each new top weight
m = j1+jo—k (k=0,1,...,2j2), find the state orthogonal to all previously constructed
multiplets within the (finite-dimensional) weight-m subspace, fix its overall phase (Condon—
Shortley convention: the coefficient of the term with the largest value of my is chosen
real and positive), and then generate the rest of that D’/ multiplet by repeated application
of T_ = t(_l) RT+1® t(_Z), using the known coefficients of Theorem 31.3 to keep track of
normalisation. This procedure determines every Clebsch—Gordan coefficient uniquely (given the
phase convention) and, remarkably, always produces real numbers.

-~

Example 32.1. Two spin-1’s: D2 @ DY/2 = D! @ DO. Write |1) := ¢H§, 1) = wi/f/z
for the two basis states of each spin—% factor. By Theorem 32.1 (j; = jo = %), DY2g D1/?2 =
D' @ D° (dimension check: 2 x 2 =4 = 3 + 1). Following the recipe:
Top state (m = 1, unique): 1/1%1) = |1) (shorthand for | 1) ® | 1)), a highest weight state for
D' (T, [11) = 0 since t4| 1) = 0 in each factor).

1/2 1/2

Lower it using T_ = t(_l) RI+1I® t(_Q) and Theorem 31.3 (t_wl/2 = ¢—1/2= coefficient
VE+DG -3+ =1

Ty’ = [I1) + 1)),  normalised: 5" = Jo(It4) + 1))

(The normalisation follows the general coefficient t_vJ, — /(G +m)(j —m+ 1) ¢ | of
Theorem 31.3 with j = 1,m=1: /A + 1)(1 -1+ 1) = V2.
Lower once more (j = 1,m = 0: coefficient \/(1+0)(1 —0+ 1) = v/2). Since t_| }) =0

already (bottom of each individual spin—% ladder), only one term survives in each product:

T_Ith =@l +INe 1) =)+0,  T_|It)=0+[1),

SO

Ty = LTl + T 1) = (2 1) = V2,

matching the predicted coefficient /2, and giving 1/1(_11) = [1}): this completes the triplet D':

pid=11), =), o8 =l

The singlet D°: at m = 0 there are two product states, [1]), ||1), of which one combination,

(()1) above, is used by the triplet; the orthogonal combination,

e = (It — 1)),

(sign and normalisation fixed by orthonormality to 1/1[()1), and the Condon—Shortley convention
that the my = % term — i.e. [1) — carries the + sign) must satisfy T+w(()0) =0and T_ (()0) =0
automatically, since it is alone at its weight and D° is one-dimensional; one checks this directly:
Ty = I (t+] 1)@ D+ Dts| )=t Y&l D)=| Dote| 1)) = F5 0+ —11)—-0) = 0,
as required.

The non-zero Clebsch-Gordan coefficients (3 1;m1 ma|jm) are summarised below:
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mi Mo m ‘ 7=1 7=0
1 1
1 1 1 1 _
A T U
2 2 V2 NG)
S O S S
2 7 Vi s
-3 —3 1] 1 —
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Physical perspective

This is exactly the familiar quantum-mechanical rule for combining two spin—% particles:
the symmetric triplet D! = {|11), \%(H@ +141)), [44)} and the antisymmetric singlet

DO = \%(]TJ,) — [41)), ubiquitous from the hydrogen-atom hyperfine splitting to entangled

two-qubit (Bell) states — the singlet state is, in fact, the maximally entangled state referenced
in the remark following Definition 28.4.

-

33 Application: Spherical Harmonics as Representation Func-
tions of SO(3)

As a worked application connecting the abstract classification of Section 31 back to very concrete
objects, we identify the integer-spin representations D¢ (¢ = 0,1,2,...) inside the familiar space
of functions on the sphere.

SO(3) acts on functions f : S — C by (I'(R)f)(2) := f(R™'2) (R € SO(3), & € S?); this
is a (generally infinite-dimensional) representation, since I'(RiR2)f(2) = f((RiR2)™ %) =
f(Ry'Ry'2) = T(R2) f(Ry'2) = (T(R1)T(R2) f)(#). Differentiating along R = exp(té,) (rota-
tion about axis a) at t = 0, exactly as in Section 27, gives the induced Lie-algebra representation
— the familiar orbital angular momentum operators

) 0
L, := —zeabcxba—xc (a=1,2,3),
acting on functions of # € R? (restricted to S?, i.e. |¥] = 1). Writing L, = €qpeppe With p. = —i0,
and using the canonical commutator [z, py| = i04p, a direct (if slightly lengthy) computation —
entirely standard, and identical in structure to the Pauli-matrix computation of Section 25.4 —
confirms that the L, satisfy exactly the su(2) = so(3) commutation relations of Section 25.4:

[Laa Lb] = 1 €ghe Lc-

In spherical polar coordinates (6, ) on S? (related to & by z; = sinfcosp, vy = sinfsin ¢,
x3 = cos @), the chain rule turns these into the familiar differential operators

0
L :—‘_
3 Z8807
- 0 0
= ) = :l:ZgO _— ) _—
Ly :=L1+ilo=c¢ (i89+w0t984p>’
2_ 1 2(- 2)_;3_2
L7= sin 0 96 s1n989 sin? § 9?2’

matching precisely the abstract t3, 4, % of Section 31 (with L3 <> t3, Ly ¢ t+, L? <+ t?). The
spherical harmonics Y, (0, ¢) are, by definition, the joint eigenfunctions

Y =0+ DY, LY =mY]",
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so that, for each fixed £, the (2¢ + 1) functions {Y;"}/ __, furnish an explicit realisation of the
abstract representation D¢ of Theorem 31.3, with LY =Fm)(lE£tm+1) YzmjEl exactly
as in that theorem.

Remark. Why only integer ¢ occurs here. Single-valuedness of a genuine function
on the sphere requires Y;"(0,¢ + 2m) = Y,"(0,¢); since Ly = —id, has eigenfunctions
o e™# this forces m € Z, and hence (by Theorem 31.3) ¢ € Z>( as well. This is a concrete
instance of the general fact, established in Section 30: functions on S? = SO(3)/SO(2) (the
sphere is literally the coset space of rotations modulo those fixing the north pole) can only
realise honest representations of SO(3) itself, and Section 30 showed these are precisely the
integer-spin ones. The half-integer-spin representations of su(2), by contrast, are realised not
on functions of a point on the sphere, but on two-component spinor fields, which pick up the
projective phase —1 discussed there.

-

The explicit closed-form solution of these eigenvalue equations (solving the eigenvalue problem
for L? by separation of variables, the polar part reducing to the associated Legendre equation)
gives the standard normalised formula

Y0, 0) = <—1>m\/ L o Preost) e (<m <),

where P} are the associated Legendre functions (in the convention already incorporating the
Condon-Shortley phase into P;" itself, the explicit (—1)™ above is redundant with it; we follow
the common convention, consistent with the ladder-operator phases already fixed above, in which
(—1)™ is displayed explicitly and P;" is defined without it — consult whichever source’s P;"
you use and include the phase exactly once); we do not re-derive this classical formula here (it
belongs properly to the analysis of the Legendre differential equation), but note that its existence
and structure — one function for each of the 2¢ 4+ 1 values of m, related by the ladder operators
L4 exactly as prescribed by representation theory — is now fully explained, and indeed predicted
in advance, by Theorem 31.3 alone, without solving any differential equation.

Physical perspective

This is the representation-theoretic underpinning of the multipole expansion in electrostatics,
of the angular part of the hydrogen-atom wavefunction, and of the addition of orbital
angular momenta via the very same Clebsch—Gordan coefficients of Section 32 (e.g. the
product Y, Y,"* of two spherical harmonics — itself a function on the sphere, with no
radial dependence at all — decomposes into a sum of YLM ’s whose coeflicients are exactly
products of Clebsch-Gordan coefficients (one for the m’s, (¢1€2; mima|LM), and one fixing
the overall normalisation via (¢1¢2;00|L0)) as in Example 32.1; this purely angular integral
fYM *Y, "Y' dS) is precisely what is known as the Gaunt coefficient). It is a striking
illustration of the power of the present chapter that the entire qualitative structure of
spherical harmonics — their number at each ¢, their transformation under rotations, their
recursion relations — follows from three lines of Lie algebra ([tq,ty] = i€gpetc), with no
reference to the Legendre differential equation at all.
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Part IV

Structure Theory and Classification of
Semisimple Lie Algebras

34 Introduction: From a Single Algebra to a Classification

In Part C we learned how to pass from a Lie group to its Lie algebra, how representations of
the algebra relate to representations of the group, and we solved, by hand, the representation
theory of one particular algebra: su(2) = so(3). That computation — ladder operators, a
Casimir invariant, a highest weight terminating a finite tower of states — is the prototype for an
enormously more general theory, and the goal of the present chapter is to set up the machinery
that makes that generalisation possible.

The strategy, due to Killing and Cartan (1888-1894) and brought to its modern form by Weyl,
Dynkin and others, is to show that every semisimple Lie algebra — no matter how large or exotic
— can be reduced to a small, purely combinatorial object: a finite set of vectors in a Euclidean
space (its root system), subject to a short list of rigid geometric constraints. Once the possible
root systems are enumerated, one has, in effect, enumerated every semisimple Lie algebra that
can possibly exist. This is one of the most complete classification theorems in all of mathematics,
and it underlies the entire structure of Lie group theory as used in physics: every classical gauge
group (the SU(N)’s, SO(N)’s, Sp(N)’s of the Standard Model and grand unified theories) and
every classical global symmetry (isospin, flavour SU(3), the Lorentz and Poincaré algebras) is an
instance — or a close relative — of this classification.

We proceed in five stages. First (Section 35) we sharpen the notions of simple and semisimple
Lie algebra, introduce the Killing form, and prove Cartan’s criteria characterising solvability
and semisimplicity in terms of it. Second (Section 36) we introduce the complexification of a real
Lie algebra, which lets us treat, e.g., su(2) and sl(2,C), or the rotation and boost generators of
the Lorentz algebra, on the same algebraic footing — trading reality for enormous computational
convenience, exactly as we did with the ladder operators ¢4 in Part C. Third (Section 37) we
generalise the ladder-operator construction of su(2) to an arbitrary semisimple Lie algebra:
choosing a Cartan subalgebra § (the analogue of the single generator t3), the rest of the
algebra organises itself into root spaces, simultaneous eigenspaces of ad(h), labelled by vectors
« (the roots) in the dual of h. Fourth (Section 38) we show that the roots obey rigid integrality
and angle constraints — direct descendants of the su(2) representation theory of Part C, applied
to each root individually. Finally (Section 39—-Section 40) we show that the entire root system
is already determined by a small subset of simple roots, encode their pairwise relations in
the Cartan matrix and its pictorial form, the Dynkin diagram, and state the classification
theorem that completely enumerates all possible diagrams — and hence all simple complex Lie
algebras.

Physical perspective

This chapter is the mathematical machine behind statements physicists take for granted,
such as “the possible gauge groups are SU(N), SO(N), Sp(NN), and five exceptional cases,”
or “the Standard Model is SU(3) x SU(2) x U(1), and SU(5) or SO(10) grand-unify it.”
Once you know the classification, choosing a gauge group is choosing a Dynkin diagram — a
piece of combinatorics — and the representation content (particle multiplets) is then read off
from the same root-and-weight machinery developed here and continued in the next chapter.
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35 Simple and Semisimple Lie Algebras

35.1 Ideals, Simplicity, and Semisimplicity

Recall from Part C that a subspace I C g of a Lie algebra g is an ideal if [g, I] C I, i.e. bracketing
with anything in g never leaves I (this is the Lie-algebra analogue of a normal subgroup, and
indeed is exactly what one obtains by linearising the defining property of a normal subgroup at
the identity). Every Lie algebra has (at least) the two trivial ideals {0} and g itself.

Definition 35.1. Let g be a (finite-dimensional) Lie algebra.
(a) g is simple if g is non-abelian and has no ideals other than {0} and g itself.
(b) g is semisimple if g contains no nonzero abelian ideal.

Remark. The exclusion of the abelian case in (a) is purely a matter of convention, needed
to make the classification theorems clean: an abelian Lie algebra of dimension 1 trivially has
no ideals other than {0} and itself (it has no proper nonzero subspaces to speak of, when
1-dimensional), but we do not want to call it “simple,” since it carries no interesting bracket
structure at all (its bracket is identically zero). Every simple Lie algebra is automatically
semisimple: it has no proper nonzero ideals at all, hence in particular no nonzero abelian
ideal.

We will shortly prove (Theorem 35.4) that semisimplicity is equivalent to the more intuitive
statement that g decomposes as a direct sum of simple ideals — “semisimple” literally means
“built, without remainder, from simple pieces.”

35.2 The Killing Form

The tool that makes simplicity and semisimplicity computable — rather than a property one
must verify by exhibiting or excluding ideals by hand — is a canonical symmetric bilinear form
carried by every Lie algebra, built from the adjoint representation of Part C.

e N

Definition 35.2. Let g be a Lie algebra. Its Killing form is the symmetric bilinear form
K(a,b) := Tr(ad(a) ad(b)) (a,b € g),

where ad(a) : g — g, ad(a)b = [a, b], is the adjoint representation and the trace is that of a
linear operator on the (finite-dimensional) vector space g.

Symmetry, K(a,b) = K(b,a), is immediate from cyclicity of the trace, Tr(AB) = Tr(BA). In a
basis {t,} with structure constants [ts,tp] = fap® tc, the matrix of ¢, in the adjoint representation
is (T29),¢ = fpo¢ (Definition 29.1), so that, with the trace taken over the contracted index pair,

Kab = K(tavtb> = (Taad)cd (Tl?d)dc = fcadfclbC = facdfbdca

a totally explicit formula once the structure constants are known.

