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Chapter 1

Introduction and Preliminaries

We assume prior knowledge of mechanics and electrodynamics at the level of the first few
chapters of Landau—Lifshitz vols I and II. In particular, we require certain familiarity with
Lagrangian mechanics, Maxwell’s equations and Special Relativity (SR). There are many books
which can be used as a complement to these notes. A biased list is the following.

e Elementary level: Schutz (Cambridge 1980, 2nd ed 2009). Hartle (Benjamin 2003).
Coleman (Cambridge 2022). Blundell-Lancaster (Oxford 2025).

e Comprehensive: Weinberg (Wiley 1972). Misner-Thorne-Wheeler (Freeman 1973). Landau-

Lifshitz (Reverte 1981). Carroll (Benjamin 2003). Zee (Princeton 2013).

e Advanced level: Hawking-Ellis (Cambridge 1973). Wald (Chicago 1984). Poisson (Cam-
bridge 2004).

e Web: Carroll, gr-qc/9712019. Tong, https://www.damtp.cam.ac.uk/user/tong/gr.html

Conventions

The acronym GR is used for General Relativity, SR is used for Special Relativity. Frames
adapted to freely falling observers are sometimes termed frefos, while generic frames correspond-
ing to fiducial observers are called fidos.

Four-dimensional indices transforming in the Lorentz group are labeled with latin letters
from the beginning of the alphabet: a,b,c,.... Four-dimensional indices transforming in the
group of diffeomorphisms are labeled with greek letters: o, 3, ..., u, v, .. .. Einstein’s summation
convention is used in these cases. Three-dimensional spatial indices, or more generally indices
which do not include time, are labeled with latin letters from the middle of the alphabet:

i,7,k, ..., and Einstein’s convention is not used. Brackets in indices denote antisymmetrization,
1 1
Apw) = §(AW — A Alp) = Q(Azwp + Avop + Apur — Avpp = Appw = Apup)

and so on. Analogously, curved brackets denote symmetrization, S(,,) = % (S + Syyu) and so
on.
The metric signature convention is (— + ++), so that the proper time element satisfies

dr? = —ds® = —g,,, dat dz" .
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When ds? is positive, ds is interpreted as a proper distance element. When d7? is positive, dr
is interpreted as a proper time interval. We will often use the notation of a dot over a variable
that is being differentiated with respect to 7.

The Levi—Civita symbol €,p.q is defined as a completely antisymmetric object in four covari-
ant indices, defining a tensor with respect to proper Lorentz transformations with the convention

€o123 = 1. This implies that the contravariant version € is completely antisymmetric with
€923 — _1. The three-dimensional version appearing in vector calculus is €ijk = €oijr and
ijk 0ijk
€I = —e’I",

The following set of conventions is adopted when writing the norm of a general four-vector
") = (U°,0):
U? = g, UFUY = ¢" U, U, = U,U".

For a Lorentz four-vector we have similar expressions in terms of Lorentz indices and the Lorentz
metric 774. In addition, we also have U? = U,U% = —(U°)24+U 2 = —(U°)2+ 3%, (U?)%. These
conventions are also used for differential operators, such as the Laplacian V? = gV, V.
Throughout the notes, the covariant derivatives V,, are defined with respect to the Christoffel
(also known as Levi-Civita) connection, the unique connection which is symmetric and metric
compatible.

Riemann’s tensor is defined with the appropriate sign so that the gravitational Lagrangian

takes the form .

Ly = 167TG\/ng ’
where R = g"”R,,, is the Ricci scalar, g = det(g,,) and G is Newton’s constant.
The integration measure which is invariant under diffeomorphisms is d*z+/—g. This general-
izes for submanifolds in terms of the induced metric on the submanifold. For any scalar function
f(x), we often use the simplified notation

/Xd4wfgf<x>=/xf.



Prelude

The Theory of Relativity, developed mainly by Einstein between 1905 and 1915, is the
culmination of more than two millennia of reflections on the nature of space and time. The
Einsteinian synthesis mixes space and time into a new entity, called spacetime, which is endowed
with a dynamical geometry. This geometry is a generalization of both Euclidean and Riemannian
geometry, preserving smoothness but allowing curvature. The dynamical content of the geometry
of spacetime is identified with the physical phenomenon of gravitation. The whole picture is
summarized in the famous slogan by J. A. Wheeler: matter tells space how to curve, space tells
matter how to move.

The ancient Greeks took the first giant step when they discovered the ‘structure of space’, as
characterized by the laws of Euclidean geometry. They were so fascinated by this finding that
they fell into the Platonic illusion that Euclidean geometry is a logical necessity. This belief
started to shatter when XIX century mathematicians discovered logically consistent, yet non-
Fuclidean geometries, a revolutionary idea which culminated with the Riemannian description
of geometries which are smooth, i.e. approximately Euclidean on short distances, but curved on
generic distances. By the end of the XIX century the geometry of space was again considered
an empirical question, but no suggestion of a dynamical nature was made at this point.

TIME ™,

Figure 1.1: The fundamental structure of Einstein’s spacetime is revealed by considering Pythagorean
triangles extended in the time direction, representing the time lapses registered by moving clocks (ticking
T units) and static clocks (ticking t units). The purely spatial theorem > = % + y? is generalized to
—712 = —t? + (2, with time measured in, say, seconds and distances measured in light-seconds.

Greek geometry was extended by Einstein with the invention of the Theory of Special Rel-
ativity and its subsequent geometrical interpretation by Minkowski. Roughly, the behavior of
light implies a generalization of the symmetries of classical mechanics. This generalization can
be stated as a geometrical principle. Given a right triangle in space with sides x,y and ¢, the
Pythagorean theorem states 2 = 22 + y2. Now, if we ‘lift’ this triangle into the time direction,
by specifying two clocks, one at rest ticking to time ¢ and another one in motion ticking to
‘proper time’ 7, one finds, in units where the speed of light is unity,

= =2yt (1.1)

that is to say, the Pythagorean theorem is lifted into spacetime by simply sticking a minus sign in
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the time directions (see Figure . This simple geometrical structure is one of the two or three
fundamental principles of Physics. Finally, in 1915 Einstein brought together the Riemannian
and the Minkowskian generalizations of Euclidean geometry with a new synthesis: spacetime is
the curved (Riemannian) generalization of , with the curvature being determined by the
gravitational field.

In these notes we will distill this deep result following a physical path, by showing that this
is the only answer to the problem of constructing a relativistic version of the Newtonian law of

gravitation, famously stating
mimsg

r2

Fo| = G (1.2)

for the gravitational attraction between two masses separated by a distance r. The potential
energy at height r in the field of a mass M is given by —GM /r per unit of test mass, up to an
additive normalization constant. In orbital motion we have a kinetic energy of the same order
of magnitude. The characteristic velocity of an orbit at height r is then v(r) ~ \/GM/r, so that
the relativistic character of this motion is measured by the ratio

v2 GM s

c2

)

c2r r

where ¢ is the speed of light and we have defined a characteristic gravitational (so-called
Schwarzschild) radius for the gravitational field of a mass M:

2GM

c2

rs(M) = :

The gravitational interaction becomes relativistic, i.e. non-Newtonian, for ¢(r) = rs/r ~ 1.
The dimensionless potential ¢ also measures the order of magnitude of relativistic effects arising
as corrections to the Newtonian theory.

For localized systems, the value of ¢ on Earth is of order ¢g ~ 1072, In the vicinity of the
sun, ¢g ~ 1075, On the surface of a white dwarf star we have ¢yqs ~ 1074, the same order of
magnitude of relativistic effects as the hydrogen atom. Finally, relativistic stars such as neutron
stars reach ¢, ~ 0.1 and black holes always have ¢y, ~ 1.

For non-localized systems, such as a uniform-density distribution, we have M (r) ~ p -3 for
the mass enclosed by a sphere of size 7. Then, we have ¢ ~ (H r)?, with H defining the Hubble
parameter E| r

2,y OTLp
H (p) = 32
Therefore, a cosmological model becomes relativistic at distances of order H~'. This happens
in our Universe for H~! ~ Gigaparsecs (Gpc).

In these notes we develop the current theory of the gravitational interaction in relativistic
regimes where ¢ = O(1), essentially developed by Einstein in the decade prior to 1916. As
indicated above, this theory can be tested to order 107% in solar system experiments, and it
is essential to understand the dynamics of relativistic stars and the global properties of the
universe on distance scales beyond Gigaparsecs. On the other hand, the effects of gravity are
largely irrelevant at the scale of elementary particles. The reason is the extreme weakness of the
gravitational interaction between subatomic particles.

The precise numerical factors in the definitions of rs and H are irrelevant for our present discussion of
order-of-magnitude estimates, but they conform to the more precise definitions to come.
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The ratio of electric to gravitational force between two protons with mass m,, is

| Fem| B €2

_ ~ 103
|[Fg|  4nGm? ’

which makes gravitation utterly negligible at the subatomic levelE| We can write this ratio in
terms of dimensionless quantities characterizing the intrinsic strength of the interaction, the fine
structure constant o = e?/4rhc, and the gravitational analog ag = Gmf7 /he. Since o = 1/137
is a pure number, it turns out that ag ~ 1073® is also a pure number. Therefore we find that

the quantity
[ hc
mp) = rel ~ 10" my

has dimensions of mass and it is called the Planck mass. The associated Planck energy is
mpic? ~ 10! GeV and the Planck length fp; = \/Gh/c3 ~ 10_19)\pr0t0n ~ 10733 cm, where
Aproton ~ fi/mpc is the size of the proton.

The Planck scale has a quantum significance, marking the regime where quantum effects
make gravity as strong as the other forces. To see this, notice that a quantum state localized
on distance scales ¢ has typical momentum %/¢, according to Heisenberg’s principle. When such
a momentum is larger than mc for all masses in the problem, the state is highly relativistic,
having energy E ~ hc/¢ and effective gravitating mass /i/fc. The dimensionless intensity of the
gravitational field for such a mass is

G B Gh (tm\’
aa<f>~h~2€2~3e2~<£> ,
c c c
which becomes of order unity when ¢ ~ /p;. In fact, it equilibrates the electromagnetic force at
scales of the order of tens of Planck lengths.

We conclude that significant quantum gravitational effects would require Planck-mass el-
ementary quantum objects or Planck lengths in the quantum resolution of scales implied by
Heisenberg’s principle. This means in practice that quantum gravitational effects are irrelevant
from the point of view of feasible experiments.

It is possible to imagine situations where this conclusion is significantly modified. For ex-
ample, it could be that the world is 4 + n dimensional below some length scale /.. In this case
Newton’s force could actually scale like 1/72*™ for r < /., which means a stronger growth at
short distances. In practice this would imply a lower effective Planck mass and thus room for ex-
perimental hope. Currently there is no evidence for such scenarios, but they serve as indications
that other possibilities exist.

More generally, the greatest revolutions in theoretical physics are associated to conceptual
syntheses of seemingly incompatible theories, in a tight and essentially unique solution. Famous
examples of this trend are the theory of quantum fields, the essentially unique unification of
Special Relativity and quantum mechanics. Another example is Einstein’s theory of gravitation,
again the essentially unique theory of relativistic classical gravity. Many physicists hope that the
final synthesis involving the three basic constants, A, ¢ and G, will be borne out in a conceptually
‘tight’ fashion, so that we may hope to ‘corner’ the answer even in the absence of crucial
experimental input.

2In fact, on distance scales about a tenth of a millimeter and below, gravitation is already surpassed by Van
der Waals forces.



While we wait for the fully fledged development of such a theory, we shall set A = 0 for most
of these lecture notes.
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1.1 Particles, Fields, Lagrangians and Symmetries

Dynamical systems can be described classically by equations of motion or by specifying
action functionals. Let the pair (Q(t), Q:(t)) denote the state of a mechanical system (the data
necessary to determine its future, usually initial positions and first time derivatives Q; = dQ/dt).
Here we regard Q as an abstract notation for a set of position coordinates, particle label or local
excitation of a field.

Given initial and final values of the configuration variables, Q(t;) = Q;, Q(ty) = Qy, we
construct the action functional

Sk = / dL(Q, Q) | (1.3)
Y

where v denotes a given history, i.e. the function v : ¢t — Q(t), and L is called the Lagrangian.
Then, the equations of motion follow from the extrema of the action functional, §S = 0, for all
variations Q — Q + dQ with fixed initial and final values. This can be expressed as

oL oL
0—5S—Adt (6959+8Qt69t> .

Using that 6Q; = d(6Q)/dt and integrating by parts we find

oL d 0L

where the last vanishing term corresponds to the contribution of total derivatives in time, van-
ishing because of the boundary conditions 0Q(t;) = 6Q(ty) = 0. The extremal trajectory must
satisfy for all values of §Q, implying the vanishing of the term in parenthesis. Therefore
we arrive at the so-called Euler—Lagrange equations of motion,

4oL 0L _ (15)
dt0Q; 09
Lagrangians are defined up to a total derivative in time. Given L, then L + df /dt leads to the
same equations of motion.

The elementary example is that of an isolated system of Newtonian particles with generalized
coordinates Q(t) — X'p(t). The Lagrangian reads

- 2
dX 2 >
LZE émp<dtp> —U(le...,Xp,...), (1'6)
p

with U defining a potential energy function. This Lagrangian produces the well-known Newto-
nian system of equations

X, U
mp dtz = 8Xp .

The Lagrangian formalism is very useful in the description of local degrees of freedom, their
interactions and symmetries. It also provides one of the simplest jumping points from classical
to quantum physics, since the fundamental quantum object is the probability amplitude for a
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transition between initial and final configurations, which has a simple formal relation to the
classical action,

A Qi—Qr — Z etShl/n ) (1.7)

histories v;_, ¢

according to Feynman’s formula. In these notes, we will not deal with quantum theory, but we
will make full use of the Lagrangian formalism as the most powerful tool in elucidating local
dynamics, whose most fundamental idea is the concept of fields.

Fields

We may take a formal continuum limit for systems of the form with degrees of freedom
pinned to points of space, leading to the notion of field theories. Here, the role of the particle
index p is played by an ‘approximately’ continuous label corresponding to the point of space
Q(t) — qz(t). Intuitively, we imagine a field as an assembly of ‘particles’ attached to points
of space. The function gz(t) denotes ‘oscillations’ of this ‘attached particle’, either in physical
space or in some internal space.

(0)

Given an equilibrium configuration g of the potential energy function U, we may expand

it in powers of the local displacement variable ¢(Z,t) = /mgz (qg;(t) - q:(fo)>, which will be
referred to as the field. In the continuum limit, the assumption of locality means that the

functional U[¢(Z,t)] is the integral of a density, admitting an expansion around ¢ = 0 in powers
of derivatives of the field ¢(Z, t):

Ulg] = /d?’x (V(qb) + %cg(gqﬁ)Q + higher derivatives) ,

where we have further assumed translational and rotational invariance. Local stability of the
equilibrium point requires that the so-called ‘squared speed of sound’, ¢2, be positive and the
non-derivative term, V' (¢), be well approximated by a positive parabola near ¢ = 0.

Notice that long distance physics is controlled by the terms with the smallest number of
spatial derivatives. Consider for example two contributions with two and four derivatives re-
spectively, (5¢>)2 + )\2(52¢)2. By dimensional analysis, A must necessarily be a length scale,
so that a field configuration with scale of variation of order ¢ contributes an amount of order
£72(1 + C(N\/£)?) for some constant C. Hence, at long distances £ > A the higher-derivative
terms give a subleading contribution and in any case their effects can be gradually introduced by
perturbation theory in the corresponding dimensionless effective couplings, such as Aeg(£) = A//.
This type of ‘long-distance’ expansion is called Effective Field Theory and it is the mathematical
embodiment of the Principle of Locality.

Collecting all terms together we are led to a field theory Lagrangian

L= /d3xc[¢] : (1.8)
where the Lagrangian density has the following structure
Ll¢] =31 (00) - %cz(ﬁ_’qb)z — V(@) + higher derivatives 4+ boundary terms . (1.9)

In most applications, boundary terms are neglected assuming appropriate boundary conditions
for the fields, so that we can integrate by parts at will. The physics of small fluctuations around
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equilibrium can be studied by polynomial approximations of the potential function V(¢). A
linear term of the form J¢, called a ‘source term’, is often considered for a general function
J(Z,t) as a way of ‘driving’ the system, to study perturbative response of the equilibrium
state. The quadratic term is often called the ‘mass’ of the field. The Euler-Lagrange equations
stemming from the long-distance approximation are

(—8252 +c2 52) ¢ =V'(¢) = J &+ m?c? ¢ + nonlinear terms , (1.10)

where the factors of ¢, in the terms proportional to J and m? are conventional definitions. The
elementary solution of the homogeneous equation for zero mass,

(=02 +28%)¢p=0 (1.11)

are waves ¢y, (t, ¥ ) propagating at speed cs. The elementary solution for a static (time-independent)
field created by a source J is the solution of Poisson’s equation,

. 1 3 A3k eFE=7) 3y J(7)
B ke T[4y . 1.
A(Z )static 62J /d yJ(y)/ LT / i 17— 7| (1.12)

Time-dependent disturbances created by a time-dependent source J(Z,t) are obtained from the
static ones by simply recalling that these disturbances travel at speed c;. Hence the solution
is formally the same as (1.12)) with the source replaced by its value at the ‘retarded time’
t—|Z—1|/cs,

a7 (1= 2 7)
r 77

gb(f’ t)retarded = ¢(fv 75)wave - / N (1.13)

where ¢yave 18 a general solution of the homogeneous equation , which might be interpreted
as a sort of ‘primordial’ field, coming from the remote past, which was there even before any
currents existed that contributed to the field excitations. We can use the same argument to
write a formal solution of the general non-linear equation with arbitrary potential:

! V() = bwave — / oy V102 ) . (1.14)

- 4 = 2 — —
—02 + 252 lret Arc; 7 — 7|

Rather than an explicit solution, this is an integral equation for any potential with quadratic
terms or higher non-linearities. This equation may be solved iteratively in the powers of the
function V’'[¢]. For example, for a mass term we have V/(¢) = m?ct¢. The term of order m?"
in the iterative solution represents a wave sourced by J and averaged over n ‘kicks’ at which
the wave is regenerated. This construction is analogous to Huygens’ method of wave dispersion,
so that one says that the mass term causes ‘wave dispersion’, as a result of which the effective
propagation velocity over distances larger than 1/(mc;) is smaller than cs. Alternatively, we
can look for solutions of definite frequency w and momentum l;,

¢(f7 t)retarded = (bwave +

¢(t, f)w P efiwt+ik5c'
and the equation of motion implies the so-called ‘dispersion relation’
2 24, 7722
w - =m"c, +k“c; .

The basic phenomenon of field dynamics is wave propagation. Locality translates into the finite
propagation velocity c¢s for any physical perturbations modeled by the field ¢(t, Z).
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Symmetries

A classical system is said to enjoy a symmetry action when some group of transformations
G acts on the space of solutions of the equations of motion, i.e. given one solution Q, the
transformed ¢g(Q) under G is also a solution of the equations of motion. One way to ensure this
is to demand that the action functional be invariant under the action of G:

Syl = Slg()], (1.15)

for any history v and any group element g € G. This is slightly more than strictly necessary in
the classical realm, because one could do with an action of G just on the space of extrema of
S, rather than the whole domain of definition of S. However, in quantum mechanics one really
explores all possible trajectories and symmetries have to respect them all.

Invariance of the action is not always borne out by invariance of the Lagrangian. Because of
the ambiguity in Lagrangians by a total derivative, it is enough to demand that a Lagrangian
is invariant up to a total time derivative,

Lig(Q) = 1] + 42 (1.16)

For field theories, and under the technical assumption that boundary terms do not contribute
to the dynamics, the Lagrangian density may be invariant up to a total derivative in time and
space:

Llo] = LIg(¢)] = LIo] +df' +5F , (1.17)

for some functions f* and f.

The main use of Lagrangian methods is to implement economically the requirements of
symmetry. At the same time, this formalism provides a very general link between symmetries
and conservation laws, via a famous theorem by Noether.

Let the symmetry G act on the space of trajectories Q(t) as a continuous group and work
near the identity,

9(Q) = Q+6,9=0Q+es[Q+O(e?) (1.18)

where s[Q] might be a rather general functional of Q. Since Lagrangians are defined up to a
total time derivative, an invariant action is compatible with a variation of the Lagrangian

_ s
0L = i (1.19)
for some fs;. Rewriting this in differential form,
oL oL oL d 0L oL
0sL = —0sQ + —0s — == ] 0,9+ — s 1.20
~ 90”9 90,9 T <aQ dt@Qt> . (aQt Q) (20

Using the equations of motion and equating and , we establish the conservation of

the Noether charge Q: a0 8L
S

Some examples of importance include the usual definitions of energy and momentum for a free

Newtonian particle with Lagrangian L = %mﬁ 2 associated to translation symmetry in time

and space, respectively

OL oL P2
P mu , 7 - 57 5 MU o ( )
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For field theories with Lagrangians of functional form L£(0;¢, 5¢, ¢), the statement of a contin-
uous symmetry is that ds £ = €0 fL + € f; under a field transformation d5¢ = € s[¢], where
s[¢] is a functional of ¢(&,t) with similar structure as the Lagrangian. Repeating the previous
derivation , neglecting total spatial derivatives, one finds a local ‘continuity equation’

O Jt+0J, =0 (1.23)
for the Noether current defined by
oL - oL >
Jt = s[¢] - — f, Js=s[¢] - —=— — fs . 1.24
9 585 9 55~ (124

Whenever we encounter (|1.23)) we can interpret it as a statement of local conservation of charge,
by assigning the role of charge density to J' and the role of fluz-density to J. Namely, we define
the Noether charge inside a three-dimensional region V3 as the integral of the density,

Qs(V?) = /Vd Je, (1.25)
and the flux across the boundary V3

Flus, (V?) = f[g e (1.26)

where (Js), denotes the component of J, along the outward pointing normal to V3. Then,
upon integration over V3, (1.23)) is equivalent to

%Qs(vg) = —Flux,(dV?) , (1.27)

i.e. the variation of charge equals the inward flux through the boundary OV?3, without any
creation or destruction of charge inside V3.

1.2 Cirisis ‘fin de siecle’

Circa 1900 one could summarize the Lagrangian of the ‘fundamental’ physics in terms of two
components

L1900 ~ LNewton + LMaxwellfLorentz ) (128)

where Lnewton Stands for the model of pointlike masses interacting by instantaneous gravitational
forces. The Maxwell-Lorentz sector concerns the electromagnetic phenomena and their coupling
to charged massive particles. A mechanical interpretation was missing in this sector, although
drawing inspiration from the theory of optics, it was natural to postulate a material medium,
called ether, that would support the electromagnetic waves. This prompted an active search for
mechanical models of the ‘ethereal’ substance. The continued failure of such models led to a
conceptual crisis at the turn of the century.
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1.2.1 Newton

A model of matter in terms of pointlike objects characterized by positions &), and velocities
U, = d¥p/dt, interacting by a Newtonian gravitational force is described by the Lagrangian

Fpht
Lyewton = Y _ 3y By + G > E p_qx B (1.29)
P p<q P 4

The most salient features of this Lagrangian are the instantaneous nature of gravitational forces
(the potential energy only depends on positions of particles) and the equality of inertial and
gravitational masses, u, = mp, the so-called “Principle of Equivalence”. It also satisfies the
Galilean principle of relativity, being invariant under a ten-parameter group of transformations

xi%ZRij(xj—f—aj—}—Vjt) , t—>t+a, (130)

including boosts by a velocity V as well as R3-rotations Rg € SO(3) and translations in space
and timeE| This formulation of the symmetry principles of Newtonian mechanics assumes the
existence of ‘inertial frames’ in which the dynamics actually takes the form expressed in .
The pragmatic rule is that inertial frames are those in which test particles that are isolated (free
from any forces) move in straight lines at constant velocity.

The equality of gravitational and inertial masses is famously exemplified by the (perhaps
false) story of Galileo throwing objects from the top of Pisa’s tower. In fact, if we denote m
the inertial mass and p the ‘gravitational charge’, it is enough to ensure that the ratio m/u is
a universal constant, equal for all possible bodies, since then this ratio can be set to unity by a
rescaling of Newton’s constant.

In the nineteenth century, E6tvos was able to check this universality with great accuracy
in a series of experiments comparing the balance of a gravitational force (responding to p) and
a purely inertial force (responding to m). A good example is a body at rest on the surface of
the Earth, subject to gravitational and centrifugal forces. Tiny differences of the ratio m/u
between two objects would result in a slight misalignment of the net force acting on them. For
the latitude of Budapest, home of E6tvos, one finds

A, ~600|sina, (1.31)

m/p

where « is the misalignment angle. E6tvés was able to bound A, /,, to less than one part in 108.
The bound was later improved by Dicke in the 60’s to one part in 10!! and today we know it to
be true to one part in 10'®. The conclusion is, therefore, that such a precision test should not be
based upon a simple coincidence, but some deep principle. The interpretation of the Principle
of Equivalence as the fundamental key to the theory of gravitation is the main contribution of
Einstein.

Problem: Eo6tvos Experiment

Verify expression (|1.31)) by computing the misalignment of the total gravitational4centrifugal force for
two objects of gravitational masses pi, o and inertial masses mq, mo. Give an expression for |sina| in

3This is an example of the case that the Lagrangian is invariant up to a total derivative in time.
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terms of the surface gravity g = GMg/R%, the Earth radius Rg and the Earth rotation angular velocity
Qg.

Anticipating its use in the following, we note that Newton’s gravitational law can be formally
written as a field theory coupled to the mass density of matter. The equations of motion following

from ([1.29) are
dvp, = mg(Tp — Tq)
mpl = F = —Cmy, ) =5 (1.32)

where we have already implemented the equality of gravitational and inertial masses, so that
m,, drops from this equation. The force term on the right hand side can be written in terms of
a gravitational potential, Fy = —mp0¢n, where

on(t.7) = =3 (1.33)
q

This form of the potential, defined up to an additive constant, is the solution of the so-called
Poisson equation sourced by the mass density

G20n(7,t) = 4nG Y " mg 8O (& — Zy(t)) = AnGpm (3,1) . (1.34)
q

We see that Newtonian theory can be recast in the form of a field theory with a gravitational
potential ¢y interacting with mass density through the equations

du,

E = _5¢N ) 52 (bN = 47TG Pm (135)
which are equivalent to the Lagrangian
L 1 =
Lnowion = S b}~ 2 [ @00 = [ o (1.36)

Solving for the potential ¢n using Poisson’s equation yields precisely , and substitut-
ing back into produces the ‘action-at-a-distance’ form of the Newtonian system .
Notice that the absence of time derivatives from Poisson’s equation is directly related to the
instantaneous nature of the interactions in . In principle, a finite speed of propagation for
the gravitational interaction can be introduced into this formalism by a simple replacement of
Poisson’s equation by a more conventional wave equation such as

1 -
<_28t2 +82> N = 47G pm,
G

the standard Newtonian theory thus arising in the limit ¢¢ — oo. At any rate, the extreme
weakness of the gravitational interaction makes it very difficult to detect dynamical effects of
the gravitational field, such as velocity-dependent forces. In comparing with the more familiar
optical and magnetic effects, notice that the nominal intensity of gravity is only significant on
human scales for planet-sized objects. If cg is assumed to be in the ballpark of ¢ ~ 3-10'° cm/s,
then any v/cq effects visible to XIX-century physicists would require ‘light-fast’ planetary-sized
objects hurtling around. This is the kind of situation which finally led to the detection of
gravitational waves as late as 2015.
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1.2.2 Maxwell-Lorentz

Electrostatic phenomena can be described by a system of equations entirely analogous to
(1.35) and (1.36)), with the replacement of the Newtonian potential by the Coulomb potential
produced by an electric charge e,

. e
QZ)C('T’t) - 47T|.i"| .
Magnetic phenomena may be incorporated by the introduction of velocity-dependent forces.
However, it was found experimentally by Faraday and others that electrodynamics was very
efficiently represented by the notion of ‘electromagnetic fields’ interacting with charged matter
particles.

Maxwell found the set of local equations that explained all electromagnetic phenomena in
terms of electric E and magnetic B fields in the presence of charges and currents,

OE = Pes ché—atﬁzﬁ,
dB = 0, c¢IxE+8B=0 (1.37)
The charge density and current are defined by
@) =3 s @ - y(t)), LT = epy(t) 60T - Ty(1)) (1.38)
P P
and satisfy the conservation law B
Otpe +0Je = 0. (1.39)

This conservation law for electric charge acquires a special character in this theory. Since electric
charge sources the electric field, one can detect the charge inside a large region V3 by measuring
the electric field on the boundary of the region, V3. This follows from Gauss’s law, which is
the first of the Maxwell equations in . Integrating this equation over V3 one finds

3\ _
Qe(V?) = jévs En, (1.40)

where E,, is the normal component of the electric field at V3. If V3 = R3, this integral computes
the total electric charge and the electric flux can be regarded as piercing the so-called ‘celestial
sphere at infinity’ S2..

Maxwell’s equations depend on a numerical parameter, ¢, which can be given a physical
interpretation by solving the second pair of equations in terms of potentials,

LS . 1 - -
B=0xA, E=——0A—-0¢, (1.41)
c
defined up to the gauge ambiguity,
1 L Lo
gbﬁgbfgatf, A— A+0f, (1.42)

with f(¢,Z) an arbitrary smooth function. Fixing this ambiguity (partially) by imposing the
Lorenz condition [ )
SO+ IA=0, (1.43)
c

4Lorenz the Danish instead of Lorentz the Dutch.
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the first pair of Maxwell equations can be rewritten as wave equations

U |

T T—

- 1 . J,

<82—628t2>A = -, (1.44)

which reveals the interpretation of ¢ as the speed of electromagnetic waves. These waves also
provide an electromagnetic theory of optics, since oscillating solutions of the electric and mag-
netic fields exist even outside charged matter and indeed the numerical value of ¢ happens to
coincide precisely with the velocity of light in vacuo.

The interaction between electromagnetic fields and charged particles is determined by the
Lorentz force law

dv, — =
m,,dTP =ep <E + ?p X B) , (1.45)
which in turn derives from the Lagrangian

Y tmpa? =Y e, <¢(t, ) — %” At fp)> . (1.46)
p

p

The second term may be rewritten in terms of currents and charge densities to obtain the action
principle behind Maxwell’s equations ,

SMaxwell—Lorentz = % /dt d3l‘ (E 2 - 52) - i/dt d3$ (Cpe ¢ - J_; : g) ) (1'47)
with E and B implicitly written in terms of the potentials ¢, A via eq. (|1.41]). Notice that the
potential formalism is very useful in writing the interactions with charges, and essential in the
Lagrangian formalism.

The main problem of principle with this theory is the interpretation of the coupling constant
c as a velocity of propagation of electromagnetic waves. Immediately the question arises: velocity
with respect to what particular frame? Indeed, a Galilean transformation ¥ — ¥ + 't cannot
possibly be a symmetry of the Maxwell equations, because such a transformation would change
the velocity of light to ¢+ ¢. Hence, if we insist on adhering to a mechanical interpretation of
electromagnetism (ether), it seems that Maxwell equations are only valid in the particular frame
that sits at rest with respect to the ether.

In this situation, it becomes interesting to measure the velocity of the Earth with respect to
the ether. The famous experiments of Michelson—Morley failed to reveal any such drift velocity.
At the same time, stellar aberration and other optical data disfavored the possibility that the
Earth could be dragging the ether along with its motion. So, there was a real problem that was
tackled by Lorentz and others, with a number of ad hoc hypotheses.