Theorem 35.1. The Killing form is invariant: for all a,b,c € g,

K([a,b],c) = K(a,lb,]), equivalently K([a,b],c) + K(b,[a,c]) = 0.

Proof. By definition, K([a,b],c) = Tr (ad([a,b]) ad(c)). Since ad is a representation of g (Part
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C), ad([a,b]) = [ad(a),ad(b)], so

K ([a,b],c) = Tr (ad(a) ad(b) ad(c)) — Tr (ad(b) ad(a) ad(c))
= Tr (ad(a) ad(b) ad(c)) — Tr (ad(a) ad(c) ad(b)) (cyclicity)
= Tr ((ad(a)[ad(b) ad(c) - ad(c) ad(b)])
— T (ad(a) ad([b,])) = K(a,[b,)),

(in the second line we used cyclicity of the trace, Tr(ad(b) ad(a) ad(c)) = Tr(ad(a) ad(c) ad(b)),
shifting the last factor to the front), which is the first identity. For the second form, apply
the first identity with (a,b,c¢) — (a,c,b) to get K([a,c],b) = K(a,[c,b]) = —K(a,[b,c]), using
antisymmetry of the bracket. By symmetry of K, the left-hand side is K([a,c|,b) = K (b, [a,c]),

K(b,la,c]) = —K(a,[b,c]).

Adding K ([a,b],c) = K(a,[b,c]) (the first identity) to this gives

K([a,b],c) + K(b,[|a,c]) = K(a,[b,c]) — K(a,[b,c]) = 0. O

s N
Remark. Invariance says that ad(a) is “antisymmetric” with respect to K for every a € g:
K(ad(a)b,c) = —K(b,ad(a)c). This is the algebraic shadow of the group-level fact that
K(Ad(g)b, Ad(g)c) = K(b,c) for all g in the corresponding Lie group (proved directly from
Ad(g) ad(b) Ad(g)~! = ad(Ad(g)b) and cyclicity of the trace) — the Killing form is preserved
by the adjoint action of the whole group, and infinitesimally by the whole algebra.

35.3 Cartan’s Criteria

Cartan’s two criteria turn the abstract, structural notions of solvability and semisimplicity into
concrete linear-algebra computations on the Killing form. We first recall that a Lie algebra g is
solvable if its derived series g(®) = g, g*+1) = [g(¥), g(¥)] terminates at {0} after finitely many
steps (this notion has not come up explicitly before this chapter).

s N

Theorem 35.2. (Cartan’s first criterion.) A Lie algebra g is solvable if and only if

K(a,b) =0 forallaeg, b€ lg,g]

Theorem 35.3. (Cartan’s second criterion.) A Lie algebra g is semisimple if and only
if its Killing form is non-degenerate, i.e. det(K,;) # 0 (equivalently: K(a,b) = 0 for all
b € g forces a = 0).

Remark. The proofs of both criteria require a fair amount of linear-algebraic machinery
(Cartan’s original arguments, or the modern proof via Lie’s theorem on solvable Lie algebras
of linear operators) that would take us rather far afield from our main goal — reaching
the classification of root systems. We will therefore use both criteria as computational
tools throughout the rest of this chapter (they are entirely standard and can be found with
full proofs in, e.g., Humphreys’ Introduction to Lie Algebras and Representation Theory or
Fulton-Harris’ Representation Theory), while proving everything that follows from them in
full detail.
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Theorem 35.4. Every semisimple Lie algebra g is either simple, or decomposes as a direct
sum of simple ideals,

g =0190g2® - Dgn  (each g; simple, [g;,g;] = 0 for i # j).

Sketch of proof. If g is not simple, it has a proper nonzero ideal I. Using non-degeneracy of K
(Cartan’s second criterion, since g is semisimple) one shows that the K-orthogonal complement
It :={acg:K(a,b) =0Vbe I} is also an ideal, and that g = I ® I+ as vector spaces, with
[I,I*] = 0 (invariance of K, Theorem 35.1, shows I+ is an ideal; non-degeneracy of K restricted
to g then forces I N I+ = 0 and a dimension count gives g = I @ I). One checks that both I
and I+, being ideals of a semisimple algebra, are themselves semisimple (any abelian ideal of I
would also be an abelian ideal of g), so by induction on dimension both split further into simple
ideals, and g is their direct sum. O

Theorem 35.5. If g is semisimple, the adjoint representation ad : g — gl(g) is faithful
(injective): ad(a) = ad(b) implies a = b.

Proof. Suppose ad(a) = ad(b), i.e. ad(a — b) = 0 as a linear operator on g. Then for every c € g,
K(a—b,c¢) =Tr (ad(a — b) ad(c)) = Tr(0) = 0.

Thus a — b lies in the K-orthogonal complement of all of g. Since g is semisimple, K is
non-degenerate (Theorem 35.3), so K(a — b,c) =0 for all ¢ € g forcesa —b=0,ie.a=5b. O

Theorem 35.6. If g is simple, the adjoint representation of g on the vector space V = g is
irreducible.

Proof. A subspace W C g is invariant under ad(g) — i.e. ad(a)w € W for all a € g,w € W —
if and only if [g, W] C W, which is precisely the statement that W is an ideal of g. Since g is
simple, its only ideals are {0} and g itself; hence its only ad-invariant subspaces are {0} and g,
which is exactly the definition of irreducibility. O

35.4 Examples

Example 35.1. su(2) is simple (hence semisimple). Using the anti-Hermitian basis
by = %Ua of Part B ([ta, ts] = —€abetes 80 fap® = —€ape — not to be confused with Part C’s
Hermitian t, = %aa, which satisfies [t4, t5] = +icqpcte instead; the two bases share the symbol
t, but are not the same generators), one computes that

d
Kab = fac fbdc = _5acd(_gbdc) = E€acd€bdec = _2611177

using €4cd€ped = 204y and one further sign from reordering the last two indices of the second
e. In particular det(K ) = (—2)3 = —8 # 0: the Killing form is non-degenerate, so su(2) is
semisimple by Cartan’s second criterion. One further checks directly (or simply recalls from
the classification of 2 x 2 traceless anti-Hermitian matrices) that su(2), being 3-dimensional
and non-abelian, has no 1- or 2-dimensional ideals, hence is in fact simple.

Example 35.2. su(2) @ su(3) is semisimple but not simple. The direct sum of two Lie
algebras g1 @ g2 (Part C, with [ (a1, a2), (b1, b2)] := ([a1, b1], [az, b2])) has g1 ® {0} as a proper,
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nonzero, non-abelian ideal (it is an ideal since [g1 @ g2, g1 ® {0}] = [g1,91] ® {0} C g1 ® {0},
using [g1,{0}] = {0}). A non-abelian proper ideal already disqualifies su(2) @ su(3) from
being simple (Definition 35.1(a) requires no proper nonzero ideal, abelian or not). Yet
su(2) @ su(3) s semisimple: its only ideals are {0}, su(2) @ {0}, {0} @ su(3), and the whole
algebra (this uses that su(2) and su(3) are themselves simple, so a general ideal’s projections
onto each factor must, by the same argument as Theorem 35.6, be {0} or the whole factor),
and none of these is abelian except {0} itself. This is the generic situation described by
Theorem 35.4: a semisimple but non-simple algebra is precisely a direct sum of two or more
simple ideals.

Example 35.3. u(N) is not semisimple. Recall u(N) = su(N) @ u(1) as vector spaces
(Part B), where u(1) = R is spanned by i1y, and (since i1y commutes with everything)
[u(N),u(1)] = 0: the u(l) factor is a nonzero abelian ideal of u(N) (it is central, hence
trivially an ideal, and 1-dimensional, hence abelian). By Definition 35.1(b), the existence of
this nonzero abelian ideal means u(N) fails to be semisimple. Concretely: since ad(ily) =0
identically, the row and column of the Killing form corresponding to the u(1) generator
vanish, so K is (maximally) degenerate — consistent with Cartan’s second criterion.

-

Example 35.4. so(4) = s0(3) @ s0(3) is semisimple but not simple. Writing M;;
(1 < i < j < 4) for the six generators of so(4) and defining A; := %gijijk + M4,
B; = %sz-jijk — My for i, 5,k € {1,2,3}, one finds by direct computation from [M;;, My] =
5jkMil - (51‘ij[ — (SﬂMik + 51’le]€ that [AZ,AJ] = _2€ijkAk> [B,L,B]] = _25ijkBk7 and
[Ai, Bj] = 0 (the overall factor of —2, rather than —1, simply reflects the normalisation
chosen for A;, B; above and does not affect the isomorphism type): the A’s and B’s each
close on their own copy of s0(3) = su(2) (after rescaling by —3 to match the standard
normalisation), and the two copies commute with each other. Hence s0(4) = s0(3) @ s0(3),
exactly as in Example 35.2: semisimple (direct sum of two simple algebras) but not simple
(each s0(3) summand is a proper non-abelian ideal). This decomposition is the algebraic root
of the well-known fact that SO(4) is locally isomorphic to SU(2) x SU(2), with important
applications in the study of the hydrogen atom’s “accidental” O(4) degeneracy and in
four-dimensional (anti-)self-dual gauge theory.

36 Complexification and the Lorentz Algebra

36.1 Complexification and Real Forms

We already introduced the complexification of a Lie algebra in passing in Part C; we now make
the construction precise and prove the key fact that makes it useful: representations of a real Lie
algebra and of its complexification are in natural bijection, so that nothing is lost — and, as we
will see, a great deal of computational convenience is gained — by working with the complexified
algebra.

Definition 36.1. Let g be a real Lie algebra with basis {¢,} and structure constants
[tasty] = farCte (fap© € R). Its complexification g := g¢ is the complex vector space of
formal sums a + ib (a,b € g), i.e. § = g @ ig as a real vector space but now equipped with
multiplication by ¢, with bracket extended C-bilinearly:

[a1 + b1, as —|—Zb2] = ([al,ag] = [bl,bz]) + i([al,bg] + [bl,ag}).
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Equivalently: {¢,} remains a basis of § as a complex vector space, with the same structure
constants f,;¢, now allowing complex coefficients. If gc = g for a given complex Lie algebra
g, the real Lie algebra g is called a real form of g.

Two features of this definition deserve emphasis. First, complexification does not change the
number of generators: dimc g = dimg g (we merely allow complex linear combinations of the
same basis, rather than only real ones). Second, a single complex Lie algebra g can have several,
non-isomorphic real forms g — we will see this explicitly for s((2,C) in a moment, and it is
precisely the freedom exploited when we pass, e.g., from the compact rotation group to the
non-compact Lorentz group while keeping “the same” complexified algebra.

Theorem 36.1. Let g = gc be the complexification of a real Lie algebra g. There is a
natural bijection between (finite-dimensional) complex-linear representations I'g of g and
(finite-dimensional, complex-vector-space-valued) representations I'y of g, given by restriction
one way and complex-linear extension the other:

Ig(a) = Ty(a+10) (a €g), Li(a+1ib) = Ty(a) +iTy(b).

- J

Proof. Given I'y, define I'y by restriction to g < g, a = a + 10; since g’s bracket restricted to
g agrees with g’s own bracket (by construction of §) and I'y is a homomorphism, I'y([a, b]) =
I'([a, b] +1i0) = [I'g(a +40), (b +i0)] = [I'g(a),T'¢(b)]: I'y is indeed a representation of g.

Conversely, given a representation I'y of g on a complex vector space V, define I'z(a + ib) :=
I'y(a) +il4(b); this is manifestly C-linear in a + ib, and one checks directly, using bilinearity of
both brackets and the fact that I'y is a representation of g, that

[Ts(a1 4 ib1),Tg(ag + ib2)] = [Lg(ar) + iLg(b1), Tg(az) + ilg(b2)]
= ([Tg(a1), Tg(az)] — [Tg(b1),Tg(b2)])
+i([Tg(ar), Dg(b2)] + [Tg(b1), Tg(az)])
=Ty([a1, az] — [b1,b2]) + i Tg([ar, ba] + [b1, a2))
=T ([a1 + ib1, as + iby)),

using the definition of the bracket on g in the last step: I' is a representation of g. The two
constructions are manifestly mutually inverse. O

Remark. This theorem is the rigorous justification for a trick we already used freely in
Part C: to classify the representations of the real algebra su(2), we introduced the complex
combinations t4 = ¢; & ito and worked entirely inside the complexification su(2)c = sl(2, C),
where t1 and t3 form a convenient basis (raising/lowering/Cartan generators) even though
t4 ¢ su(2) itself. Theorem 36.1 guarantees that every representation of sl(2, C) found this
way restricts to a genuine representation of su(2), and every representation of su(2) arises
this way — so no information is gained or lost, only computational convenience.

36.2 Example: sl(2,C) and Its Two Real Forms

Example 36.1. su(2) is a real form of s[(2,C). With the basis t, = 2o, of 5u(2) ([ta,ts) =
—Eabcte), the complexification su(2)c¢ is, by Definition 36.1, the 3-(complex-)dimensional
complex Lie algebra spanned by t1,t2, t3 with complex coefficients allowed. Since {t¢,} are
(as 2 x 2 complex matrices) linearly independent over C and span exactly the traceless 2 x 2
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complex matrices (any traceless complex 2 X 2 matrix is a complex linear combination of
i01,109,103), we get su(2)c = sl(2,C): the complexification of su(2) is exactly the complex
Lie algebra of traceless 2 x 2 complex matrices under the commutator, the algebra used to
classify su(2) representations in Part C.

Example 36.2. s[(2,R) is a different real form of the same sl(2,C). Take the basis of
traceless 2 x 2 real matrices

1/(1 0 1/{0 1 1/0 1
b1_2<0 —1)’ 62_2<1 o)’ b3_2<—1 0)'

A direct computation of matrix commutators gives
[blabQ] = b37 [627[)3] = _b17 [b37b1] = _b27

so sl(2,R) is again 3-dimensional with real structure constants; complexifying (allowing
complex coefficients of the same basis by, by, b3) evidently reproduces the traceless 2 x 2
complex matrices, i.e. s[(2,R)c = sl(2,C) as well. So su(2) and s[(2,R) are both real forms
of the same complex Lie algebra sl(2, C).