Despite the fact that Lorentz had developed most of the right formulas of Special Relativity, it
is notable that he was unable to interpret them correctly. Poincaré was also close to the solution,
as he proposed that the Galilean group of transformations should be replaced by a different group
and, in doing so, gave privilege to the electromagnetic part of the total Lagrangian. One would
need to replace SNewton With something different that would be compatible with the strange
behavior of light. One could say that the Lorentz—Poincaré combination was bound to find the
right answer sooner or later... but the first complete solution was given by Einstein in his famous
1905 work.
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1.2.3 Einstein

Einstein’s starting point was to take for granted the Galilean principle of relativity, i.e. that
motion at constant velocity could not have absolute meaning, and at the same time assume as a
feature of nature that the velocity of light is a constant, independent of the frame of reference.

Heuristically, one could argue that one simply needs the existence of a maximum velocity
of propagation of signals. If one assumes the existence of this limiting velocity, the principle of
relativity requires it to be the same in all frames in relative uniform motion, because otherwise
one could assign an intrinsic velocity to a frame of reference by quoting the maximal velocity of
signals in that frame. From this point of view, one could have Special Relativity even if light
was not propagating right at the limiting velocity. For simplicity, let us assume in any case that
¢, the light’s velocity in vacuo, is the maximal one. Then, the principle of relativity says that
there must exist a group of transformations that leaves the physics invariant and that preserves
the condition of uniform rectilinear motion. Using orthogonal Cartesian coordinates, any such
transformation,

t,Z)— ', 2')=L(t7) (1.48)
must send straight trajectories Z(¢) into straight trajectories #’ (¢), and so it must be a linear
map. Furthermore, the invariance of light’s velocity means that

P2 =0=0"-c*'?. (1.49)

This equation, together with the linearity property, implies that #2 — ¢*t?

constant factor,

is invariant up to a

22— = (V) (72— Pt?), (1.50)

where f (‘7) can only depend on the relative velocity of the frames V. Spatial isotropy further
imposes the condition that f must be a function of the modulus |‘7! = V. Introducing now
two boosts with velocities V; and 172, and relative velocity 1712, we find, upon performing two
iterated transformations,

f(V2)

f(V2) = f(V1)f(Vi2) , equivalently f(Vi2) = )

(1.51)

but Vis depends on the relative angle between 171 and 172, unlike the right hand side of the
previous equation. Hence, we conclude that f does not depend on V and in fact f =1. We thus
define the Lorentz group as those linear transformations that leave the quadratic form

*t? — #? = invariant . (1.52)
This group is called O(1,3). When supplemented by the spacetime translations it becomes
the Poincaré group, a ten-parameter group which contracts to the Galilean group in the limit
V/e — 0. Factoring out the subgroup of SO(3) rotations, we can align the boost velocity in a
given direction, say x, and we are left with a two-dimensional problem of linear transformations
leaving ¢?t? — 22 = (¢t — x)(ct + ) invariant. From this point on, we choose units so that ¢ = 1.
The required linear transformations (maintaining the origin fixed) are

rtt— eV (ztt),
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or, in matrix notation
t"\ [ cosh®y sinhe t
< x' ) - ( sinht cosh1) > < x > ' (1.53)

The parameter v is called rapidity. It can be related to the relative velocity by monitoring
the transformation of the point z = 0, leading to tanh ¢ = z’/t' = V. Hence, we have the usual,
so-called boost transformations Pl

()= ) () 14

with v = (1 — V2)~1/2. We see that, as expected, we obtain the Galilean transformations ¢’ ~ t
and ¥ ~ & + V t whenever the relative frame velocities are small compared to the velocity of
light, |V] < 1.

Problem: Ships on Top of Ships

Using the rapidity parametrization, find a relativistic version of the formula for the addition of velocities
when two Lorentz transformations are iterated. Imagine you construct a huge spaceship capable of
maximal velocity Vj;y < 1. If one builds another spaceship with identical capabilities, to be launched
from the first one in the forward direction, what is the net speed that the second ship can reach? If this
procedure is iterated, what is the maximum velocity attainable in the limit of an infinite series of ships
launched on top of ships?

Minkowskian Geometry

The geometrical interpretation of Special Relativity was given by Minkowski in 1908. We
can think of R1™2 = R x R3 as the spacetime, where the first factor is ‘time’ and the second
factor is ‘space’. We have the set of ‘events’ (¢,#) € R!*3, equipped with a metric

g(At, AT) = AZ2 — A2 (1.55)

between pairs of eventsﬁ This generalizes the standard Euclidean metric of R3, which computes
the rotationally invariant length-squared of the vector AZ, by the addition of the term —A#?
which makes the Minkowski metric indefinite (not positive definite). Lorentz transformations
introduce motions on R!*3 that preserve this metric, inducing a causal structure. To explain
the physical meaning of the metric, we notice that any point in R must fall into one of three
Lorentz-invariant sets, depending on the sign of g.

If g < 0, there exists a frame in which AZ? = 0 and the events ‘occur’ at the same point in
space. In this case we say that the interval between such events is ‘timelike’ because in this rest
frame, the interval can be written as g = —A72, where 7 is the time as measured by a clock in
that rest frame, called ‘proper time’.

5The boost with rapidity « is the analytic continuation of a standard Euclidean rotation by angle 8 = i1,
leaving the Euclidean interval Iz = (it)? + z? invariant.
5A common notation for infinitesimal intervals is g(dt, dZ) = ds® = —dt* + dz>.
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g<0

Figure 1.2: The orbits of the Lorentz group in the (t,z) plane form a set of hyperbolae, defined by
g = —t%2 + 2% = constant. Orbits in the spacelike region g > 0 intersect the t = 0 axis, whereas orbits
in the timelike region, g < 0 intersect the x = 0 axis and preserve the sign of the times. The hyperbolae
degenerate to straight lines in the light-like region, g = 0 given by all the points connected by light rays
from the origin. Rotating this picture into the rest of R® gives the past and future light-cones for the
g =0 ‘null’ set.

On the other hand, for g > 0 there is a frame where At?> = 0, and the events can be
considered as ‘simultaneous’. In this situation we speak of ‘spacelike’ separated events. In the
special frame of simultaneity the metric equals the standard Euclidean metric g = AZ2.

Finally, the events with g = 0 are said to be ‘lightlike’ or ‘null’ separated and correspond
to those that can be connected by light rays. Generally speaking, the physical content of the
metric is that \/£g can be interpreted as either a standard time lapse or a standard spatial
distance.

It turns out that the sign of At is Lorentz invariant for timelike intervals, making it possible
to establish causal relationships between such events. In particular, the velocity of any inertial
motion between timelike events, ¥ = AZ/At, is subluminal, |¥| < 1. On the other hand, the
ordering of times for spacelike events is not Lorentz invariant, so that in that case we cannot
agree on a Lorentz-invariant notion of causal influence. Effective velocities in that case would
be superluminal. Hence, we conclude that only sub-luminal velocities can correspond to causal
processes. Given a point P in spacetime, the set of events that can be reached by a causal path
(one whose velocity never exceeds that of light) lie on the future light-cone or in its interior. At
the same time, all possible causal paths that can reach P from its past lie either on the past
light cone or in its interior.

Minkowskian geometry is a generalization of Euclidean geometry which expresses the fact
that the rotations of R? generalize into ‘rotations’ of R'*3 in such a way that physics is indepen-
dent of ‘direction’. In the purely spatial directions we have the usual property of isotropy saying
that no particular axis or orientation angle in R? is special. In the spacetime directions m1x1ng
space and time by the boost velocity V the symmetry means that physics is independent of V.
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Problem: Twin Paradox

Given two timelike separated events, A and B, prove that any traveler making the journey from A to B
will maximize her/his proper travel time by moving at constant velocity (i.e. along the straight worldline
joining A and B). Show that the subjective travel time can be made arbitrarily short if we tolerate
arbitrary accelerations (Langevin’s twin paradox).

Free Particle Dynamics

With the simple elements introduced so far we are ready to study the relativistic dynamics
of free particles. Let us consider a causal path « of a particle of mass m, specified as a function
Z(t) in such a way that the velocity ¥ = dZ/dt is sub-luminal at all times, |¢/| < 1. Following
the general rules of Lagrangian dynamics, we define an action

Sp = / dt Lo (E(t), 5(t))

with the sole requirement that it gives the correct equations of motion for a free particle, i.e.
¥ = constant, and that it be Lorentz invariant. To find the right action, let us see the path as
the limit of fine polygonal approximations. Then we can write the action as

SP ~ Z ASsegment

segments

On each straight segment, we can pick a frame with respect to which the particle is at rest.
The clock on that comoving frame ticks to ‘proper time’ 7. Since the state of the particle in
this frame is that of ‘rest’, we can apply the standard policy from elementary mechanics and,
defining the Lagrangian as ‘kinetic energy minus potential energy’, we can write

ASsegment =-C ATsegment ) (156)

where C' is a constant specifying the ‘potential energy’ of the particle at rest. Taking now the
limit we find the action for a free particle to be

Sp = —C/dT . (1.57)
¥
From the definition of proper time we have

-\ 2
dr? = di® — dz? = d? (1— <dx> > ,
it

where (¢, ¥) are coordinates in an external, fixed, but arbitrary Lorentz frame. We thus rewrite
(1.57) in an arbitrary Lorentz frame in the form

Sp = C/dt V1-32, (1.58)
ol
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and the value of the constant C' can be obtained by expanding the Lagrangian at low velocities
and matching to the Newtonian form: —Cv1—-192 ~ —C + %0172 ~ —C+ %m772, which
determines C' = m and the final form

Sp = —m/drz—m/dt\/l—f)’Q, (1.59)
gl vy

of the free particle action in Special Relativity. From here, we get the free equation of motion,
dv/dt = 0 and the relativistic versions of the conserved quantities in the motion, the momentum
and the energy

OLp muv m o
n — — E: U - _’—L = — = D2 2. 1.60
Pm % T visoe e A (60

In particular, a particle has divergent energy as it approaches the speed of light, giving another,
more dynamical incarnation of the limiting character of the speed of light.

Notice that Lorentz invariance of the dynamics leads naturally to the notion of a potential
energy at zero velocity, given by the rest mass, or the famous £ = mc? if the conventional units
were restored. Writing the last of equations in the form E? — 52 = m?, we notice that
the four-vector (E,p) behaves under Lorentz transformations just as the coordinates (¢, ).

24



Chapter 2

Relativistic Particles and Fields

Spacetime as described in the previous chapter, particularly in the geometrical picture of
Minkowski, lies at the very foundation of contemporary physics. The only other pillar of com-
parable importance is Quantum Mechanics. Both foundational structures were laid down in the
first quarter of the XX century.

As regards the spacetime pillar, the basic concepts are the symmetry principles on one
side and the dynamical Principle of Locality on the other side. The first one is of a more
kinematical nature: one assumes homogeneity of space and time and the relativity principle
embodied mathematically in the Lorentz group. Geometrically this is couched by saying that
the metric of spacetime, as well as the action principle determining the dynamics, is invariant
under the Poincaré group, a semi-direct product of the Lorentz group and the translations in
space and time. Anticipating what is to come, the fact that gravitation will generalize the
geometry of spacetime does not eliminate the importance of this principle, since it will be still
true at sufficiently short distances, being part of the basic assumption of smoothness of spacetime.

The Principle of Locality is incorporated by the requirement that no action-at-a-distance
exists, at least on scales accessible to experiment. In a relativistic theory this is equivalent
to having a maximal speed of propagation of signals. Locality takes slightly different forms
depending on the model of matter and forces that we adopt. For particles, we specify that their
interactions occur at points in spacetime, either with other particles or with fields. Fields are
the very embodiment of the notion of local degrees of freedom, since they are a mathematical
abstraction from ‘particles attached to points in space’. In their case, the Principle of Locality
means that interactions of fields are specified at infinitesimally close points of spacetime or,
in other words, the Lagrangian density is specified as a function at each point in spacetime,
containing at most a finite number of derivatives of the fields. The expansion in derivatives is
actually a systematic expansion, called Effective Field Theory, in which short-distance physics
gives power-like corrections to long-distance physics. This notion of Effective Field Theory
extends perfectly well into the quantum domain (Quantum Field Theory) and remains one of
the backbones of our current description of nature in the XXI century.

In this chapter we will construct the actions specifying the dynamics in accordance with
these principles, for both particles and fields. The particle-field dichotomy is crucial in classical
physics. It was certainly a requirement of experiment at the end of the XIX century. On the
other hand, the existence of both particles and fields became a source of notorious mathematical
troubles, caused by the fact that pointlike sources necessarily introduce singularities in field
configurations. The classic example was the divergent electromagnetic self-energy of a particle
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due to the singularity of the Coulomb field. Despite attempts at unification in the framework
of non-linear classical field theories, this basic dichotomy was not transcended until the arrival
of Quantum Field Theory, and in some ways this conundrum still plagues the foundations of
physics todayﬂ These developments are, however, beyond the scope of these notes. Here we
will introduce the Lorentz-covariant formalism to deal with particles interacting through the
simplest field theories, guided by pedagogical simplicity and relevance to the actual description
of nature.

2.1 Lorentz Covariance

The procedure outlined at the end of the previous chapter for free particles can be repeated for
more complicated systems. In postulating dynamical principles based on Lorentz symmetry, we
must always start by guessing a Lorentz-invariant action. Further constraints are brought by the
principles of locality and the matching to known limits, such as the Newtonian approximation.

2.1.1 The Lorentz Group

In order to proceed with this program, it is useful to introduce some powerful notation to
help in the search of Lorentz-invariant combinations of physical quantities.

The Lorentz group O(1,3) was defined as the set of linear maps of R'*3 onto itself with the
condition of keeping the Minkowski interval invariant. Working in differential notation

ds® = —dr? = —dt* + dz? (2.1)
is left invariant. In the notation (¢, %) = (2%, %) = (2), with a = 0,1, 2,3, we have
x“—)x/a:ZL“bbeL“bxb, (2.2)
b

where we have used Einstein’s convention of implicit summation of repeated indices in top-down

pairs. E| Then, the Minkowski metric 74,
ds? = nepda®da® (1) = diag (~1,1,1,1) (2:3)

is left invariant by the Lorentz matrices,
Nap L ¢ rr d = Ned (2.4)

or, in matrix notation n = L' n L, where L' stands for the transpose of the L matrix. Inverting
this relation and noting that n = n~! we have n = L~'n(L~1)? or, in index notation,

Nab (L_l)ac (L_l)bd = Ned - (25)

It is common practice to write
(L—l)ab _ Lba ’

1Under the modern name of Hierarchy Problem.
2In the following, we will use Einstein’s summation convention for any set of four-dimensional indices, keeping
the explicit sum notation for vector-like three-dimensional indices.
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so that a switch in the ordering of upper and lower indices is tantamount to inversion. This is the
Lorentzian version of the matrix equation L' = L~!, which is familiar for standard orthogonal
matrices.

The transformations z — 2’ = Lz can be viewed as a change of coordinates, in what is
called the passive view. There is also an active view, in which we interpret x — 2’ as a motion
in the spacetime, a map between different points of Minkowski spacetime, expressed in the same
coordinate system. In this active view, the invariance of the metric expresses the fact that
any geometrical statement based on lengths or angles is actually invariant under this motion.
This is usually called an isometry in the mathematical literature.

The full group of isometries of Minkowski spacetime is known as the Poincaré group, a
semi-direct product of the Lorentz group and the spacetime translations. More explicitly,

a2 — P =a+ Lb 2, (2.6)

a ten-parameter group of transformations which becomes the Galilean group at velocities small
compared to the speed of light.
Setting ¢ = d = 0 in (2.4)) we have

~1 =100 =L LP¢ nap = —(L%0)* + Y (L'0)?, (2.7)
%

so that (L¢)? > 1 and one cannot change continuously the sign of LY. Similarly, from
detn = detn (det L)? we find that det L = 41 and we cannot smoothly change the sign of the
determinant either. This divides the set of L matrices into four connected components according
to the signs of L and det(L). The subgroup of Lorentz transformations with both L% and
det(L) positive are continuously connected to the identity and denoted SO4(1,3), and we will
sometimes refer to them as small Lorentz transformations. We can further characterize the small
transformations by expanding near the identity. Let L*, = §%,+6%,+. .. with [#? | < 1. Then,
the isometry condition is equivalent to requiring that the matrix 74, 6° . be antisymmetric
in the indices (a, ).

We can reach the other components of O(1,3) by the action of P and 7 on the small
transformations, where P stands for parity, (t,Z) — (¢, —Z), and T is time reversal, (¢,Z) —
(—t,&). In what follows, we will tacitly refer to the Lorentz transformations as the small ones,
and state it explicitly whenever we are considering parity and time-reversal transformations. A
good reason to restrict the Lorentz group to the small component is that, actually, neither P nor
T are fundamental symmetries of nature, being violated in the quantum theory of elementary
particles.

Upon analytic continuation (t,z) — (it,x) the Lorentzian metric becomes Euclidean ds? =
d(it)? + d¥?. The resulting connected group is SO(4), which is locally isomorphic to SU(2), x
SU(2)r. The operation of analytic continuation, being continuous, should not change the dis-
crete structure of group representations. This means that all representations of the Lorentz
group can be constructed as the pairs (jz, jr), with ji g the standard spins of SU(2) irreducible
representations. This form is very useful to describe spinor degrees of freedom, although most
of the applications in classical physics can be exhausted by the so-called tensor representations,
which appear in the tensor products of vector representations.

We thus conclude that a relativistic model is given by a Poincaré-invariant Lagrangian defined
over Minkowski spacetime, i.e. the pair (R!*3,7), with dynamical variables in some representa-
tions of the small Lorentz group SO4(1,3).
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2.1.2 Tensor Representations

The defining (vector) representation of the Lorentz group corresponds to any quantity that
transforms as the coordinates:
Us — L%, U . (2.8)

Any such quantity is called a ‘contravariant’ vector. Given two contravariant vectors, U, V', we
can form a two-index object 7% = U®*V? by ‘tensor’ product. It transforms as

T — L% L° T .

Other combinations with the same transformation law are linear combinations of tensor products,
UV + X*Y? 4+ ... Hence, any set of quantities transforming as above may be defined as a
second-rank contravariant tensor, and the generalization to arbitrary rank is obvious.

A different transformation law is followed by the differential operators

0

Oa o

If we view 2’ ¢ as functions of 2%, we have

ox'® oz
e L%, , and the inverse 90

We can now see why it was a good idea to introduce the notation

(L)% (2.9)

Ly = (L7 . (2.10)

This notational trick dovetails nicely with the summation convention since, using the chain rule
we may write

B Oxb
- ox'a
Such a transformation law, with the inverse Lorentz matrix L ™!, is conventionally called ‘covari-
ant’. General covariant tensors can be defined following the previous steps of their contravariant
cousins, by tensor product and addition. For example, a rank-two covariant tensor transforms
as

J Op=Ly"0y . (2.11)

Aab — LaCLbd Acd (2.12)

and so on. Mixed tensors with p contravariant and g covariant indices can be constructed in
straightforward fashion. They can be given an intrinsic definition by regarding the collections
of indexed numbers as components in an abstract basis formed by the contravariant differentials
dx® and the covariant derivative operators Jy, i.e. we require the formal expression

T = Z Ta1---ap br...by (37) d$b1 R ® dqu R am R ® 8ap (213)

ai,...;bi,...

to be invariant under a change of basis
2% — 2’ =L 2t dz® — L%, da? Oy — Lol 0y . (2.14)
The transformation laws of the components follow suit:

Ty (2) — T o (@) = L% ¢y Ly o T g () (2.15)
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where we have written the functional dependence on the coordinates to expose how the functions
transform, in the case the tensor quantities are defined locally point by point. For instance, a
scalar function with no indices transforms as ¢'(z’) = ¢(z). Therefore, the value of the function
is invariant but the function itself does transform.

This construction also shows that any pair of indices that are identified and summed up
with Einstein’s convention become irrelevant as far as the transformation rules are concerned.
That is, the ‘contracted’ product U%V, of a contravariant and a covariant vector is a Lorentz
invariant, whereas the contraction V,T% transforms as a contravariant vector, according to the
free index b. We can also construct invariant differential operators, such as

& = 0,0° = 0,0, = —0? + 02 , (2.16)

usually called Laplacian or d’Alembertian.

Invariant Tensors

The task of constructing Lorentz invariants is greatly aided by the definition of invariant
tensors. These are tensors that retain their value under Lorentz transformations. The most
obvious case is the Kronecker delta ;' with upper-and-lower indices. It transforms as an invariant
mixed tensor of rank two:

0 = L% Ly 55 . (2.17)
Another important invariant tensor is the metric itself. According to (2.5) we have
nach “ Ld b= Ned 5 (218)

as corresponds to the transformation law of a rank-two covariant tensor. It is convenient to
define the inverse metric (equal to itself) with upper indices

(n™) = diag (—1,1,1,1) . (2.19)

Hence, 7%y, = 0%, and given the tensor character of 7y, and 6, it follows that n® is an invariant
contravariant tensor of rank two.

The invariant tensors constructed from the metric are especially interesting because they
can be used to make covariant tensors out of contravariant tensors and vice versa. By the rules
already stated it is very easy to check that, given a contravariant tensor, the contraction

Nap TP =Ty ¢ (2.20)

transforms as a mixed tensor with the indices as indicated. We say that the metric can be used
to ‘lower’ an index. It is also common to simplify the notation and use the same letter to denote
the new tensor, relying on the position of the indices to distinguish it from the previous fully
contravariant one, i.e. we usually write T, ¢ = T, ¢**. Analogously, we can use the upper-index
version to ‘raise’ covariant indices into contravariant ones. When playing the game of raising
and lowering indices, the reader should be aware of the relative positions of the indices, for
instance T, = 14 T # T%, = mp T unless T happens to be symmetric.

A final interesting object is the Levi—Civita tensor. Let us define the permutation symbol as
the completely antisymmetric object [abcd] with [0123] = 1. In other words, it is given by the
even/odd parity of the permutation 7 : (0,1,2,3) — (a = 7(0), b =7(1), c =7(2), d = 7(3)) :

0123 =1,  [#(0)x(1)m(2)m(3)] = (—1)Pi(™) (2.21)
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The Levi-Civita tensor is defined as a covariant object with the same numerical value as the
permutation symbol E|
€abed = [abcd] . (2.22)

The identity
€abed L ¢ L¥ f L€ g Ly, = det(L) ecfgn (2.23)

implies that the Levi-Civita symbol is a true invariant tensor for small Lorentz transformations
(more generally, all SO(1,3) Lorentz transformations with det(L) = 1), and flips its sign under
parity or time reversal. The familiar Levi-Civita 3-tensor of vector algebra is

€ijk = €0ijk -

We can also define associated objects by raising/lowering indices with the metric 7,. In

particular, the completely contravariant version €?*°? is also completely antisymmetric with

1% = 2 PPl egpeq = det™ (n) eoros = —1,
so that it differs from the permutation symbol by a crucial minus sign coming from the Lorentzian

signature of spacetime:
eed — _[abed] . (2.24)

A useful formula for contractions of arbitrary d-dimensional Levi—Civita tensors is

€T AnTLTAd € b by = (—1)%® n! det (6% be) = (—1)%8 n!(d — n)! 6{2’;111 e 62;] ,

(2.25)

where (—1)%# is the signature, +1 for Euclidean metrics and —1 for Lorentzian ones, and the
square brackets stand for the complete anti-symmetrization of indices. These give the Lorentzian
generalization of the useful identities of vector calculus

> €ijk €mnk = Oim 60 — Oim Ojm » D Eijk €mjk = 20m , > €rcige =6.  (2.26)
k jk ijk

Having one more invariant tensor at our disposal we can use it to construct new kinds of
Lorentz invariants. Here it is convenient to work in arbitrary dimensions to see the emergence
of combinatorial patterns.

Given a rank-p antisymmetric tensor A, with components Ag,...q, = Af4;..q,) (also known

as a p-form) we can construct a so-called Poincaré dual tensor Afr+104 which is completely
antisymmetric in d — p indices and has components

Allp+1~-~(zd = ;' €t dplpt1ad Aal...ap . (227)

It contains the same information as the original tensor (this is similar in spirit to the raising
and lowering of indices). Poincaré duality is involutive up to a sign:

g[p] — (_1)sig(_1)p(d—p)A[p] . (2.28)

3The reader should be aware of the fact that sign conventions for Levi-Civita tensors differ significantly across
the literature.
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If p = d/2 we can now write an invariant contraction between A and A. More generally, given
a p-form A and a different (d — p)-form A’ we can construct the Lorentz invariant

1
p!(d —p)!

When including Levi-Civita tensors in Lagrangians, we must remember that every time it ap-
pears we introduce a violation of parity and time reversal.

MU A A . (2.29)

Ap41-aq

2.1.3 Integral Invariants

So far we have discussed invariants that can be defined locally, point by point in spacetime.
This is the main requirement to construct a local action. There are, however, other invariants
with a non-local character and with important physical interpretation. Two immediate examples
coming to mind are the circulation of the vector potential § AdZ or the electric or magnetic
flux ¢ EdS in electrodynamics. These are rotation invariants which are defined for extended
lines and surfaces respectively. One important property they satisfy is that they depend on
the particular submanifold of interest, but do mot depend on the concrete parametrization we
may use, i.e. they are intrinsically associated to the geometrical set. The prototypical example
is the vector circulation, which admits an immediate generalization to a Lorentz-invariant line

integral:
1] —/A—/A dx“—/A (2(0)) &
gl v v do

which we have written in increasing degree of detail, to show that the integral is not only Lorentz-
invariant but also invariant with respect to choices of path parameter ¢. On the other hand,
this is slightly non-trivial because, trying an obvious generalization to a two-tensor integrated

over a two-surface z%(o!, 0?)

do , (2.30)

/22 3 Tap da® da® = /22 3 Tup(x(ct,0?)) —— do™ do™ (2.31)

the terms containing (do!)? and (do?)? do not correspond to a correct two-dimensional inte-
gration measure. Getting rid of these terms by restricting Ty, to be antisymmetric produces a
standard reparametrization-invariant two-dimensional integral, where do™ do™ can be replaced
with [n,m] do! do?, in terms of the permutation symbol in two indices. This pattern generalizes
and any covariant antisymmetric tensor, a p-form, can be integrated intrinsically over a p-surface

YP immersed in spacetime by functions z%(c?,...,oP). The integral invariant is
1
I[Ep] = A[p] = / anl...ap do® % , (2.32)
P » P!
where gt -
P
do™ % = [ny -+ np) — o, (2.33)

Jdomt Oo™r

and we have used the permutation symbol in p indices [n; - - -n,] and dPo = dot do? - - - doP. In
this form we recognize (2.33) as the volume element on the p-hyperplane tangent to 3P, since
the vectors E¢Ac” = (02%/00")Ac” are tangent to X and (2.33) computes their determinant,
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i.e. the volume of a small polytope having these vectors on its edges. Using Poincaré duality

(2.27) we can also write (2.32)) as

1 ~ T Gp41-Qq

I[SP] = (—1)58 /EP WA%H...% do . (2.34)

In this form, the tensor being integrated has indices transverse to the manifold 7, so that we
are representing a generalized flux. For p = d — 1 this formula takes the familiar form of a vector
flux over a codimension-one hypersurface,

1[4 = (—1)% A, dS® (2.35)

»Nd-1

with do " = dS® = n%dS the oriented hypersurface element normal to $(4=1),
A fundamental object in p-form theory is the exterior derivative, which takes a p-form to a
(p + 1)-form by an antisymmetric derivation

(dA[P})aO ai - ap = (p + 1) a[ag Aa1~--ap] . (236)

It can only act once, since d? = 0 identically. One of its raisons d’étre is the generalized Stokes’
theorem: if ¥ = OVP*! is a boundary, then

Vp+1 »p

A mundane example of all these definitions and theorems is the magnetic flux formula through
a disc in ordinary space, D € R3:

/dg-éz/;ﬂjdayidﬂzf dz- A, (2.38)
D D oD

where one uses in the first equality and Stokes’ theorem in the second equality. We
also assume the standard notation F;; = 0;A; — 0;A; = > €1 B

The Poincaré dual of the exterior derivative is the divergence, which we can denote by df
and maps p-forms to (p — 1)-forms by contracting one index with a derivative:

(d"4g)  =-0" Auasa, - (2.39)

az---ap

The extra sign in this expression and the dagger notation is chosen so that df indeed acts as the
adjoint of d, in the sense (A,dA’) = (d' A, A"), with respect to the inner product

— 1 d ai-a
(A[p}’ fp]) = p!/d x AN AL (2.40)

With this definition, one finds that dd’ = 0 and
CTA[

p = (=1)° dTg[dfp] , (2.41)

which allows us to derive analogous versions of Stokes’ theorem for divergences of antisymmetric
tensors, otherwise known as Gauss’ integration theorems. The simplest and most important for
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the purposes of these notes is the volume integral of divergence of a current, which is usually

written in the form
/ OgJ* = / Jan®, (2.42)
V143 oV1+3

where V113 is the interior of a tubelike surface of finite extent in time, namely its boundary
V'3 has cylinder shape with future and past caps, OVI*3 = V3 UV3 UB!*2. The caps Vi
are spacelike (normal vector is timelike) and the tube B'*2 has everywhere spacelike normal
vector. The formula ([2.42)) is slightly subtle in that the normal vector n® is outward pointing
when it is spacelike (ngn* = 1) and inward pointing when it is timelike (n,n® = —1).

Figure 2.1: Any increment of a locally conserved charge registered between V3. must be due to net
inward flow through B1*2. Notice the conventions for normal unit vectors.

Then, Gauss’ theorem applied to 9,J% = 0 gives
Q(V3) = Q(V?) = —Flux(B'*?) , (2.43)

where Q(V?) = — [\5 Jo7®, with 7¢ the future-directed normal to V3, and Flux(B'*?) is the
outward flux of J* through the cylindrical-shaped boundaryﬁ When B2 is formally taken to
infinity, so that V3 = 3 is a spacelike, codimension-one submanifold without boundary, we learn
that the charge is independent of the choice of ¥3 (assuming as usual trivial field configurations

at infinity). On the other hand, when the V3 collapse into one another we obtain the form
(11.27]).

2.1.4 Spinors

In known examples in nature, spinor representations are associated to fermionic fields. These
are fundamentally more ‘quantum’ than their bosonic counterparts. By the spin-statistics theo-

“The easiest way of checking the (admittedly tricky) sign conventions is to write down (2.42) directly for a
straight hypercube.

33



rem of Quantum Field Theory, we know that the bosonic fields come in representations of integer
Lorentz spin, i.e. of tensor type. For this reason we will not dwell on spinor representations in
these notes, except for a quick review of standard notation.

The simplest spinor representation is carried by the so-called Dirac spinor, 1, which trans-
forms in the representation (1/2,0) @ (0,1/2), of complex dimension four. To construct the
Lorentz action in this representation, one usually starts from the four-dimensional Dirac matri-
ces 7%, satisfying the Clifford algebra,

{(v*,7"} = -2,

so that ‘
ab _ E

4
generate the SO(1,3) Lie algebra. Then, the spinor representation is given by v — D(L),
where D(L) is the four-dimensional matrix

o v, ]

DL) =exp | 5D 0 0™ |
a,b

and the antisymmetric matrix of parameters 6, is defined in terms of the Lorentz transformation
matrix L, by the relation L = exp(6’), where 6’ ¢}, = n*6,,. The irreducible components are
reached acting with the projectors Py = %(1 + v5), with 5 = i7%y'y243. The resulting two-
component spinors 1 = Pyt are the two Weyl spinors of opposite chirality (whether 1 is
called right- or left-handed depends on the sign convention for +5). The two projectors are
mapped into one another by parity. Hence, insisting on parity as a good symmetry forces the
use of the four-component Dirac spinors.