They are, however, not isomorphic as real Lie algebras, and the Killing form detects
this immediately. Writing out ad(b;),ad(b2),ad(b3) as 3 x 3 matrices in the basis (b1, b2, b3)
from the brackets above and computing traces of products (exactly as in Example 35.1) gives
the off-diagonal entries K (b;,b;) = 0 for ¢ # j and

K(blubl) = 27 K(b2)b2) = 27 K(b37b3) = -2

The Killing form of sl(2,R) is therefore indefinite (signature (2,1)): non-degenerate, so
s[(2,R) is semisimple (consistent with det K =2 -2 (—2) = —8 # 0, the same numerical
determinant as for su(2) in Example 35.1 — a coincidence of these two particular, similarly-
normalised bases rather than a general fact: det K itself is not basis-independent, since under
a change of basis t, — S, the Gram-type matrix transforms as K +— STKS, rescaling
det K by (det S)? > 0; what is basis-independent is the sign of det K and whether it vanishes,
which is all Cartan’s second criterion actually uses), but not of one definite sign, unlike su(2)’s
Kup = —264p, which is negative-definite. Since an isomorphism of real Lie algebras would
have to carry one Killing form onto the other and thus preserve its signature, su(2) % sl(2, R).

Remark. The two real forms in Examples 36.1 and 36.2 play very different roles: su(2),
with its negative-definite Killing form, is the compact real form of s((2,C) (it is, up to
isomorphism, the unique real form for which the corresponding Lie group is compact —
recall from Part C that a negative-definite ad-invariant form is exactly what makes the
Haar measure argument for compactness go through). s[(2,R) = so(2, 1), with its indefinite
Killing form, is the split (or “normal”) real form, associated with the non-compact
group SL(2,R). In general, a given complex simple Lie algebra has exactly one compact
real form but can have several non-compact ones; distinguishing them, and understanding
which groups are compact, is exactly the kind of “global” information that is invisible to the
complexified algebra alone, as anticipated in Section 34.
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36.3 Physical Application: The Lorentz Algebra so(3,1)

We now apply exactly this circle of ideas to the Lorentz algebra, with dramatic effect: the
complexified Lorentz algebra splits as a direct sum of two commuting copies of su(2)c, which is
the algebraic origin of the entire (7, j') classification of relativistic fields (scalars, spinors, vectors,

).

Let 6, (p = 1,2, 3) denote the generators of spatial rotations and 6,43 (p = 1,2, 3) the generators
of boosts, satisfying (in the conventions of Part B, matching the antisymmetric su(2) convention
[tas tb] = —Eapcte used throughout)

[9p> 9(1] = _EPQTQTa [0p79q+3] = _5pqr0r+3> [‘9p+37 9q+3] = qurgr-

The first relation says the rotations 6, close on their own s0(3) = su(2) subalgebra; the second
says the boosts 0,3 transform as a 3-vector under rotations; the third — the key, distinctively
relativistic relation — says that the commutator of two boosts is not zero but produces a rotation
(the algebraic origin of Thomas precession). Because of this last relation, {643} does not span
an ideal, and s0(3,1) has no proper ideal at all as a real Lie algebra: it is simple.

Example 36.3. Complexifying the Lorentz algebra. Passing to the complexification
50(3,1)c, define the complex combinations

Ap = 5(0p + ibp13), By := 5(0p — i0p+3) (r=1,2,3).
Using the three bracket relations above, a direct computation gives
[Apa Aq] = %;([epa 9(1] + i[epa 9q+3] + i[9p+3: 9(1] - [9p+3’ 9q+3]>

(—qu,ﬂr — € gl = USrrin — equGT)

|
AN

(—erqﬁr — 2iepqr9T+3> = —Lepgr (0p +i0,43) = —epgrAr,

|
PN,

where we used [0p43,0,] = —[04, 0pt3] = —€pgrbr+3 (antisymmetrising the second relation).
An identical computation gives [By, By] = —&pqr By, while for the cross-bracket the 6, and
0,43 contributions cancel instead of adding:

[Ap’ Bq] = }1([9177 eq] - i[epv ‘9q+3] + i[9p+3a eq] + [9p+37 9q+3]>
= L(—epgrbr + icpgrOrss — icpgrlrts + epgrfr) = 0.
So Ay, Ag, As satisfy exactly the su(2) bracket relations of Example 35.1, likewise By, B2, Bs,
and the two triples commute with each other:

s50(3,1)c = su(2)c ®su(2)c = sl(2,C) @sl(2,C).

\ J

Physical perspective

This is one of the most consequential computations in relativistic physics. Theorem 36.1 tells
us that classifying representations of s0(3, 1)¢ is exactly as good as classifying representations
of the real Lorentz algebra so(3,1); and Example 36.3 tells us that this reduces to classifying
representations of two independent copies of su(2), which we already solved completely in
Part C. A finite-dimensional representation of the Lorentz algebra is therefore labelled by a
pair of su(2) spins (4, j'), of dimension (2j + 1)(25’ + 1): (0,0) is the scalar, (3,0) and (0, 3)

are the left- and right-handed Weyl spinors, (%, %) is the vector, and so on. Note carefully,
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though, that so0(3, 1) is simple as a real Lie algebra (there is no way to split rotations from
boosts using only real linear combinations, as we observed above): the splitting into two
commuting pieces is a genuinely complex phenomenon, an instance of the general fact that a
simple real Lie algebra’s complexification can fail to be simple, exactly the reverse-looking but
entirely consistent partner statement to Example 35.2 (where a semisimple-but-not-simple
complex algebra arose instead).

-

37 Cartan Subalgebras and the Root Space Decomposition

From this point on we work with a complex semisimple Lie algebra g (the complexification
of some real Lie algebra of interest, by Section 36), and generalise, systematically, the ladder-
operator diagonalisation of su(2)c = sl(2,C) used in Part C: there, the single generator t3 was
diagonalised, and the remaining two generators ¢ organised themselves into its +1-eigenspaces
(under ad(ts), eigenvalues +1; the eigenvalues +2 belong instead to ad(H,) with H, = 2ts,
introduced below). We now find the correct generalisation of “¢3” for an arbitrary g.

37.1 Cartan Subalgebras

Definition 37.1. Let g be a complex semisimple Lie algebra. A Cartan subalgebra
h C g is a maximal abelian subalgebra of g all of whose elements are ad-semisimple, i.e.
ad(h) is diagonalisable (over C) for every h € h (maximal abelian: no strictly larger abelian
subalgebra of § contains it).

One can show that all Cartan subalgebras of a given g are conjugate under the group generated
by exp(ad(z)), z € g, so dimc b is an invariant of g itself.

Definition 37.2. The dimension ¢ := dimc h of a (any) Cartan subalgebra of g is called the
rank of g.

Let {h1,...,hs} be a basis of h. Since b is abelian, [h;, h;] = 0 for all ¢, j, so the operators
ad(h1),...,ad(hy) are mutually commuting; since each is (by definition of h) diagonalisable,
standard linear algebra guarantees they are simultaneously diagonalisable. Hence g decomposes
into simultaneous eigenspaces

o = {x€g : [ha]=a(h)xforall heb},

labelled by linear functionals o € h* (i.e. a: h — C linear); concretely, if {x;} is a simultaneous
eigenbasis with [h;, 7] = Az, then a(h) := 3, &'\ for h = 3, €'h;. By maximality of b, the
zero-eigenspace is exactly b itself: go = b (any = ¢ h commuting with all of h would let us enlarge
b to the strictly bigger abelian subalgebra h + Cz, contradicting maximality).

Definition 37.3. A nonzero linear functional o € h* \ {0} is called a root of g (with
respect to h) if go # {0}. We write A C h* for the (finite) set of all roots, and g, for the
corresponding root space. This gives the root space decomposition

ﬁzh@@ﬁa-

aEA
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Theorem 37.1. For roots (or zero) «, 8 and x4 € ga, 23 € §3:

[Za, 28] € Gats-

In particular, if a4 # 0 is not a root, then [z, zg] = 0; and if o+ 3 = 0, then [z, 2_4] € b.

- J

Proof. For any h € b, the Jacobi identity gives

7y [2as 2]] = [[hs 2o, 26] + [2a, [hy 25]] = alh)[za, 28] + B(h)[2a, ©p] = (@ + B)(h) [2a; 2]

So [Tq, xg] is a simultaneous ad(h)-eigenvector with eigenvalue functional a+43, i.e. [T, 28] € a8
by definition (Definition 37.3 together with the general eigenspace decomposition; here go+5 = {0}
counts as a valid, if trivial, case, forcing [z, 2] = 0 whenever a 4 3 is neither a root nor zero).
If a + 8 = 0, the relevant eigenspace is go = b. O

37.2 The Killing Form on §, and the Induced Form on Roots

Theorem 37.2. If o, 3 € h* (roots or zero) with o + 3 # 0, then K(zq,z5) = 0 for all
ZTa € fa; Tp € gﬁ-

Proof. By invariance of the Killing form (Theorem 35.1), for any h € b,
0= K([h,zal, xﬁ) + K (za, [h, xﬁ]) = a(h)K (zq, 'rﬁ) + B(h) K (2a, xﬁ) = (a+ B)(h) K(za, xﬁ)-

Since o + 8 # 0 as a functional on h, we may choose h € h with (a 4+ 8)(h) # 0, forcing
K(zq,z8) = 0. O

Theorem 37.3. The Killing form of a semisimple g, restricted to a Cartan subalgebra b, is
non-degenerate.

Proof. Suppose not: there is a nonzero h’' € h with K(h',h) = 0 for all h € h. By Theorem 37.2
applied with 5 =0 (so zg = I’ € h = §o) and any root o # 0 (so a + = a # 0), we also have
K(x4,h') =0 for every z, € §o and every root a. Combining both statements and using the
root space decomposition § = h & @, §a, we conclude K(h',y) = 0 for every y € §. But g is
semisimple, so K is non-degenerate on all of g by Cartan’s second criterion (Theorem 35.3) —
contradiction. Hence no such A’ exists, and K|, is non-degenerate. O

Non-degeneracy of K|y lets us transport each root o € h* to an element h, € b via
K(ha,h) = a(h) forall h € b

(hq exists and is unique precisely because a non-degenerate bilinear form identifies a vector space
with its dual). This, in turn, defines a symmetric bilinear form directly on the roots (or more
generally on all of h*):

(@, 8) = K(ha,hp) = alhg) = B(ha).

One further shows — this is where semisimplicity is used most essentially, via a theorem of
Cartan not reproduced here — that (-, -) is real and positive-definite when restricted to the
real span hp of the roots: the roots of any complex semisimple Lie algebra live in a genuine
finite-dimensional Fuclidean space. This is what makes the forthcoming classification a problem
in ordinary Euclidean geometry.
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37.3 Worked Example: su(2)¢ = sl(2,C)

-

Example 37.1. Take h = Chs (rank ¢ = 1), the complexification of Rt3 C su(2). Using
ty =ty £ty and [t3,t+] = £t+ (Part C’s ladder-operator relations, up to the convention t3
here playing the role of h3), the root space decomposition is simply

sl(2,C) = Cts & Cty & Ct_,  oalts) =1,
Jo d—a
i.e. there is exactly one pair of roots, t«, with «a(t3) = 1: the “root system of su(2)” is the

simplest possible one, two opposite points on a line. Computing ad(t3) explicitly in the basis
(ts,t+,t_) gives ad(ts) = diag(0,1,—1), so

K(t3,t3) = Tr (ad(t3)?) = 02 + 1% + (-1)? = 2,

and hence h, = «a(t3)/K(ts,t3) - t3 = t3/2 (solving K(ha,t3) = a(ts) = 1 for h, = cts:

c-2=1=c=1) and (a,a) = K(ho, ha) = 3 -2 = 3.

37.4 Worked Example: su(3)c and the Gell-Mann Matrices

-

Example 37.2. For the physically central case of su(3) (flavour/colour symmetry), a
standard Hermitian basis is given by the eight traceless Hermitian 3 x 3 Gell-Mann

matrices A1, ..., \s (generators are t, = §),, exactly as t, = %Ua for su(2)):
0 1 0 0 — O 1 0 O 0 0 1
)\1: 1 0 0 s )\2— 2 0 0 s )\3— -1 0 s )\4— 0 00 y
0 0 0 0O 0 O 0 0 O 1 0 0
0 0 —i 000 00 O 1 1 0 0
=100 0], Ag={0 0 L], &e={0 0 —i], dy=—=|0 1 0
i 00 01 0 0 i 0 310 0 —2

Only A3 and Ag are diagonal, so h := Ct3 @ Ctg (with t3 = %)\3, tg = %)\8) is a Cartan
subalgebra: su(3) has rank ¢ = 2. The remaining six generators pair up, exactly as ¢y, ta did
for su(2), into three ladder pairs

E:I:(I,O) ox t1 * ita, F @) X tq £ its, E:t 1 ﬁ) x tg % it7,
)

27 2

=(

[SIES

each an eigenvector of ad(t3) and ad(tg) simultaneously. Explicitly, writing [t3, Eo] = a1 Eq,
[ts, Eo] = aaE, and reading off the eigenvalues from the commutators of the Gell-Mann
matrices (a standard, if lengthy, direct computation) gives siz nonzero roots, forming a
regular hexagon in the Euclidean plane by = R2:

A= {£10, 3,9, =(-5D}

We will re-derive this root system systematically, from the Cartan matrix alone, in Exam-
ple 41.1 below, and draw it explicitly in Fig. 16.
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38 Root Strings and the Master Formula

We now generalise the su(2) representation theory of Part C — ladder operators terminating a
finite tower of states — to the whole of g at once, by showing that every single root o comes with
its own copy of sl(2,C), under which the entire algebra organises itself into finite-dimensional
representations. This is the source of essentially every integrality and rigidity statement in the
classification.

38.1 The Chevalley Basis Attached to a Root

Definition 38.1. For a root o € A, define

H, = (o o) € b,

where hy € b is as in Section 37 (K (hq, h) = a(h)). Choosing (it is a standard fact, which
we do not reprove, that this is always possible) E, € g, E_o € §—a With [Ey, E_4] = Hq,
the triple {H,, Eq, E_o} is called the Chevalley basis attached to a.

. J

e N

Theorem 38.1. The Chevalley basis attached to any root « satisfies
[HouEzl:a] = 32 E:i:om [Eou E—oe] = Hom

i.e. {Hy, Eo, E_} spans a subalgebra of g isomorphic to sl(2,C), with H,, Ey, E_, playing
the roles of (twice) ts, t4, t_ respectively.

\ J

Proof. Since Et, € §+q, by Definition 37.3 we have [h, F1,] = (xa)(h)E+, for all h € b; taking
h = H, = 2h,/{a,a) € h gives

2a(hy)

(o, )

2(a, )
(o, @)

using a(hy) = K(ha, ha) = (a,a). The relation [E,, E_,| = H, is exactly the normalisation
chosen in Definition 38.1 (consistent by Theorem 37.1, since [E,, E_,] € g0 = bh automatically;
only the overall scale of E1, needs fixing to hit H, exactly, which is always possible using
non-degeneracy of K on g, X g_qa, itself a consequence of Theorems 35.3 and 37.2). O

[Hom E:toc] = ia(Ha) E:I:a ==+ E:ta == E:I:oz = :I:2E:i:ou

38.2 Root Spaces Are One-Dimensional

Lemma 38.2. Let a be a root of the complex semisimple Lie algebra g with Cartan
subalgebra b (¢ = dim h). Then

(a) the root space g, is one-dimensional, §, = CE,;

(b) ka is not a root for any integer k£ > 2; in particular 2« is not a root;

(¢) a/2 is not a root.
Consequently the only multiples of a that are roots are +a.

\ J

Proof. Let {H,, Ey, E_} be the Chevalley triple of Theorem 38.1 and consider

Vi=bho @gcav
c#0

the Cartan subalgebra together with all root spaces along the line through « (the sum runs over
those ¢ € C\ {0} for which ca is a root). By Theorem 37.1, ad(E+n) maps gea into g(c+i)as
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and for h € h we have [E1,,h| = Fa(h)Ei,. Hence V is invariant under the triple, i.e. it is
a finite-dimensional representation of sl(2, C) = su(2)¢, which by Theorem 36.1 comes from a
representation of su(2) and is therefore completely reducible (Corollary 20.4). Moreover ad(H,)
acts on g., as multiplication by ca(H,) = 2¢, and on § as 0.

Step 1: counting multiplets of integer spin. In an irreducible representation of spin j the
eigenvalues of ad(H,) = 2t3 are 2m, m = —j,...,j. The eigenvalue 0 occurs (exactly once) if
and only if j is an integer. So the number of integer-spin irreducible summands of V' equals the
dimension of the zero-weight space of V', which is dim b = £.

Step 2: these are all accounted for. Write h = ker a @ CH,,, where kera = {h € b : a(h) = 0} has
dimension /—1 (note a(H,) = 2 # 0). Every h € ker « satisfies [Hq, h] = 0 and [E1q, h] = 0, so it
spans a spin-0 multiplet: this gives £ — 1 integer-spin multiplets. In addition, span{E,, Hy, E_4}
is a spin-1 multiplet (the adjoint representation of sl(2)). That makes ¢ integer-spin multiplets,
so by Step 1 there is no further one: the remaining summand V' of V' (a complement, which
exists by complete reducibility) contains only half-integer spins.

Step 3: conclusions. (a) The weight-2 space of V' is g,, and the only multiplet that contains
weight 2 is the spin-1 triple, where it occurs once. So dim g, = 1. (b) A root space giqa, k > 2 an
integer, has even weight 2k > 4, and would require an integer-spin multiplet of spin > 2; there
is none. So grq = 0. (¢) Suppose V'’ # 0. Every half-integer-spin multiplet contains the state
m = %, of weight 1, which lies in g, /2; so @/2 would be a root. But then 8 := a/2 is a root, and
(b) applied to 3 says that 23 = « is not a root — a contradiction. Hence V' = 0 and «/2 is not
a root. (The argument for 5 in (b) involves only the triple of 3, with Hg = 2H,, so it is not
circular.) O

38.3 The a-String Through 3, and the Master Formula
Definition 38.2. Fix roots «, 8 € A with 8 # +a. The a-string through g is the set of
all k € Z for which 5 + ka is a root (together with k& = 0, since § itself is a root):

{B+ka : —¢q<E<p}, D, q € Z>o,

where we anticipate (Theorem 38.3 below) that this set of roots is automatically an unbroken,
consecutive string.

Theorem 38.3. (Master formula.) The a-string through 3 is unbroken (no “gaps”), and
its two endpoints p, ¢ € Z> satisfy

_ 2, f)
p—q = —
(a, )
2
In particular, <<a, ﬁ>> € 7Z for every pair of roots «, 3.
a,

\ J

Proof. Consider the subspace V := @ilz_ ¢ 98+ka, Where the sum runs over all integers k for
which S+ ka is a root or = 0 is not possible here since 5 # +a« rules out 8 + ka = 0 for integer
k unless 8 is a multiple of «, excluded by hypothesis; so every ggiro appearing is a genuine
root space, 1-dimensional by Lemma 38.2, and let [—¢/,p'] (for now just the extremal k’s for
which the root space is nonempty — a bounded range, since g is finite-dimensional) denote its
extent. By Theorem 37.1, ad(Eq) maps gg+ka — 88+ (k+1)a and ad(E_a) maps it t0 gg4 (k—1)as
so V is invariant under the Chevalley sl(2, C)-triple {H,, Eq, E_o} of Theorem 38.1: it is a
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representation of s[(2, C) = su(2)c, and by Theorem 36.1 corresponds to an honest representation

of su(2).

On §g4ka, ad(Ha) acts by the scalar (8 + ka)(Ha) = S(Ha) + 2k (using a(H,) = 2 from
Theorem 38.1, and linearity). Since each individual root space is 1-dimensional, this representation
of su(2)c on V has every weight (eigenvalue of ad(H,)) occurring with multiplicity (at most)
one, and it is generated from any single nonzero vector by repeated raising/lowering with Ey, —
both of which are exactly the structural features that force V' to be a single irreducible su(2)
representation (a reducible representation would have to repeat a weight, or have raising/lowering
fail to connect two given weight spaces, contradicting either the multiplicity-one property or
the definition of p’, ¢’ as the full extent of nonzero root spaces reached this way). By Part C’s
classification of finite-dimensional irreducible su(2) representations, the ad(H,)-eigenvalues on
an irreducible representation run, in steps of 2, from a minimum —2j to a maximum +2j (j the
spin); matching this to the string’s two ends,

B(Ha) +2p" =25,  B(Ha) —2¢ = —2j.
Adding these two equations gives 28(H,) +2(p' — ¢') =0, i.e.

o —q = —B(H,) = _Qﬂ(ha) _ _2<a,ﬁ>

(o, @) (a,a)’

using f(hq) = (B,) = (o, ). Moreover, since the eigenvalues of an irreducible su(2)c-
representation form a single unbroken run from —2j to 25 with no gaps, every intermediate root
space §a+ka (—¢ < k < p') is genuinely nonzero: the string has no gaps, so p = p/, ¢ = ¢’ are
exactly the string’s endpoints as defined in Definition 38.2, completing the proof. ]

38.4 The Angle and Length Constraints

e N

Theorem 38.4. (Root angle quantisation.) Let «, 5 be linearly independent roots, and
let 6 be the angle between them in the Euclidean space (hg, (-,-)). Then

2(e, B)

(o, @)

2
€L, Nag:= (2, 8) € Z,

(8, 8)

and only the pairs (6; |«|?/|3]?) in Table 1 below are possible (up to exchanging a <+ 3 and
0« m—0).

- J

NBaNaf = 4cos’d € {0,1,2,3}, where NBa =

Proof. Both ng, and n,g are integers by Theorem 38.3. Their product is

I %
e e, a) (8. )
using (a, 5) = |a||B] cos @ in the Euclidean space bf. Since 6 # 0,7 (o, § linearly independent),

the Cauchy—Schwarz inequality is strict, cos? @ < 1, so nganas < 4; being a non-negative integer
(as 4cos?§ > 0), it can only be 0,1,2,3. O

= 4cos 0,

Remark. Every entry in Table 1 is realised in nature: two roots at 90° occur whenever a
semisimple algebra is (locally) a direct sum, such as so(4) = s0(3) @ s0(3) (Example 35.4);
60°/120° with equal lengths is exactly the hexagonal su(3) root system of Example 37.2; the
45° and 30° cases, with their length ratios v/2 and /3, are exactly what will distinguish the
“long” and “short” roots of B, /Cy/F4 and of G2 respectively in Section 40.
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NGaNas 0 |a)?/18/? example

0 90° undetermined any two orthogonal roots

1 60° (or 120°) 1 any two roots of su(3)’s hexagon
2 45° (or 135°) 2 long/short roots of By, Ca

3 30° (or 150°) 3 long/short roots of G

Table 1: The only possible angles between two linearly independent roots, and the corresponding
ratio of squared lengths (the longer root’s length-squared over the shorter’s). This finite list is
the geometric heart of the entire classification: only a handful of “shapes” of root system are
consistent with it.

39 Simple Roots

The root system A typically contains many roots (six for su(3), far more for larger algebras) but,
remarkably, is entirely determined by a small subset of them: the simple roots. This section
identifies that subset and proves its key rigidity property, which is what ultimately makes a
complete classification possible.

39.1 Positive and Simple Roots

e N

Definition 39.1. Fix a basis {h1, ..., hs} of hr chosen so that no root vanishes identically on
the “positivity direction” (any generic choice works). Expand each root as 3 = Y, z; w' for
some fixed dual basis {w'} of b%, and call 3 positive, written 8 > 0, if its first nonvanishing
coefficient x1,x9,... (read in a fixed order) is positive; otherwise 5 < 0. We write A for
the set of positive roots.

\ J

Since —f has all coefficients negated, exactly one of 5, —f is positive for every root 5 # 0:
A =AL U (—A4), a disjoint union. One checks directly from the definition that if «, 5 > 0 and
a + 8 happens to be a root, then o+ § > 0 as well (the first nonvanishing coefficient of a sum of
two vectors agreeing in sign on their first nonvanishing coordinates stays of that sign).

Definition 39.2. A positive root o € A is called a simple root if it cannot be written as
a = [+~ with 8,7 € Ay both positive roots. We write Il = {a1,...,ap} C A for the set
of simple roots.

39.2 The Key Rigidity Theorem

Theorem 39.1. Let «, 8 € II be two distinct simple roots. Then:
(a) 8 — ais not a root;

(b) (o, 8) <0.

Proof. (a) Suppose, for contradiction, that 5 — « is a root. By the dichotomy above, either
B—a>0ora—p>0.

o If 5—a > 0: then 8 = a+ (f — «) is a sum of two positive roots (o € II C A4, and
B — a > 0 by this case), contradicting that /3 is simple.

o If a— > 0: then a = 8+ (o — ) is a sum of two positive roots, contradicting that « is
simple.
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Either way we reach a contradiction, so 5 — « is not a root.

(b) Consider the a-string through 3, {8 — qa, ..., + pa} (Definition 38.2; applicable since «,
are distinct simple roots, hence linearly independent, so 5 # +«). By part (a), 5 — « (the case
k = —1) is not a root, so the string cannot extend below k£ = 0: ¢ = 0. The master formula
(Theorem 38.3) then gives

' 2a,8)

(o, a) -

p=pP—q =

Since p > 0 (it is, by definition, a non-negative integer) and («, @) > 0 (positive-definiteness of
the induced Euclidean form), this forces (o, §) < 0. O

Remark. Combining Theorem 39.1(b) with the angle quantisation of Theorem 38.4: since
(o, B) < 0 means cos < 0, the angle between any two distinct simple roots is restricted to

0 € {90°, 120°, 135°, 150°},

i.e. simple roots can never make an acute angle with one another. This single fact — that
the “building blocks” of a root system are mutually non-acute — is the geometric engine
behind the entire classification of Section 40: it is essentially the same rigidity that makes
the walls of a convex polyhedral cone well defined.

- J

Theorem 39.2. (a) Every positive root 5 € A can be written as a sum of simple roots
with non-negative integer coefficients, § = Zle nioy, n; € ZL>o.
(b) The simple roots IT = {a,...,as} are linearly independent, hence form a basis of hj
(in particular there are exactly ¢ = rank(g) of them).

- J

Sketch of proof. (a) By strong induction on the height ht(3) := >°, z; (sum of coefficients in
the expansion in the positivity basis, a positive integer combination that increases whenever a
positive root is decomposed). If  is simple, we are done trivially. Otherwise, by Definition 39.2,
B =+ 6 for some v,d € A, each of strictly smaller height than §; by the inductive hypothesis,
both «v and ¢ are non-negative integer combinations of simple roots, hence so is their sum £.

(b) Suppose Y, cia; = 0 for real ¢;, not all zero; split the index set into I, = {i : ¢ >
0} and I = {i : ¢; < 0} (at least one of these is nonempty), and let v := >,/ cio; =
— Y ier. cia; =: w (both sides equal, since their difference is Y, c;a; = 0). Then (v,v) =
(,w) = Yier, jer ci(—cj){ai, aj); every term has ¢; > 0, —¢; > 0, and (q;, ) < 0 for i # j
(Theorem 39.1(b), noting ¢ € I,j € I_ forces i # j), so every term is < 0, giving (v,v) < 0.
Since (-, ) is positive-definite, this forces v = w = 0.