2.2 Relativistic Particles

In general, a particle in classical physics is any system whose internal structure can be ignored
on the scales of interest. For instance, planets are particles if we are interested in the long-range
properties of their orbits. Therefore, the minimal description of a particle is given by its path in
spacetime, a curve v embedded in spacetime by functions z%(c), parametrized by a real variable
o. It is often useful to use a proper-time parametrization z%(7), but this is only possible for
massive particles. The only global constraint on the path « is that it be causal, in the sense that
the velocity is sub-luminal at all times for massive particles, and exactly at the speed of light
when they are massless. In the following sections we describe the basic Lagrangian formalism
for particles and their interactions, including their coupling to fields.

2.2.1 Free Particles

We can now recast the particle dynamics in a more covariant language. Let x(7) be the
trajectory of a particle in proper-time parametrization. The four-velocity defined as

o da®
Cdr
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is a contravariant four-vector under the Lorentz group, and the free equation of motion may be
written as
>z du®
dr?  dr
solved by straight lines x%(7) = z§ + u® 7, determined by initial conditions xf§ and u®.
Conserved energy and momentum can also be assembled into a contravariant four-vector,

called the four-momentum p® = mu®, where (p°,5) = (E,p). The so-called ‘dispersion’ or
‘mass-shell’ relation E? — p? = m? may be written in condensed form as p?> + m? = 0. E|
Equivalently, the four- veloc1ty is constrained to satisfy u? = u,u® = —1.

The free particle action over a trajectory «y can be written in the following variety of equiv-
alent forms:

a b
Sp = —m/dT: —m/dt(Z— = m/dt\/1—172 = —m/dt nabd:E d (2.44)
g gl g

dt dt

In particular, the second form shows that the coordinate time ¢ is just an integration parameter
which might be redefined at will. In many situations, the freedom to reparametrize the time
variable does offer some rewards. So we consider the action in arbitrary parametrization

dz® dzb
——m/dT——m/da——m/da —Nab—— i (2.45)
do do -

There is a useful trick that simplifies the action by linearizing it and, at the same time, permitting
a smooth massless limit, a convenient fact for the discussion of light propagation.
Let us consider the action

Selatel =4 [do (o sna'y s ~mela) | (2.46)

where the function e(o) is considered as an independent variable. Its equation of motion
dSp/de =0 leads to
dz? dz, 9
=-—m-e(o

do do (0)*

From this equation we can solve for e(o) and substitute back into , obtaining the original
action . In this way, we show that both actions are physically equivalent.

The action is invariant under reparametrizations of the path (just as was)
provided we let e(o) transform in such a way that e(o)do is left invariant. Worldline parameters
for which e(o) = constant are called affine. Choosing e(c) = 1 and taking the limit m — 0
produces the equations of motion of a massless particle,

(2.47)

A2z dz® dz,

do? do do

The first equation says that the trajectory is ‘straight’ in the o parametrization, and the second
equation says that it lies on the light cone.

SExperimental measurements of dispersion relations, p® + m? = 0, provide the most stringent tests of Lorentz
symmetry, down to the 10720 level.
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For massive particles, it is convenient to choose the proper time as the path parameter,
o = T, so that (2.47) sets e(7) = 1/m. This means that we can simply use the linearized version

of the action ,
dz® dx
SP = %m/d’i’ <nabd7'd7’ — 1) 5 (248)
which is actually the most naive generalization of the Newtonian action. The resulting equations
of motion, d?z%/dr? = 0, must be supplemented by the field equation of e(7), which was lost
when setting it to a constant in the action. This equation of motion is simply the mass-shell
condition u? = —1, or equivalently p?> +m? = 0. The energy of the particle in a ‘laboratory’
frame is E = p = —ngp p?ul,,, with (ul,) = (1,0), so that the Lorentz-invariant expression for

the energy measured by an observer at four-velocity u® is
Eu(p) = *nabpaub = —pau® . (2.49)

2.2.2 Interacting Particles

Introducing interactions in a relativistic theory of particles is a rather non-trivial issue, given
the fact that a limit to the speed of information transfer is built into the very fabric of Special
Relativity. This means that standard generalizations of many-particle interaction Lagrangians
from Newtonian mechanics are bound to be problematic, since specifying potentials involving
particles located at different points in spacetime is a sort of ‘action at a distance’.

There are two basic solutions to this problem. The first solution is to take a phenomenological
attitude and consider contact interactions in spacetime. In this view, particles are free except
for sharply defined collisions at spacetime points, whose physical effect is to change the energy-
momentum of each particle pf — pg,; at the collision point, with the constraint of energy-
momentum conservation

Z p;ln - Z pgut . (250)

colliding particles colliding particles

A clear shortcoming of this prescription is the arbitrariness of the detailed interaction law,
since does not determine the precise values of outgoing momenta, given the incoming
onesﬂ A rather more satisfactory solution to the interaction problem is to follow the blueprint
of the Maxwell-Lorentz theory and prescribe the particle interactions to be mediated by fields.
Fields are assumed to satisfy local relativistic equations, ensuring that the solutions are waves
traveling at most at the speed of light, thus automatically incorporating the required retardation
effects between particles. Since the interaction of a fixed background field configuration with
a given particle must be locally specified at the particle trajectory, we can make contact with
the formal Lagrangian framework by describing such interaction with a world-line relativistic
potential of the form

Sp = —m/dT - /dTV(x(T),z(T)) , (2.51)

where % = dx®/dr and we have allowed for the potential to depend on the particle’s four
velocity as well as the particle coordinate. In order to find the equations of motion implied by

5Tt is remarkable that this picture reemerges in Quantum Field Theory, where the indefiniteness of the inter-
action is just an embodiment of the quantum mechanical uncertainty, and the contact interaction described here
is literally the so-called vertex in a Feynman diagram.
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Figure 2.2: Interaction of particles through fields. Particle on path v has a kink (change in momentum)
which locally produces disturbances on the field ¢(Z,t) propagating inside the future-directed spacetime
cone of bounded velocities, and intersecting path ' of the second particle at a later time, thereby
‘transmitting’ part of the momentum kick that was carried by the field in the interim. All interactions
in the picture are local.

this action we must be careful to use a general parametrization of the path, i.e. we write (2.51)

in the form g . o d
T odzr

. dxa dxb
with dr/do = \/ —nuw G5 G5 -

Varying this action under fluctuations of the trajectory function z%(o) — x%(o) + dz%(0)
and requiring it to be stationary we obtain the equations of motion in the form of a relativistic
Newton’s law

d?>z® a
m- = F", (2.53)
where the generalized force four-vector F'* depends on the potential V in a very complicated
and non-linear way. Even for the case of a potential without dependence on four-velocities,

Vo = qod(z), we find the non-trivial velocity-dependent force

Fa = —q0 8@(D —qo jja j:b 8bq) 5 (254)
with .
® = — log (1 + q—oqi)) . (2.55)
40 m

The result is very different from the naive guess for the relativistic generalization of the Newto-
nian force, which would be —qp0,¢.

We can generalize such purely scalar coupling by expanding the general potential V(x, %) in
powers of four-velocities, obtaining a set of couplings of the particle’s worldline to generalized
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fields transforming in symmetric tensor representations of the Lorentz group:

Sp = —m/dT - qo/dT o(z(1)) — ¢ /dT 2o (7)) — §QQ/dT i3 Gap(x(T)) + ... (2.56)

where we have separated conventional numerical coefficients, ¢;, called ‘charges’ according to
nPay...an = 3a1 ... 3%)/\5020, and we use the notation (% = %. These terms can be interpreted
as the interaction of the particle with an external scalar field ¢, a vector field ¢,, a symmetric
tensor field ¢4, etc. In general, only symmetric tensors can be coupled in this way, unless the
particle is decorated with some other degrees of freedom (such as for example a spin four-vector
Se).

The generic relativistic force obtained in this way is extremely non-linear in the external
potentials, except for the case of a world-line potential linear in the four-velocities, i.e. V(z,%) =
q1 % ¢4. In this case, the interaction potential has an intrinsic meaning as a purely geometrical

line integral over the trajectory:
[ariato.= [ dso,.
v ¥

and the relativistic force is linear in velocities,
F, = —q1 Dy ib ) (257)

and also linear in the potentials, through the field strength ®,, = 9,¢p — Fpdde. In fact, it is
only for the coupling to vector fields that we find such simple force laws. The general case is
similar to the situation with scalar fields in the sense that we are led to extremely non-
linear force laws. We shall see later that the vector-field force corresponds to the special case of
electromagnetic theory.

The coupling of a system of particles to external fields can be summarized in field-theory
Lagrangians by defining appropriate currents. For scalar couplings we have a scalar ‘density’

Is(@) = Y [ dryay 09 - () (258)
P
which is defined so that []
[ e stz o =Y a, [ dnotats)
P
Vector fields are always coupled via standard vector currents

Jow) =Y / dry gy 6D (@ — (7). (2.59)

Vector currents are always associated to conservation laws. To see this, we pass to the non-
covariant representation by performing the substitution dr, = dtdr,/dt in the proper time

"The four-dimensional delta function §* (z — (7)) = 6(t — t(7))0®(Z — #(7)) is Lorentz-invariant, since it
transforms with |det L| ™! = 1.
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integrals and using the temporal component of the delta function (¢ — t(7,)) to compute the
integral over ¢. The result is the usual expression for the currents

F)=Yq0@-5,),  JE) =Y gu 0@ -a0). (260

The covariant conservation law 0,J% = 0 translates then into the usual 9;.J° + aJ = 0.
We may also consider higher tensorial generalizations. The most interesting one is the two-
index symmetric object

=> / dry qp 22 20 6D (& — x(7)) (2.61)

which actually contains the scalar density above in the trace component, since %z, = —1 implies
nabJ%b = —Jg. The symmetric tensor lb acquires an important physical interpretation when
gp = My, the rest mass of the particles.

2.2.3 The Local Energy-Momentum Tensor

The second order tensor
T%(z Z/d’fp mp Ty T, bW (z — x(1p)) (2.62)

is called the energy-momentum tensor. According to the previous discussion, it measures the
response of the system of particles to the introduction of an external field transforming as a
symmetric tensor of rank two, and coupling proportionally to the mass of the particles.

The name ‘energy-momentum’ tensor is justified as follows. Using repeatedly the relation

[Pt i) 5 09 - 2(r) = Fla(®).a(0) 69 - 3,) (2.63)

we find that

=> B, 67— ,) (2.64)
p
is the energy density of the particle system. In turn,

= By, ¥ (@ —a,) =Y phdP(@-3,), (2.65)
p p

which we can interpret either as the energy current, or as the momentum density. On the other
hand

TV = pr vl 80N (& - E) =D plul 60 (F - T,) (2.66)
p

is either the flux of i-th momentum in the j-th direction, or vice versa.
Since T% characterizes the density and flow of energy, it should be associated to a local
conservation law, i.e. to a current that satisfies a ‘continuity’ equation 0,J% = 0, just like
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the electromagnetic current. The natural current to be associated with the energy-momentum
tensor is the four-momentum flux as measured by a local observer with four-velocity u?,

P = —upy TV (2.67)

To justify this expression, notice that it reduces to the correct T7°% for an observer at rest and,
being a tensor equation, it is valid in all Lorentz frames. We define the local current at all
points by giving a family of fiducial observers with four-velocity field u®. If these observers are
stationary with respect to one another, all u® are parallel, and d,u® = 0. Under these conditions,
we obtain conservation of the local energy-momentum flux, 9,P% = 0, if the energy-momentum
tensor satisfies 9,7 = 0.

A direct computation for the particle system yields

0.1 =3 " m, / dry, &% &b 0,0 (z — 2(7)) . (2.68)
p

Acting on the delta function

0
0x(T)

5z~ a(r) = - 60w — 2(r)

%9, 0W (x — (7)) = —2°
dr

so that we can write
0, T = Zmp/dTp ar, (x W (2 — x( (1p) ) Zmp/dTpx 5(4)(x—x(7p)). (2.69)

The first term is supported on the endpoints and thus vanishes, whereas the last term can be
written

d
0, T = Z/drp ppa Nz — 2(1)) pra(?’ — &) (2.70)

as the density of momentum non-conservation. Hence, the local energy-momentum conserva-
tion requires that particles are free £* = 0, or perhaps that their interactions are localized in
spacetime (in this case, >, p = > P at each interaction point). We conclude that, up to
regions of measure zero in spacetime, the local conservation of the energy momentum tensor is
equivalent to the equation of motion in a system of free particles. This property will be recurrent
in all well-defined matter systems. The local conservation of the energy-momentum tensor is
of paramount importance in relativistic theories, since it embodies the basic requirements of
locality and Lorentz symmetry.

Angular Momentum and Spin

The local conservation of the energy-momentum tensor allows us to define the conserved
four-momentum of a system of particles enclosed in a three-dimensional region V3 (which could
be all of R3).

P“_/ % | (2.71)
V3
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which behaves as the conserved four-momentum of a particle. In particular, we can define the
total mass M = +/—P? and the global four-velocity U* = P®/M. Analogously, we can define
the total orbital angular momentum with respect to the origin as

L% = xapb — xtpa (2.72)
where X = (, X) is the “center of mass” trajectory, where
.
X=— [ #7%.
M[%x

The intrinsic angular momentum, or spin, is defined as the angular momentum with respect to
the center of mass

$9= [ (@' =X T - @I - XI)T) | (273
V3

which differs from the total angular momentum with respect to the origin

Jil = / (T — 29T10) |
V3

by

JU =LY 459
In vector notation, S* = % ij €Ik Sik je. STk = > Sielik We can generalize this to a four-
vector by stating that S° = 0 in the rest frame of the center of mass. Hence, a Lorentz-invariant

equation that reduces to these in the rest frame is
Sy = —% eabcdSbCUd . (2.74)

The vanishing of the temporal component in the rest frame translates into U, S* = 0
The local tensor object

Mabc = xaTbc _ beac (275)
is conserved provided the energy-momentum tensor is symmetric, .M = T** — T = (),
and defines an angular momentum density jﬁb = —u M associated to a spacelike surface

orthogonal to the field of four-velocities u®. On a t = constant surface it defines the conserved
angular-momentum tensor

Jab — _Jba — / Mab() _ / (l‘aTbO _ beaO) 7 (276)
V3 V3

whose spatial components give J* above. We can project the spin four-vector out of J by the
formula (Pauli-Lubanski)
So = —3 €apead*U?, (2.77)

since the orbital part L drops out from this expression.
Conservation of P, J% and S implies that
du*® ds®
= =0, (2.78)
drem drem

where Tcy is the proper time associated to the trajectory of the center of mass. If we abstract
the internal structure of the system, we can regard the system as an effective particle with four
velocity U? and spin S?*. Hence, adding a spin degree of freedom is a minimal extension of the
notion of point-like particle.
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Fluids

It is interesting for applications to take the fluid limit. This is a particle system with very
short-ranged collisions, so that a comoving observer sees the system as characterized by an
energy density, a pressure, and perhaps gradients of the net velocity field, after one averages
over the short-distance and short-time collisions. The fluid is called perfect if the comoving
observer sees the fluid as isotropic, characterized solely by the density and the pressure:

S o 1 i S o
p= <Z Ep5(3)(x—:cp)> , p= 32<prvp5(3)(a?—xp)> . (2.79)
p fluid

fluid i

Hence, in the fluid limit, we have 7% = p and T% = pd¥ in the comoving frame. ﬁ This
determines the compact expression

T (@) |gyiq = p() 0™ + (p(x) + p(z)) U (2) U*(z) (2.80)

in a general inertial frame. Here, U® is the (spacetime dependent) field of four-velocities of
the fluid. The conservation equation 9,7% = 0 implies, in the non-relativistic limit, p < p,
|U'|dp/dt < |0 pl|, the two Euler equations for the dynamics of a perfect fluid,

— —

Op+d(pT) =0, p(@ﬁ+@réﬁﬁ:=—ap. (2.81)

2.3 Relativistic Fields

A local Lagrangian of fields W(z) in arbitrary representations of the Lorentz group must
be constructed as a Lorentz scalar (all indices must be contracted) and, by the Principle of
Locality, may be organized by its dependence on derivatives L(¥,0,V, 0,0V, ...). The terms
with fewer derivatives will dominate the long-distance physics, and the terms with progressively
higher derivatives will be gradually introduced in a perturbative expansion to recover effects
at shorter distances, in the ‘Effective Field Theory’ philosophy outlined in the introduction to
these notes.

Once the Lagrangian is specified, the corresponding equations of motion are obtained by
requiring the action

S:/qm (2.82)

to be stationary under the variations ¥ — ¥ + dW. After repeated application of the identity
5(0,¥) = 0,07, integration by parts and dropping of boundary terms coming from integrating
total derivatives, one finds that stationarity of the action is equivalent to

oL oL oL

0=— -0+ 000h=————..., (2.83)

ov 0(0,7) 0(0,0pV)
where the signs alternate according to the number of derivatives acting on ¥. In most applica-
tions, one can restrict to Lagrangians depending polynomially upon one single derivative of the

8The fluid averages are defined as (A)fuia = AV~! fAV A for a small volume element AV, still large enough
to contain a macroscopic number of particles. Using kinetic theory, one can argue that p;v; is the momentum
transfer per unit area and time (i.e. the contribution to pressure) exerted by a particle over a surface orthogonal

to the ith direction.
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field, 0,V (perhaps after repeated application of partial integrations). In this case we obtain
the more standard form of the Euler-Lagrange equations, which reduces to the first two terms
in . As indicated above, terms in the Lagrangian with more than two derivatives must be
safely considered as perturbative corrections in the sense of the local expansion, and their effect
is only to be trusted when they are not dominant.

In what follows, we list the most common types of field theories, as established by their
pedagogical features or their importance in the actual description of nature.

2.3.1 Scalar Fields

The prototype relativistic field theory with minimal derivative content is the scalar model
(sometimes known as the Klein—Gordon field theory)

Lxe = —321"0up o — V(¢) . (2.84)

The first term is the only Lorentz-invariant combination of two derivatives of the field, whose
detailed structure

~1(09)* = L(819)* - L (39)? (2.85)

shows that the time derivative is the strict ‘kinetic’ term and the spatial derivative is really part
of the ‘potential energy’. Up to a total derivative, we also have

Lxc =73 00%¢—V(e)+0(...), (2.86)

which leads to the field equation:
*¢—V'(p)=0. (2.87)

One usually separates the linear and quadratic parts of the potential V(¢) = J¢ + % m2¢? + ...
to interpret them as the coupling to a scalar ‘source’ and a ‘mass’ term.

To investigate basic properties of the solutions of the field equation, we start with the massless
free field, V(¢) = 0. The solution of the field equation %¢ = 0 is given by a linear superposition
of plane waves ¢y (x) = ¢y, exp(ikz) + c.c. of wave vector k and frequency w = k* = |k |. These
waves are defined on all of R3, traveling at the speed of light from the infinite past to the
infinite future.

The wave vector k% is orthogonal to the constant-phase surfaces k%z, = constant. Consider
the integral curves z%(o) that solve the linear differential equation dz®/do = k® and have, by
definition, tangent vector k. These curves are orthogonal to the constant-phase surfaces and can
be interpreted as trajectories of zero-mass particles, by the condition k? = (dz®/do)(dzy/do) =
0. The frequency measured in a rest frame is w = k°, so that the frequency measured by an
observer with four-velocity u® is

w=—ugk®. (2.88)

We notice the analogy with the formula for the energy of a particle, F = —p,u®. In the quantum
theory, £ = hw and p = hk for a photon, so that the particle ‘model’ for light propagation is
no longer an analogy but a strict fact. H For the purposes of Special and General Relativity, we

9 Although we couch this discussion for the case of scalar fields and scalar particles, the propagation properties
of massless scalar waves generalize readily to higher spin cases, including electromagnetic waves and the ‘photon’
particles.
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can formally treat the propagation of localized, massless wave packets in the ‘ballistic’ picture,
as the zero-mass limit of particle propagation with the operator replacement

d R d
m— )

dr do

where ¢ is an affine parameter along the ‘light’ ray.
The next level of complication is the case of an external ‘source’ V(¢) = J¢, with field

equation 0%¢ = J, solved formally as
1
o2
where the first term is a solution of the massless wave equation in vacuo, 9?¢wave = 0, and
the second term is a formal representation of a particular solution with structure similar to
the Newtonian potential, except for the replacement of the operator 92 by the operator 9% =
—0? + 02, which takes the Poisson equation into the Klein-Gordon equation. Given a purely
static solution of the Poisson equation 02¢ = J,

¢ = ¢Wave + J 5 (289)

d’y J(F)
dm |7 — g

. 1
(bstatic(x) = ﬁJ = _/
with no time dependence, we can obtain a solution of the relativistic equation by introducing
time-dependence through the trick of the retarded potential, i.e. evaluating the source at the
retarded time ¢ — |Z — ¢/|, to represent the fact that disturbances on the field ¢ travel at the
speed of light, as vacuum waves

B 1
Cb(t, €T )retarded = ?

(2.90)

ret

_ _/dSyJ(t— 7~ §1.9)
4 17— 7] '
We can now use this same intuition to interpret the general solution. For an arbitrary potential

we may rewrite (2.87)) as

1
¢(t7 f)retarded - ﬁvl((ﬁ)

retarded 4dr ’f — g|

Rather than a general solution, this is an integral equation which we may solve iteratively by
redefining the source order by order as a function of the approximate solution at lower orders. In
particular, each insertion of a term in V’(¢) represents a ‘kick’ of the free waves that transport
the interaction at the speed of light. In this way, we can understand how successive kicks due to a
mass term V'(¢) ~ m2¢ have the collective effect of reducing the speed of propagation from that
of light to a superposition of various speeds below light, as if the waves were a superposition of
particles with dispersion E = /p'2 + m2, a picture that is ultimately vindicated in the quantum
version of these field theories.

A nonlinear generalization of involving several scalar fields ¢! but still two-derivatives
is the so-called nonlinear sigma-model, with many applications in particle physics and condensed
matter physics

Lo modet = =5 Y Grs(¢) 8a0" 097 —V(¢) . (2.92)
1J

19Tt should be noted that one can use advanced instead of retarded solutions (or a linear combination thereof).
The difference between the two is an adjustment of the @wave term in the general solution (2.89)). One usually
works with the retarded potentials because they are more intuitive in representing causality.

44



2.3.2 Spinor Fields

Fields in spinor representations of the Lorentz group are also very important in nature (all
fermions) but the appropriate Lagrangians require the Dirac formalism and are, strictly speaking,
part of the quantum version of the theory. Here, we shall simply quote for completeness the
case of the basic free Dirac field. A correct relativistic propagation is ensured if we write

(0% =m?)p =0
as the field equation. However, using the properties of Dirac matrices, one can see that 92 —m? =
(i7*0q + m)(iv*0d, — m). Hence, the relativistic equation on spinors with the most general set
of solutions is the so-called Dirac equation

(17*0y — m)yp = 0,

which follows from the Lagrangian

ﬁDirac = w(ifyaaa - m)¢ ;
where ¢ = 40 is the Lorentz-conjugated representation. The most salient feature of this
Lagrangian is its first order character in derivatives, as opposed to the bosonic counterparts.

2.3.3 Vector Fields

Higher-spin tensor fields always lead to subtleties. Consider, for example, a free vector field
o% of mass m, with equation of motion

(0 =m?) 9" =0, (2.93)

consisting of four copies of the Klein—-Gordon equation. A candidate Lorentz-invariant La-
grangian with the correct equations of motion would be

L[¢" ke = § Nab ¢ O 6" — 5 m° nap ¢°¢° (2.94)

as a direct generalization of the scalar Klein—-Gordon Lagrangian. However, the fact that 74
is not positive definite leads to problems, since the whole Lagrangian of the ¢° field has the
wrong sign. This field may then store arbitrarily large amounts of negative energy, and any
interaction term would render the dynamics unstable. So, we face an interesting dilemma: the
field equation following from this Lagrangian seems to be correct and yet the energy density
appears to be ill-defined.

We cannot simply drop the offending component ¢°, because that would spoil the Lorentz
symmetry. However, for a plane-wave solution in momentum space, ¢% = ¢ *e’P*,

(r* +m?)¢* =0,

we may impose the Lorentz-invariant condition of transversality between the polarization vector
¢® and the propagation vector p%, i.e.

Pad®=0. (2.95)
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This condition forces ¢° to vanish in the rest frame (p®) = (m,0,0,0). Therefore, we conclude
that such ‘transverse waves’ satisfying will not have energy stability problems.

This suggests that we add the transversality condition 9,¢® = 0 as an extra equation,
together with the Klein—Gordon equation . In fact, in this case we may redefine by
any multiple of 0 0,¢%, and the particular choice (known as the Proca Equation)

(1a6(0* —m?) — 0,05) ¢" = 0 (2.96)
does enforce the transversality condition automatically, provided m # 0. To see this, we take its
divergence to find m29,¢* = 0. The Lagrangian associated to the equation of motion (2.96)) is

Lproca = —1Pap @ — 1 m? ¢, 97, (2.97)

where we have defined ®,, = 0,0y — Opp,. We conclude that is the consistent Lagrangian
of a free vector field, describing the propagation of three polarization degrees of freedom.

More subtleties lurk in the zero-mass limit m — 0. In this case, the ‘rest frame’ of a plane
wave does not exist, as it propagates at the speed of light. It is possible to reach the standard
null frame (p®) = (w,0,0,w), but then the transversality condition only enforces ¢° = ¢3, which
is not enough to cancel out the offending time-like component ¢". On the other hand, if (2.97 -
has no energy balance problems, the same should be true of the m? — 0 limit. N

There is an interesting escape out of this paradox. Suppose we declare by hand that ¢% = 0
on the standard null frame. This means that, because of the transversality constraint, we are ac-
tually demanding the wave polarization to be transverse in the spatial sense, ) qbzp =w qﬁo =0,
with only two polarization degrees of freedom remaining. The problem with this prescription is
of course the violence to Lorentz invariance, since the Lorentz transformation of such a polariza-
tion vector will in general produce longitudinal and time-like components. However, whatever
the Lorentz transformatlon does, it must preserve the transversality constraint pagba = 0, which
precisely for p? = 0 has a redundancy: if ¢ is transverse, so is ¢ + f p, with f an arbitrary
constant. This means that ¢, will shift by a term proportional to p, under Lorentz transforma-
tions.

The way to remove the offending degree of freedom in a Lorentz-invariant fashion is simply
to declare all configurations related by such shifts as physically equivalent, in the sense that all
physical observables should be exactly invariant under ¢ — ¢% + fp®, or its position-space
counterpart

ba — Ga+ Ouf - (2.98)

This is called gauge invariance. B

We may then use the degree of freedom in f to remove ¢q in the standard null frame. In
doing so, we remove ¢3 too, as they are linked by the transversality constraint. Therefore, we
end up with a consistent Lorentz-invariant theory of massless vector fields with only two physical
degrees of freedom. We can find the Lagrangian of this theory by working with the explicitly
transverse fields obtained by the linear projection

$% = P, b = (5“ pppb) o°, (2.99)
which translates into a non-local projector in position space,
0% 0,
P% =Pt = (5@ - aﬂb) °. (2.100)
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Notice that such transverse fields are automatically gauge-invariant since
Py ¢t =P y(¢" +0"f) . (2.101)

Evaluating then the massless Klein—-Gordon Lagrangian on transverse gauge-invariant fields we
find the Lagrangian
0 ¢%h 02 ¢l = —1 0, @ 4 0(..) (2.102)

corresponding to the massless limit of . It is important to keep in mind, however, that
the massless vector model is assumed to be defined with the built-in redundancy under ¢, —
¢a + 0o f, for an arbitrary function f(z), and in particular it has one less degree of freedom than
the naive massless limit of the massive model. So, even if is the smooth m? — 0 limit of
at the level of Lagrangians, there is a discontinuous jump in degrees of freedom as we go
to the massless limit.

The gauge redundancy is very useful in constructing dynamical laws for massless vector
fields. For example, a linear coupling of the form

EJ:¢aJa

is bound to break gauge invariance unless we demand the conservation of the ‘current’: 9,J% = 0.
Should the current not be conserved, so that gauge invariance is broken, then the theory with
this coupling would simply describe three degrees of freedom instead of two.

The gauge redundancy is often called a ‘local symmetry’, a rather misleading name, since its
real role is to ensure that the theory describes the minimal number of degrees of freedom (two
for a vector field) even after Lorentz-invariant couplings are specified.

Problem: Gauge Is Not a Symmetry

Consider the massive vector field model with Lagrangian

EProca = *% (I)ab (I)ab - % m2 ¢a ¢a . (2103)

Show that it is not gauge invariant. Define the so-called Stueckelberg model, which couples a massless
vector field and a massless scalar field ¢ with Lagrangian

‘C[¢a7 (P] = _i@ab (I)ab - %ﬁab(m% + 8a(p>(m¢b + 81790) . (2'104)

Show that the Stueckelberg model is gauge-invariant under the transformations

$a(r) = dal(2) +0uf(x),  @(x) = @(x) —m f(z).

Show that the Stueckelberg model is equivalent to by an appropriate fixing of the gauge redun-
dancy.

Hence, we find that a model with three degrees of freedom and no gauge invariance is equivalent
to a gauge-invariant model with two degrees of freedom, plus one explicit degree of freedom, so that
gauge ‘symmetry’ is not real... just a matter of bookkeeping conventions in describing the true degrees
of freedom.

‘Integrate out’ the scalar field ¢ in , by solving its equation of motion and substituting back
into the action. Show that the resulting equivalent Lagrangian is

1
b (2.105)

1 b 1 2
Lnonlocal = —Z 4 Y7 + zm q)ab?
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That is, a massless vector gauge theory, corrected by a non-local term proportional to the mass squared.
Notice that it is gauge invariant. The non-local term is the result of the existence of more degrees of
freedom than just the two massless polarizations. This non-local model is actually the result of imposing
the gauge invariance ‘by hand’ in the naive Klein—Gordon Lagrangian, i.e. show that

Enon local — £[¢a ]TKG = % MNab ¢% 82 (b’bI‘ - % m2 Tab (b%ﬂs’br .

Hence, insisting on gauge invariance for a massive vector theory requires either a non-local model
or a local model with an extra degree of freedom. This is natural, since we know that a massive vector
field must have three polarization degrees of freedom; forcing a gauge-invariant description with two
polarizations requires the introduction of the third polarization as an explicit field degree of freedom, the
so-called Stueckelberg field, a precursor of the Higgs field.

Maxwell in the Lorentz-Invariant Way

We now reproduce the Lagrangian structure of massless vector fields from the direct physical
construction of Maxwell’s theory. One can exhibit the Lorentz covariance of Maxwell’s equations
by defining the electromagnetic tensor Fip, via

FY% = E", Fij = Zﬁz‘jkBk
k

in terms of the electric and magnetic field vectors E,B. Defining also the current four-vector

=

(J*) = (pe, Je), the equations can be cast into the system
O F® = —J° | ey F., =0, (2.106)

which are manifestly Lorentz-covariant. Thus, we confirm Poincaré’s dictum that the Maxwell
system remains untouched in the new relativistic formalism, whereas the Newtonian particle
dynamics had to yield. Curiously, Maxwell was the first to write down a relativistic equation in
the mid XIX century!

In order to derive these equations from a Lagrangian, we introduce the potential A% by
solving the second Maxwell equation (sometimes referred to as the Bianchi identity) via the
Poincaré lemma: locally, an antisymmetric tensor with vanishing antisymmetrized derivative,
OjaFy) = 0, can always be written as E

Foy = 90 Ap — 0y Aq (2.107)

in terms of some vector field A®, which always comes with a built-in redundancy, i.e. a gauge
ambiguity by the redefinition A% — A% + 0%f . The rest of Maxwell’s equations then follow
upon varying the Maxwell Lagrangian

£Maxwell = _iFabFab + JaAa (2108)

' An explicit proof is obtained by the following ansatz: A®(x) = — fol dA X F*(\z) zp,. Notice that the A integral
over points of the form Az requires that the region where we define the fields be ‘star shaped’, in the sense that
it can be contracted to a point through straight lines, each of which being fully contained in the original region.
This is what is meant by saying that the Poincaré lemma applies locally.
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with respect to A®. As explained before, the coupling to the electric current does not spoil gauge
invariance (up to total derivatives) provided the current is indeed conserved, 9,J% = 0.

A convenient Lorentz-invariant convention to fix partially the gauge redundancy is the Lorenz
condition d,A® = 0, whose main virtue is the simplification of the Maxwell equations, simply
collapsing them to four Klein-Gordon equations

D*AY = —J* | (2.109)

whose standard solution was discussed before

retarded 47 |.f — 37 ‘ ’ ’

1

Aa(ty f)retarded = _ﬁ J

a

for fields that vanish at infinity and with causal (retarded) boundary conditions. This relation
accounts for most of classical electrodynamics.

Free electromagnetic waves can be added to A% as solutions of the homogeneous equation with
J% = 0. By the linearity property of Maxwell’s equations, any such solution is a superposition
of plane waves of the form

A%(z) = A%k)e*® 4 c.c.

where fl“(k) is now a constant vector and kx = nabk“mb = —wt+ k- Z The four-vector k%
includes the wave vector and the frequency. Maxwell equations and the gauge condition impose
k®A,(k) = 0 and k2 = 0. By further use of the gauge redundancy one can set A%(k) = 0 =
S kP AU(K), leaving fully transverse waves with two polarization degrees of freedom.

The coupling to charges, given by the linear term in the field-theory action [ d*x J, A%, with
the conserved electromagnetic current

Ze 5( N — xp(7p))
produces a correction to the free particle Lagrangian of the form
d a
—Zmp/dTerZe,,/dT,,Aa;, (2.111)
Tp
P P

which in turn leads to the so-called Lorentz force in its fully relativistic incarnation

d’x > “ dxg
mp dr 5 :eprE . (2112)

The simplicity of (2.106) and (2.112)) is a bit deceptive. Together they form a set of non-
linear equations, because the fields determining the motion of the particles do depend on the
history of the particles themselves. There are thorny issues of principle, related to the existence
of pointlike objects with formally infinite energy density (the particles) and the fact that the
energy carried by their own electric field also has mechanical properties. This complicates the
calculation of how a particle reacts when it radiates.

49



Problem: Parity Violating Photons?

Consider adding a Lorentz-invariant term to the Lagrangian of the Maxwell theory of the form
Ly =10 FpF

where
P, =1 ped
ab — 3 €abed

is the Poincaré dual. Check that the dual tensor has the roles of electric and magnetic fields reversed.
Write the Lagrangian Ly in terms of electric and magnetic fields and study its behavior under parity and
time reversal. Why is this Lagrangian not usually considered as a correction to Maxwell theory?

2.3.4 Higher Rank Tensor Fields

The construction of field theories in higher tensor representations reproduces some of the
problems already present in the vector case. Lorentz invariance tends to introduce unstable
modes, which have to be dealt with via constraints and gauge redundancies. There are general
no-go arguments that limit the possibilities of constructing such field theories if we require long-
range interactions and, in any case, they do not appear in our current fundamental description
of nature, except for two cases, both of them related to rank-two tensor fields.

We consider here the massless case, which is the most interesting from the physical point of
view. A naive action for a massless two-index tensor field ¢4 of the form

L ¢ap kG = % dap 0% ¢

has the proverbial stability issues, which may be solved by introducing gauge redundancies.
In particular, for the antisymmetric case, b.g = —bg., we introduce a redundancy by an anti-
symmetric derivative beq — bea + O fy, whereas the symmetric case, hap = h(qp), requires a
corresponding ‘symmetric’ redundancy hep — hap + (o fp)-

The resulting gauge-invariant action for the antisymmetric case is a simple generalization of
the Maxwell construction:

£[bcd] = _%HabcHabc ) Habc = 38[abbc] . (2-113)

Here, H,. is a generalization of the Maxwell tensor F; and b, is a generalization of the potential
four-vector A,. The equation of motion 9, H*¢ = 0 implies that the pseudovector Poincaré-dual
field ﬁa = _%EabcdH bed has vanishing antisymmetric derivative and, using Poincaré’s lemma, it
admits the representation Hy, = 0,3 as the gradient of a pseudoscalar field a, usually called the
a:m'onm Then, the Bianchi identity 9),Hy.qy = 0 is equivalent to the standard wave equation
for the axion: 9°0ya = 0. This chain of arguments shows that the theory only has one
physical polarization degree of freedom, that is to say, it is equivalent to the theory of a massless
pseudoscalar field.

If we try the same strategy with the 3-form field Cype with field strength Dgpeq = 401Cheq)

the equation of motion is equivalent to requiring 8al~? = 0, where D is the Poincaré dual of

12A pseudoscalar field is a scalar under small Lorentz transformations which changes sign under a parity
transformation. The axion is a hypothetical particle whose existence is not established, but pseudoscalar fields
are routinely used to describe, for instance, the w-mesons.
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Dgpeq- Since the solutions are constant fields, there is no interesting propagating degree of
freedom associated to this theory. This pattern repeats in d dimensions: a p-form gauge field is
dual to a (d — p — 2)-form, so that (d — 2)-forms describe a single scalar degree of freedom and
(d — 1)-forms carry no propagating degrees of freedom.

The symmetric case is more complicated, and more interesting for the theory of gravity.
There are four independent Lorentz-invariant structures at the quadratic, two-derivative level:

Duhie 0°RYC | 9,hPOChy , DR ORE, DS

up to total derivatives. Imposing now gauge invariance under hgp — hap + (o fp) one finds a
unique answer up to overall normalization, the so-called Fierz—Pauli Lagrangian

L[ hap [P = —10ahpe 0" + L0,hE 7RG — L 0,hE Oph™ + L 9,1 by (2.114)

which will turn out to be the linearized approximation to Einstein’s theory! Therefore, it
describes linearized gravitational waves. For that reason, we will defer further discussion to the
section on gravitational radiation.

2.4 Symmetry and the Field

One of the great advantages of the Lagrangian formalism is the efficient handling of sym-
metries. This fact is accentuated in the case of field theories. The powerful theorem of Noether
which links symmetry and conservation becomes an essential tool in analyzing the general com-
plicated dynamics of field theories. In this section we start with a covariant proof of a general
version of Noether’s theorem, and then we focus on the example of major interest: the definition
of the energy-momentum tensor for general field theories.

2.4.1 Noether

Let L[¥] be a general functional of fields ¥(x) in arbitrary tensor representations of the
Lorentz group, with polynomial dependence on d,, but otherwise generic. We consider a con-
tinuous symmetry whose action on the fields, ¥ — ¥’, when expanded close to the identity
is

V() — U(z) = 6,0(z) + O(2) = es[¥] + O(e2) , (2.115)

where the functional s[¥] is also assumed to have polynomial dependence on derivatives. Ne-
glecting boundary terms coming from total derivatives, invariance of the action implies that the
Lagrangian density transforms as a total derivative 6s£ = € 0, f2[V].

We will now implement a formal trick. Consider a more general transformation where the
symmetry parameter is given a functional dependence on spacetime coordinates, i.e. J;¥ =
€(x)s[V]. The variation of the Lagrangian density can be expanded in derivatives of €(x) as

6L = () K[U] 4 Oue(x) K2[¥] + 0,0pe(x) KP[¥] + - - - | (2.116)
for some functionals Ky, K, etc. In particular, by setting ¢ = constant we learn that
K[V] = 0, f3]¥] . (2.117)
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We emphasize that the spacetime dependence of €(z) is just a mathematical trick, not a gen-
eralization from a global to a local symmetry. Indeed, shows that the Lagrangian is
not invariant under the local transformation. The action is only invariant under the global
transformation with constant e.

Neglecting total derivatives (by choosing for instance e(x) with compact support), we may

now integrate by parts (2.116)) and find

5, / o) = — / () Du? (2.118)

where
T2 = = £ + K] - O] + (2119)

Since the variation §;¥ = e(x)s[V] is a particular case of a general variation of the fields, on a
configuration that extremizes the action we conclude that this current is conserved, 9,J¢ = 0.
Hence, in we have a constructive definition of the Noether current, valid in an arbitrary
derivative expansion. To construct the functionals Kg,Kgb, ... appearing in one can
make repeated use of the identity

05(0aV) = 04 (05¥) = Op(€e(x)s[V]) = €(x)0a8[¥] + s[V]0y€(x)

in the formal expansion

oL oL oL
S\P S (I\P
5. + 54(0 )+8(6a6b\11)

L= 5 9(0,7)

55(0a0pW) + . ..

In the simple case where the Lagrangian depends polynomially on a single derivative, the only
non-vanishing functional is

oL
K¢V = U] . 2.12
‘= g o1 (2.120)
The resulting Noether current is then the familiar expression
oL
4= U] — f40] . 2.121
72 = g S - £ (2121)

For an illustrative example of how Noether’s theorem works in field theory, consider a set of
N scalars with Lagrangian

N

Loy =—3 Y 0a010" 01, (2.122)
I=1

which is invariant under the O(N) transformations ¢r(z) — > ; Rryj¢(z) for any constant

orthogonal matrix Ryy. To obtain the Noether current we work near the identity Ryy = 075 +

Qs+ O(9?) with Q7 antisymmetric. Picking a basis of N(N — 1)/2 matrices T}, for the Lie

algebra of O(IN) we can write 277 = Y _ €17, and the corresponding N (NN — 1)/2 Noether

currents taking the form
T3 =175 006 (2.123)
1J

are conserved 0%J; = 0.
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The previous derivation implicitly defines the field variations as functional variations, in the
sense that a field configuration is compared to the transformed field configuration at the same
point: 0¥ (z) + O(€?) = W' (x) — ¥(x). This is the standard situation for symmetries which do
not affect the spacetime coordinates (called internal symmetries). On the other hand, spacetime
symmetries are often presented in tensorial form, which does involve comparing functions at
different values of the variables:

e
T al', b

ax/ a
ox¢

ST (1) (2.124)

ﬁ/

where we have been very explicit about the functional dependence of all pieces on the coordinates.
This formula gives the transformation law for any tensor field under a Poincaré transformation
b — 2'% = ab + LP . 2¢. In the active view of the transformations, it gives the relation between
the tensor functions at different points in Minkowski spacetime, labeled x and 2.

Therefore, in order to use to derive 0¥ (x), we need to expand it near the identity
and evaluate the variation at the same point. In general, any continuous transformation of the
coordinates can be written in infinitesimal form as

2’ = 1% — e&4x) + O(e?) , (2.125)

for some vector field £%(x). Inserting this expression into (2.124)) and keeping only terms linear
in € we find

0V =ele W, (2.126)
where £¢V is the so-called Lie derivative along the vector field £*(x):

LW g = €00 I — = O W — e+ O (2.127)

The Lie derivative is essentially a directional derivative along the vector field, corrected by terms
that depend on the spacetime variation of the vector field itself, with signs that depend on the
covariant or contravariant nature of the indices.

With this definition of the field variations, we can write the Noether current for any spacetime

symmetry ¢ 2% = —e£%(x) reinterpreting (2.121)) in the form

a __ a£ a
Jg = T LelU] - f2 . (2.128)

Finally, when a spacetime symmetry has also a simultaneous ‘internal’ action beyond the ten-
sorial form ([2.124)) we can write the field variation to linear order in € as §¢ ¥ = es¢[V] + e£¢[V]
and we can write for the corresponding Noether current:

oL
9(0. V)

J¢ = (se[W] + £[¥]) — f¢ (2.129)
a formula that one encounters when discussing scale and conformal transformations.

Armed with these expressions for the conserved currents, we could write down all the canon-
ical forms of currents associated to the ten independent symmetries of the Poincaré group. The
most important of all is the local energy-momentum tensor, Ty, which is none other than the
set of Noether currents for translational symmetry. Once Tg; is known, it can be used to build
all other currents in a constructive fashion.

53



Noether and the Gauge

The mathematical trick of using a spacetime-dependent parameter €(z) brings up the follow-
ing question. What would it take to make the theory invariant under the local transformation?
Considering the simple case of Lagrangians with explicit dependence on first derivatives of the
field, we saw that the variation of the action can be written as

5 / L= / J9 One(z) | (2.130)

that is to say, the Noether current characterizes directly the lack of invariance when the sym-
metry parameter € is given a functional dependence on spacetime position. A way to make the
theory symmetric is to add a new term to the Lagrangian, depending on an extra vector field
A¢, through the coupling

L= L—ngJ¢AY, (2.131)

where the vector field A; is required to transform as
I Ay = 0%(z) + ..., (2.132)

so that the complete Lagrangian is now invariant under the local transformation (the dots stand
for extra terms that may be needed but would not depend on derivatives of ¢(x)). This procedure
is called the Noether method of gauging, and it manufactures a gauged version out of any global
symmetry. We may leave Ag; as a mere background field, or we can postulate new terms in
the Lagrangian that provide a kinetic term for A, such as a Maxwell term in terms of the
field strength 92A% — 9° A%, giving us a fully fledged gauge theory. Notice that the resulting
Lagrangian for the gauge field must respect the local symmetry implying, among other things,
that it must be massless.

2.4.2 Energy-Momentum Tensor in Field Theories

Having defined the energy-momentum tensor of a particle system with contact interactions,
we can also monitor the local exchanges of energy and momentum in the more physical case
where the interactions are mediated by fields. Consider for example a system of charged particles
whose electromagnetic interactions are governed by Lorentz forces

@ — ¢, F" il (2.133)

mpxp 'R

Then, the energy-momentum tensor of the particle system is not conserved alone, as some energy
flows into the field degrees of freedom. To see this, we insert (2.133) into (2.69)) to find

ab]jlglél;rticles =F"y Jb . (2134)
Thus, local energy conservation requires that we add the intrinsic energy-momentum tensor
of the electromagnetic field, canceling the source term in (2.134). We know from elementary
discussions of electrodynamics that the energy density of the electromagnetic field is given by
% (EQ + 52), i.e. it is quadratic in components of the electromagnetic tensor Fyp. This follows
immediately from a glance at the basic Lagrangian ; since the electric field is proportional
to the time derivative of the vector potential, the structure of the Lagrangian suggests the

o4



structure of the energy density. Hence we may try a quadratic ansatz for the energy-momentum
tensor of the electromagnetic field:

1 FaCFCb + o nab chch

depending on the two independent quadratic combinations of F,; which are allowed by Lorentz
symmetry and the antisymmetry of the electromagnetic tensor. Imposing now the condition

ab _ ab
abirMaxwell =—F"Jp

given the equations of motion 9,F%® = —Jb

obtain the Maxwell energy-momentum tensor

we fix the constants ¢; = —1 and ¢; = —1/4 to

Tle/lgxwell = _FacFCb - %T/ab chFCd . (2135)

(E2+ §2), and energy

NO|—=

which recovers the standard expressions for the energy density, 7% =
flux, TV = (E X E)l, the so-called Poynting vector.

This ansatz method is efficient in finding the expression for T,;. It is often the case that
listing the Lorentz structures with two derivatives and requiring conservation 9,7% = 0 fixes the

energy-momentum tensor for most field theories of interest. For instance, for the Klein—Gordon
scalar model (2.84) we find in this way

Tyt = 0"60°¢ — 1™ (3 (00)* + V(9)) - (2.136)
As a check, we see that Tpy indeed gives the energy density of the scalar field
Too = po = 5 (09)* + 5 (06)° + V(9) .

The energy-momentum tensor of the Maxwell field has the important property of being
traceless, T® , = 0. For the massive vector theory this trace is instead proportional to the
‘photon mass’:

Proca

Tab = Tle/[baxwell + m2 (AaAb - % Uab Ac AC) ) Tled ch’?oca = _m2 Aa AT

The trace of the energy-momentum tensor is in general sensitive to the mass terms in the
problem. For example, for a system of particles, we already noticed that the trace of the energy-
momentum tensor is controlled by the scalar density of ‘rest mass’:

=—Jn,= _Z/dTpmp 5(4)(33 — x(7p)) -

T,

particles

An important qualification of this rule is the case of massless scalars, for which T} does not
vanish except in two dimensions.

Problem: Energy-Momentum Conservation and Equations of Motion

Show that the local conservation of the energy-momentum tensor, 9,7%° = 0, implies the equations of
motion for both scalar and electromagnetic fields, provided certain genericity conditions are met. Namely
the equations of motion are satisfied except at points where 0,¢ = 0 in the scalar field case. For Maxwell
fields one must require that the matrix F' be invertible.
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The Noether Way

On general grounds, energy and momentum are ultimately defined as Noether charges for the
symmetries of time and space translations. So we can determine the energy-momentum tensor
as a set of Noether currents for Minkowski spacetime translations following the formula .

Let the translation along the ¥ direction be expressed as dpz% = —e §?b), for the vector field
f?b) = 0p. Since any Lagrangian density is a Lorentz scalar, we have

BpL = € £e L= ey 0uL = €L = € 0u(5L)

so that the Lagrangian varies by a total derivative with fg(b) = 6yL. The variation of any
Lorentz-tensor field is given by

¥ =€ £§(b)\11 = eg(cb)ﬁc\ll = eV ,

where we have suppressed the Lorentz indices of ¥ and used the fact that {?b) has vanishing
derivatives. Applying then the general formula (2.128)) we obtain a set of four Noether currents

a oL a
j (b) - w 8[]\:[/ - 61) . (2137)

Evaluating for the scalar case and comparing with (2.136[) we find that
Tab = —Ta) - (2.138)

Notice the different status of the indices in this expression. The index a is an ordinary vector
index of each current, but the index b is a label of the particular current we are considering. In
fact, the so-defined tensor T,; is not symmetric in general. To see the tension more explicitly,
we can now apply the formalism to the Maxwell theory, with Lagrangian

1 b
Laxwell = —1 a7

The naive energy-momentum tensor for §, A, = € 9, Ap turns out to be given by
Fa ¢ 81,./40 + Tlab EMaxwell ) (2139)

which is neither symmetric nor gauge-invariant. The lack of symmetry is inconvenient, but the
lack of gauge-invariance is just not acceptable, since the energy momentum tensor gives physical
energy and momentum densities, and these cannot depend on our choice of vector potential. We
can fix both problems by defining a gauge-invariant field variation:

SbAc = (51).40 + (%Ac

with 0, Ac = 0.(—€ Ap) an appropriate field-dependent infinitesimal gauge transformation. The
new gauge-invariant translation is d;A. = € Fy. which, if used in the Noether procedure, yields
the correct gauge-invariant energy-momentum tensor,

Tab —F2F® 4 1% Lotaywell - (2.140)

axwell —

An interesting comment to make is that the difference between the naive (2.139) and the
true (2.140) Maxwell energy-momentum tensors is the term Fi, 0°Ap which, up to the equation
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of motion 9°F,, = 0, is equivalent to the total derivative 9°(F.4Ap). This is an example of
a subterfuge called ‘improvement’. Just as Lagrangians are not completely determined by the
equations of motion, allowing redefinitions by total derivatives, local currents are not completely
determined by the sole requirements of symmetry and conservation. In principle, any additive
redefinition by a local functional (depending on derivatives of fields at most polynomially) which
is a total derivative and preserves conservation (using the equations of motion), introduces a valid
current. Thus for any Noether current J¢, the ‘Noether ambiguity’ J¢ — J& + 9. N[ allows us
to redefine the current, provided the tensor N is antisymmetric to ensure conservation. Being
a total derivative, the added term does not affect the global charges obtained by integrating the
current over any constant-time hypersurface (assuming as usual that we do not pick boundary
terms at infinity).
The Noether ambiguity for the energy-momentum tensor is any additive redefinition of the
form
Top — Top + 8CN[CGN, , (2.141)

where the tensor N, is assumed antisymmetric in the first two indices. For the Maxwell case
we had N.u = FrqAp. More generally, it was shown by Belinfante and Rosenfeld in 1940 that
one can always use the Noether ambiguity to improve the canonical energy momentum
tensor into a symmetric one.

Why the insistence on a symmetric energy-momentum tensor? One reason is pure conve-
nience. As indicated in in the section on the energy-momentum of particle systems, given
a conserved and symmetric T,p, the set of currents M abe = pabe _ gbpac g automatically
conserved 9.M%¢ = 0 and their associated charges,

J = [ M (2.142)
RS
define the relativistic generalization of angular momenta. They give literally the angular mo-
menta for spatial indices J¥, and give the charges associated to the Lorentz boosts in the J%
components. Thus, the set T2, M%¢ gives the complete list of currents of the ten-parameter
Poincaré isometries, and all of this is still true for any field theory whose energy-momentum
tensor is symmetric. Notwithstanding all this, the most important reason for insisting on sym-
metric Ty is the starring role of the energy-momentum tensor in Einstein’s theory of gravitation.
It plays for gravity the same role that the electric current plays for electromagnetism, but the
version of the energy-momentum tensor that enters the Einstein equations is always a symmetric
one. Therefore, it is reassuring that one can always choose a symmetric Ty, for any reasonable
system of particles and fields.
The art of energy-momentum tensor improvement does not stop at Noether ambiguities
though. As we noticed above, the relation between the absence of masses and the vanishing
trace T = 0 is broken in the case of massless Klein—Gordon field, which satisfies

Tkc o = —(09) .

There is, however, an improvement of the energy-momentum tensor that makes it traceless (as
always, after using the equations of motion). It is given by H

1
Tab — Tab - 6 (aa 8b = Nab 82) ¢2 . (2143)

BIntroduced in 1970 by C. Callan, S. Coleman and R. Jackiw.
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This improvement term is different from the Noether ambiguity types but, like those, it also
preserves the local conservation and it is a total derivative, so that it does not contribute to
global conserved charges.

Problem: Scale Invariance

Find the transformation rules that make the action of a free massless scalar field invariant under the scale
transformations (dilatations) £ — e~ € 2®, with real e. Show that a mass term breaks the symmetry but
there exists one particular polynomial potential which still preserves scale invariance. Apply Noether’s
theorem to this theory to define the conserved dilatation current D®. How is it related to the energy-
momentum tensor? Find an improvement that brings the dilatation current to be of the form D = 2, T,
which is indeed conserved when T2 = 0.

Problem: Conformal Invariance

This problem extends the previous one. A conformal transformation of Minkowski spacetime is a coor-
dinate transformation that preserves the metric up to a local rescaling, 1q, dz'*dz’® = Q?(x) gy dzdx®.

(a) Show that the infinitesimal transformations z'* = x® — e £%(x) with this property are generated by
vector fields called conformal Killing vectors, satisfying 0,&, + Opéq = %nab 0:£¢. Find the general
solution and show that, besides Poincaré transformations and dilatations, it contains four special
conformal transformations that can be written as ITI where T is an ordinary translation and [ is
the inversion 2@ — x¢/z2.

(b) Generalize to d spacetime dimensions. What happens for d = 27

(c) Consider a scale-invariant field theory with a symmetric, conserved energy-momentum tensor 7%,
whose dilatation current has the form D% = x,T%® 4+ V4, with V® a local operator (the wirial
current). Show that 7%, = —3,V?. Show that if V¢ = 9,L" for some local L%, then T can
be improved into a conserved and traceless T7. Show that in this case J¢ = T“b&, is a conserved
current for every conformal Killing vector £, and write down the currents for dilatations and special
conformal transformations.

(d) Apply these results to the massless scalar field in d dimensions and to the Maxwell theory.
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Chapter 3

The Principle of Equivalence

It is certainly tempting to apply the previous machinery of relativistic field theory to the
problem of gravitation. That is to say, to postulate some tensorial potential that generalizes
the Newtonian gravitational potential and just search for the right field theory in Minkowski
spacetime that describes the phenomenology of gravitation. This straightforward route, which
gives preference to building Lorentz-invariant field theories, can be followed to finally land in
General Relativity, but it soon becomes a winding path full of technicalities. History took a
different route, when Einstein found a famous shortcut which took him straight into the answer
within a decadeE] The key to the shortcut was the Principle of Equivalence, a fact about gravity
that was known to Galileo and Newton, and its connection with the formalism of Riemannian
geometry. In this chapter we discuss this crucial chain of ideas, but first we outline the first
steps of the longer ‘Lorentz path’.

Given the formal similarity between the Newton potential and the Coulomb potential, it
looks natural to follow the blueprint of Maxwell’s theory to build a theory of gravity, since we
know that Maxwell’s theory is ultimately ‘relativistic’. We may begin by postulating a vector-
like ‘gravitational potential’ g, with field strength Gup = 0,9 — Opgq and a time-like component
proportional to the Newtonian potential ¢° ~ ¢n. Actually, such a theory was contemplated by
Maxwell himself in the XIX century, although of course he did not know anything about Lorentz
invariance. An obvious problem is that the analog of electric charges must be the masses, but
they are all positive, so that the ‘gravitoelectric’ static force should be repulsive rather than
attractive. Maxwell toyed with the idea that one could turn the static force into an attractive
one by inverting the sign of Newton’s constant, G — —G, but he noticed that this would assign
large amounts of negative energy to the gravitational field itself, and finally abandoned these
ideas.

A much better attempt at a relativistic generalization of Newton’s theory would promote ¢y
to a fully fledged Lorentz scalar field ¢(x) with Lagrangian

1
£Gfscalar = _%(8@)2 - QOJm 5 (31)

where now J, is the Lorentz-invariant mass ‘density’. For a system of free particles we have

I = Z/dTp my 0 (z — x,(7)) - (3.2)

'n fact, it can be argued that Einstein and his friend Marcel Grossmann were agonizingly close to the answer
as early as 1912.
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In fact, as shown in the discussion after , such density is essentially the trace of the
energy-momentum tensor: .J,, = —72. This means that such scalar gravity field, while leading to
attractive forces, fails to couple to electromagnetic fields and for a fluid of density p and pressure
p, it couples to the net combination p — 3p, which vanishes for ultrarelativistic fluids (radiation).
It is also in disagreement with experiment, since it predicts no bending of light in a gravitational
field and a wrong precession effect for planetary orbits. Nevertheless, the scalar gravity theory
is logically consistent, and was indeed seriously considered by many authors, including the likes
of Abraham, Nordstrém and Einstein. Today, it survives in the so-called Jordan—Brans—Dicke
form as a possible extension of General Relativity, albeit significantly constrained by precision
experimental tests.

If we insist that gravity should couple to energy in the most natural way, we should use
the energy-momentum tensor in the role of ‘matter current’, since it is T, the object that
encapsulates the local conservation of energy in SR. In this way, one is naturally postulating a
gravitational potential of tensor nature, i.e. a minimal coupling of the form

Sint ~ / d*x hay T (3.3)

between T,; and a symmetric rank-two gravitational potential h,,. The local conservation of
the energy-momentum tensor, 9,7% = 0, implies that this Lagrangian interaction is ‘gauge
invariant’ under the transformations

hap = hap + Oafo + Op fa (3.4)

with f,(z) an arbitrary four-vector function. Hence, we are led to the development of a sym-
metric two-index generalization of Maxwell’s theory, the Fierz—Pauli theory , coupled to
the matter energy-momentum tensor through .

However, such a program quickly becomes treacherous. The reason is that any field coupling
to energy must necessarily couple to itself, resulting in a nonlinear theory. The gist of the
argument is as follows. The Fierz—Pauli Lagrangian contributes a term to the total energy-
momentum tensor quadratic in the h-field, i.e. T{3y ~ (Oh)(0h), suppressing the detailed index
structure. Since hy, must couple to all forms of energy, including the energy contained in the
h-field itself, we must write in the ‘improved’ form

Sint ~ /hab (Tr%.l;tter +T(af§))> ’

which induces a cubic interaction term in the hgp field with the structure h 9h Oh. In turn, taking
this term into account in the computation of the h-field energy momentum tensor, we will obtain
a similar cubic term in T(‘}f), which induces a quartic term when fed into the interaction term, and
so on... Hence, we are led to an iterative construction of a full non-linear theory, with arbitrarily
large powers of hg, albeit with only two derivatives. Feynman and others were able to show
that this iterative construction indeed converges to Einstein’s theory of General Relativity. We
shall return to this issue later on, but for the time being we will be following another route.

3.1 From Galileo to Einstein

Einstein chose to develop the theory of gravity on top of the Principle of Equivalence between
gravitation and inertia. A principle (going back to the tales of Galileo at the Pisa tower) stating,
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in its weakest version, that the gravitational ‘charge’ of particles is universally proportional to
their inertial mass.

When a Lagrangian shows some constraint in its parameters to a great accuracy (recall
E6tvos measurements), it is natural to try representing this constraint as the result of some
deeper fact. In the case at hand, this is possible in a rather interesting way. The Newtonian
equation of motion for a particle of mass m on some gravitational potential is

m% =-moon , (3.5)
and the Principle of Equivalence simply means that m drops from this equation, so that tra-
jectories are intrinsically determined by initial conditions, independently of the particular mass
considered. This suggests that these trajectories have an intrinsic geometrical meaning. Con-
sider, for example, a constant field with uniform gravity acceleration g. The equation of motion
of a falling particle is

A’z
Now, in a reference frame in free fall,
e =T — 3 gt° (3.7)

we have d?Zg/dt> = 0, recovering the familiar feature that the gravitational field disappears
in free fall. However, this was ultimately possible due to the particle mass dropping from the
equations. Hence, we can represent the Principle of Equivalence as a statement about the change
of reference frames, by saying that all systems in free fall are inertial, in the sense that they feel
no gravitational forces.

Conversely, a frame of reference under constant acceleration of magnitude § is indistinguish-
able from a rest frame immersed in a constant gravitational field of the same intensity. In
general, this simulation of gravitational fields by accelerations is only possible locally. We shall
refer to such gravitational fields that can disappear globally by entering free fall as ‘fictitious’
gravitational fields. In ‘true’ ones, one can still eliminate the gravitational field, but only locally.
If the gravitational acceleration at the spacetime point P is given by ¢gp = —5¢N (P), the frame
transformation Ig = T — % gpt? gives

d*ig

S = (@) ~ g (38)

so that the acceleration vanishes at the point P. Away from the free-fall point P, there is a
residual ‘tidal’ acceleration, proportional to the first derivatives of the gravitational force, or the
second derivative of the potential. We can define the ‘tidal tensor’ for static fields as

Rij = —8i8j¢N 5 (39)

which provides a local diagnostic of whether a gravitational field is ‘true’ or ‘fictitious’. In
particular, when the tidal tensor of a static field vanishes everywhere, the potential is linear in
the spatial coordinates, ¢N(Z) = a + b- 7. In this case the gravitational force is g(@) = —b, a
uniform field, which may be removed by the free-fall frame Zg = ¥ + % b2,

In the relativistic theory, the Principle of Equivalence admits the same formulation: gravi-
tational fields can be locally eliminated by entering free fall, except that this time it is Special
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Relativity (SR), rather than Newtonian particle mechanics, that is assumed to be valid at the
freely falling frames. The Principle of Equivalence is sometimes qualified as ‘weak’ or ‘strong’
depending on the scope of its application. The weak version only refers to the mass of a probe
particle dropping from the equation of motion. Stronger versions differ by the generality of phe-
nomena becoming ‘blind’ to gravitation in free fall, from purely mechanical to electromagnetic,
gravitational self-energy effects or even quantum effects. Experimental tests of the Principle
of Equivalence show no deviation from the strongest versions, so we will not make distinctions
unless otherwise stated and speak of the Principle of Equivalence.