It remains to show v = 3 ,c;, cia; = 0 with all ¢; > 0 forces Iy = () (symmetrically for I_,
using w). The previous trick cannot be repeated verbatim, since Theorem 39.1(b) alone does
not rule out a nontrivial positive combination of simple roots vanishing — pairwise non-acute
angles are consistent in principle with such a relation, and one instead needs the actual linear
ordering used to define positivity. Recall from Definition 39.1 that positivity is defined via a fixed
“positivity direction”, and every simple root is, by definition, positive; a linear functional realising
the same sign choice on the finitely many nonzero vectors ag,...,ap can therefore always be
found: take A € hgr a sufficiently small, generic perturbation of the vector used to define > 0
in Definition 39.1, close enough that it reproduces the same sign on this finite set of nonzero

vectors, so that A(«;) > 0 for every i = 1,..., ¢ simultaneously. Then
0= Av) = Y ciMai),
i€I+
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a sum of strictly positive terms (each ¢; > 0 and A(«a;) > 0) if Iy # 0 — which is impossible
unless I, = (). Symmetrically I_ = (). So all ¢; = 0: the simple roots are linearly independent.
Since (by part (a), together with A = Ay LI (—A4)) every root is an integer combination of the
a;, and the roots span b (this is part of the general theory of Cartan subalgebras, guaranteeing
bi has no “room to spare” beyond what the roots already see), the linearly independent set II
must in fact span all of hp, hence is a basis. O

40 The Cartan Matrix, Dynkin Diagrams, and the Classification

We have now reduced an entire semisimple Lie algebra — an object with potentially hundreds
of generators — to a finite, purely combinatorial gadget: the pairwise relations among ¢ =
rank(g) simple roots. This section packages that data into the Cartan matrix and its picture,
the Dynkin diagram, and states the classification theorem that completely enumerates the
possibilities.

40.1 The Cartan Matrix

s N

Definition 40.1. Let II = {ay,...,a,} be the simple roots of g (Definition 39.2). The
Cartan matrix of g is the £ x ¢ matrix with entries

2(aj, o)

A, =
9 (o, k)

(J,k=1,...,0).

(Convention note: the literature is split on whether to normalise by the row or the column
root’s length; we normalise by the column, (o, ay), matching the convention used for the
classical Lie algebras in Part E.)

- J

By Theorem 38.3, Aji = —pjk, minus the length of the ay-string through «; counted upward
from o (i.e. the largest p such that a; + pay, is still a root) — since a;, oy, are both simple, the
string’s lower end vanishes, ¢ = 0, by Theorem 39.1(a). The Cartan matrix therefore collects
exactly the data needed to reconstruct the whole root system by repeatedly adding simple roots,
as we will do explicitly in Example 40.2 below.

Theorem 40.1. The Cartan matrix has the following properties:
(a) Aj; =2 for every j;
(b) Ajk E {0, —1,-2, *3} for j 75 k, and Ajk =0 Akj = 0;
(¢) AjrAr; =4cos® by, € {0,1,2,3} for j # k, where 6y, is the angle between «;, ay;
(d) det A # 0 (in fact det A > 0).

- J

Proof. (a) is immediate from the definition. (b): Ajx = na, ., is an integer by Theorem 38.3
(with the roles a« — oy, 8 — @), and A, < 0 by Theorem 39.1(b); together with (c), |A;x| < 3,
giving A;, € {0,—1,-2,—-3}; and Aj;, = 0iff (o, o) = 0 iff Ay; = 0, since both are proportional
to the same inner product. (c) is Theorem 38.4 applied to «a;, oy (note ng, there is exactly
A, up to matching indices). (d) Write Aj; = SjiDir where Sj;, = (o, ax) (the positive-
definite Gram matrix of the linearly independent vectors «;, Theorem 39.2(b), so det S > 0) and
D :=diag (2/(a1,@1),...) (diagonal, strictly positive entries, so det D > 0), i.e. A= SD (each
column k of S rescaled by Dgy); then det A = det S - det D > 0. O
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40.2 Dynkin Diagrams

Definition 40.2. The Dynkin diagram of g is the graph with one node for each simple
root «ay, in which nodes j # k are joined by A;;Ag; € {0,1,2,3} edges; whenever they are
joined by 2 or 3 edges (unequal root lengths, A, # Ay;), an arrow is drawn on the edges
pointing from the long root to the short root (the short root is the node k for which |A;],
not |Ay;l, is the larger of the two off-diagonal entries: since Aji = 2(ay, o)/ (o, ax) by
Definition 40.1, a smaller (ay,ay) — i.e. a shorter root & — makes |Aj| larger).

J

The Dynkin diagram, unlike the (in general asymmetric) Cartan matrix, is manifestly the same
object seen from either end of an edge, and it encodes exactly the same information: the number
of edges is the symmetric quantity A;,Ay;, and the arrow (needed only when lengths differ)
records which of the two asymmetric entries is —1.

Theorem 40.2. (The classification theorem.) The Dynkin diagram of a simple complex
Lie algebra is connected, and is necessarily one of the following: the four infinite families

or one of the five exceptional diagrams
Eﬁa E?a E87 F47 GQ-

(The subscript is the rank /¢, i.e. the number of nodes.) Every one of these diagrams is realised
by exactly one simple complex Lie algebra, and conversely every simple complex Lie algebra
has one of these diagrams: the list is a complete and non-redundant classification.

Remark. We do not prove Theorem 40.2 here — doing so rigorously (showing that no other
configuration of unit and v/2-/+/3-scaled vectors, pairwise at the angles of Table 1, can close
up into a consistent, linearly independent, connected diagram) is a beautiful but somewhat
lengthy exercise in Euclidean geometry, due in essence to Killing and made fully rigorous by
Cartan; see Humphreys or Fulton—Harris for the complete argument. What we have proved
— the integrality of the Cartan integers (Theorem 38.3), the restriction to the four angles
of Table 1, and the non-acuteness of simple roots (Theorem 39.1) — already constitutes
the hard core of the theorem’s proof; what remains is a finite (if intricate) case-by-case
elimination of every diagram not on the list above.

- J

Physical perspective

The four infinite families correspond to the classical matrix groups familiar from Part B:
A, =sl(n+1,C) (i.e. su(n+1) is its compact real form), B,, = so(2n+1,C), C,, = sp(2n, C),
D,, = s0(2n,C). The five exceptional algebras have no classical realisation as matrices of a
simple pattern; GGo, the smallest, has appeared in physics as a candidate grand-unified gauge
group and in the study of certain string-theory compactifications (G2-holonomy manifolds),
while Eg, F7, Eg appear in grand unification and in heterotic string theory.
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40.3 Small Examples

s N

Example 40.1. Cartan matrices of low rank.

2 -1 0
2 =2 2 -1 2 =3
Ag: =1l 2 =ll 5 Bg:(_l 2), CQZ<_2 2), G2:<_1 2)
0o -1 2

Note By and Cy are transposes of each other, i.e. describe the same Dynkin diagram with the
arrow reversed — indeed By = Cy as abstract Lie algebras (both = so(5,C) = sp(4, C)), the
first “accidental” isomorphism in the classification, exactly parallel to so0(3) = su(2) except
that here it identifies two different classical families at rank 2. (These match the explicit
root computations of Theorem 45.3 for B,, and its analogue for C,, in Part E, specialised to
n=2.)

Example 40.2. Reconstructing all positive roots of A3 from its Cartan matrix. Take
three simple roots a, ag, as with Ajg = A9y = Agg = Aze = —1 and Aj3 = Az; = 0 (equal
lengths throughout, so we may normalise (o, ;) = 2 for all 4, giving simply (o, ;) = A;j).
We build up the positive roots level by level, where the level (height) of Y n;a; is Y n;
(Theorem 39.2(a)).

o Level 1: oy, ag,as (the simple roots themselves).

o Level 2: is a; + o (i < j) a root? Using the aj-string through as: ¢ = 0 (Theo-

rem 39.1(a)), and p = —Aj2 = 1, so ag + a1 is a root (and o + 2 is not, since the
string has length p 4+ g+ 1 = 2). Likewise ag + a3 is a root. But a1 + ag: the aj-string
through ag has p = —A13 = 0, so a1 + ag is not a root. Level 2 positive roots: aj + «a,
a9 + a3.

o Level 8: Consider ay + ag + ag. Is it obtainable? Adding as to oy 4+ ai: the as-string
through a; + a9 needs (a3, a1 + a2) = (a3, a1) + (a3, a2) =0+ (—1) = —1 # 0; since
the pairing is nonzero (and, working through the string logic as above) a1 + as + ag is
a root, obtained equally well as a1 + (a2 + ag). Level 3 positive roots: a; + ag + as
(only).

o Level 4: a1 + 2ao 4+ a3 would be the next candidate, obtained from the level-3 root
a1 + ag + as by adding another as. Consider the ao-string through oy + as + as: its
lower end already fails, ¢ = 0, since (o] + a2 + a3) — az = a1 + as is not a root (Level
2, above); and (ag, a1 + o + as) = Aag + Agg + Agg = —1+2 — 1 = 0, so the master
formula gives p — ¢ = —2(0)/2 = 0, i.e. p = 0 too: the string does not extend upward
either. Hence aq + 2as + a3 is not a root, and the construction terminates.

In total, A3 has 3+2+1 = 6 positive roots (and 12 roots altogether), matching dim sl(4, C) =
40— = 1% = \?:_/—I—\I’Q_/, exactly the dimension count dim g = ¢ + |A| implied by the root

rank  roots
space decomposition (Definition 37.3) together with each root space being 1-dimensional.

41 Worked Example: The Root System of SU(3)

We close by assembling every piece of machinery developed in this chapter on the single example
that will recur constantly in the applications to follow: su(3)c, of type As.
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A, (n>1) B, (n>2) Cp (n>3)
D, (n > 4) FEs Fy
Q—O—I—H—. .—O—I—O—Q—H ==
Eq Eg G

Figure 15: The Dynkin diagrams of the four infinite families and five exceptional simple complex
Lie algebras (Theorem 40.2). Each node is a simple root; the number of lines joining two nodes is
A Agj € {1,2,3} (no line at all when A;,Ay; = 0, i.e. orthogonal roots); an arrow on a double
or triple bond points from the long root to the short root.

Example 41.1. From the Cartan matrix to the root diagram. A, has rank ¢/ = 2

and Cartan matrix (_21 9 ) (Example 40.1): both off-diagonal entries equal —1, so by

Theorem 40.1(c) the two simple roots aj, ae have equal length and A13A21 = 1 places them
at 120° (Table 1). Level by level (as in Example 40.2):
e Level 1: aq,as.
o Level 2: the ai-string through as has ¢ = 0 (Theorem 39.1) and p = —A13 = 1, so
a1 + ag is a root; the string terminates there (p + ¢ + 1 = 2 states), so 2a; + ag is not
a root, and the construction stops.
This gives exactly 2 + 1 = 3 positive roots, hence 6 roots in total, plus rank 2: dimsu(3)¢c =
2 + 6 = 8, correctly reproducing N2 — 1 = 8 for su(N) at N = 3. Placing a; along the
horizontal axis and ag at 120° to it, with |ag| = |agl, the six roots {+aq, o, (a1 + a2)}
automatically fall on the vertices of a regular hexagon — exactly the root system found by
brute-force computation with the Gell-Mann matrices in Example 37.2, now derived from
nothing but the Cartan matrix. Fig. 16 shows the result, together with the ladder operators
FE. ., attached to each root by Definition 38.1.

EOﬁz Ea1+a2
E_, = > I,
E,al,(m E*(ng

Figure 16: The root system of su(3)c = Ay: six roots at the vertices of a regular hexagon in
b = R? (Examples 37.2 and 41.1). The two simple roots oy, s and the third positive root
a1 + a9 are shown in green with their associated raising operators E,; the three negative roots,
in red, carry the corresponding lowering operators F_,,.
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Part V

Weights, the Classical Lie Algebras, and the
Lorentz Group

42 Introduction: Completing the Programme

Part D reduced the classification of semisimple Lie algebras to a piece of pure combinatorics:
choose a Cartan subalgebra, extract the root system, and read off a Dynkin diagram from a
short list of rigidity constraints. We ended that chapter with a promise: the same root-space
machinery that classifies the algebras also classifies their representations. This chapter makes
good on that promise, and then puts the machinery to work.

We proceed in four stages. First (Section 43) we extend the notion of a root — an eigenvalue
of ad(h) on the algebra itself — to the notion of a weight, an eigenvalue of h on an arbitrary
representation. The set of weights of a representation turns out to be built from a single
distinguished weight, the highest weight, exactly as the finite ladder of su(2) states in Part C
was built by lowering from a single top state. Along the way we meet the Weyl group, the
symmetry group of the root system generated by reflections, and we explain why every finite-
dimensional representation of a compact Lie algebra can be chosen unitary. Second (Section 44)
we carry this machinery through in complete detail for su(3), recovering the classification of
representations by a pair of non-negative integers (Dynkin labels) that physicists know as the
“SU(3) multiplets” of the eightfold way. Third (Section 45) we return to the classification theorem
of Part D and close the loop in the other direction: rather than abstractly enumerating Dynkin
diagrams, we construct the four infinite families of classical Lie algebras — su(N), so(2n + 1),
usp(2n), so(2n) — explicitly as matrix algebras, exhibit a Cartan subalgebra and root system
for each by hand, and verify that they reproduce exactly the diagrams An_1, By, Cn, Dy of the
classification theorem; we also record the natural invariant (Casimir) tensors these algebras carry.
Finally (Section 47), as a physical capstone to the entire course, we apply everything we have
built to the Lie algebra that matters most in relativistic physics: the Lorentz algebra so(3,1).
Its complexification splits as su(2)c @ su(2)c — a fact we proved abstractly in Part D — and we
now use that splitting to classify all finite-dimensional representations of the Lorentz group by a
pair of spins (4, j), recovering scalars, the left- and right-handed Weyl spinors, vectors, and so
on, as the simplest members of an infinite family.