Since the Principle of Equivalence must be applied locally in generic gravitational fields,
there is a degree of vagueness as to the size of the region where free-fall conditions apply. We
shall give a more mathematical definition of the principle in coming sections, but for the time
being we will continue exploring fictitious gravitational fields in order to gain some intuition in
the relativistic regime.

3.1.1 Relativistic Inertial Fields

There are at least two novel relativistic effects with far-reaching consequences in relation to
the Principle of Equivalence. The first is the existence of a novel kind of time dilation effects,
associated to gravitational fields, and second is the occurrence of non-Euclidean geometry. Both
effects can be illustrated in a simple heuristic way by studying appropriate fictitious gravitational
fields.

The Relativistic Elevator and Rindler Spacetime

We saw that, according to the Principle of Equivalence, uniform and constant gravitational
fields can be manufactured by constructing an elevator undergoing constant acceleration. In
the relativistic theory, such an elevator would reach eventually the speed of light, so it is not
obvious what is the relativistic concept associated to ‘constant acceleration’. Given a timelike
trajectory x(7), with four-velocity

u = , u?=—1, (3.10)

we define the acceleration four-vector by

dub

b 2 b

a = —, a“=apa . 3.11

2 ; (3.11)
Taking the derivative of u? = —1 we find that acceleration and velocity are orthogonal a®u, = 0.

In an inertial frame 2’% momentarily at rest with respect to the accelerated trajectory we have
u = (1,0) and the orthogonality implies a = (0,d") ,a@ - @ = a®. Hence, we shall define constant
acceleration as a?> = g2 with ¢ a pure number, constant in time.

Now we go back to the ‘laboratory’ frame and take an accelerated rectilinear motion in the
z-direction, @ = d*#/dr? = (0,0,a%). We take a® > 0 by convention. From the three algebraic

equations

we derive

a=—=gu”, a® = =gu . (3.12)
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H+
& = const

1 = const

Figure 3.1: The so-called Rindler wedge is the region |t| < z. Uniformly accelerated observers follow
the ¢ = constant hyperbolic trajectories, which degenerate into the past and future particle horizons H*.
We also show the timelike trajectory of another observer. The part of her history to the future of Ht is
completely inaccessible to the accelerated observer, whereas her crossing of the horizon takes an infinite
subjective time for him.

The solution of these ordinary differential equations is
(u® £+ u?) = (u® & u?)(0) €97 .

Choosing now u%(0) = 1 and u*(0) = 0 (zero velocity at 7 = 0) we obtain the parametric form
of the trajectory,

£ = #(0) = ;sinh (7). 2—2(0) = ; (cosh (g7) — 1) | (3.13)

and choosing the origin or coordinates so that ¢(0) = 0,z(0) = 1/g we see that ‘constantly
accelerated’ trajectories lie on the hyperbolae

1

2 2
25—t = .
72

(3.14)
Now consider a family of accelerated observers running on hyperbolae £ = constant, accord-
ing to the change of coordinates
1
zEt=—e eI, (3.15)
g
Each such observer feels a constant acceleration g¢ = ge 9. If we arrange all of them to pass
through the ¢ = n = 0 line simultaneously, then they will always share the same value of the 7
coordinate at all times. Any such line is related to the ¢ = 0 line by a Lorentz transformation,
so that the relative rest condition of the accelerated observers is maintained in time. Hence, the
constructed family of accelerated observers furnishes a ‘relativistic elevator’.
The space (1, §) with arbitrary real values of the coordinates is called Rindler space. It covers
the wedge |t| < z of Minkowski space, and represents the part of it accessible to accelerated
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observers moving with positive uniform acceleration in the z-direction. Locally, Rindler space
has identical geometry to Minkowski space, although the metric in Rindler coordinates reads

ds® = —dt? + dz? + da® + dy? = e¥95(—dn? + d€?) + da® + dy? . (3.16)

The future boundary of the Rindler wedge H™' is called the future horizon. Beyond this
horizon, we find all the events that are causally disconnected from any accelerated observer in
Rindler space. An observer at rest at z > 1/g will eventually be passed by our accelerated
elevator and by the time her worldline passes through the curve z = t, any subsequent signal
that she might emit will never reach the elevator. At the same time, the observer on the elevator
will never see her cross the horizon, her motions being constantly elongated in time by an infinite
time dilation factor.

There is an analogous notion of ‘past horizon’, H ™, which is defined by the time-reversal of
the future horizon. Such notions of causal horizons feature prominently in the theory of black
holes and also on the global properties of cosmological spacetimes.

The proper time of each observer at fixed £ can be computed from the relation

1 1
t(1e) = ~e% sinh (gn(7¢)) = — sinh (ge 7¢)
g 9¢

which results in gn(7¢) = g¢ 7¢, or
e =ne’t (3.17)

Using this result, we find the ratio of proper times for observers at different heights in the
elevator to be

AT(¢) 9e

According to the Principle of Equivalence, this means that clocks run slower the more intense
the gravitational field. This effect is one of the classic predictions of GR, called ‘gravitational
red shift’. We can derive a local version of this important fact by considering two clocks ‘at
rest’ in the elevator frame (that is to say, at equal values of ), and small proper distance apart
in ‘elevator height’. Putting them at the same location in the transverse (x,y) plane, their
height positions are £ and & = £ — A€, To leading order in A€ their proper distance is then
h = As ~ e%A¢. Applying to leading order in the height, h, we find for the relative
period shift of clocks

ATE) _ o) _ 98 (3.18)

g . AT& — A’Q,Aé‘ ~

h. 1
T AT& gé (3 9)

A local observer sitting in the elevator interprets ge as the intensity (acceleration) of the gravi-
tational field at point &.

Problem: More about the Twins

Consider the proverbial Langevin’s twins. They are separated at birth, one remaining on Earth and the
other one embarking on a spaceship to planet X. The spaceship accelerates all the time at the Earth-
friendly rate of one g. The trip consists of an accelerating phase, a decelerating phase and a similar
procedure on the way back from X to Earth. The traveling twin arrives on Earth right on time to his

64



brother’s 90th birthday party. What is the distance to planet X and how old is the traveling twin at the
party?

Rotation and Non-Euclidean Geometry

Consider two frames of reference in SR. K is inertial and K’ rotates at angular velocity
Q. Imagine setting up an operational measure of 7, i.e. we draw a circumference of radius
R and measure its length. The ratio being 27 in the inertial system K. An observer on K’
would use measuring rods that, according to K, suffer Lorentz contraction when laid along
the circumference, but remain intact when measuring the radius. Hence, the observer on K’
will measure a larger ratio of circumference to diameter, by a factor of the Lorentz contraction
V1 =12 =+/1—Q2R2. This leads to a ‘measurement’ of 7 as

s
TR = —F——— > T
NV g oy 2

This is characteristic of spaces of negative curvature. According to the Principle of Equivalence,
there is no local difference between accelerated frames and true gravitational fields, the two
differing only at the level of global properties. Hence we should expect non-Euclidean geometry
to arise in true gravitational fields as a general rule. This simple gedanken experiment was
pivotal in Einstein’s own heuristic path to GR.

Incidentally, we can also use this example of the rotating frame to give a derivation of the
gravitational time delay. Distributing clocks at different radial positions, their rhythm will be
proportional to v/1 —v2 = v/1 — Q2R? as witnessed by the observers on K. Observers on K’
will notice this delay and, seeing the clocks at rest, will interpret it as a consequence of the local
centrifugal ‘gravitational’ field. The larger the centrifugal field, the slower the clock rate.

(3.20)

Problem: Rotating Clock Delay

Given two clocks in the rotating frame at radii » and r — h, with small h, show that the relative period
shift to leading order in h is given by
|AT/T| = g(r) h

where g(r) is the local centrifugal acceleration measured at radius r. Check that g(r) is given by the
Newtonian formula g(r) = Q2r in the non-relativistic approximation.

3.1.2 A Tale of Two Frames: a First Look at General Covariance

We have seen that, according to the Principle of Equivalence, we can regard any field of
inertial forces, induced by a change of frame, as a ‘fictitious’ gravitational field. It is fictitious in
the sense that we can make it disappear by simply changing the frame back to the inertial one,
which looks to be in free fall from the point of view of the non-inertial frame. In other words, we
are just describing Lorentz-invariant physics of Minkowski spacetime, in some general coordinate
frame, a spacetime generalization of the well-known fact that we may describe Newtonian physics
in special ‘curvilinear’ coordinates such as spherical, accelerated or rotating coordinates.
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It will be useful to develop some formalism about such fictitious fields, in a manner that
is as coordinate-independent as possible. The idea is to generalize the two cases of acceler-
ated/rotating observers studied in the last two sections. We will refer to the inertial frame with
Minkowskian coordinates x® as the frefo frame, indicating that it is in ‘free fall’; in the sense of
the Principle of Equivalence. We will also consider a frame y® of curvilinear and/or accelerated
coordinates, called the fido frame, for ‘fiducial observer’, referring to the general situation exem-
plified by the families of observers in uniform acceleration or rotation in the previous subsections.
It could be that the fido frame has a physical interpretation in terms of standard observers, like
the cases above, but in general we will interpret the y® frame in purely mathematical terms,
just as we do for polar spherical coordinates for instance. We will only ask for smoothness of
the transformation % — y®.

Differentiating the functions z%(y) we obtain the expression of the interval in arbitrary
coordinates:

ds® = ngp da® dab = Gap Ay dy” | (3.21)

where the 4 x 4 symmetric matrix of functions

dr® dxb
gaﬂ(y) = Tab @ Oiyﬁ (3-22)

is the metric transformed to the new coordinates. If we want to relate the metric in different
choices of generalized coordinates we just apply the chain rule of differentiation to obtain

dyY Oy°

) gyg(y) 922 98 (3~23)

Jap(z) = )

The transformation matrices dy®/0z” are general invertible matrices in GL(4,R), with smooth
dependence on the points of spacetime, for any smooth invertible map z — y(z), a so-called
Diffeomorphism (Diff)ﬂ We see that the metric functions g, transform like a covariant tensor
of rank two under this Diff group. The transformation rules are formally the same that we had
for Lorentz tensors, with the O(1, 3) matrices replaced with the GL(4) matrices, point by point.
Notice however that, while the 74, were Lorentz-invariant, the g,3 are only Diff-covariant, but

both are valid representations of the Minkowski metric, because they compute the same interval
(13.21)).

Diff Tensor Calculus

Any Lorentz-covariant equation in SR, written in terms of Lorentz tensors, can be written
as a Diff-covariant equation by passing to Diff-covariant tensors. To do this, focus on the
transformation matrices between a frefo and a fido:

ESW) = 5 ).

(3.24)

The matrix of functions E%(y) transform as contravariant Lorentz-vectors in the frefo index and
as covariant Diff-vectors in the fido index. One can consider quantities related to these by an
operation of raising and lowering of indices, with the convention that frefo indices are raised and

2We will always consider in these notes the ‘small’ Diff group, namely smooth maps continuously deformable
to the identity. In particular, all these maps are orientation-preserving.
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lowered with the Lorentz metric and the fido indices are lowered with the g,s metric and raised
with its inverse g®% = (g~1)*7:

Eaa = Tab Eg ) E* = gaﬁ Eg s Eg = MNabd gaﬁ Eg s (325)

transform as indicated by the position of the indices. Our definition of covariant vs contravariant
transformations for Diff are the same we adopted for Lorentz, namely we say that d, = 9/9y®
transforms covariantly in the index «, whereas dy® transforms contravariantly in the index c,
when these transformations are effected by applying the chain rule of differentiation:

0 028 0 o« Oy j
aya — aya azﬁ s dy — @dz . (326)

Then, given any Lorentz tensor of components T.',"'b“fjj'(x), the related set of quantities

TIE(y) =T (@) - Boly) - Bily) - (3.27)

contains the same information as the T :"(x), once the diffeomorphism « — y(z) is known.
This expression defines the Diff-tensor version of the formal object

T=T75"(y) ---®8§a®~--®dyﬂ®--- (3.28)
which is Diff-invariant.

The definition of the metric itself is a particular case of the general rule (3.27) to
construct Diff tensors out of Lorentz tensors. As we mentioned above, the metric loses its
‘invariant-tensor’ character when generalized to the Diff group. On the other hand, the Kro-
necker delta 0% retains its invariance property, since its Diff version 0 3 = Eg‘Egég remains a
Kronecker delta. The situation with the other classic invariant tensor, the Levi—Civita tensor
€abed 18 slightly different. Recall our conventions: €,p.q = [abed], the permutation symbol with
[0123] = 1. Then, we notice that its Diff-covariantization

€avea ES Efy ES Ef (3.29)
is completely antisymmetric in the indices «, 8,,d. We may then write
€aved ES Efy ES Ef = [a830] €aveq E§ EY E5 EY = [a8y0] det(E)

where det(F£) is a shorthand for the determinant of the matrix of functions E®g. Since the
transformation 2% — y® is invertible, det(FE) cannot vanish. In fact, its sign is positive if the
frefo — fido map preserves orientation, and negative otherwise. Assuming that orientation is
indeed preserved, we have det(E) > 0. We will also adopt the following shorthand notation for
the determinant of the metric matrix of functions:

g = det(gag) - (3.30)

Then :3.22) implies that g = det(E)?det(n) = —|det(E)|?, so that we can write det(F) =
(—g)/% and

€aprs = €abed B B} ES EY = /=g a0 (3.31)
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defines a rank-four covariant Diff-tensor. Amnalogously, we can define the contravariant Levi—
Civita tensor €*#79 by the usual raising of indices with the inverse metric ¢®?, and obtain an
associated rank-four contravariant Diff-tensor

B0 = —\/1_79 [afBv0] . (3.32)

In general, quantities that are tensors up to a power of the Jacobian of the transformation

are called tensor densities. The object T
transforms as

is called temsor density of weight w when it

w oz’ P (w) a-
e T R ).

p (W) e N ai
T (x) = )83:’

e

(3.33)

In addition to the permutation symbol, one notable example is the delta function 6@ (z — x0),
which transforms as a scalar density of weight one. In particular (—g)~'/26®) (z — z¢) is a true
scalar.

The Covariant Derivative

So far the construction of Diff tensors out of Lorentz tensors was quite straightforward. The
next slightly non-trivial step involves defining a Diff-tensor version of the derivative operator.
When acting on Diff-scalar functions, the ordinary fido derivative 0,¢ is related to the frefo
derivative 0,¢ by the standard formula , namely

8a¢ = Eaa 6a¢ .

It is interesting that this does not generalize to derivative operators acting on higher-rank Diff-
tensors. In particular, the object 0,Vj3 is not a Diff-tensor, even if we define Vg as a covariant
Diff-vector. The trouble arises when the derivative acts on the transformation matrices, which
now are general functions of position. On the other hand, the general rule does produce
a Diff-tensor out of the Lorentz tensor d,V}, namely the object

VaVs=E® EY 50,V (3.34)

is a rank-two covariant Diff-tensor by construction. By direct computation, we can easily find
that

00 Vg = 0u (BE* 3Va) = (0a E* g) Va+ E* 306 Vi = Eo* 0a E* s Vs + E* 0 B’ 3 0. Vi

Therefore, we can write the so-called covariant derivative acting on covariant Diff-vectors as

VaVp=0aVs—T%, Vs, (3.35)

where the coefficients o2
M =(0,E%) E,°= 2% g, 3.36
ap ( B) ayaayﬁ ( )

depending on second derivatives of the frefo-fido mapping, are usually referred to as Christoffel
symbols, or affine connection coefficients. They provide the correction term that is needed to
write a covariant version of the derivative operator.
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Straight from the definition (3.36]) one can prove that the Christoffel symbols can be entirely
expressed as linear combinations of the first derivatives of the metric:

1
Fgﬁ 9 967 (O 9v8 + 08 gay — Oy gap) - (3.37)
It is very important to remember that, despite the notation, the Christoffel symbols do not define
a Diff tensor. This is just natural, since their purpose is to cancel the non-tensor components
of the ordinary derivative when acting on Diff-tensors. Indeed, a direct calculation from either
(3.36)) or (3.37) shows that, under a diffeomorphism y — z, the connection coefficients transform
as

s . — @Ee 927 8796 027 020 027 Py )
P 77 gy 020 OyP  Oy> OyB 02r 020
There is a tensorial part and an inhomogeneous part depending on second derivatives of the
diffeomorphism. This non-tensorial character is responsible for the fact that the Christoffel
symbols can vanish in a particular frame, such as the frefo, and not vanish in a generic fido.

Entirely similar manipulations allow us to define covariant derivatives acting on contravariant
Diff-vectors, the result differing from (3.35)) only by a sign in the correction term:

(3.38)

VoVl =E B2 0, VP =0, VO + 15, V0. (3.39)

Upon further generalization along the same lines, we obtain the general rule for the covariant
derivative of an arbitrary Diff tensor:
VeT 80 =0sT g0+ +Tg, T3 4 =T T8 — (3.40)

It is not difficult to check that these definitions give a covariant derivative operator V,, satisfying
Leibniz’s rule, namely V(T ® S) = (VT)® S+ T ® (VS) for any tensors T and S.

Using these expressions, one can derive a number of useful identities. The first and most
important is the so-called metric compatibility of the covariant derivative, which simply means
that the covariant derivative of the metric vanishes identically.

Vsgap =0, (3.41)

a property implying that the covariant derivative commutes with the operation of raising and
lowering Diff-indices.

A second important property is that the Christoffel connection drops from the antisymmet-
ric derivatives. Given an antisymmetric tensor Agg.. = A[qg.., the antisymmetric derivative
satisfies

V[aAﬂ...] = 8[QA5.,.] . (3.42)

This follows technically from the symmetry of the connection in lower indices, I'n? g = I'g 7 .
A related identity applies to the contracted derivative, again acting on antisymmetric tensors:

1
e —g Ale]
VoA \/jg[“)a (\/ gA ) : (3.43)

These two relations allow us to generalize the exterior calculus on p-forms (the machinery as-
sociated to the exterior derivative operator d and its adjoint d') in a Diff-covariant manner.
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Together with the Diff versions of the Levi—Civita tensors, we can also define the Diff-covariant
version of Poincaré duality and all the theory of integral invariants.

A particular case of is the very useful expression for the Laplacian operator acting on
a scalar function:

V2= VoVo 6 = j_fgaa (v=99"05) 6. (3.44)

Another important particular case is that of the covariant divergence of a vector field J#, which
appears in the Diff-covariant version of the continuity equation V,J# = 0. In this case we can
write 1
7_9614(\/ —gJ") . (3.45)
This form can be used to prove the Diff-covariant version of Gauss’ integration theorem for a
total derivative over a four-dimensional region with boundary:

VI = / LS (3.46)
V1+3 oVv1+3

VIt =

ﬁ

where n# with n,n* = X1 is a normal unit vector to OV'*t3 with the convention that it is
outward pointing when n* is spacelike and inward pointing when n* is timelike.

Another handy device is the ability to compute a derivative of a tensor along a curve -+,
parametrized by functions z%(o) or y*(o). In the frefo we have

a a BT o pans
do i do ¢ i bees
Now the expression on the right hand side can be Diff-covariantized into
1
Voo _ dy

— —— VsT 5 3.47
Srigr =2, (3.47)
where we have introduced a new notation, V/do, for the notion of ‘covariant derivative along the
parametrized curve’. Since the tangent vector v, to the parametrized curve v, with components
dy5/da, is a Diff-vector, we can also write this as a ‘directional covariant derivative’ in the
direction of the tangent vector,
— TG =V, Tg" (3.48)
where
Vy =V*V, (3.49)
is the directional covariant derivative operator along the vector V.
An example where we can put these definitions to work is the equation of motion for a free
massive particle in SR. In a frefo frame it reads
>z du®
——=—=0, (3.50)
dr? dr
where 7 is the proper time along the parametrized spacetime path x®(7) of the particle and

u® = dx®/dr is the four-velocity. In a fido frame the path is described by functions y*(7) and
the equation of motion can be written in a variety of forms:

V2ya _ Yu®
dr?  dr

=u’ Vau® =V,u® =0, (3.51)
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or, in full component glory:

Py o dy’ dy’
At A 3.52
dr? B dr dr (3.52)
Another example is Maxwell’s equation, 9, F*® = —.J%, which can be covariantized into
Vo Fo = g8 (3.53)
A further useful presentation of the same equation is
1

Physics, what Physics?

We have introduced in the previous sections a large part of the mathematical machinery
that is used in the theory of General Relativity, yet one can say that the exercise is purely
formal. Indeed, all we were doing is describing good old SR in a Diff-covariant way. We never
left Minkowski spacetime, and all the Diff-machinery could evaporate immediately if we decided
to use a frefo frame throughout R!*3.

[T 7 7 7 ] ] 7]
[ [ ] ][]
L[] ][] ]
[ [ 1] 7]
L] ][] ]
//////////

[T [ 77

a «

x )

Figure 3.2: An arbitrary ‘fictitious’ field is just Minkowski spacetime (left) disguised in a general system
of curvilinear and/or accelerated coordinates (right).

The ability to express physical equations in terms of a general coordinate system, the Diff-
covariant description outlined above, is called general covariance and it is by itself devoid of
any physical content. Every equation can be made Diff-covariant without changing its physical
content. If the equation is local, it can be written in terms of local quantities over spacetime and
its derivatives. Then, the dependence on the arbitrary frame is for the most part encapsulated
in the metric matrix g,g and the Christoffel symbols Fiﬁ.

Let us take up the example of the particle equation of motion . In the frefo we have
the standard d?z®/dr? = 0 which is solved by straight lines 2%(7) = 2¢ + u®r with sub-luminal
velocity. In the fido, the histories y*(7) will not be straight lines in general of course, but
they will be the images of the straight lines, under the frefo — fido map. Their generalized
acceleration will be equal to a non-trivial force quadratic in the four-velocities which is nothing
but the relativistic generalization of the good old Newtonian ‘inertial’ forces:

d?y” 1 dy? dy’

_ a lo

dr2 g linertial = Thoy T g (3.55)
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With regard to gravitation, the physical content of this discussion is just the interpretation of
inertial forces as ‘gravitational” in the sense that, locally there is no way to tell the difference.
The reader may feel that the generally covariant formalism introduced in this section is a bit
heavy handed and not quite worth the effort, but we will reap the benefits in the next section.

Problem: Relativistic Rotation

We discuss here relativistic inertial forces under rotation. Let (¢, z,7,6) be standard cylindrical coordi-
nates in Minkowski spacetime, with metric

ds® = —dt®> + dz2 + dr® + r2d6? |

and pass to a rotating frame (¢, z,r, ¢) with ¢ = 0 — Q+¢. Find the metric in the rotating frame, compute
the Christoffel symbols and write down the equation of motion for massive particles. Interpreting
as the relativistic Newton law with inertial forces, take the non-relativistic limit and find the expected
centrifugal and Coriolis inertial forces.

3.2 Riemannian Geometry and the Principle of Equivalence

Having exploited the Principle of Equivalence for the particular case of fictitious gravitational
fields, those that can be regarded as having purely inertial forces, we are now ready to consider
the more general case in which the condition of ‘free fall’ can only be implemented locally around
a point in spacetime.

Let us consider a spacetime X3 with a general gravitational field. We characterize the
Principle of Equivalence in a pragmatic way as follows: Around any point P € X!*3, we can
erect a frefo frame through P, denoted X%, with the property that Special Relativity is locally
valid in a small neighborhood of P, when described in this particular frame. The whole spacetime
X1*3 can be covered by such frefos. We can also refer all phenomena to an external frame, z*,
the fido, to signify the fact that it may be associated to a fixed set of fiducial observers. Notice
that no restrictions are placed on the properties of the fido, and no canonical choice of frefos
throughout spacetime exists in general, if only because any frefo can be rotated by a Lorentz
transformation and remain a valid frefo, and this can be done independently at each point in
spacetime.

3.2.1 Particle Probes

There is some uneasy vagueness to the previous statements; just how small must the frefo
region around P be in order to claim that SR applies? In order to make more precise what is
meant by X% being ‘in free fall at P’, we send a particle probe of mass m. Its spacetime path
is parametrized in the fido by functions z“(¢). We can partition the path as v = Upyp, with
~vp small ‘pieces’ around points P in the path, each of them parametrized in the frefos by the
functions X% (o). According to the Principle of Equivalence, the equation of motion at point P,
when referred to the frefo at P, takes the special-relativistic form:

d?X4
dr? |p

—0. (3.56)
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But we can now use the Diff-covariant formalism that we developed for fictitious fields in the
previous section, to map this equation into the fido frame. Defining the matrices of partial

derivatives "
Ep?%, = ! 3.57
P (.%') Or (.’I?) ’ ( )

we can carry over the formalism of Christoffel connections to this case, replacing the previous
matrices of functions E2 by the new ones (3.57), referred to the local frefo at PE| The result is

d2zH dz® dxP
r, AT | |
<d72 thas dr d7'> P 0 (3.58)

In this expression, the Christoffel symbols have the same definition as they had for fictitious
fields:

9*°X4,
dr*dzP|p’
and also the same expression in terms of first derivatives of the metric. The metric itself
in the fido frame is given by

Tos(P) = Epa’(P) (9a Ep®5)lp = Epa’(P) (3.59)

gaﬁ(P) = EPaa(P) EPbﬁ(P) Nab » (3'60)

and it computes the same proper time interval as the Minkowski metric, provided dr is small
enough to be well-approximated by a given frefo. The crucial difference with the case of fictitious
fields is the absence of a global, unique frefo. Rather, in this case the metric can be computed
using data from each frefo at P, but the frefo changes from point to point. In general, there will
not exist a global frefo on which the metric takes the form 7, throughout a finite region.

We conclude that the Principle of Equivalence, together with Special Relativity, just forces
upon us the description of gravitation in terms of a Riemannian metric, namely a set of functions
guwr Which compute the proper time as

dr* = —g,, detdz” | (3.61)
and that transform as a rank-two covariant Diff-tensor under a smooth change of coordinates:

ox® 0z
Guv(@) — g:w(‘r/) = 9 9x'v Jap () - (3.62)

All the formulas involving Diff-covariant quantities which we derived for fictitious fields, includ-
ing the rules for covariant differentiation and the metric compatibility property , do
apply in a general gravitational field, provided we use as fundamental building block the general
Riemannian metric ((3.61]).

We are now in position to reduce the vagueness of the previous discussion. The Equivalence
Principle states that, through any point P in spacetime, there exists a frefo X%, with the
property that, in this frame, the metric at P reduces to the Minkowski form and the Christoffel
symbols vanish at P. Equivalently, all first derivatives of the metric vanish at P:

9ar(P) =Nap ,  Ocgap(P) =0 =T (P) . (3.63)

3We emphasize that the functions (3.57) do extend throughout a neighborhood of P, but they are different
functions for different anchoring points P.
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Therefore, the ‘size’ of the frefo at P just depends on how far from P we may want to go, while
ignoring the second order term in the Taylor expansion of the metric around P (controlled by
the second derivatives of the metric). Fictitious fields are those for which a frefo exists such that
these equations hold exactly in a finite region of spacetime, so that the metric can be exactly
put in Minkowskian form throughout that region.

Figure 3.3: A particle path v through X'*3 with two frefos at points P and Q and an external fido
frame z*. Notice that the frefos may extend beyond the region where they are approximately in free fall.
Beyond this region, they will lose the frefo character except for fictitious fields.

Covariant Particle Action

We can obtain the same results by focusing on the action of the probe particle, rather than
its equations of motion. We shall reproduce this reasoning here because it gives an interesting
perspective on the formalism and it serves as a blueprint for the ‘minimal coupling’ prescriptions
that will be introduced later. Let us split the path v in small segments, each of them passing
through frefos Xp. On each segment, the Principle of Equivalence dictates the form of the
action to be the same as in SR. Piecing together all such segments and taking the limit of a fine
partition we obtain

Syl = lim AS[yp], (3.64)
{(PY=r 73

where

dX4 dX?
AS[yp] = —mATp = —mAop\| —MNap ¥ £=L

(3.65)

o do

which gives in the limit

axe, . dxb
P(o) P(o)
= — dr = — d — . .
S[y] mL T m[y O'\/ U e (3.66)
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Hence the Principle of Equivalence establishes the particle action as proportional to the
elapsed proper time, just as in ordinary SR, and provides a way to compute it, given a family
of frefos along ~. This parametrization serves the purpose of defining the action through the
Principle of Equivalence, but it is not particularly ‘user-friendly’, since it contains a large amount
of redundant information, related to the arbitrary choice of frefos at each point in ~. All this is
simplified by passing to the fido description using

dXe  OX§ de® |, da®
do Oz do = Ep Y do (3.67)
which allows us to write
dXpy dXp,y da® da”

Tab do do - gaﬁ($(0)) E do )

and finally obtain the particle action in fido parametrization:

Sly] = —m/ydT _ —m/vda\/—gaﬁ(:):(a)) ‘Z:“CZ“:. (3.68)

All the redundancy implicit in the choice of frefo at each point has been removed and the physical
description of the particle dynamics is completely specified once the Riemannian metric g, is
known.

We can actually go further and derive the equation of motion stemming from by
demanding the action to be an extremum with respect to variations of the trajectory z%(c) —

x*(o) + dz*(o). We find

do dz® dzP
02551”/ dad56<ga'8dado>'
2\/ =908 ‘5 do

We may now take advantage of the reparametrization invariance to restore the proper time
parameter ¢ — 7 to remove the square root in the denominator and write

d
0= /dr (; OuGap %5 51 + gag 3 5mﬁ> :
T

Reshuffling the indices, integrating by parts and multiplying the resulting equation of motion
by the inverse of the metric matrix we obtain the, by now familiar, equation of motion

d2a® da dz”
=27 ypo T (3.69)

R

where the Christoffel symbols appear directly in their expression in terms of the first derivatives
of the metric:

qu = %gaﬁ (8ug[31/ + 81/96/1, - 8,89;w) . (370)

75



3.2.2 Gravitational Forces
Writing the free fall equation of motion (3.69) in morally Newtonian form

d%z® dat dz”

mW:FO‘:—mngﬁﬁ , (3.71)
we see that relativistic gravitational forces are velocity-dependent. We already noticed this
fact when considering fictitious gravitational fields, otherwise known as ‘inertial forces’, as in
. It is certainly not surprising that inertial forces should depend on velocities, because they
certainly do in the Newtonian case (think of the formula for Coriolis forces). The remarkable
fact is that the full equation of motion in an arbitrary gravitational field, does have exactly
the same structure as the relativistic generalization of inertial forces. In hindsight, this is just
natural, because the Principle of Equivalence is predicated on the identification of gravitational
and inertial forces at a local level. Since the equation of motion is certainly local, this is the
expected result.

Structurally, the forces are also proportional to the connection coefficients I', so that the
metric functions acquire the interpretation of ‘gravitational potentials’, since their first deriva-
tives determine the ‘forces’. We can make these intuitions more precise by taking the weak-field
limit and further the Newtonian limit.

Weak Fields

In keeping with the idea that gravitational physics amounts to replacing the Minkowski
metric 74, by a general Riemannian metric g, we may study the case where gravitational
effects are small, so that we write gng = 708 + hag, With |hag| < 1, a condition that requires
restricting the reference frames, since we may induce large components of the metric by simply
using a frame with large accelerations. Hence, we assume that an ‘almost’ frefo frame extends
over the region of interest and we only allow further coordinate transformations that maintain
the ‘small field’ property. Writing those transformations as x® — 2'* = 2% — ¢%(z), the metric

transformations (3.62)) imply
ozY Oz°
Nap + hap(x) = Nap + hog(x') = 92 9B (M6 + hys(x)) -
Upon explicit computation to leading order in €* one finds that the functional shift in h.g is
given by
his () — hap(x) = Oacp(x) + Opeal) + 0(e?) . (3.72)

Therefore, the condition on the allowed ‘weak-diffeomorphisms’ is [0.eg] < 1. Incidentally,
the weak diffeomorphisms act on the weak gravitational field h,s as a gauge symmetry for a
Lorentz-covariant symmetric tensor field. Expanding now the particle action to leading order in
hap one finds

dx® dzP

dz® dzf
— d\/— i + has) —— —— = S[V|Minkowski + & /d hog — —— + O(R?), (3.73
m [ o= 4 1) S o = S o+ m [y S G £ 00%) 373

where 7 in the last term is defined as the proper time with respect to the Minkowski metric.
The term linear in h,g can be rewritten as

3 /d4x hap TP
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where 7% = m [ dri® % §®) (z — 2(7)) is the standard definition of the particle’s energy mo-
mentum tensor in SR (cf. ) Hence, we conclude that the leading perturbative coupling of
gravity, as dictated by the Principle of Equivalence, conforms to the general arguments based on
SR. However, the Principle of Equivalence is much more powerful, giving a precise resummation
of powers of h,g in the matter-gravity coupling.

Newtonian Limit

We now sharpen the interpretation of I' as gravitational forces by taking the non-relativistic
limit of the equation of motion (3.69)). It is useful to transform it from the proper-time
parametrization to coordinate time parametrization. Using the chain rule one finds

A2z dzt dx¥ dz®
o 27T f() .74
dt2+‘“’dt dt ()dt’ (3.74)
with 2 Jd )
t/dr
f)=——77—+5-
(dt/dr)

We may consider now the spatial components of (3.74]) in the weak-field regime, for stationary
fields, Oihapg < Ojhap, and in the non-relativistic limit, v* = dz'/dt < 1. Keeping terms up to
first order in velocities we obtain

Shm L0ihoo — > vj(95hoi — Dihoy) (3.75)

J

The first term is the standard gradient gravitational force for a field with potential

ox ~ —3 hoo , (3.76)

whereas the second term has the form of a Coriolis force. To see this, notice that we may define
the effective ‘angular velocity’ vector

O=1dxh, (3.77)

N[ —

where i = (ho;). The effective Newton equation takes then the form

d_) — —
—UN—8¢N+277XQ, (378)

which contains the potential and Coriolis termsﬁ Hence, we confirm that the Principle of
Equivalence unifies what in Newtonian theory is regarded as separate ‘inertial’ and ‘gravitational’
forces.

In practice this analysis shows that, once we pick a non-rotating frame, the leading Newtonian
approximation to the motion of test particles is characterized by an effective metric whose time-
time component is fixed by the Newtonian potential:

dSQNewtonian ~ _(1 + 2¢N) dtQ +.... (379)

1 Q) really represents the angular velocity of a rotating frame, there should be a centrifugal force proportional
to Q2 in (3.78)). This term is indeed found by going to second order in the weak field expansion (see the Problem
on Relativistic Rotation).
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3.3 Minimal Coupling

We are ready to use the formal machinery introduced so far to couple a generic Lorentz-
invariant Lagrangian L£(W ¢, 04, - - -) with arbitrary ‘matter’ fields in tensor representations of
the Lorentz group, to an external gravitational field characterized by a metric field g,5. The
strategy is identical to the one that worked before for free particles. We start by covering the

spacetime X3 with frefos and specify the action in terms of the limit of a fine partition:

5= ol TS o0
with
ApS ~ (A*Xp) L(V ¢ 0/0XB,--) |p (3.81)

the element of action in a frefo. We now convert to the reference fido with the translation of
Lorentz tensorial structures to Diff tensorial structures. As for the volume measure we have

0Xp

(A'Xp) ~ (At2) ’d t( o

>‘ = Az |det(Ep)| = Atz y/—det(gags) ,

or, in the more familiar differential form d*X = d*xz\/—g. Hence, the coupling to gravity is
reduced to a mere exercise in notation:

S[.gus] = [ d'0 V=G LV V) (3.82)
X143

Namely, we replace Lorentz tensors 7% by their Diff-tensor forms 7% using the map in ,
we replace the ordinary derivatives 0, by the covariant derivatives V,, and we integrate the
Lagrangian over spacetime with a Diff-invariant measure d*z\/—g. If we want to include parity-
violating interactions, we use the Diff-tensor Levi-Civita, €35, in place of the Minkowski one,
€abed- This algorithmic procedure is known as the ‘minimal coupling prescription’.

Examples of the procedure include the Lagrangian of a scalar field,

Ska = — / /=g (5 9"V, 6,06+ V() | (3.83)

with field equation
Vi =V'(¢),

or the Maxwell theory in a gravitational field,
Shaxwell = — / d'zv/=g (3E, F*" — J,A") | (3.84)
where A, = EZAG, Fu.=V,A, -V, A, =0,A,—-0,A,, FI' = g“o‘g”ﬁFag. The field equations
VF' = —=J"

may also be written as

O (V=gF"™) = —/=g J".
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We have already seen the minimal coupling algorithm in action in deriving the point particle
dynamics, which we quote here again in its more general version (which allows the study of the
massless limit) as a covariant form of (2.46)):

o 1 1 da® dxP 9
Splx®,e] = 3 /da <€(U)ga5 o de ™ e(o)) (3.85)

with the Minkowski equation of motion du®/dr = 0 transformed into v’Vzu® = 0. In an
analogous fashion, the free equations for the spin degree of freedom of a particle, dS®/dr = 0
and Spu® = 0, generalize to

Vs
=uPVsS* =0,  Spu®=0 (3.86)
dr
in a general gravitational field. In components, the first of these equations reads
as®
o r'g.u’s7=0. (3.87)

These equations can be used to describe the precession of gyroscopes in a gravitational field.

Energy-Momentum Tensor

We can now repeat the weak-gravity analysis which was already done for the case of point
particles. Setting gns = 743 + hap and keeping the linear term in h,g one finds

+0(h?), (3.88)
h=0

where we have used \/—det(n + h) = 1+ 2 n®has+O(h?), easily proved in the eigenvalue basis.
The quantity in parenthesis in measures the linear response of the matter system to the
perturbation by a gravitational field. By explicit computation we see that it coincides with the
energy-momentum tensor of the matter system in all the usual cases involving point particles,
scalars and electromagnetic fields. Rather than quoting these results for the case of weak fields,
we can actually generalize the result for the case of linear response in an arbitrary gravitational
field, i.e. the behavior under a perturbation g,g — gag + 0gag. In this case we have

1
S[W,n+h] = S[¥, ]+ = /d4xhag 2 oL +n*PL
2 Ohag

1
S+ 0g) = S[¥.g] + | /d%: V90005 T + 0(50°) (3.80)
where the symmetric tensor 7% is given by
oL
T8 =2 + gL . 3.90
9o (3.90)

In obtaining this equation we used \/—(g+d9) = V=g + d/—g = V/—g + %\/jggaﬁégag +
O(8g?), which is again easily proved in the eigenvalue basis. Another useful identity which is
proved in a similar way is 6¢g®° = —ga”gﬁ”dgw,. Using all these results, it is easy to show
that, for a system of particles, scalars and electromagnetic fields, we get a total linear-response
function

790 =700 AT+ T

particles scalar axwell ?
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where

dzS dal) 63 (z — (7))
af _ p %Lp p\Tp
Tparticles - Ep:mp / dTp dTp T% \/jg
Tmar = 07000 — "7 (5(00)* + V(9))
Tf/ﬁxwell = _FCWFA/ﬁ - %gaﬁFMVF;W . (391)

The answer is just the Diff-tensor forms of the Noetherian energy-momentum tensors for each
of these systems. Hence, we conclude that the energy-momentum tensor measures the response
of the matter system to a general gravitational perturbation in an arbitrary gravitational field.
In fact, the simplicity of the minimal coupling prescription implies that it is often better to
compute the energy momentum tensor through the formulas (3.89)) and (3.90) than using the
canonical methods based on Noether’s theorem.

Limitations of Minimal Coupling and General Covariance

The minimal coupling algorithm described in the previous sections follows from the Principle
of Equivalence and allows us to write down the effects of gravitation for an arbitrary system.
The question thus arises, why is it called minimal 7

The reason is that there could be higher order terms in the Lagrangian, depending on second
derivatives of the metric tensor or higher, that vanish in Minkowski space (hence are invisible
in SR) but do not vanish locally in a frefo (recall that the Principle of Equivalence only requires
the first derivatives of the metric to vanish in free fall). In other words, there could be different
scalar Lagrangians with the same Minkowskian limit. This phenomenon occurs for example
when considering powers of covariant derivatives of tensors.

Let V), be a covariant vector field and consider the double covariant derivative V,V,V,. This
is a rank-three covariant tensor by construction. Its flat-space limit, obtained setting g = 7, is the
Lorentz tensor 9,0,V.. This Lorentz tensor is obviously symmetric in the indices a,b. However,
the original general tensor is not always symmetric in the indices i, v. Noting that V,, ~ 9,+T,,
we see that this tensor contains terms of the form 9,0,V that are indeed symmetric in y, v, and
terms of the form I',0,V and I',I',V, that vanish in a local frefo, but there are also terms of
the form (9,I',)V that do not vanish in a local frefo, and are not necessarily symmetric in p, v.
These terms do vanish in a global frefo for a fictitious gravitational field, but not in a general
one.

Hence, any term in the Lagrangian involving more than one covariant derivative of tensors,
with some antisymmetry property, will not be generated by the minimal coupling algorithm.
Such terms are perfectly possible and do not violate the strictly formulated Principle of Equiv-
alence, because the latter specifies that free fall removes gravitational effects only at the level of
the metric and its first derivatives, leaving the second derivatives (curvature) untouched (except
in fictitious fields, where we remove the gravitational effects to all orders). All these terms in-
volve higher powers of derivatives in the Lagrangian, and thus are suppressed by inverse powers
of the spatial range of variation of the gravitational field.

In order to cope with these subtleties, one usually extends the method of minimal coupling
to the so-called ‘Principle of General Covariance’, which states that one should write down all
possible terms in the Lagrangian that are Diff scalars and that reduce to Lorentz scalars in the
flat space limit ¢ — n. This may include terms that effectively reduce to vanishing Lorentz
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tensors, such as the antisymmetric second covariant derivative of tensor fields. In keeping with
the strategy of the ‘locality principle’, all such terms should be organized in a long-distance
expansion and their effects only show up at sufficiently small scales.

Spin Connection

There is an alternative view of geometry, due essentially to E. Cartan, in which one shifts
focus from the metric to its formal ‘square root’, namely the vector fields that specify the local
frefos at each point. Recall the basic definition of the Riemannian metric out of the Principle
of Equivalence:

0X¢
9u(P) = Ep“ u(P) Ep® (P nay,  Ep®a(P)=2-E| . (3.92)
The four covariant Diff-vector fields
0X4
2(P)=Ep®a(P)= £ ,
4(P) = Epta(P)= S| (399)

labeled by a = 0,1,2,3 are called the tetrads or ‘moving frames’ (repére mobile), and they can
be regarded as a ‘Lorentzian’ square-root of the metric. They contain the same information as
the metric, but with larger redundancy, since any choice of tetrads can be rotated by a different
Lorentz transformation at each point and still produce the same metric.

Notice the subtle difference between matrix of functions Ep* ,(z) and e%(P). The first is
a different function for each P, but each such function extends beyond P. The second is just
the value of these functions at P. In practice, anytime we evaluate Ep ® ,(z) at P, we can use
instead eZ(P), like in the definition of Diff tensors out of Lorentz tensors (3.27). On the other
hand, derivatives of Ep®,(x) do not coincide with derivatives of e%(x), since the first type of
derivative gives the shape around P of a function which is different for different choices of P,
whereas the second type of derivative just monitors how the P-values change as we change P.
The main situation where the subtlety arises is in the definition of the Christoffel symbols ,
where the expression

9’°X4

OxHdx® 1P
appears, in which one evaluates the functions at the point P only after the second derivative of
X{(x) has been taken. In particular, this expression is different from 0,e%. It turns out that
the parametrization of this subtle difference is a useful object to carry around, called the spin
connection:

a,uEPaa’p -

Wy = —ef (Due — 9, Ep ™) . (3.94)

We may remove all reference to local frefos by expressing the Ep part in terms of the Christoffel
symbols to get

a v a a a) — v a __ a v
wyy = —ey (Ouey, —T5e8) = —ey Vyes =eg Vyep . (3.95)

The last form, in terms of the covariant derivative of the tetrads, shows that, unlike the Christof-
fel symbol, the spin connection does transform as a covariant vector in the Diff index p. It also
shows that the Lorentz covariant form w,q; is antisymmetric in the ab Lorentz indices, as a
result of the metric compatibility of the Christoffel connection.
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On the other hand, the spin connection does not have a homogeneous transformation rule
with respect to the local Lorentz rotations, due to the derivatives of the tetrads:

Oue — (L eb) = L4 dueb + € 0 9, L% .
In particular, under e}, — L% ez, the spin connection transforms as
wy = L(w, +08,) L7, (3.96)

in matrix notation for the Lorentz indices. Therefore, the operator D,, = 8, +w,, is a covariant
derivative with respect to the local (gauge) Lorentz symmetry! Namely, given a vector field
V® = e, V¥, the derivative

DV =0,V +wi, VP (3.97)

is Lorentz-covariant, D,V — L“bDMVb.
These definitions imply that the Christoffel symbols can also be calculated in terms of the
Lorentz-covariant derivatives of the tetrads:

[, =eq Dyey =eg <8ﬂ ey +wyy eg) (3.98)

in a general gravitational field. In this way, the two representations of a tensor in terms of
‘curved’ or ‘flat’ indices have V,, and D, as the respective covariant derivative operators:

DV® = 2V, V. (3.99)

This relation expresses the fact that the spin connection does not introduce new degrees of
freedom and could be used to ‘define’ w,.

So, the subtlety in handling the derivatives of the tetrads turned out to hold the solution of
the problem of implementing the local Lorentz rotations as a conventional gauge redundancy,
the spin connection being the corresponding gauge field. All this is very nice, but a bit formal.
What is the use of the Cartan formalism in physics? While it offers some simplifications in the
computation of curvature tensors, by far the main application is to the extension of the minimal
coupling procedure to spinor fields.

The simplicity of the minimal coupling prescription is based on the deceptively ‘trivial’
replacement of latin (Lorentz) indices by greek (Diff) indices. This is ultimately possible because
the point-by-point transformation matrices of Diff tensors belong to the GL(4,R) group and,
the Lorentz group being a subgroup, we can always get a representation of the Lorentz group by
restricting a representation of the general linear group. Alas, the converse is not true, as there
are representations of O(1,3) that cannot be extended into representations of GL(4,R). These
are precisely the spinorial representations, used to describe fermions in nature. For this reason,
to couple spinors to gravity one must use the spin connection, which emphasizes the Lorentz
indices, instead of the Christoffel one.

In particular, the Dirac operator in the presence of gravitation is defined as

/l: a
D =+"D, =~* <8M + 5 wubaab) , (3.100)

where v# = el7® is a basis of curved-space Dirac matrices satisfying the generalized Clifford
algebra {yH, 4"} = —2gH".
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3.4 An Interlude: Vernacular Riemannian Geometry

We have argued on physical terms that the Principle of Equivalence, together with Special
Relativity, sets the spacetime arena to be given by Riemannian geometry. In this section we
offer some contact with the traditional geometrical language in which Riemannian geometry is
discussed.

In the mathematical literature, spaces with a positive-definite metric determining local dis-
tances

d
A =" gijdy’ dy’ (3.101)
ij=1
are called d-dimensional Riemannian manifoldsﬂ The meaning of this expression is that any
curve v, parametrized by y‘(c), has length

() = [[do | aituio) e (3.102)
Y ij

An intuitive interpretation of a Riemannian metric can be given by visualizing the manifold X¢
as a curved submanifold embeddedﬁ in a higher-dimensional flat space R”, with a sufficiently
large D > d. Let X' denote Cartesian coordinates on R” and let the submanifold X% of interest
be parametrized by functions X7 (y7). At a given point on X? we can consider the tangent
hyperplane, generated by the vectors of components

0X

I __
El_ayza

with scalar product

D
E;-Ej=) E/E].
I=1

The length of a curve X?(o) in R? is given by

ax!dx’
lvy)= [ d _ . 3.103
=[G (3109

However, when the curve lies inside X¢ we can also describe it by functions 3*(c), then

dx’ dyl 0X! 7 dy’
—_— —_— p— E-i
do zj: do Oy’ Z 7 do

and the formula (3.102) follows with the metric “induced” from the embedding;:

D
ggnduced) _ Z E’LIEJI ‘ (3.104)
=1

>Technically, the notion of manifold requires that the space be locally like a subset of R?, in the topological
and differential sense. In practice, this means that it can be parametrized by well-behaved coordinate systems.

5We use the word ‘embedded’ as opposed to ‘immersed’ to emphasize that X? is required to have no self-
intersections when viewed from R”, so that it will look locally like R¢ and thus be a manifold.
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The starting point of Riemannian geometry is the abstraction of the embedding space. Once
the intrinsic metric g;; is defined, Riemann concentrates on those properties that follow from
the metric alone. |Z| The vectors F; at each point P generate the so-called tangent space of the
manifold at P denoted TpX?. Smoothness of X? means that TpX¢ is a good linear approximation
to X% around any point PE|

XZ

R3

Figure 3.4: A two-dimensional surface X? embedded in ]1%3 . The vectors El and Eg give a basis of a
local tangent space. The induced metric is given by g;; = E; - E;.

The appropriate generalization for GR is that of a Riemannian manifold with Lorentzian
signature, meaning that the eigenvalues of the metric in a special (free fall) frame, have signs (—+
++) (these are sometimes called Pseudo-Riemannian manifolds). Instead of a Euclidean tangent
space at each point, the Lorentzian manifolds have tangent spaces isomorphic to Minkowski
spacetime at each point. Again, we can say that Minkowski spacetime (together with SR) is
a good linear approximation to the spacetime manifold, in the neighborhood of any point P.
Hence, we see explicitly how the Principle of Equivalence embodies the geometrical interpretation
of GR. From this standpoint, we could derive GR by simply providing a physical interpretation
of each element of Riemannian geometry, such as the notions of connection, torsion, curvature,
isometries, etc.

In the mathematical literature, the free-fall equation of motion goes under the name of
‘geodesic equation’. This refers to the related problem of finding ‘smallest length’ paths between
two points in a curved manifold. If our manifold is equipped with a metric d¢? = Zij 9ij dy'dy?,
the length along a given path can be obtained by . Extrema of this functional define the

"Incidentally, a famous theorem by the even more famous John Nash shows that any given Riemannian metric
gij can be induced by embedding the manifold X% in RP, for a sufficiently large dimension D.

8The attentive reader will notice the similarity between the vectors E; and the analogous objects in the
frefo/fido correspondence. Indeed, they play essentially the same role.
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locally shortest paths, i.e. the geodesics. But we see that the mathematical problem is identical
to ours, except for the use of positive definite metrics, rather than Lorentzian ones. Accordingly,
the local geodesic equation has the form

» TViTI =0, (3.105)

i

where V ~ 0 + T in a completely analogous fashion and T% = dy’/d{ is the tangent vector to
the geodesic curve, parametrized by the proper length £. In particular, the explicit formula for
the Christoffel symbols in terms of the first derivatives of the metric is exactly the same. So, we
can adopt the geometry language and say that the motion in a gravitational field is equivalent
to the motion along geodesics of a curved spacetime manifold. In our case, the geodesics are not
‘minimal length’ paths, but rather ‘maximum proper-time’ ones.

There are surprisingly few differences at the local level between the Riemannian formalism of
Euclidean and Lorentzian signature manifolds. Since the signature of the metric can be changed
by a formal analytic continuation in the eigenvalues of the metric, and this is a continuous
procedure, the tensor differential calculus remains largely intact, up to some signs. At the global
level, there are very important differences, associated to the existence of a causal structure in
the Lorentzian signature case. This is related to the existence of restrictions on physical paths
of particles and light rays, namely the locally measured speed of light must be maximal. These
global differences become largest when dealing with cosmology and black holes.

The construction of Riemannian geometry from embeddings can be further generalized to
define an induced metric for any p-dimensional submanifold P of X%, with p < d, which of
course will also be a submanifold of R”. Iterating the procedure gives the induced metric on ¥

1 I
(Z) 8X aX Zg” 8y 8y‘7

wv n Odov Oov ot o’

(3.106)

where 0% label coordinates on ¥P which can be specified by embedding functions /(o) into X%
or X!(y(0)) into RDH

The trick of ‘inducing’ the metric from an ambient space can be repeated for any tensor.
Given a covariant Diff tensor in X%, with components Tj..., we can define a Diff tensor on any
submanifold P by

N
(1), =T =S 2 a

an operation which is also known as ‘pulling-back’ the tensor from X% onto ¥P. Once the
tensor is pulled back on P, one can operate as usual for any X-intrinsic calculations, in-
cluding the raising and lowering of indices with gy, taking Diff (¥)-covariant derivatives, or
defining invariant integrals and exterior calculus. The volume form for integration of any
Diff-scalar over ¥P is dPo+/|det(guy)| and the Levi-Civita tensor for integration of forms is

€uyouy = V |det(Guo )| U1 - - - up).

9We will often abuse notation and identify tensors on 3? by the indices alone. In particular, we write gg) = Guv
when no confusion arises.
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Parallel Transport, Holonomy and Curvature

In general, if a vector V? is defined at each point of a curve 2/(¢) with tangent vector
T" = dx"/do, we can define the covariant derivative along the curve as

vVi
do

=VyVi=) TIVVE (3.108)

J

If this covariant derivative vanishes, one says that the vector V is being defined by parallel
transport along the curve (). The justification for this name comes from the fact that any
two vectors V and W, carried by parallel transport along the curve, VoV = VoW = 0, satisfy

d .y " L
do | 2o VW) =3 THVk(g VW) =0,
ij ijk
as a consequence of the metric compatibility property, Vig;; = 0. Hence, the local metric
definition of angles and norms is preserved under parallel transport. E We can write more

explicitly the parallel-transport equation as

avi .
do + ;(FT)]V] =0 )

where we define the matrix (FT)é =3, T ;- This equation can be solved to give the vector
at some point (), parallel-transported from some other point P, along the curve vpg, in terms
of a formal path-ordered product

V(Q) = P exp (- / rT> V(P) . (3.109)
YPQ

For an infinitesimal displacement we have V(Q) = (1 — AoI'r)V (P), so that the path-ordered
product can be defined as the formal limiting product over an infinitesimal partition of the path

P exp —/ I'r | = lim e Aosr(s)
pQ Aocs—0 5

The concept of parallel transport can be used to define a notion of curvature. Consider a closed
curve vp, based at P, given by the function z°(c) that starts and returns to a point P, i.e.
2'(0) = x*(2m), with o an angular variable. The corresponding closed-path parallel transporter

Ulyp] = Pexp <_7£PFT>

depends both on the curve and the point P, and is called holonomy. Since parallel transport
preserves norms and angles, U(+yp) is some matrix in the SO(d) group (for an orientable mani-
fold), where d is the dimension of the Riemannian manifold. E In Minkowski space, or a ‘flat’

ONotice that a geodesic is defined as a proper-length parametrized curve, xi(é), whose tangent vector, T¢ =
dx'/de, is ‘carried forward’ by parallel transport along itself, V7T = 0.

"1n four-dimensional Lorentzian signature the holonomy is a matrix in the proper orthochronous Lorentz group
S04 (1,3), for an orientable and time-orientable spacetime.
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space in general, the holonomy of any curve is the identity matrix. In this case, the parallel
transport of vectors between two arbitrary points is independent of the path joining them. A
local measure of the deviation from flatness, i.e. a mathematical definition of ‘curvature’, is
obtained by considering the limit of very small closed curves.

Let us make one little ‘square’ composed of four curves intersecting in pairs, using the
parameters of these curves as coordinates (z,y) of a two-dimensional submanifold with size of
order e. We consider tangent vector fields X and Y whose only nonvanishing components are
X? =YY = 1 respectively. Denoting X’ = 9z°/0z and Y* = 9z°/0y the components in an
arbitrary coordinate system, we have the following identity

(X, Y] =) (XY - YI9;X") =0, (3.110)

J

where the so-defined vector field [X, Y] is known as the Lie bracket of X and Y. Hence, when two
vector fields are used to coordinate a two-dimensional submanifold, their Lie bracket vanishes/[]

Figure 3.5: A quadrilateral round-trip at P with direction vectors X,Y and holonomy U(vyp) =
U_eyU' UL Uex.

The holonomy around this quadrilateral round trip is given by
Uvp) = U-ev UL x Ul Uex
where we have, with quadratic precision in ¢,
Ux=e T =1—elx+1&Tx)*+0()

with a similar definition for Usy. The primed transporters are computed from the displaced
versions of the connection

It =Ty 4 edxTy + O(?) , v =Tx +edyTx +0(?),

with the notation dx = >, X'0; and analogously for Y. Upon explicit evaluation of the holon-
omy we find the first non-trivial term occurring at order €2 and given by

Ulyp) =1— € (9xTy — OyTx + TxTy — [yTx) + O(¢*) .

12The converse statement is also true and it is a particular case of a theorem by Frobenius.
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Evaluating now the derivatives in index notation and using [X,Y] = 0 one finds

Uyp)i =8 — Y XFY'RY,, + O(%) (3.111)
k,l
where the coefficients ' ‘ '
Rl = O0pl}; + Y T}, I — (k > 1) (3.112)

define the Riemann tensor. Despite its explicit definition in terms of non-tensor objects, it is a
Diff tensor with 20 independent components in four dimensions. E Equivalently, it can be repre-
sented in terms of the spin connection via the mixed Diff-Lorentz tensor Rkl“b = Zij ey el? ljklv

R = 0w — Qi + [wr, wi]? (3.113)

thus taking the form of a standard non-abelian field strength of Yang—Mills type, associated to
the local SO(1, 3) gauge group.

The Riemann tensor has the purely geometrical interpretation of characterizing completely
the local curvature: a Riemannian space is flat, i.e. metrically R?, if and only if the Riemann
tensor vanishes identically. On the other hand, the Riemann tensor describes the deviation from
flatness, isolating the combinations of second derivatives of the metric that cannot be eliminated
by a clever choice of coordinates.

Hypersurfaces

For submanifolds ¥ there is an important distinction between intrinsic and extrinsic curva-
ture. The intrinsic curvature is the Riemannian curvature of the induced metric g&%), whereas the
extrinsic curvature defines how the submanifold is ‘bent’ inside the ambient manifold. When
3P is a codimension-one submanifold, p = d — 1, also called a hypersurface, the ‘bending’ is
determined by the normal unit vector to ¥, which we denote by n’. The two-index object
Il;; = gij — nin; is a projector that gives the induced metric when restricted to the tangent
space of X, i.e. in intrinsic coordinates for ¥ one has gg) = Hg).

The bending of ¥ inside X¢ is then related to the failure of n’ to follow parallel transport
when moved around Y. Hence we define the extrinsic curvature as the hypersurface-tensor

‘induced’ on X by V;n;:

i Gyl
Koy = XJ: Vin, %gﬁv . (3.114)
To compute the covariant derivative of the normal vector, one can define n’ slightly away from
Y by extending it as the unit tangent vector of geodesics orthogonal to . Then, one can see
by explicit computation that K, = K, is symmetric, using the symmetry of the Christoffel
symbols.

A useful device when dealing with hypersurfaces is the ‘Gaussian normal coordinate system’.
Given the hypersurface X, it is always possible to choose coordinates locally (near a point in X)
so that the full metric takes the form

s’ = dn® + > guv(n,0) do" do” (3.115)

U,V

13An equivalent, if more elegant expression with manifest tensorial form is ([Vx, Vy] — V[Xy]) Vi =
> ki X"Y'R%, V7, valid even for the case that [X,Y] # 0.
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where n denotes a proper-distance coordinate normal to X, so that we can write the normal
unit vector as y_;n'd; = 9/0n. The orientation of n’ is conventionally chosen such that the
system of coordinates (n,o") is positively oriented in X?¢. The lines of constant ¢* are geodesics
orthogonal to ¥. In these coordinates g, = 1 and gy, = 0, giving d conditions on the metric
functions that can be fixed by adjusting the d functions defining a diffeomorphism.

Gaussian normal coordinates make the symmetry of K, completely manifest:

1 1 oyt Oyl
Ky = 5 8nguv = 5 ZJ: Ly Gij @% s (3‘116)
1,
where the second expression is the Lie derivative as defined in previous chapters.
Hypersurfaces can be boundaries of proper dimension-d subregions of the manifold. Then,
using again the Gaussian normal coordinates, it is easy to prove Gauss’ integration theorem on
a general manifold, for the integral of a total derivative:

viJi:/ Jn (3.117)
IDACEN

where J,, = Zl J;n' is the normal component of the vector field J*, where now the normal
vector is pointing ‘outward’ from the inside of V4.

For Lorentzian signature, hypersurfaces can be spacelike, timelike or null according to
whether the normal vector n* is respectively timelike, spacelike or null. This leads to some
sign differences and specific constructions (not discussed here) for the null case. For timelike
normal, 7#7, = —1, the projector that defines the intrinsic metric is II,,, = g,, + 7,7, and the
Gaussian normal coordinates are sometimes termed ‘synchronous gauge’:

ds* = —dr? + Zgij(T, o) dot do? (3.118)

ij

where 7 now stands for the proper time along the timelike geodesics at fixed o* and orthogonal
to X. One subtlety regarding sign conventions is the Lorentzian generalization of the divergence
theorem, which retains the form applied to regions such that V¢ is the union of piecewise
timelike or spacelike hypersurfaces (no null pieces), with the rule that the normal vector is
outward-pointing when spacelike and inward-pointing when timelike.

Non-Metrical Connections and Derivatives

The concept of connection (covariant derivative) is actually more primitive than the notion
of metric. One can define V, axiomatically and from there one can reach the concepts of
parallel transport, holonomy and curvature, since all these are concepts of the general theory
of fiber bundles. This conceptual track emphasizes the similarity between GR and other gauge
theories. The most general covariant derivatives are still of the form V ~ 9 + I", but now the
connection coeflicients I';, need not be symmetric in the lower indices, with the antisymmetric
part T, = I, — '), defining the torsion. One can check explicitly that this is always a tensor.