Physical perspective

This chapter is where the abstract classification of Part D turns into the representation theory
physicists use daily: the weight diagrams of su(3) are the particle multiplets of the eightfold
way, the classical algebras su(NN), so(N), Sp(2n) are exactly the gauge groups available for
building theories, and the representation theory of the Lorentz algebra is the origin of the
classification of relativistic fields into scalars, spinors, vectors, and tensors.

43 Weights, the Weyl Group, and the Highest-Weight Classifi-
cation

43.1 Weights of a Representation

Let g be a semisimple Lie algebra with Cartan subalgebra h = span{H,..., H;} (¢ = rankg)
and root system A C h*, as constructed in Part D. Let R be a finite-dimensional representation
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of g on a vector space V. Since the elements of h commute among themselves, { R(H;)}'_, is a
family of commuting operators on V' and can therefore be diagonalised simultaneously.

Definition 43.1. A weight of the representation R is a vector A = (A1,...,\¢) € h* such
that there exists a nonzero ¢, € V (a weight vector) with

RH) ¢ = N (i=1,...,0).

The subspace of all such i, for fixed A is the weight space V); its dimension is the
multiplicity of \.

- J

This is the direct generalisation of the eigenvalue m of t3 labelling the states |j, m) of an su(2)-
multiplet in Part C, and of the roots themselves, which are simply the weights of the adjoint
representation (V = g, R = ad), with the zero weight (multiplicity ¢, spanned by b itself)
adjoined.

Exactly as the raising and lowering operators E,, shift su(2)-weights by roots, they shift weights
of any representation by roots:

Proposition 43.1. If ¢, € V) and a € A, then R(E, ), is either zero or a weight vector
of weight \ + a.

Proof. For H € b, using [H, E,] = a(H)E, from the root-space decomposition (Part D),
R(H) R(Ea)wk = R(Ea)R(H)U})\ + R([H, Ea])w)\ = (A(H) + a(H)) R(Ea)%,
so R(E,)1y is either 0 or an eigenvector of every R(H) with eigenvalue A + . O

Restricting attention to a single root «, the subalgebra {Ey, F_n, Hy := [Es, E_4]} is (after
rescaling) an su(2) subalgebra of g, exactly as in the root-string analysis of Part D. Every
representation V' of g restricts to a representation of this su(2), and the su(2) representation
theory of Part C applies verbatim: the eigenvalues of H, on V are integers, and the string of
weights \, A — a, ..., A — pa obtained by repeated lowering (with A + «, ... not being weights,
i.e. p maximal) satisfies the same root-string relation as for roots themselves. This immediately
gives the analogue of the Master Formula of Part D:

Theorem 43.2 (Weight quantisation). For every weight A of a finite-dimensional represen-
tation and every root c,

2(\, a)
7((1, ) € Z

where (-, ) is the Euclidean form on h* induced by the Killing form, as in Part D.

. J

Proof. The quantity 2(\, a)/{«, «) is precisely the eigenvalue of H, (the Cartan generator of
the su(2) triple associated to «) on the weight vector v, normalised as in Part D so that
this eigenvalue equals 2j3 for an su(2)-multiplet of definite total spin content along a. Since
eigenvalues of 2 x (the third generator) in any finite-dimensional representation of su(2) are
integers (Part C), the claim follows. O

In particular, taking A = § a simple root recovers the integrality statement of Part D as a special
case: roots are weights of the adjoint representation.
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43.2 The Weyl Group

The quantisation condition of Theorem 43.2 has a beautiful geometric consequence: it says
that reflecting a weight in the hyperplane perpendicular to a root sends the weight set of a
representation to itself.

Definition 43.2. For a root o € A, the Weyl reflection S, : h* — §* is
_ 2(B, a)
Sa(B) == B o.a) a.

The Weyl group W of g is the (finite) group of orthogonal transformations of h* generated
by all the reflections S, a € A.

- J

Geometrically, S, is the reflection in the hyperplane orthogonal to «: it fixes every vector
perpendicular to o and sends o — —a, which is easily checked by substituting 5 = a: S, («a) =
a — 2a = —«. Because the integer in Theorem 43.2 is exactly the coeflicient appearing in
Definition 43.2, S, () is again a weight whenever A is: the weight diagram of any representation
is invariant under the full Weyl group, and in particular under all reflections in the simple roots,
which already generate W (Part D showed every root is a W-image of a simple root, by the
analogous argument applied to A itself).

Remark. This is an extremely efficient way to reconstruct or check a full weight diagram:
start from one known weight (e.g. the highest weight, Definition 43.5 below), lower repeatedly
by simple roots to generate new weights, and use the Weyl reflections as a consistency check
— the resulting diagram must look identical from the perspective of every simple root, since
S, must map the diagram to itself.

43.3 Fundamental Weights and Highest Weight

Just as the simple roots {ay,...,ap} form a basis of h* (Part D), there is a second, dual basis
adapted to the integrality condition of Theorem 43.2.

Definition 43.3. The fundamental weights A1, ..., \; € h* are defined by

2<5\i; Ozj>

=&  (i,j=1,...,0).
(aj, o) !

By construction, \; satisfies the quantisation condition of Theorem 43.2 with respect to every
simple root (and hence, one can show, with respect to every root), so it is automatically an
admissible weight. Any weight A can be expanded uniquely in this basis,

The coefficients are n; = 2(X, ) /(e;, o), and Theorem 43.2, applied with o = «;, shows
immediately that each n; is an integer.

Definition 43.4. The integers (nq,...,ny) are the Dynkin labels of the weight A = 3, nii.
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Definition 43.5. A weight A of a representation R is a highest weight if R(E,, )y, =0
for every simple root «;, i.e. A cannot be raised by any simple raising operator.

Since every positive root is a non-negative integer combination of simple roots (Part D), a weight
annihilated by all the simple raising operators is automatically annihilated by every raising
operator E,, o > 0: it is the top of the entire representation, exactly as |j, j) was the top of
an su(2)-multiplet in Part C. This is the content of the fundamental theorem of representation
theory for semisimple Lie algebras, which we quote without proof (it is the natural but technical
generalisation of the construction of su(2)-multiplets by repeated lowering from the top state):

Theorem 43.3. (Highest weight theorem.) The finite-dimensional irreducible represen-
tations of a semisimple Lie algebra g are in bijection with the highest weights A = ~; niXi
having non-negative integer Dynkin labels n; > 0. Every weight of the representation is
obtained from A by subtracting a non-negative integer combination of simple roots, and
the full weight diagram is generated from A by repeated lowering together with Weyl-group
symmetry.

- J

This is precisely the generalisation, promised at the end of Part D, of the su(2) classification of
Part C by a single non-negative integer (or half-integer spin j, i.e. Dynkin label n = 2j): for
a general semisimple g of rank ¢, representations are labelled by ¢ non-negative integers, one
Dynkin label per node of the Dynkin diagram.

43.4 Reality, Compactness, and Weyl’s Unitarity Theorem

Everything above is purely algebraic (it uses only the complexified algebra § = gc of Part D). To
connect with physics — where representations must be unitary on a Hilbert space of states —
we need to reintroduce reality.

Definition 43.6. A real Lie algebra gg is a compact real form of a complex semisimple
Lie algebra g if (go)c = § and the Killing form of gg is negative definite.

Recall from Part D that su(2) is the compact real form of sl(2,C), while sl(2,R) is a second,
non-compact real form of the same complexification; more generally su(N), so(N), usp(2n) (all
introduced below) are the compact real forms of their complexifications. On a compact real form
one may choose a basis {t,} in which the structure constants f,;¢ are completely antisymmetric
and real, and the generators are represented by anti-Hermitian matrices, ti = —t,; equivalently,
writing T, = it, as physicists do, the T}, are Hermitian, T}/ = Ty,.

Theorem 43.4. (Weyl’s unitarity theorem.) Every finite-dimensional representation of
a compact real form gy can be chosen unitary: there is an inner product on the representation
space for which R(t,) is anti-Hermitian (equivalently, R(Ty) = R(it,) is Hermitian) for every
generator.

We will not reprove this here (it follows from the existence of an invariant, positive-definite aver-
aging over the corresponding compact group, generalising the finite-group averaging argument);
the point that matters for what follows is its immediate corollary for the Cartan subalgebra.

Remark. Since the Cartan generators H; can be taken Hermitian (they lie in it, — Hj,
real linear combinations of the anti-Hermitian t,’s), their eigenvalues — the weights A\; —
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are automatically real numbers, not merely elements of an abstract dual space. This is why
weight diagrams can be drawn as honest configurations of points in a real Euclidean space
R’, and it is the representation-theoretic reason (rather than a coincidence) that all the root
and weight diagrams drawn in Part D and below have real coordinates.

43.5 Complex Conjugate Representations

If R is a representation with Hermitian generators R(7},), its complex conjugate represen-
tation R is defined by R(T,) := —R(T,)* (the minus sign is required so that R again satisfies
the same, real-structure-constant commutation relations). On the Cartan generators, which are
diagonal and real in a weight basis, complex conjugation simply flips the sign of every eigenvalue:

Proposition 43.5. If A is a weight of R, then —A\ is a weight of R. In particular the highest
weight of R is —wg(A), where wg € W is the Weyl group element sending the negative-weight
chamber to the positive one.

A representation is called self-conjugate if R = R, which happens exactly when the weight
diagram of R is symmetric under A — —A\. Self-conjugacy alone does not distinguish two
inequivalent situations, told apart by the Frobenius—Schur indicator: R is real if it admits an
invariant symmetric bilinear form (equivalently, can be realised by real matrices in a suitable
basis), and pseudoreal (or quaternionic) if instead it admits only an invariant antisymmetric
one (equivalently, is self-conjugate but genuinely complex, with no real form) — the fundamental
doublet of su(2) is the standard example of the latter: self-conjugate (its weights i% are
symmetric), yet not real, since the antisymmetric ,5 of Section 47.4 realises the equivalence
R = R, not a symmetric form.

Example 43.1. The adjoint representation is always self-conjugate: its weights are the
roots together with ¢ copies of the zero weight, and the root system A is symmetric under
a +— —a by construction (Part D). This matches Section 43.4: the adjoint representation of
a compact real form is literally the (real) vector space g acted on by itself, so it must be a
real representation in the representation-theoretic sense too.

\

44 Worked Example: The Representations of su(3)

We now carry the machinery of Section 43 through explicitly for su(3), using the Cartan—Weyl
basis and hexagonal root system Ay constructed in Part D.

44.1 Setup: Simple Roots and Fundamental Weights

2 -1

-1 2

aq, e of equal length at 120°; the full root system is the hexagon {faq,ta9, (a1 + a2)}.
Normalising (o, ;) = 1 and placing

w0 (-1 are (1)

Recall from Part D that su(3)c has rank ¢ = 2, Cartan matrix , and simple roots

in b = R2, Definition 43.3 gives the two fundamental weights (solve 2N, aj) = 0;5):
N, — (1 1 o — 1
M= (b am) Re=(0 35)
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with |A;| = [A2| = 1/v/3 and the angle between them 60° (not a symmetry of the hexagon by a
Weyl-group rotation, which for As moves roots in multiples of 60° about the origin but does not
fix the length while permuting \;, 5\2): rather, A; and g are exchanged by —wy, the composition
of the longest Weyl group element wg with the order-2 automorphism of the As Dynkin diagram
that swaps its two nodes (the group-theoretic operation underlying charge conjugation 3 <+ 3
below).

Remark. In physics language, h* =2 R? is spanned by (a rescaling of) the third component
of isospin I3 and the hypercharge Y’; the two axes of Fig. 17 below are exactly the (I3,Y)
plane in which every SU(3)-flavour multiplet is conventionally drawn.

44.2 The Fundamental and Antifundamental Representations

The representation with highest weight A1 (Dynkin label (1,0)) is the fundamental represen-
tation 3. Starting from A; and lowering by simple roots according to Theorem 43.3: lowering
once by ay gives Ay — g = (—3, ﬁ), which one checks has Dynkin label (—1,1), so it can be

1
e
possible (both remaining Dynkin labels are already < 0), so 3 has exactly three weights, each of
multiplicity one:

lowered once more, now by ag, giving A| — a1 — ag = (0, — =) = —X,. No further lowering is

A1, A1 —aq, -2 = Al — a1 — ag,

forming an equilateral triangle, consistent with dim3 = 3. By Proposition 43.5, the conjugate
representation 3 (highest weight A2, Dynkin label (0, 1)) has the negatives of these as its weights,
an equilateral triangle pointing the opposite way.

S

Figure 17: Weight diagrams of the fundamental 3_(blue, highest weight 5\1,~labelled by the three
light-quark flavours u, d, s) and antifundamental 3 (green, highest weight A\2) representations of
su(3), drawn in the (I3,Y") plane.

44.3 The Adjoint Representation

The adjoint representation has highest weight a; + i (the highest root), Dynkin label (1,1), and
dimension 8. Its eight weights are the six nonzero roots of the hexagonal root system (Part D)
together with the zero weight, which occurs with multiplicity 2 = rank su(3) (spanned by b itself,
Definition 43.1). Since (1,1) is of the self-conjugate form (n,n), the adjoint representation is
self-conjugate, and by Example 43.1 (the compact-real-form argument, not the weight symmetry
alone, which only ever gives self-conjugacy) it is in fact real rather than merely pseudoreal.