Even in the presence of a metric, it is possible to have non-standard connections, in the sense
that they might not be metric compatible, i.e. Vng,, # 0, and/or they might have torsion.
However, demanding the connection to be symmetric (torsion free) and metric compatible, fixes
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it completely to be the Levi-Civita connection, defined by the Christoffel symbols. In practice,
one can always write an arbitrary connection as the sum of the Levi—Civita connection and a
remainder. This remainder may depend on torsion terms and/or contain the degrees of freedom
that violate the metric compatibility, and it can be regarded as a non-minimal coupling in
covariant derivatives. The important fact about this remainder is that it is always a tensor. In
this way, we may still use the standard Riemannian language for physics applications, with the
non-standard connection degrees of freedom interpreted as a type of exotic tensor ‘matter’ that
does not follow the minimal coupling prescription.

This freedom in the use of non-standard connections shows up in modern generalizations of
GR, in the context of supergravity theories. Historically, this was also the arena for various for-
gotten alternative theories, tried by the ‘founding fathers’. In particular, Einstein contemplated
connections with torsion in some of his attempts at constructing a ‘unified theory’ of gravity
and electromagnetism. Even earlier, Weyl considered connections satisfying V;g;, = A; gj, for
some vector field A;. Such connections only preserve angles under parallel transport (rather
than lengths).
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Chapter 4

Curvature

The Principle of Equivalence says that the gravitational field trivializes locally when entering
free fall. Therefore, the interesting gravitational dynamics must be encoded in the first non-
trivial correction, the tidal forces. In this chapter we find that the relativistic treatment of tidal
forces has a neat geometrical character in the formalism of Riemannian geometry: it is none
other than curvature.

In our previous introduction to the notion of Riemannian curvature we emphasized the
modern track based on parallel transport of vectors through round trips. However, the first
encounter with the notion of curvature was historically associated to the famous Euclid’s ‘fifth
postulate’, stating that initially parallel straight lines would stay so forever. The failure of
this fifth postulate is an equivalent characterization of curvature. Interestingly, it is within this
avatar that curvature arises most naturally in the physics of gravitation. Namely, geodesics that
fail to stay parallel accelerate relative to one another. This is the tidal acceleration.

4.1 Relativistic Tidal Acceleration

The basic property of a fictitious gravitational field is the existence of a global free-fall frame
that ‘transforms away’ gravity globally. In the free-fall frame, initially parallel trajectories stay
so in time, with vanishing relative acceleration. On the other hand, in a real gravitational field,
the Principle of Equivalence only removes the gravitational field at a point, leaving a residual
relative acceleration between nearby particle trajectories. The corresponding residual forces are
called ‘tidal forces’.

It should be clear that the tidal accelerations we are discussing are a property of the back-
ground gravitational field, and not a result of the gravitational attraction between the probe
particles. What we have in mind is the radial infall trajectories around Earth for instance: two
test particles falling with a relative angle with respect to the center of the planet will accelerate
towards each other, even when we neglect their mutual gravitational attraction.

We can discuss tidal forces in the Newtonian theory by considering a family of free-falling
particles along a curve Z(s) at time ¢ = 0. We also assume that the initial velocities of these
particles vary continuously along the family, i.e. the function

- dr
U(Sv 0) = E(Sa 0)
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is a continuous vector function of s. Now, we let them develop in time, so that the set of
trajectories span a two-dimensional surface coordinated by (s,t). The relative separation at
time t of two particles with parametric distance As is

—

dr
AT = As —(s,t
=25 (s),

to first order in As. Denoting the transverse separation vector (=dz /ds, the rate of separation
of the falling trajectories is Asdf/dt and the relative acceleration Asd?¢/dt?. Using now the
equation of motion

>z 5 o
W(S,t) = —0¢n(Z(s,1))

we obtain the final expression for the tidal accelerations,
i e 7.3\ i i pj
aﬁdalzﬁz—(e-a)am:z&z : (4.1)
J

which indeed depend on the second derivatives of the gravitational potential and reproduces our
previously introduced tidal tensor R’] = —0'0;¢nN.

Figure 4.1: Family of free-fall trajectories parametrized by global time and fiducial parameter s. The
relative separation of the falling points is given by AsdZ/ds.

In the relativistic case, we consider an entirely analogous situation, i.e. a family of free-falling
geodesics z#(7, s), parametrized by the geodesic label, s, and proper time 7. The separation
and velocity four-vectors are defined by
_da” dx¥

p_ 4r7 v_ 4T 42
U= YT (4.2)
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We can now define covariant derivatives along parametrized curves as

\V v
— =V, ="V —=V,=u"V, . 4.3
ds ¢ wo dr ¥ (4.3)

With this definition, the free-fall equation of motion may be rewritten as

dut
dr

+ Fgﬂuo‘uﬁ =Vyu' =u*Vau' =0. (4.4)
Using these formulas, one can explicitly write

are A2z dx* dx¥
L0 = ur v = S e e — po 74T
v WV dr Tt drds M dr ds

Since this expression is symmetric in s, 7, it is actually equal to

d>z® dx* dx¥
- o —— = e
dsdr L gs ar Y
Hence, we have proven
Vol =ul'V 0% = 'V, u® = Vou® (4.5)

With these preliminaries, we are ready to define the relative acceleration of neighboring
geodesics as
alty = (V)2 0 = u®Vo (uP Vg ) = uoV o (PV 5 ul) (4.6)

where we have used in the last equality. Manipulating this expression we find
afiga = WV ) Vou® + u 'V, YV u® + utt” [V, V, Ju® . (4.7)
Using again in the first term and the geodesic condition u®V4u? = 0 we finally obtain
Aiqar = W0 [V, Vi Ju® (4.8)

Thus, we have proven that the physical distinction between real and fictitious gravitational fields
can be locally parametrized by the commutator of covariant derivatives acting on vector fields.
Such an object defines the relativistic version of the tidal tensor, the so-called Riemann tensor.

4.1.1 The Riemann Tensor

The commutator of covariant derivatives acting on an arbitrary vector field, [V,,V, ]V,
defines a tensor object that vanishes in a fictitious gravitational field (i.e. a reparametrized
Minkowski space) because its flat-space version satisfies [0, Jp |V = 0 identically. Upon direct
evaluation, we find

Vu, V] V=R, VP, (4.9)
where
R* = 0Oy Ff,“p + Fga I“V’p —(p e v) (4.10)

is the Riemann tensor. Although this expression in terms of the connection coefficients does
not look obviously tensorial, the formula (4.9) ensures that the collection of coefficients R* ,,,,
indeed transform as a tensor. As expected, it contains second derivatives of the metric that need
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not vanish anywhere in a real gravitational field, even in a frefo frame. The explicit calculation
above can be repeated for the case of a covariant vector field,

[Vuavu]va = _Rpa,uz/ Vp > (4.11)
and for a general tensor

The Riemann tensor controls tidal gravitational effects in the relativistic theory. Substituting

back in (4.8]) we find

a8 = W Ry ul (4.13)

whose non-relativistic approximation at low velocities and static weak fields ggo = —1 — 2¢n
recovers the Newtonian tidal tensor for static fields

Ri uvj u“u” ~ RZ 005 = —Ri 050 ~ —8j8"¢>N . (4.14)

Identities

The Riemann tensor has in principle 256 components, which are reduced to 20 indepen-
dent ones due to a large set of symmetries. First, from the definition we immediately have
antisymmetry in the second pair of indices:

R pyy = =R puy - (4.15)
We also have the so-called cyclic identity of the last three indices:
R® ouv R* vop T R” wp = 0= R~ [puv) - (4.16)

In addition, working with the completely covariant form R,/ = goaR* puv, there is antisym-
metry in the first pair of indices and symmetry in the swap of the first and second pairs of
indices:

Roppw = —Rpapw Roppv = Ruvap - (4.17)

The simplest way of proving all these identities is to pass to a frefo frame at a given point P.
In this frame the connection coefficients vanish at P and the Riemann tensor can be written:

1
Raped bt — 3 (Ov0c gad + 0a0d Gbe — Ob0d Jac — 0aOc Gbd) (4.18)

so that the algebraic identities can be verified directly. Once established in the frefo frame,
being tensorial relations, they are valid in an arbitrary frame.

In addition to these purely algebraic properties, the Riemann tensor also satisfies a set of
differential identities called Bianchi identities:

VieRapw =0 (4.19)

These too can be proven using the trick of the frefo frame, since the covariant derivative of the
Riemann tensor simplifies as

veRd cab P—tfrefo = aeaa Fgc - 8631) Fgc ) (420)
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and further writing this expression in terms of second derivatives of the metric, the Bianchi
identities are easily proved directly. In more mathematical terms, the Bianchi identities are
nothing but the Jacobi identity for the covariant derivative operator:

0= [V, [Vu, V,]] + cyclic permutations.

It is worth mentioning at this point that the notion of curvature, and the associated Riemann
tensor, can be introduced provided one is handed a connection (a covariant derivative operator)
independently of the existence of a metric. However, some of the properties listed above, such
as the quoted forms of the cyclic (4.16|) and Bianchi identities and the simplifying frefo
expression , require that the torsion vanishes (symmetric connections). The rest of sym-
metry properties which depend upon lowering indices and using further require that the
connection be metric compatible, V,g,, = 0. Since we only use the Levi-Civita connection in
these notes, we make no such distinctions, but the reader should be aware of these subtleties
when consulting mathematical references.

Riemann Is all You Need

At this point we have seen that the Riemann tensor gives a mathematical characterization of
curvature and at the same time controls tidal gravitational effects. It is a Diff tensor depending
on second derivatives of the metric. Since the metric defines the relativistic analog of a grav-
itational potential, the Riemann tensor is a natural candidate to enter the Lagrangian of the
gravitational field. One natural question at this point is whether there might exist other inde-
pendent tensors constructed from second derivatives of the metric which deserve consideration.
We will give a negative answer, using an argument that is motivated by a somewhat different
question.

The condition gives a mathematically precise statement of the Principle of Equivalence.
It is interesting to ask whether the required frefo can always be introduced at an arbitrary point,
for a generic go3, or some restriction must be put on the metric of spacetime. In other words, is
it always possible to enter free fall in any gravitational field? To study this, consider constructing
the map between the frefo frame X% and the fido frame x“ in a perturbative expansion. Without
loss of generality we may define the additive normalization of the coordinates so that x®(P) =
X%(P) =0. Then we can expand the function *(X%) as

1 1
2(XB) = A2 Xp+ 5 BY Xp Xp + <Cot Xp Xp X5+ O(XP) | (4.21)

where the A, B, are collections of constant coefficients arising from the Taylor expansion.
Using now ([3.62) we find for the metric in the frefo frame

ga(P) = AS AY gop(P)

so that gu,(P) = nep by simply choosing the AY to diagonalize and rescale appropriately the
original metric matrix at point P. There is in fact an ambiguity by multiplication of A% by
a Lorentz transformation, since 7y is invariant under those. Computing now the Christoffel
symbols in the Xp-frame, using for example , we find

If.(P) = (A7h)2 A] AYTS (P) + (A1) By,
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so that I'f.(P) = 0 can be readily arranged by setting
Bg = —AJ AITS (P) .

We conclude that the Principle of Equivalence, as given by , can always be reached in an
appropriate frefo. On the other hand, the second derivatives of the metric at P, or equivalently
the first derivatives of the connection, will be affected by the 80 independent coefficients C; . All
in all there are 100 independent components in the second derivatives of the metric 9,934, (P),
so that we cannot remove all of them by a clever choice of frefo. The offset of 20 components
gives the degrees of freedom of the curvature in a four-dimensional spacetime. The argument
just given here is known in the mathematical literature as the ‘local flatness theorem’, since it
specifies that any Riemannian space is ‘flat’ to linear order in a local expansion, with ‘intrinsic’
curvature effects arising only in second order in this local expansion.

These 20 non-removable degrees of freedom in second derivatives of the metric equal in
number the 20 independent components of the Riemann tensor, and this is no coincidence.
Expanding the metric to second order in the expansion we have

1

gab(XP)‘ = TNab — s Facbd X}CDXg + O(X}s)) ) (422)
P—frefo 3

where the set of coefficients E, .4, proportional to the second derivatives of the metric, must be

symmetric in the (ab) and (cd) pairs of indices. Computing these second derivatives we find

1
- 3 (Eacbd + Eadbc)

0:04 Ga
cdng 3

which we can substitute back into to prove explicitly that E,p.q = Rapeq- Therefore, we see
that the Riemann tensor characterizes completely the quadratic deviation from the Minkowski
spacetime. More invariantly, we say that TpX't3, the tangent space of X3 at P is not only a
copy of R3, Minkowski spacetime, but it also provides a linear approximation to the geometry
of X113 with the deviation from flatness arising at the level of second derivatives of the metric,
and invariantly characterized by the Riemann tensor.

From the physical point of view, the main conclusion is that Riemann is the essentially
unique tensor that can be constructed with up to two derivatives of the metric tensor.

4.1.2 Ricci, Einstein and Weyl Tensors

The symmetry properties imply that the Riemann tensor produces only one independent
second rank tensor under contraction, the so called Ricci tensor

R;w = R pnav (423)

which is symmetric R, = R,,. There is also a unique scalar that can be formed from contraction
of Ricci, known as the Ricci scalar
R=g"R,, . (4.24)

Contracting the Bianchi identities we obtain their projection over the Ricci tensors,
1
VER,, = 58,,R , (4.25)
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so that it becomes natural to define the so-called Einstein tensor
Guw =Ruw — S guwR (4.26)
for which the Bianchi identities amount to ‘covariant conservation’:
VG, =0. (4.27)
Another interesting object is the Weyl tensor, defined by
Cuw " = Ry ™ — 2Ry, [p‘sl’] 7+ é RO, P07 (4.28)

It can be interpreted as the part of the Riemann tensor that is not controlled by the Ricci
component, as all its contractions vanish identically. Its main application is as a criterion for
conformal equivalence of metrics, namely two metrics related by a local rescaling g, (z) —

Q2(2)gu () have the same Weyl tensor C*,,, (with one index up; other index positions pick
up powers of 2).
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Chapter 5

Einstein’s Equations

With the formal machinery introduced so far, we are able to solve for the dynamics of
arbitrary matter systems in a prescribed gravitational field, as specified by some metric tensor
guv- In this so-called probe approrimation, the spacetime metric is considered as a fixed external
background. The remaining part of the problem is the specification of the dynamics of the
gravitational field itself or, in other words, the Lagrangian of the metric tensor, which ultimately
determines which metrics actually occur depending on the energy content of spacetime.

5.1 The Matter-Gravitation Dynamics

Since g, plays the role of a gravitational potential, we seek the relativistic analog of the
Newtonian action

1 o
Siewton = g1z / dt Pz o 9 dx

in a scalar Lagrangian linear in second derivatives of the metric, i.e.

S =S¢+ S = / di2v/=g (Lalgu) + Ln(V,V,)) | (5.1)

with £, the Lagrangian of generic matter degrees of freedom ¥, minimally coupled to g,, as
in the previous sections, and Lg ~ 0dg is the purely gravitational Lagrangian, a Diff scalar.
The obvious choice V2g vanishes because of the metric compatibility of the affine connection.
However, we have argued that there is essentially a unique tensor containing up to two derivatives
of the metric, the Riemann tensor. Therefore, we are forced to choose as the Lagrangian for
the gravitational field the unique scalar constructed from the Riemann tensor, the Ricci scalar.
This leads to the Hilbert action [l

1
Sqg=-— [ dz2v/—gR, (5.2)

T 22
where x? is proportional to G, the precise constant of proportionality to be determined below.
In fact, there is a superficially more important term that can be added to the purely grav-
itational Lagrangian: an additive renormalization of R by a constant. It is more important

'In a dramatic episode in November 1915, Hilbert derived the field equations from this action almost simulta-
neously with Einstein; the question of priority is still debated by historians.
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because it does not contain derivatives and thus dominates the long distance physics. This is
the famous cosmological constant, Einstein’s ‘biggest blunder’, by his own reported admission
and, in hindsight, one of his major discoveries!

The complete Lagrangian of gravity and matter then reads,

Slg, U] = Si + S I/d4$\/jg <2/12(R—2A)+£m(w,V)) T (5.3)

with the dots standing for corrections in higher derivatives, in the spirit of Effective Field Theory.
It can be shown that, in the purely gravitational sector, the terms that can appear are any Diff-
scalars made of polynomial combinations of covariant derivatives and powers of the Riemann
tensor so that, to some extent, the Riemann tensor is the fundamental building block of all
terms in the higher-derivative Lagrangian.

5.1.1 Einstein’s Equations

We are now ready to derive Einstein’s equations for the gravitational field, by simply sta-
bilizing the variation of the Lagrangian with respect to variations of the metric g,,. We first
consider the variation of the gravitational Lagrangian. It contains three terms,

6(V=g (R —=27)) = 6(V—=9g)(R = 2A) + V=g 09" Ry + V=9 9" 0 Ry, .

Using the relations d/—g = % —99" g, and dgH = —g”ag”ﬂégag we can evaluate the first
two terms. As for the last one we have

SRy = 3a0T%, — 8,0T%, + O(T6T) .

The terms proportional to I'6I" vanish on a free fall frame at a given point. Now, although
the connection I' is not a tensor, the difference between two connections is a tensor, since the
offending inhomogeneous terms vanish. So we can find the complete expression by covariantizing
the previous one,

SRy, = Vadl'%, — V019, . (5.4)

The same type of reasoning shows that
o, = %gaa (Vu0Ggor + Vibgouy — Vadgu) - (5.5)

So, the final result is that g"VoR,, = V,f*, with f# a four-vector field linear in covariant
derivatives of dg,,. Since this variation contributes a total derivative, it is tempting to neglect
it on the grounds that the metric is fixed on the boundary of spacetime, in accord with common
practice in the Lagrangian formalism. There is a subtlety though, in that f# depends on dg,,
through its covariant derivative, and the condition that these vanish is not quite the same as
the vanishing of dg.3. In fact, as remarked by York, Gibbons and Hawking (YGH), one can
add a boundary term to Hilbert’s action in such a way that those terms are cancelled out, and
one is left with a standard variational principle. E| The resulting equations are identical to those
obtained by a naive procedure in which one simply neglects the f* term, so that we will not
worry about this issue at this point.

2The York-Gibbons-Hawking term is given by Sycu = N% § K, where the integral is defined over the boundary,
and K is the trace of the extrinsic curvature associated to the induced metric.
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Collecting all terms, the variation of the gravitational action is
1 174 174
0SH = 22 dzy/—g (=R"™ + 3 g™ (R — 2A)) 0gu - (5.6)

Next we turn to the matter sector. Here, the first order variation defines the energy-
momentum tensor, according to (3.89) and (3.90)), through

0Sm = /d4x —g 2T 6g, . (5.7)
In terms of the Lagrangian,
oL
T =9~ L g [, . (5.8)
s

Finally, we can put all the terms together and write down Einstein’s equations as
Ry — 3 gu(R—2A) = k*T), (5.9)

a set of ten non-linear second-order partial differential equations. The non-linearity, which
persists even for vacuum solutions, makes it highly non-trivial to find exact solutions. Flat
Minkowski space gng = 743 is of course a solution with 7}, = A = 0. The vacuum equations are
obtained by setting to zero the matter sector and tracing the equation to obtain R—2(R—2A) =
—R +4A = 0. Hence,

R, = Agu (5.10)

gives the vacuum equations. Manifolds solving the vacuum Einstein equations are called Finstein
manifolds. For A = 0 we have the so-called Ricci-flat manifolds.

The cosmological constant term is equivalent to a vacuum energy on the matter energy-
momentum tensor. For example, if the matter sector contains a scalar field with energy-
momentum tensor

T'9) = 8,00,6 — g (3 (89)* + V()

we see that the shift V(¢) — V(¢) + A/k? in the origin of potential energies introduces the
cosmological constant if it was zero on the left hand side of Einstein’s equations. Alternatively,
for a perfect fluid ansatz,

T = (p+ p) UUy + P Gy

the cosmological constant is equivalent to a matter component with the equation of state p =
—p = —A/K?, so that we may fold A into the non-gravitational Lagrangian as a matter of
convention and write the equations as

G = K> Ty - (5.11)

It remains to determine the absolute normalization of the action, i.e. the relation between
and ordinary Newton’s constant GG. This can be fixed by taking the Newtonian limit. We begin
by rewriting (5.11)) in the equivalent form

Ry = k* (T — 2 9 T) . (5.12)

3This innocent-looking statement causes the so-called ‘cosmological constant problem’; the astonishing fact
that the measured value of A, given by G A ~ 107'?°  is so incredibly small, despite the multitude of independent
contributions to A from the matter sector, each of them potentially much larger than the experimental bound.
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where T = ¢*# T, is the trace of the energy-momentum tensor. In the non-relativistic limit for
static and small fields, we can replace the metric with the Newtonian form in computing the
Ricci tensor,

ds? =~ —(1+2¢Nn) dt> + - - -, (5.13)

where we assume that the gg; components are negligible once we choose a frame without rotation,
so that Go; &~ Ry; ~ 0. Then, for any static metric with gg; = 0 one has Ryy ~ —% 02900 ~ 0%¢n,
quite independently of the value of g;;. Then, the time-time component of Einstein’s equations
in the ‘trace-reversed’ form ([5.12) giveslﬂ

G%¢N ~ Roo = k*(Too + 5 T) (5.14)

where we have used 1 + 2¢n =~ 1 on the right hand side. For a matter source composed of a
non-relativistic system of slow particles, we have Tog = py, and T' = —Typo + Y, Ti; = —Too, SO
that the right-hand side of is %2 pm, which agrees with the Poisson equation for x? = 87G.
The final form of Einstein’s equations being

Guw =Ry — 3 R =81G T, . (5.15)

Einstein’s equations can be viewed as a set of partial differential equations determining the
metric g, on a spatial surface at time ¢, given initial data on a spatial surface at time ¢ = ?.
The initial data are ‘positions’ g, (to), and ‘velocities’ 0;g,. (to). Apparently, the system of ten
equations just determines the ten components of the metric, but this is actually deceptive, since
there are four degrees of freedom not determined by the equations, related to Diff covariance.
Indeed, only the six spatial equations

Gij = &1 Tij
contain second derivatives in time and are true ‘dynamical equations’. The remaining four,
G = &G T (5.16)

only contain up to first derivatives in time of g,,. This follows from the Bianchi identities,
V,GH =0, which can be written as

VoG = =) " V,GM

(]

The right hand side contains derivatives up to at most second order in time, thus G% can
only contain, at most, first time derivatives of the metric. The conclusion is that the four
equations must be imposed as constraints on initial data. This remark is very useful
in practice, when faced with the task of solving Einstein’s equations. In many situations with
high symmetry, it is useful to evaluate the Gog = 87 G Ty equation first, since it often expresses
“constants of the motion” in the combined gravity /matter system. More generally, the method
of solving Einstein’s equations in ‘Hamiltonian’ form, emphasizing the initial-value formulation,
is the starting point for numerical simulations of Einstein equations, a subject that has grown
enormously in precision and scope in the last decade.

“Notice that we have been careful in not specifying that g;; ~ d;;. This is actually not true, since g;; contains
pieces proportional to ¢n that are not visible to Newtonian test particles moving at slow velocities. This will be
further clarified in a later chapter of these notes.
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5.1.2 Energy-Momentum ‘Local’ Conservation

The Bianchi identity on the Einstein tensor V,G*” = 0 implies, via the Einstein equations,

a covariant conservation law for the energy-momentum tensor of all non-gravitational degrees
of freedom,

V., T =0. (5.17)

We can derive this relation, as well as the Bianchi identity on G, from the invariance of the
action under reparametrizations. Since S, is manifestly invariant under smooth reparametriza-
tions: x — 2/(x), we have for infinitesimal ones 2’ = z — £(z) + O(£?),

0¢Sm = /d4x\/—g ™ Segu =0, (5.18)

straight from the definition of T}, in (5.7)), applied to a particular variation. Here d¢g,,, is the
variation of the metric functions under the Diff map, that is to say

9y () = (@) = e gy (@) + o) . (5.19)

Using now the Taylor expansion

9 (%) = g1 (&' + &) = g, (2) + €% Dagy, (") + O(E?)
and the tensor law 5
0zx® Ox
/ n o
9 (") = D2 B Oz v gap(T)
to linear order in £, we find the Lie derivative like in our previous discussion for symmetries in
Minkowski spacetime,

559;”/ = £$g,u1/ = 5“3019;”/ =+ g,uaazzga + guaa,ufa =Vu& + Vil s (5.20)

where the last expression using covariant derivatives of the vector field £ is special to the Lie
derivative of the metric.

Introducing ([5.20) back into the variation of the action (5.18) we obtain, upon integration
by parts,

0= /d4x\/nguT’W§y (5.21)

for all &, which leads to the covariant conservation relation .

The covariant conservation equation V,T"” = 0 is quite surprising at first sight, for 7j,,
is the energy-momentum tensor of matter alone. When we discussed the electromagnetic field
coupled to charged particles, the energy-momentum tensor of the particles was not conserved
by itself, as some energy is transferred from the particles to the field degrees of freedom and
vice versa . Only after we added the intrinsic energy-momentum density of the Maxwell
field we obtained a conserved energy-momentum tensor. For that reason, the conservation of
the matter energy-momentum, without apparent need for a ‘purely gravitational’ piece of the
energy-momentum tensor, is somewhat puzzling.

On the other hand is forced upon us by the Principle of Equivalence, since it is the
Diff-covariant version of the SR equation, valid in a frefo

D, T =0. (5.22)
P—frefo

103



Clearly, the gravitational field, and whatever its energy density might be, disappears locally in
free fall. Therefore, no strictly local notion of ‘gravitational energy density’ is possible in GR,
despite the fact that the Newtonian approximation does contain the notion of ‘gravitational
self-energy’, which we may associate to ‘the gravitational field’. For instance, the Newtonian
gravitational self-energy of a mass distribution, defined as the work needed to assemble it from
infinity, can be rewritten, using the field equation and integration by parts, as the integra][ﬂ

Ox =5 [Esas W)p' = [ Poon@on@ = [ aodondos.
(5.23)
which, in the third form, may be interpreted as an energy stored ‘in the field’. Notwithstanding
this, it is clear that the physical notion of gravitational self-energy has a global character by
the way it is defined, using the infinitely dilute limit as a reference. Accordingly, we will see in
future sections that global notions of energy can be defined in GR, and local notions of energy
can be defined in approximate descriptions in which some spacetime structure is maintained as

‘non-dynamical’.

Problem: Free Fall from Einstein’s Equations

Consider a dust fluid with energy-momentum tensor 7),, = pU,U,. Show that its covariant conser-
vation, which can be viewed as a consequence of Einstein’s equations, is powerful enough to determine
the free fall of the dust, namely that the fluid flow is geodesic.

5.1.3 Isometries and Conservation Laws

There remains the interesting question of what conditions must be imposed on a space-
time so that matter energy-momentum conservation can be expressed as an ordinary ‘continuity
equation’ for a vector current, which is the mathematical vehicle for the notion of ‘local conserva-
tion’. In Minkowski spacetime without gravity, one defines the local density of four-momentum
as J} = —up T, associated to a field of local observers with four-velocity u®. If all four-velocities
are parallel, so that the test observers are at relative rest with respect to one another, we have
Oqup = 0 and the so-defined current is conserved, 9,J = 0. The analog in curved spacetime is
the covariant conservation VMJg =0 for

JE =T, | (5.24)

defined in terms of some vector field £* which would be somehow related to a set of physical
observers. Now, given V,T#" = 0, the current Jg is conserved if and only if the vector field
satisfies

V& +V,6,=0. (5.25)

Such a vector field is known as a Killing field. According to equation (5.20)), the Killing condition
(5.25]) coincides with the vanishing of the Lie derivative of the metric along the directions selected

®Notice the negative sign, due to the attractive nature of gravity, in contrast with the analogous expression in
electrostatics.
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at each point by the vector {#. In general £/, # —1, so that we cannot claim that the Killing
vector is some physical four-velocity. Rather, a standard observer moving along the integral
curves of a timelike Killing vector, has four-velocity u# = £#/y/—£2. At any rate, the covariant
conservation of Jé‘ defined by 1) does hold for any Killing vector field, irrespective of whether
&H is timelike, null or spacelike. A metric supporting a Killing field is said to have an isometry
in the &-directions.

The geometrical meaning of an isometry is that of ‘rigidity’ of the metric structure under
motions within the manifold. Let us consider the integral curves generated by the vector field
&M that is to say, the solutions of the equation

dx*
o =), (5.26)

determining curves z#(\) as a function of the parameter \. We may use these integral curves
as part of a particular coordinate chart ‘adapted’ to the vector field £€#. In doing so, we can
write {40, = O0) and use A as one of the coordinates. In this frame we have {# = 5§ and the
Killing equation collapses to d gu, = 0. Therefore, existence of a Killing field is tantamount to
the existence of a set of curves, the integral curves, along which the metric (aka the geometry)
does not change. The intuition is that of a flat plane, or Minkowski spacetime for that matter,
which are invariant under translations, rotations or boosts, each independent isometric motion
being associated to a Killing vector. For a curved manifold, the standard example is a round
sphere, which is isometric with respect to rotation around any polar axis.

In order to elucidate further the notion of isometry, let us take a more physical attitude,
using particles as a probe of the spacetime structure. Working with the linearized version of the
action for simplicity,

Sp = %m/dT (v " 2" = 1), (5.27)

we identify symmetries of the geometry as symmetries of the particle action for arbitrary histories
of the particle. Infinitesimally, the motion along the integral curves solving is zt —
o4+ X EF(z) +O(N?). We now give a physical definition of an isometry as those vector-field flows
that leave the particle action invariant, i.e. these transformations leave the metric ‘rigid’ as far as
particle propagation is concerned. Since the action itself is invariant under reparametrizations,
this criterion is independent of any coordinate system that we might use.

The variation of the particle action under the transformation dyax* = AEH is

5\Sp = 3 mA /ozT((,gE Guw) T3V (5.28)

where the integrand is controlled by the Lie derivative of the metric

££ Juv = gaaag,uu + 8M§agazx + augaga,u = vufu + V&, . (5.29)

Hence, the condition on the metric for the action to be invariant is that £% is a Killing vector
field, satisfying ([5.25)).

In this case, we can define a conserved quantity along physical trajectories using the standard
formula for the Noether charge,

oL b v
Qe= 00 & = —mgu i " = p,&". (5:30)
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The constancy of Q)¢ = —p, & along timelike geodesics generalizes to the case of null geodesics,
where Q¢ = —k-§ and k* is the vector tangent to the light ray trajectory. In fact, it generalizes
to any geodesic with tangent T%, even spacelike ones, for Q¢ = T,£# is covariantly constant
along the geodesic,

V(€ T) = TOVa(E,T") = TOTHV o0&, + & TV TH =0 (5.31)

the first term vanishing because of the Killing condition and the second because of the geodesic
condition.

Hence, for spacetimes with special symmetries, local conservation of matter energy-momentum
still holds. There are locally conserved energy-momentum currents constructed out of the mat-
ter energy-momentum tensor and suitable projections of four-momenta of particles are also
conserved along their free-fall paths. It should be understood that the requirement of a symme-
try on a manifold implies a corresponding stringent requirement on the distribution and motion
of matter in this spacetime, because matter dynamics and spacetime geometry are linked locally
through Einstein’s equations.