Remark. More generally, for su(3) every representation with Dynkin label of the form
(n,n) is self-conjugate (real): complex conjugation acts on Dynkin labels by (ni,ng)
(n2,n1), which is the statement that 3 has the labels of 3 exchanged, and more generally
that conjugating a representation swaps the roles of the two nodes of the A Dynkin
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diagram; a label fixed by this exchange is therefore self-conjugate. (For su(3) self-conjugate
representations are always real rather than pseudoreal, since su(3), unlike su(2), admits no
invariant antisymmetric — quaternionic-type — structure on any of its representations.)

44.4 The Six-Dimensional Representation

The representation with Dynkin label (2,0), highest weight 2)1, describes the symmetric product
of two fundamentals, (3 ® 3)sym = 6: writing the weights of 3 as e, eq, es (the three points of
Fig. 17), the six weights of 6 are

2ey, 2eq, 2e5, ey +eq, e, + e, €q+ es,

each of multiplicity one, forming a triangle similar to that of 3 but scaled by a factor of two and
with the three edge midpoints filled in (Fig. 18). The dimension check follows from a general
closed-form dimension formula for su(3) representations (a special case of the Weyl dimension
formula, which we do not derive here):

(n1 4+ 1)(n2 +1)(ng + ng + 2)

dim(ni,ng) = 5 ) (7)

which correctly reproduces dim(1,0) = 3, dim(1,1) = 8, and dim(2,0) = 6.

2e4 euteq 2ey,
@

eq+tes eytes

2e,

Figure 18: Weight diagram of the six-dimensional representation 6 = (2,0) of su(3): the
symmetric square of the fundamental. The conjugate 6 = (0, 2) has the opposite orientation, as
for 3 vs. 3.

44.5 The Decuplet and a Physical Application

The representation with Dynkin label (3,0), highest weight 3)1, is the totally symmetric cube of
the fundamental, (3 ®3®3)sym. Its weights are all points nye, +nq4eq+nses with n,+ng+ngs = 3,
n; > 0 integers, giving (g) = 10 weights of multiplicity one, arranged in four rows of 4,3,2,1
points — the familiar decuplet pattern, consistent with Eq. (7): dim(3,0) = 222 = 10.

Physical perspective

This is one of the most celebrated applications of Lie group theory to particle physics.
Gell-Mann and Ne’eman (1961-62) organised the known spin-3 baryon resonances — the
A (isospin quartet), ¥* (isospin triplet), =* (isospin doublet) — into the top three rows
of the decuplet in Fig. 19, and noted that the pattern of equally spaced masses (the Gell-
Mann-Okubo mass formula, a consequence of SU(3) being only approximately, not exactly,
a symmetry) demanded a tenth particle: a strangeness S = —3, isospin-singlet baryon Q~,
with a predicted mass around 1680 MeV. The Q= was discovered at Brookhaven in 1964 with
essentially the predicted mass (measured at 1672 MeV, close to the ~ 1680 MeV estimate),
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Figure 19: The baryon decuplet, the (3,0) representation of flavour su(3): four rows of isospin
multiplets (I =3/2,1,1/2,0) at descending hypercharge Y.

and with the predicted charge and decay properties, providing dramatic confirmation that
the approximate flavour symmetry of the strong interactions is indeed SU(3), generated
by the algebra su(3) studied in this section. (In the modern quark model, the ten states
of Fig. 19 are the totally symmetric combinations of three quarks wuu, uud, ..., sss drawn
from {u,d, s}, exactly the weight n,e, + nqeq + nses construction above.)

\

45 Explicit Construction and Classification of the Classical Lie
Algebras

Part D’s classification theorem enumerated the possible Dynkin diagrams from purely combina-
torial rigidity constraints. We now close the loop from the other end: we construct, completely
explicitly, the four infinite matrix families that realise the diagrams An_1, By, Cn, Dy, verifying
by direct computation that their Cartan subalgebras, root systems, and Cartan matrices are
exactly what the classification predicts.

45.1 su(N) < Ay

Let G = SU(N) = {g € U(N) : detg = 1}. Its Lie algebra su(N) consists of the traceless
anti-Hermitian N x N matrices, of real dimension N2 — 1; physicists prefer the Hermitian
generators T =ia (a € su(N)), so that su(N) = {iT: Tt =T, trT = 0}.

A Cartan subalgebra is given by the traceless diagonal Hermitian matrices, h = {diag(hq,...,hn) :
> hi = 0}, of dimension ¢ = N — 1 = ranksu(/N). An orthonormal basis (with respect to
tr(H;Hj) = 6;5, the trace form used throughout) is

1
Hy = ——— diag (1,...,1, =k, 0,...,0), k=1,...,N—1, 8
k ACES) g( ' ) (8)
which is exactly the Gell-Mann pattern of Part D’s A3, Ag generalised to arbitrary N (at N = 3,
Hy, Hy reproduce \3/v/2, A\s/v/2, the normalisation fixed by tr(H;Hj) = 0;; versus tr(A\p) =
204p)-

The remaining N(N — 1) off-diagonal generators E;; (i # j, the matrix with a single 1 in
position (i, j)) satisfy [H, E;;] = (h; — h;)E;; for H = diag(hq,...,hn) € b: they are root vectors.
To read off the corresponding root as a vector in hp = RN-1 introduce the weight vectors
w®, ... w™) e RN=1 of the defining (N-dimensional) representation, whose k-th component is
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the i-th diagonal entry of Hy:

1
k
. k(k+1) -
wy) = ikt (9)
k(k+1)
0, 1>k+1

: N -1 ) :
Proposition 45.1. The weight vectors Eq. (9) satisfy |w(®|? = I for every i, w®-w() =

1 .
N for i # 7, and YN w® = 0.

Proof. The last identity is immediate: ), w,(:) =k- k&c“) —k- \/lc(IITl) = 0 for every k (it is

nothing but tr H; = 0, read off the diagonal). For the norms, a direct computation using Eq. (9)
gives, for fixed 1,

= (i—1)2 ,
I<:k:~|—1 pbT R U

|
Mi

k=1 k=1

— rather than track this sum term by term, it is quicker to use Zi(w(i))2 =222 wj(-i)wj(»i) =
> 2w, 'w @ =2 tr(Hz) = >,;1 =N —1 (each H; has t]rH]2 = 1 by orthonormality),
together Wlth the fact — manifest from Eq. (9), since Hy, is invariant under any permutation
of the first k£ indices and of the last N — k indices, and the whole construction is covariant
under the residual permutation symmetry of the N weight labels combined with an orthogonal
change of Cartan basis — that all N vectors w? have the same length ¢ := |w®|2. Hence
Ne =N —1,ie ¢ = (N —1)/N. For i # j, squaring 3, w® = 0 gives 0 = }Ziw(i)F
S Jw®)? + D it w®. ) = N . NA L N(N-1) (w® - w1 (using, again by the permutation
symmetry, that w®-w() is the same for every pair i # j), which solves to w®.w() = —1/N. O

s N

Theorem 45.2. The roots of su(N)c are (@) := w® — w0 for i # j (there are N(N — 1)
of them, matching dim su(N) — ranksu(N) = (N2> —1) — (N —1) = N(N — 1) = N2 — N).
The simple roots are o) := w® — @+ =1, ... N —1, and the Cartan matrix is

2,  i=j
Aij=1-1, li—jl=1,
0, [i—jl>2

exactly the Ay_; Cartan matrix of the classification theorem (Part D).

- J

Proof. That () is the root attached to E;; was observed above. Using Proposition 45.1,
(@ a®y = |w® 2 — 2@ . 1+ 4 |V 12 = 2. % + % =2, and

<a(i)7a(i+1)> _ (w(l)_ w(i+1)) . (w(i+1)_ w(i+2))

— @ (D) ) g (+2) (D2 (4D (i42)

=—~vtv-"% ~~v=-1
while for |7 — j| > 2 every one of the four terms in the analogous expansion involves distinct
labels, giving (a(®, o)) = N + ]{, + % — L =0. Dividing by (o, a() = 2 gives the stated
Cartan matrix. O
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45.2 so(2n+1) < B,

The Lie algebra so(2n + 1) (real antisymmetric (2n + 1) x (2n + 1) matrices, dim = n(2n + 1),
rank ¢ = n) admits a Cartan subalgebra of n independent, mutually commuting infinitesimal
rotations, one in each of n orthogonal 2-planes inside R?"*!  leaving one axis fixed (the unpaired,
“odd” direction):

H:diag (91J, HQJ, ey GnJ, 0), J: (_01 é)

Complexifying and diagonalising each block (J has eigenvectors (1,44)/v/2 with eigenvalues
+4), the 2n paired coordinates acquire weights +ef (¢ = 1,...,n, the standard unit vectors of
R™ = h) under the defining representation, while the one unpaired coordinate has weight 0.

Theorem 45.3. The roots of 50(2n + 1)¢ are +e' £ e’ (i < j, the “long” roots, 2n(n — 1) of
them) and +e° (i = 1,...,n, the “short” roots, 2n of them), for a total of 2n? roots, matching
dim — rank = n(2n + 1) — n = 2n?. The simple roots are a; = €' — el (i =1,...,n — 1,
long) and «,, = €” (short), giving the Cartan matrix with A, 1, = -2, A, -1 = —1 (all
other off-diagonal entries as in A,,_1) — exactly the B,, Dynkin diagram: a chain of n — 1
simple bonds ending in a double bond, with the arrow pointing towards the short root «,.

- J

Sketch. The long roots arise, exactly as for su(/NV), from generators mixing two paired 2-planes; the
short roots arise from generators mixing a paired 2-plane with the single unpaired direction (there
are 2 real generators per pair (£, fixed axis), complexifying to the two root vectors +ef). Since
lei+ed|? = 2 and |€f]? = 1, one finds (a1, ) = ("1 —e")-e" = —1,80 Ap_1, = 2(—1)/1 = -2

while A, ,—1 = 2(—1)/2 = —1, as claimed (all other entries reproduce the A,_; pattern of
Theorem 45.2, since the long roots among themselves behave exactly as the su(n) weights
el,... e" did there). O

45.3 usp(2n) < C,
The compact symplectic group USp(2n) = Sp(2n,C) N U(2n) consists of unitary 2n x 2n

0 1, .
10 > Its Lie algebra,

usp(2n) = {a : a¥j + ja = 0, a' = —a}, is most conveniently parametrised in n x n blocks as
(writing Hermitian generators A = ia)

matrices g preserving an antisymmetric form, g7 Jg = J, with J = (

_(w P - T _
A= (P —WT>’ wt=w, pPT=p,
i.e. an arbitrary Hermitian n x n block W together with a complexr symmetric n x n block P;
counting real parameters, n? (Hermitian W) + 2- % (complex symmetric P) = n?+n(n+1) =

n(2n + 1) = dimusp(2n), of rank £ = n (note this equals dimso(2n + 1) = n(2n + 1) for every n

— a structural fact, since B,, and C,, are dual root systems with the same number of roots, 2n?,
not a coincidence; what ¢s an accident special to rank 2 is the actual isomorphism usp(4) = so(5),
since the root systems, though equal in size, are genuinely different shapes — long and short
roots exchanged — for n > 3, as we now see).

A Cartan subalgebra is given by taking W = diag(uq,...,u,) (real diagonal — genuinely
Hermitian, as required, unlike a purely imaginary diagonal matrix, which would be anti-Hermitian
and violate W = W above; this is the usp(2n) analogue of the traceless real diagonal Cartan
subalgebra of su(n), but without the tracelessness constraint) and P = 0:

H = diag(uy, ..., up, —ui,...,—Up),
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an n-dimensional (full rank) abelian subalgebra. The defining 2n-dimensional representation
has weights +e! (i = 1,...,n), exactly as for s0(2n + 1)’s paired directions but now with no
tracelessness constraint linking them.

e N

Theorem 45.4. The roots of usp(2n)c are +e' + e’ (i < j, from the off-diagonal entries of
W and P mixing two indices, 2n(n — 1) of them) and +2¢ (i = 1,...,n, from the diagonal
entries of P, 2n of them): 2n? roots in total, matching dim — rank = n(2n + 1) — n = 2n.
The simple roots are o;; = e! — e'*! (i =1,...,n — 1, short, |;|? = 2) and a,, = 2¢" (long,
|on|? = 4), giving Ap1p=-1, Ay pn1 = —2 — the C,, Dynkin diagram: the same chain as
B, but with the double-bond arrow reversed, now pointing away from the long root a,.

- J

Sketch. The off-diagonal entries of the Hermitian block W contribute the generators of weight
et —el (i # 7), exactly as the off-diagonal E;; did for su(n); the off-diagonal entries of the complex
symmetric block P (and its conjugate P) contribute weight +(e? + ¢/) (i < j); and the diagonal
entries of P (which are allowed to be nonzero precisely because P need only be symmetric, not
traceless or off-diagonal) contribute the extra long roots +2e’ that have no analogue in su(n)
or 50(2n 4 1). The Cartan matrix entries follow exactly as in Theorem 45.3, with the roles of
long and short exchanged: (ay,—1,0,) = ("1 —e™) - 2e" = =2, 50 Ay—1n = 2(—2)/4 = —1 and
Apn—1=2(-2)/2 = 2. O

45.4 so(2n) < D,

Finally, so(2n) (real antisymmetric 2n x 2n matrices, dim = n(2n — 1), rank £ = n) is constructed
exactly as s0(2n + 1) was (Theorem 45.3), but now without an unpaired axis: all 2n coordinates
pair up into n rotation planes, so the defining representation has weights e’ (i = 1,...,n) with
no zero weight, and there is consequently no analogue of the short roots e’ of B,,.

Theorem 45.5. The roots of so(2n)c are exactly +e! £ e’ (i < j), 2n(n — 1) of them,
matching dim —rank = n(2n — 1) — n = 2n(n — 1). The simple roots are o; = e — ‘!
(i=1,...,n—1)and o, = e"! 4 ¢€", all of equal length (|a;|?> = 2), giving the simply-laced
Cartan matrix of D,,: the A,_; chain «y,...,a,_1, together with «,, attached to ay,_2 (not
an—1) by a single bond, producing the characteristic “fork” at the end of the diagram.

\ J

Sketch. (an_2,0ap) = ("2 —e" 1) ("1 +e") = —1, 50 a;,_2 and ay, are connected by a single
bond; while (a,—1, ) = ("t —e) - (e" ! +em) = " 1?2 — e"|* = 0, s0 a1 and oy, are not
connected — exactly the fork of the D,, diagram, with «,,—1 and «a,, as the two prongs. O

45.5 Classical Groups as Rotation Groups over R, C, H

The four families just constructed admit a single unifying description, which is one of the most
elegant facts in the subject: each is the automorphism group of a vector space equipped with a
natural inner product, where the vector space is built from one of the three real division algebras
R, C, H (the quaternions).

Remark. SO(n) preserves the standard real symmetric bilinear form xz7y on R": it is
the group of “rotations” of real vectors. SU(N) preserves the standard Hermitian form
wiw on CV, together with a choice of complex volume form (detg = 1): it is the group
of “rotations” of complex vectors. And USp(2n) preserves the natural Hermitian norm
on a quaternionic vector space H": pairing up the 2n complex components of C?" into n

quaternions g, = zC(Ll) + ZC(LQ)j (using 1,4, 7, k for the quaternion units, j2 = —1, ij = k), the
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condition g'g = 1 together with g7 Jg = J is exactly the statement that g commutes with
right multiplication by j on each quaternionic slot, i.e. g is H-linear and norm-preserving;:
USp(2n) is the “rotation group” of quaternionic vectors. This is why the three families
are traditionally called the classical groups: they exhaust the possible “orthogonal-type”
symmetry groups over the three associative real division algebras, with so(2n) and so(2n + 1)
being the even- and odd-dimensional cases of the same real story.

46 Invariant Tensors and Casimir Operators

Beyond the quadratic Casimir built from the Killing form (Part D), every classical Lie algebra
carries further invariant tensors, of direct importance in physics (e.g. in identifying which
field-theoretic couplings are gauge invariant, and in computing chiral anomalies).

Definition 46.1. For su(N) with Hermitian generators T;, normalised as tr(7,7,) = %5@,
the rank-r invariant tensor is the totally symmetrised trace

da1'~-ar = tr (T(‘ll e Tav'))’

where (- --) denotes symmetrisation over all r! orderings (divided by r!).

e N

Proposition 46.1. d,,..,, is invariant under T, — U'T,U for any U € SU(N), and
C:=dgy..q, 7" ---T% commutes with every generator (it is a higher Casimir operator).

J

Proof. Invariance under conjugation follows from cyclicity of the trace applied to each term of
the symmetrisation. Infinitesimally, invariance under T, — Ty + i€[T,,T,] means the sum of r
terms obtained by replacing one factor at a time in tr(7y, - - - Ty, ) by [T¢, Tq,] must vanish after
symmetrisation; this is again a direct consequence of cyclicity, e.g. for r = 2: tr([T¢, Ta,|Tu,) +
tr(To, [Te, Tay)) = tr(TeTa,Toy) — tv(Tay TeTa,) + tr(To TeTn,) — tr(To, Ta, Te) = tr(TeTe, To,) —
tr(Ta, Tu,T:) = 0 by cyclicity, and the general r follows the same telescoping pattern. Since C' is
built from an invariant tensor contracted with all generators, [T3, C| = 0 follows from the same
infinitesimal invariance statement. O

Remark. For su(N), the first nontrivial higher invariant is the rank-3, totally symmetric
d-symbol. The standard physics normalisation is dgpe := 2 tr (To{T}, T, }) — a fixed overall
rescaling of the r = 3 case of Definition 46.1 (dgpe = 2tr(T(,TpTr)) there, so the two differ by
the conventional factor of 4; symmetrised traces of both even and odd rank can be nonzero
for su(N) when N > 3, since tr(7,) = 0 already kills 7 = 1, and dgp x 64 reduces to the
quadratic Casimir). In physics, dg. is precisely the anomaly coefficient: a chiral gauge
theory is free of the triangle (Adler—Bell-Jackiw) anomaly only if d,. vanishes when summed
with appropriate signs over all Weyl fermions in the theory — a nontrivial group-theoretic
constraint that, e.g., is what fixes the number of colours N, = 3 in the Standard Model,
via the requirement that the anomaly cancel within each generation of quarks and leptons
separately (it constrains N., not the number of generations, which anomaly cancellation says
nothing about).

Remark. For so(2n), the generators are represented by antisymmetric matrices A,, = —A,,
in the vector representation (this is specific to so(2n): the defining property of usp(2n)’s
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generators, by contrast, is that they are never antisymmetric in any basis, only Hermitian
and symplectic-traceless, Section 45.3 above, so no analogous Pfaffian invariant exists for
usp(2n)), and an antisymmetric 2n x 2n matrix carries, beyond det A = (Pf A)2, its own
square root of the determinant, the Pfaffian

Pf(A) - ﬁ Eiliz"'iQW*ﬂ?n Aili? U Aizn—ﬂzna

an invariant of the vector representation not expressible as a trace, and one which changes sign
under O(2n) \ SO(2n) (an improper orthogonal transformation) while det A does not. The
two inequivalent “chiral” Weyl-type spinor representations of SO(2n) (unlike the single spinor
representation of SO(2n + 1)) are a related but logically separate fact: they are distinguished
by the eigenvalue +1 of the chirality operator 'y, 41 := ¢"I'1I'y - - - I'gy, (built from the Clifford
algebra generators, not from Pf directly) — the even-dimensional-orthogonal analogue of the
parity distinction we meet again for the Lorentz group below.

J

47 Physical Application: The Lorentz Group and Its Represen-
tations

We close by using everything developed in this chapter, together with Part D’s abstract compu-
tation that s0(3,1)c = su(2)c ® su(2)c, to classify the finite-dimensional representations of the
Lorentz group explicitly, down to writing out the Weyl spinor representations by hand.

47.1 The Lorentz Group

Equip R* with coordinates 2* = (¢, z,, z) and the Minkowski metric n = diag(1, —1,—1,—1), so
that ||z]|? = 2Tnx = t? — 22 — y? — 22 is the invariant interval.

Definition 47.1. The Lorentz group is O(1,3) := {A € GL(4,R) : ATpA = n}, the linear
transformations #/# = A*,2" preserving ||z|?.

Taking determinants of ATnA = 7 gives (det A)?2 = 1, so det A = +1; and the (0,0) component of
the same equation reads (A%)? —3;(A%)? = 1, forcing (A%)? > 1, i.e. A% > 1 (orthochronous,
preserves the direction of time) or A% < —1. Combining the two independent signs gives
four connected components, represented by 1, parity P = diag(1,—1,—1,—1), time reversal
T = diag(—1,1,1,1), and PT = —1. The component containing the identity, det A = +1 and
A% > 1, is the proper orthochronous Lorentz group SO*(1,3); the full group is the union
of four cosets SO*(1,3), P-SO™(1,3), T - SO™(1,3), PT - SO*(1,3).

47.2 The Lie Algebra so(3,1)

Writing A = 1 + w for an infinitesimal element of SO*(1,3), the defining condition ATnA =5
linearises to an +nw = 0, i.e. Wy = Nuw”, is antisymmetric, w,, = —w,,: exactly 6 = (3)
independent parameters, matching dimso(3,1) = n(2n — 1)|,=2 = 6 of Theorem 45.5 (with
signature, rather than definiteness, of the quadratic form — the classification of Part D concerns
the complezified algebra, which does not see the difference between so0(4) and so(3,1)).

Definition 47.2. The generators M* = —M"" (u,v =0,1,2,3) of s0(3,1) are defined, in
the defining (vector) representation, by

(M), = i(305y — 1"°38),
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so that a general infinitesimal Lorentz transformation is w’, = —5 w,, (M*)P, for antisym-
metric parameters wy,,.

Proposition 47.1. The generators of Definition 47.2 satisfy

[M'“V, Mpo] _ .(nz/pM,uo . nupMyo . nuchup + nquz/p> ) (10)

- J

Proof. Direct matrix multiplication using (M*)?, = i(n*PoY — n'Po#) expresses (MH MPO)Ty\ —
(MPPMH)Ty as a sum of four terms, each a product of two n’s and one J; collecting these
using n** = nP* and re-contracting each pair back into a single generator, e.g. n"?(MH"7)7, =
0P - i(nh765 — n°7 oY), reproduces exactly the right-hand side of Eq. (10); we omit the routine
index bookkeeping. O

It is more transparent to package the six generators as three rotations and three boosts,
Jt= LR RE (G k =1,2,3), Kt = MY,
in terms of which Eq. (10) becomes
[J8, 0] = ik gk [JKY) = ieVF KR K K] = —igiik gk, (11)

The first relation says the J* alone generate an su(2) = so(3) rotation subalgebra; the second
says the boosts K’ transform as a vector under rotations; the third — the genuinely relativistic
relation — says that two boosts do not commute into zero but into a rotation (the algebraic origin
of Thomas precession). Up to the change of basis and normalisation between the anti-Hermitian
generators 0, used in Part D and the Hermitian generators T, = —if, used here (the sign fixed by
requiring [Ty, Tp] = +ieqpcTe, matching the physics convention used throughout this Part, from
(00, 0p] = —€ancbe), Eq. (11) is exactly the abstract Lorentz-algebra relation already established
in Part D (Section 36.3), now rederived from the explicit tensor generators MH".

47.3 Complexification and the (j, ;') Classification
Exactly as in Part D, define the complex (non-Hermitian) combinations
AF = (I LK.
A direct substitution into Eq. (11) gives
[Aj,Aj] = icijR AL, (A7, AT = deip Ay [A], A7) =0,

i.e. 50(3,1)c = su(2)c @ su(2)c, the same conclusion as Part D reached from the real generators
0p, 0pt3, now rederived from the explicit tensor generators M#”. By Theorem 43.3 applied to
each su(2) factor separately, finite-dimensional representations of the (complexified, hence also
the real) Lorentz algebra are labelled by a pair of spins (j, '), of dimension (25 4+ 1)(25' + 1),
with A;" acting as spin j and A; as spin j'.

A scalar field is, by definition, a field carrying the trivial (0,0) representation: under a
Lorentz transformation z — 2/ = Az, it transforms with no matrix at all, ¢'(2’) = ¢(x), i.e.
¢ (z) = ¢(A~1x) — the field’s numerical value at a given spacetime point does not change, only
the point being referred to.

47.4 The Weyl Spinor Representations
We now construct (3,0) and (0, 3) by hand.
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~

dimension field

<
.
~—

G
(0,0) 1 scalar ¢(z)

(%, 0) 2 left-handed Weyl spinor y,,
0,4) 2 right-handed Weyl spinor x4
(3,3) 4 vector V#

Table 2: The simplest finite-dimensional representations of the Lorentz algebra.

Example 47.1. a) The representation ( ,0). Here A; = 0 identically and Af = 1 or}
(the spin-3 representation of su(2), Part C) Solving J* = A} + A7 = io0; and KZ
—i(Af — A7) = —%al- for the original Hermitian generators gives, for a finite group element
built from a rotation angle 6 and boost rapidity ¢,

gL, = exp(ié'-j—i—igﬁ-lz) = exp [%(5—1@)&’} ,

acting on a two-component left-handed spinor x, (o« = 1,2), matching Table 2. (Rotations,
being compact, are represented unitarily, with the familiar factor of ¢ multiplying the
Hermitian generator J boosts, being non-compact, are represented by the non-unitary,
growing/decaying exponential exp(ig K ) = exp(2cp d), since K= —50 comes out anti-
Hermitian in this non-unitary representation — consistent with the general fact, Part D, that
finite-dimensional representations of a non-compact real form need not, and here cannot, be
unitary.)

b) The representation (0, 2) Now Af =0 and A; = }oy, giving J' = 30, (the same
rotation generators) but K* = +£ 50; (the opposite 31gn),

grR = €xp [%(5+i<ﬁ)-5},

acting on a two-component right-handed spinor x, (& = 1,2; the dot is the traditional
notation distinguishing the two inequivalent two-dimensional representations), matching
Table 2.

Proposition 47.2 (Parity and spinors). Under parity P = d1ag(1 -1,-1,-1), JoJ
(both indices of M7* are spatial and flip sign together) while K — —K (one 1ndex of M 07 g

spatial and flips sign, the other is temporal and does not). Hence Az?t = Q(J’ +iK 1)
$(JPFiK') = Af: parity exchanges the two su(2) factors, and therefore exchanges the
representations (%, 0) « (0, %), i.e. the right- and left-handed spinors.

. J

Physical perspective

This is the group-theoretic root of parity violation in the weak interaction. A field theory
built symmetrically out of x, and Y4 (e.g. a Dirac fermion, which combines both into the
four-component representation (1

5,0)® (0, %) with equal, parity-symmetric couplings) is parity
invariant; but the Standard Model couples the SU(2)weax gauge bosons only to left-handed
Weyl fermions x, (and their right-handed conjugates Y4 transform as gauge singlets), an
explicit, maximal violation of the exchange symmetry of Proposition 47.2 — exactly the effect
whose experimental confirmation, in the S-decay of polarised °Co, earned Lee and Yang
the 1957 Nobel Prize: they had proposed parity violation in 1956, and Wu and collaborators
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confirmed it experimentally in 1957.

Remark. As with any su(2) doublet (Part C), the antisymmetric tensor €45 (€12 = —€21 = 1)
is invariant under SU(2) and hence lets one raise and lower left-handed spinor indices,
% = g X3; the analogous € &b does the same for right-handed indices. A full account of this
index calculus, and its extension to spinor representations in higher spacetime dimensions, is
the starting point of a different (and considerably longer) course and lies beyond our present
scope.
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