5.2 Finding Solutions

Exact solutions of Einstein’s equations with a definite physical interpretation are hard to
come by. In a sense, any metric can be regarded as a solution, provided we ‘invent’ an exotic
energy-momentum tensor that fulfills the right hand side of the equations. In fact, the Bianchi
identity ensures that such energy-momentum tensor is at least conserved. However, it will have
unphysical features, such as locally measurable negative energy density. If one postulates that
T, is computed from some standard matter model of particles, fluids or field theories, then
no general methods exist to find exact solutions of the gravitational equations, due to their
strong non-linearity. Numerical analysis is always an option, and one that has gained a lot of
interest in recent times, due to the wealth of new data about black-hole collisions as ‘heard’ by
gravitational wave detectors.

On the analytic side, one can simplify matters by looking for solutions with some prescribed
symmetry that is interesting for physical reasons. For example, in the context of cosmological
models, we seek metrics with the properties of homogeneity and isotropy which appear to be
satisfied by the large-scale structure of the observable universe. For problems involving motion
in the solar system, we are interested in metrics with axial and/or spherical symmetry.

5.2.1 More on Isometries

We have discussed in the previous section the basic diagnostic for a geometrical symmetry,
namely the existence of a Killing vector. The main consequence for the simplification of Einstein
equations is that one can introduce special coordinate systems in which the metric depends on
fewer variables. Adapting the coordinates to a Killing vector, so that £#0, = 0y, results in the
metric being A-independent. For example, a metric is called stationary if it has a timelike Killing
vector. Choosing the time coordinate adapted to this Killing vector, we have £ = (1,0,0,0) in
this frame, and d;g,,, = 0, hence

ds%ationary = 900(Z) d® + 2 " goi(¥) da’ dt + ) gi;(F) da’ da’ . (5.32)

)

106



Furthermore, a stationary metric is called static if it is invariant under time reversal ¢ — —t.
This leads to

ds%atic = 900 (B ) dt® + ) gij (&) da* da? . (5.33)
ij

Analogous simplifications are available when the metric has a spacelike or null Killing vector.

If a metric has more than one Killing vector, one can consider the algebra of transformations
that they form under commutation. To define this notion, we consider the effect of the translation
along integral curves of a vector field £¥ when acting on arbitrary scalar functions:

O0cf(x) = £ef(x) = €10, f(2) - (5.34)

Then, one can write
[0 0y ] f(2) = gy f () , (5.35)

for any function, provided we define the so-called Lie bracket as ﬁ
[E? 77]“ = §aaanu - naaafu . (536)

This commutator algebra is very transparent if we adopt the view that vector fields expressed
as £ = £H0, are literally interpreted as differential operators acting on scalar functions. Hence,
if a coordinate system can be defined as adapted to two Killing vectors simultaneously, it is
clear that their commutator vanishes because, in adapted coordinates §& = 0\, n = 0O, one
has [d¢,0p]f = [Ox,O¢]f = 0 for any smooth scalar f(x). The converse is also true, i.e. the
necessary and sufficient condition for the integral curves of two vector fields to coordinate a
two-dimensional submanifold is that they commute. In more detail, a theorem by Frobenius
states that the integral curves of a set of vector fields ) are contained in a submanifold if
and only if their Lie brackets close on themselves, [{.),&w)] = D . fo, (%) §(c), With coefficients
[, (x) that may be functions (constant coefficients correspond to the Lie algebra of a group of
isometries). Moreover, these integral curves are good coordinates when they form an abelian
subalgebra.

Problem: Poincaré Isometries

Find all the Killing vector fields of Minkowski spacetime and recover the Poincaré group as the
associated Lie algebra under commutation through the Lie brackets of the Killing vector fields.

Non-abelian isometry groups do not give such simple rules as abelian ones for the metric
components. In general, for non-abelian isometries, one must list all possible invariants of the
coordinates and the differentials dx® and restrict the metric accordingly. As an example, look
at a static spacetime and impose rotation SO(3) symmetry of the spatial sections. If we

let the rotation group SO(3) act on & € R? in the standard fashion, the basic invariants are 72,
d#? and Z - dZ. So the general ansatz for a static, spherically symmetric metric is
ds* = —F(p)dt* + D(p) (& - dZ)* + C(p) di’?, (5.37)

51t is non-trivial but easy to check that this operation always defines a Diff vector.
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where p? = #2 and F(p), D(p),C(p) are general functions. Picking spherical coordinates on R?
we have d72 = dp? + p? dQ? and (7 - d7)? = p?dp?, so that combining all terms we end up with
a form

ds* = —F(p)dt* + G(p)dp® + H(p) dQ? (5.38)

where dQ? = d€%2 = d#? + sin? 0 dp?>. We may now change coordinates to r2 = H(p) so that
the area of fixed radius S? spheres is 4772, So the final form of the static and SO(3)-symmetric
ansatz is

ds® = —A(r) dt? + B(r) dr? + r?dQ? . (5.39)

A full classification of standard metrics for different isometry groups is beyond the scope of
these notes. We shall content ourselves with introducing the required forms as they are needed
by the physics discussion at hand. In general, if we have sufficient symmetry to leave just one
nontrivial coordinate, such as the situation in , the Einstein partial differential equations
may simplify into a set of coupled ordinary differential equations, which are much easier to solve.

5.2.2 Spherically Symmetric Vacuum Solutions

With the ansatz (5.39) in place, ds?> = —A(r)dt?> + B(r)dr? + r?dQ?, we may look for
spherically symmetric and static solutions of the vacuum equations,

R;w = Agp,y . (540)

Upon direct calculation, the components of the Ricci tensor for this metric read

A" A (A B A
fl = 2B_4B<A+B)+7*B
A" A (A BN, B
B = _2A+4A<A+B>+rB
A
o =g (5-2) 3
Ry = sin®0Ryg , (5.41)

where the primes denote derivative with respect to r[]
The ansatz (5.39) obtains the Minkowski metric in polar coordinates

ds? = —dt* + dr? + r2 dQ?

for A = B = 1. This is the trivial vacuum solution with vanishing cosmological constant A = 0.
It is not too difficult to generalize the Minkowski solution to vacuum spacetimes with positive or
negative cosmological constant. Since A defines a length scale, let us denote |A| = 3/R?, where
R is the radius at which the effects of the cosmological constant are felt.

"The fastest way of obtaining this result is to compute the Christoffel symbols by variation of the particle
action in the metric ansatz:

Sp = %m/dT (guvitd” —1) = %m/dT (—A(r) i* + B(r) 7 +1%(6° +sin” 0 $%) — 1) ,

and match to the geodesic equation. This produces naturally all the non-vanishing Christoffel components. Then,
one must compute explicitly the Ricci tensor from these connection coefficients.
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Inserting the ansatz ((5.39)) in the vacuum Einstein equations, R, = A g, we find

r 1 /A B
R B 1 (2, 7Y,

B A rB

A8

which implies A(r)B(r) = constant. Since A(0) = B(0) = 1 to get back Minkowski spacetime
at short distances, we find A(r) = 1/B(r). Inserting this result now into Rgg = Aggy = r2A we
obtain

(rA)Y =1- Ar? ,

which, together with the boundary condition at 7 = 0, is solved by A(r) = 1 — Ar?/3. These

metrics
dr?

dsi = —dt* (1—3Ar%) + ———
5A ( 3 T) 1—%A7‘2

+ r? dQ? (5.42)
are known as de Sitter spacetime (dS) for A > 0 and Anti de Sitter spacetime (AdS) for A < 0.

AdS is a smooth non-compact spacetime of constant negative curvature. Defining a new
radial variable p as » = R sinh(p/R), we learn that the spatial sections at constant ¢ have
3-metric

ds}ys = dp? + R? sinh?(p/R) dQ? |

which is the three-dimensional generalization of the famous Lobachevsky (hyperbolic) plane, a
space in which volumes enclosed by large spheres scale like the surface area.

The dS metric is singular at » = R = 1/3/A, but this is only a singularity of the particular
frame used to write down the metric. Clearly, the Ricci curvature stays constant throughout
all dS spacetime, and one can explicitly show that the dS metric can be analytically extended
beyond » = R. To see this, define

zo =V R?> — r? sinh(t/R) , z1 =V R? — 12 cosh(t/R) ,

and let 23 + 23 + 27 = r? parametrize an S? of radius r embedded in R3. Then, it is easy to see
that dS spacetime is the hyperboloid

R A A4 22 =R
embedded in five-dimensional R? with Minkowski metric
d5%5 = —dz2 +d2} +d2d +d2E +d2E

Hence, we see that dS is a homogeneous spacetime without singularities. In this description, it
is evident that the full isometry group of dS is the Lorentz group in five dimensions, namely
0(1,4).
There is another intrinsic representation of the dS metric that covers the entire manifold.
Setting
20 = R sinh(¥'/R) , 2k = R cosh(t'/R) Ny, ,k =1,2,3,4,

where Ny, is a unit vector in R*, parametrizing an S® of unit radius, we have
dsig = —dt'* + R* cosh®(¢'/R) d(3; . (5.43)
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In this form, the dS metric looks very different from . It comnsists of a 3-sphere that
contracts from the infinite past to a radius R and then re-expands again into the future with an
asymptotically exponential rate. Hence, dS space is a cosmological spacetime, something clearly
surprising if we are given only the static formﬁ

Problem: May “The Force” Be with You

Study the radial geodesics of massive test particles in the vacua with nonvanishing cosmological
constant. Show that A behaves as a repulsive cosmic potential for dS and as a “confining” cosmic
potential for AdS.

5.2.3 The Schwarzschild Solution

The Schwarzschild metric is the unique asymptotically flat vacuum solution with SO(3)
symmetry and static. It is therefore the appropriate metric for the exterior of a spherically
symmetric and time independent matter distribution. In fact, it turns out that the static
condition is redundant, as proved by Birkhoff, all vacuum solutions of SO(3) isometry group are
static (there is no purely monopole gravitational radiation). This result is entirely analogous to
its electromagnetic cousin.

Plugging the ansatz into the vacuum Einstein equation R, = 0 one finds

Ry Ry 1 (A’ B’)_O

B A rB

T 4 5 (5.44)
where primes stand for radial derivatives. From here, we obtain A(r)B(r) = constant. This much
is the same as in the discussion of isotropic vacuum solutions but now, instead of demanding
smoothness at the origin of polar coordinates, we require that the metric approaches Minkowski
at infinity, so that we get, again, A(r)B(r) = 1. Now, it is enough to concentrate on the Rpy
equation, that reads

Rgg=1—A'(r)r — A(r)=0,

with solution rA(r) = r + constant. Since we must approach the Newtonian form gy — —1 +
2GM/r + ... at large radius, this is enough to fix the complete metric as

2GM 2GM\ !
d52:_<1_ G )dt2+<1— ¢ > dr? +r2d0? | (5.45)

T r

where M accounts for the total energy contained in the spacetime. ﬂ

80riginally, de Sitter found the static form , describing only one patch of the full dS spacetime. Despite
this, Hubble did incorporate a cosmological interpretation of the static dS metric in his fits of galactic recession
velocities.

9Tt is also possible to generalize the asymptotically flat Schwarzschild solution to analogous solutions with
dS or AdS asymptotics. The naive answer obtained in the limit (GM)?>A < 1 turns out to be exact, i.e.
A=B 11— LA - 26
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Problem: Birkhoff Theorem

Show that the time-independence of the metric ansatz for the Schwarzschild solution is redundant,
namely vacuum solutions with SO(3) symmetry are necessarily static.

The metric components are singular at the so-called Schwarzschild radius r¢ = 2GM. For
standard astrophysical bodies, such as stars and planets, one has ry ~ 3(M/Mg) km, so that
this singularity is irrelevant in many applications, since the Schwarzschild solution must be
matched to some ‘interior’ solution at the surface of the body. Any object for which the vacuum
Schwarzschild solution would apply down to r = r; is called a black hole.

The behavior of the » = r4 surface is similar to the analogous surface in de Sitter space, the
singularity being just an artifact of the particular coordinate system. A freely falling observer
is only sensitive to the tidal forces, which are controlled by the Riemann tensor. By direct
calculation, it is possible to check that all the non-vanishing components of the Riemann tensor
in the vicinity of » = rs are of order 1/r2. Therefore, tidal accelerations have the expected
value inferred by extrapolation from Newtonian scaling: for an object of length ¢, a(¢)tigal ~
GM¢{/r3 ~ £/r2. This shows that an infalling observer will not notice any singular behavior
upon crossing the surface r = rg. This crossing occurs in finite proper time. The proper time
to radially fall from some initial radius r¢9 > rs down to r is

o dr
—_— < 0.
re [Ts _Ts
T To

Hence, the proper time for radial fall is finite, as well as the tidal forces at » = r, and there is
no physical singularity.

AT =

5.3 The Classic Tests

With the Schwarzschild solution at hand, we can now discuss the three classic tests of General
Relativity. We demonstrate the advance of perihelia, the bending of light and the gravitational
red shift effect in the background of the Schwarzschild solution. We also include a fourth ‘classic’
test for radar echo delay in the Solar System. Today, the precision measurements based on these
effects confirm the theory down to the 1075 level.

5.3.1 Orbital Precession

Planets will be approximated as pointlike particles of mass m following free-fall geodesics in
the Schwarzschild metric. In strict analogy with Kepler’s problem, this system can be completely
integrated once the symmetries are taken into account. As a consequence of the spherical
symmetry, particle orbits lie on a plane, which can be regarded as equatorial. Restricted to this
plane, the spacetime enjoys two commuting Killing vectors: the temporal one & = 9/0t and the
polar one &4 = 0/0¢. The associated Noether charges are the energy and angular momentum

E=—pu& =m(l—2GM/r)t,  L=pus=mr’¢. (5.46)
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Defining the energy and angular momentum per unit mass ¢ = E/m, ¢ = L/m, we have, from

the dispersion relation pop® + m? =0, or u? = —1,

&2 . 72 . /2
1-2GM/r 1-2GM/r r?~
This equation is equivalent to the classical one-dimensional motion of a unit-mass particle of
energy per unit mass equal to eog = (¢2 — 1)/2, subject to the effective potential

GM 2 GME
r 2r2 r3

1= (5.47)

Vet = (5.48)

So that 7 can be solved from .
3 2 Ve (1) = eeff - (5.49)
Compared to the Newtonian problem, the crucial new feature of this potential is the last term
—GM??/r3 which dominates over the Newtonian one at small enough radii, and is negative
definite, representing a clear tendency for the orbits to be destabilized towards small radius.
The centrifugal barrier is no longer infinite. In fact, it is not present at all if £2 < 12(GM)?. In

this case, any particle on a trapped orbit, €2 < 1 will fall to the Schwarzschild radiusm

Ves

\_— ’

Figure 5.1: Effective potential for massive particles with {2 > 12(GM)?. For £ < 12(GM)? the
centrifugal barrier is gone.

For ¢2 > 12(GM)? the potential has a stable minimum at R, and an unstable maximum at
R_, with

R 024 \/1r —12(¢GM)?

T 2GM ‘
Thus, stable circular orbits exist at R, which is restricted to be greater than 6GM. Unstable
circular orbits exist at R_ which is restricted to 3GM < R_ < 6GM. Any particle in a circular
orbit has angular momentum per unit mass

G M R?
C=\mr —scar (5:51)

0Notice that the effective energy ceq is nothing but the Newtonian energy per unit mass in the nonrelativistic

(5.50)

limit.
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and energy per unit mass equal to (obtained setting 7 = 0),

Ry — 2GM
g = .
VRi(Rs — 3G M)

(5.52)

For 3GM < R_ < 4GM, ¢ ranges between oo and unity, so that any particle in unstable circular
orbits with R_ < 4G M will escape to infinity if perturbed outwards.

Regarding the stable circular orbits, the lowest possible one (known as the ISCO) sits at
R,y = 6GM, and its binding energy per unit mass is

ep=1-c=1—+/8/9~0.06. (5.53)

Hence, particles in circular orbits at very large radius, with € = 1, will steadily lose energy and
angular momentum by gravitational radiation emission. Gradually, they will spiral down to the
last possible circular orbit at Ry = 6GM, and then fall rapidly to the Schwarzschild radius.
In the quasistatic process of gravitational radiation emission, up to six per cent of the initial
energy is radiated, a quantity which is not negligible. So, we see that gravitational radiation,
being cumulative, can have significant effects over time, even if the radiation power is so small.
If the radiated energy is mediated by electromagnetic interactions, as happens through viscous
(turbulent) friction in accretion disks, the release of energy with such efficiencies is much more
powerful than thermonuclear reactions in stars.

The para_metric equation for the orbits can be obtained by writing 7 = \/2(ger — Vesr) and
dividing by ¢ = L/mr? to obtain
T d T Ld
Ap = / 9 gy — / ! . (5.54)
ro dr 'ri \/2m2r4(aeff — Vetr)

Setting r; and r¢ at the turning points, which solve Vig(r+) = e, computes the perihelion
advance for closed orbits. We can derive a simple approximation to the orbital precession in the
case of nearly circular orbits (small eccentricity). For a nearly circular orbit, we can study the
harmonic approximation to the potential near R, and we find a characteristic frequency

_ GM(Ry — 6GM)

2 "
wr =Vg(Ry) = . (5.55)
ro el R3(Ry — 3GM)
On the other hand, the angular frequency per revolution in the polar angle ¢ is
2 GM
wj = (5.56)

RY ~ RZ(R, —3GM)"

The inequality of these two frequencies translates into a precession of the orbit. The precession
frequency being simply the difference

wp = wy — wr =y (1= /1= 6GMIRy) . (5.57)

To lowest non-vanishing order for large Ry, we find

3(GM)3/?
o A , (5.58)
? RY?
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or, in terms of the angular advance per period Ty, ~ 27 R4/ Ry /GM:

6mrGM
Ay, ~ 22 (5.59)
Ry
A direct evaluation of ((5.54)) for arbitrary orbits yields the general result
6rGM
Apy, ~ —— .
(Z)p (1 - 82)a ) (5 60)

in terms of the eccentricity e and the semimajor axis of the ellipse a. This gives the famous
43 seconds of arc per century for Mercury. For the equally famous binary pulsar of Hulse and
Taylor, the precession is about 4 degrees per year!

Problem: Planetary Precession in a Wrong Theory of Gravity

Compute the precession of Mercury in a scalar theory of gravity and compare with the result in GR.

5.3.2 Gravitational Lensing

We discuss light (photon) propagation taking the m — 0 limit of the particle propagation. In
this limit the proper time becomes a bad parameter and we need to re-parametrize the trajectory
in terms of an affine parameter or in terms of coordinate time. For the purposes of describing
photon orbits we can avoid such choices by focusing on the parametric equation

@ B [2m2r4

~1/2
o |12 (Ceff — Veff)]

which does admit a non-singular m — 0 limit. In this limit the photon angular momentum
is given by L, = [py|b = E, b, where b is the impact parameter for unbounded orbits. The
resulting photon parametric equation is

4 ~1/2
% = [22 —r(r— ZGM)] . (5.61)

The expression in brackets vanishes at the turning points r( of the orbit, which are then localized
at the largest positive root of the equation

re — b (rg —2GM) = 0. (5.62)

Such a root only exists for b > b, = 33/2GM, which corresponds to the smallest possible impact
parameter such that the photon is not captured, giving the capture cross section

Ocapture = ng = 2777(GM)2 . (563)

It is interesting that the critical value of the impact parameter corresponds to a turning point
ro = 3G M, which happens to be degenerate, in the sense that the photon admits a circular
(albeit unstable) orbit at this radius.
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Figure 5.2: Gravitational bending of a light ray grazing at a distance ro from a central field.

The light that is not captured will scatter off the gravitational field. The deflection of the
light ray is defined by
0p=A¢p— 7, (5.64)
with A¢ = ¢(0 = +00) — ¢(0 = —00).
So, the total A¢ is twice the amount from the turning point g out to infinity:

o d
Ag =2 / ! . (5.65)
ro /T2 —1r(r —2GM)
To estimate this, we change variables to u = ro/r and eliminate b via (5.62)) to obtain
! du
A =2 / | (5.66)
— 2 —2GM () _ 43
0 \/1 u S (1 —u?)
Expanding to leading order in GM /1y we finally obtain
4GM A4GM
A¢p =+ . +...=7r+T+..., (5.67)
0

since the difference between ry and b is already of order GM /ry. Hence, the deflection of light

is, to leading order

5¢p ~ MTM . (5.68)

For starlight grazing the Sun, one obtains the famous 1.75 seconds of arc that were measured
by Eddington in 1919 and that started Einstein’s life as a pop icon.

Problem: Newtonian Light Bending

Compute the light bending effect in the purely Newtonian metric ds% = —(1 + 2¢y)dt? + dT?, a
computation done by Einstein in 1911. How does the answer compare with GR and with the purely
Newtonian answer that Newton himself would have obtained in his corpuscular theory of light?

Today, gravitational light bending is a routine tool for Astronomy. Heavy objects, such as a
galaxy, sitting in between us and some distant source (another galaxy) can act as a gravitational
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Figure 5.3: Gravitational lensing by a point mass My, (angles exaggerated). (a) Side view. The source
S is seen at an angle B from the optical axis through the lens. The lens is at distance Dy, from the
observer O, the source plane is at distance Dg, and Dps ~ Dg — Dy. A light ray passing the lens at
impact parameter b ~ 6 Dy, is bent by the angle 6¢ = 4GM;, /b of . It reaches O from the direction
0., so that S appears at the image position S.. The heights on the source plane give the lens equation
0Dg =~ Dg + 6¢ Drs. A second ray (gray) passes on the other side of the lens with a smaller impact
parameter and a larger deflection, and produces the image S_ at §_ < 0. (b) The sky seen by O for
B = 0g/2. The images of a small circular source (dotted) lie on opposite sides of the lens: at 6, outside
the Finstein ring of radius 0, and at 6_, inside it. Both are stretched tangentially, with areas, relative
to the source, approximately equal to the magnifications 1.59 and 0.59. For = 0 they merge into the
ring. (c¢) The image positions 01 = %(ﬁ + B2+ 402E) as functions of 3, with 040_ = —6%. The dots
mark the case shown in (b). For B >> 0 the primary image approaches the true position, 8, — 3, while
the secondary one approaches the lens and fades.
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lens. Consider the geometry of the figure, featuring a source at distance Dg and a lens of mass
M, at distance Dy, slightly displaced a small angle 8 from the line of sight of the source, which
is itself seen at an angle # with respect to the line of the lens. Then, the impact parameter for
the bent light ray is b = 6 Dy, and from the figure we find, in the approximation that all angles
are very small

0Dg ~ BDg + 0¢Dyrs , (5.69)

where Dyg ~ Dg — Dy, is the lens-source distance and d¢ is the GR deflection angle (5.68)).
Using 0¢ ~ 4GMp /b~ 4GMy /0Dy, we may solve for 6 as

0, = % (5 +./82 + 49%) , (5.70)
_ [AGMDrs
Op = 5,05 (5.71)

is called the Einstein angle. If the source and the lens are approximated as pointlike and are
exactly aligned, one sees a ring subtended by the Einstein angle 6g. If source and lens are
slightly misaligned one sees two distorted images around the angles 61 in . When the
lens has a more complicated structure, the lensing produces multiple images in complicated
deformation patterns. If one can measure g and estimate the distances to the source and
the lens, one can obtain a measurement of M. For typical cosmological situations of galaxies
lensing background galaxies, one has g = O(1) arcseconds, perfectly detectable with modern
telescopes. For compact objects of My ~ Mg lensing stars within galactic scales, one has
Einstein angles a thousand times smaller, not directly detectable. However, the slight increase
in brightness caused by the focusing is detectable, a situation that is described as microlensing
and can be used to scan statistically for such compact dark objects acting as lenses. Since those
objects have characteristic velocities in the galaxy in the range of the average orbital velocity,
about 200 km/s, the crossing time at a typical distance Dy ~ 10 kpc is about

where

OpDr 10 3arcsec ﬂ
vL 200 km/s

Atcrossing ~ ~ 0.2 years . (5.72)
Therefore, month-long peaks in luminosity are signals of microlensing by such compact objects
within the galaxy.

5.3.3 Gravitational Redshift

In a general spacetime with metric g, the locally measured frequency of light depends on
the point of measurement, as well as the state of motion of the observer. An invariant definition

is given by the expression ([2.88))
w= —kyu", (5.73)

where k,, is the wave vector of the light ray and u* is the four-velocity of the observer. Hence, in
order to relate the measured frequency at two different events, one typically needs to solve for
the null geodesic of the light path between them. Things are greatly simplified if the observers’
trajectories are tangent to a Killing vector. In general, given a Killing vector £ and a tangent
vector T to some geodesic curve, the contraction £, T* is constant along the geodesic (cf.
(5.31)). Applying this lemma to a pair of static observers with four-velocity parallel to the
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temporal Killing vector of Schwarzschild, £ = 0/0t, we find that {,k%* = constant along the light
path and therefore is the same at emission and reception. The four-velocity of static observers
is normalized by definition u“u, = —1, so

w=—t (5.74)

vV _fufu .

FI'OHI (5 : k)ernission - (g ‘ k)reception we deduce

Wem _ (_52)1}(3/(:2 _ 1— 2G']w/rrec (5 75)
Wree (_gz)ér/n? 1—-2GM/reym ’

Hence, light redshifts as it climbs through the gravitational field. For small trips of height
h = |Trec — Tem| one finds Aw/w = |g|h/c?, an effect of order 10715 that was tested by Pound and
Rebka in 1959, with h ~ 22.5 m, the height of the tower of the Jefferson Physical Laboratory
at Harvard University. Today, accurate consideration of this effect is essential for the correct
performance of GPS systems.

Problem: Those Twins Again

Consider our proverbial twins again, but now the traveling twin embarks on a trip around a trapped
solar orbit with initial velocity very close to the escape velocity from the Sun. After a very long time he
falls back to Earth. Who is younger?

5.3.4 Echo Delay

The unofficial ‘fourth classic test’ of General Relativity is Shapiro’s echo delay effect, pro-
posed by Shapiro in 1964 and first tested in the late 1960’s by bouncing radar pulses off Mercury
and Venus (and later off interplanetary spacecraft). The idea is that lensed electromagnetic sig-
nals (or any other massless carrier of information) passing near a massive body take longer time
than they would in flat spacetime.

For any static spacetime null geodesics satisfy

ds* = 0 = goo(Z)dt* + ) _ gij(¥) da'da’ (5.76)
]

Assuming that ggp does not vanish in the region of consideration, the null geodesics also satisfy
~2 SO
ds" =0=—dt* + Zgij(a;) dx'dz’ (5.77)
tj
where g;; = ¢ij/|goo| is the so-called optical or Fermat metric. It is a 3-metric of Euclidean

signature whose geodesics give the spatial trajectories of light rays. In particular, the coordinate
time lapse taken to go along some geodesic curve C' is

te —/ gij dridxd . (5.78
V9 )
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Figure 5.4: Arrangement for the test of the echo time delay.

Now, it is clear that a null geodesic that grazes the Schwarzschild radius (coming close to a
black hole) will encounter very small values of ggo, so that Fermat metric is greatly stretched
in these near-horizon regions and the signal will be greatly delayed, compared to the answer in

flat space.
To be more quantitative, in the Schwarzschild metric we can pass to the so-called isotropic
radial coordinate defined by
GM >
=pll4+—— 5.79
r=o(1+50) (5.79)
in terms of which the Schwarzschild metric reads
1 GM\?2 aM\*
ds? = — [ —22 ) a4+ (14 —=—) (dp®+ p*d9?) . 5.80
s (1 e + {1+ 5 (dp* +p ) (5.80)
This leads to a Fermat metric
GM
52 2 2 22 - <1+2|f‘>
ds = —dt* +n(Z)°dz*, n(¥) = (5.81)

where we have written d#? = dp? + p? dQ?. In the metric (5.81) the Fermat geodesics C are
straight lines in # coordinates, to leading order in GM. Denoting by ¢ a length parameter along
these straight lines, the elapsed time becomes

to = /C dn(Z(0)) (5.82)

showing that n(Z) behaves as an effective ‘refraction index’. Since n(Z) approaches unity far
away from the gravitating body and it is otherwise larger than unity, any signal that approaches
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a massive body on its way suffers a time delay with respect to what it would be in flat spacetime.
If we have a signal between two points in near opposition at radii R4 and Rp from the gravitating
body of mass M, and the distance of closest approach of the null geodesic with the central body
is Ry, we have a delay

ARy ) (5.83)

At = / dl (n(Z(€)) — 1) = 2GM log <2 +1
C RO
on doing the integral in the regime GM < Ry < R4 g. In an echo experiment where the signal
is sent from A to B and back, the delay comes with an extra factor of two[l]

We are quoting in ((5.83)) the time delay in the ¢ coordinate. A real clock at point A would tick to proper time
rather than coordinate time. The two are related by the usual factor of \/—goo(A) = \/1 — 2GM/R.4, which we
may neglect when A is far away from the gravitating source.
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Chapter 6

Faraway GR

Despite the fact that the long-distance physics of gravity is dominated by the cosmological
constant term, A, whose physical interpretation will be explained when we discuss cosmology in
more detail, its extremely small value in nature implies that the approximation A ~ 0 is very
good at any length scale below Megaparsecs. On such scales, strong gravitational fields appear
near localized sources, the field becoming very weak far away from them. Therefore, it is a good
approximation for most non-cosmological purposes to model spacetime as asymptotically flat,
solving Einstein’s equations with A = 0 and assuming asymptotic conditions at ‘infinity’ ap-
proaching Minkowski spacetime. The weak-field approximation is actually good in most places,
either because the gravitational fields are weak everywhere, or because one measures them far
away from the possibly strong sources. In this chapter we consider the weak-field approximation
to Einstein’s equations in asymptotically flat spacetime. This will allow us to set the language
used in discussing actual tests of small relativistic effects, the physics of gravitational radiation
and some more formal topics like the definition of global notions of energy.

6.1 Weak Gravitational Fields

We begin our analysis of weak gravitational physics with the linearized approximation of
Einstein’s equations with A = 0, valid for the physical situation of weak gravitational fields
in a Minkowski background or more generally for weak gravitational fields in any spacetime
whose radius of curvature is much larger than the length scales of interest. In the course of
this analysis, we will make contact with the Newtonian theory, define global notions of mass
and angular momentum in asymptotically flat spaces, and obtain an elementary discussion of
gravitational radiation.

6.1.1 Linearized GR
The basic situation under consideration is that of metrics of the form
Gap = Nap + haﬁ y (6~1)

with hopg ‘small’. The appropriate notion of ‘smallness’ must be qualified because of the basic
ambiguity by reparametrizations. Even flat Minkowski space can show a metric tensor that has
‘large’ components, simply because it was written in a frame with large accelerations. Hence,
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we shall split the metric as above, as a Minkowskian part plus a perturbation, adopting a
preferred Minkowskian frame in which the flat part of the metric is the standard Minkowski
one 7qp. After this preferred frame z% has been chosen, only Lorentz transformations on the x®
are allowed, leaving the background metric 7, invariant. The action of a general infinitesimal
reparametrization on this preferred Minkowskian frame, % — 2% — ¢%(x), induces a change of
the metric functions

gab(x) - gab(x) =+ a(ng(x) + 8b5a(x) + 0(52) s (62)

which can be reinterpreted as a redefinition of h,j,, rather than a reparametrization of the
Minkowskian coordinates x®. Therefore, the linearized gravitational field tensor hyp, inherits a
gauge redundancy

hap — hap + Oucp + Opeg (6.3)

as the linearized approximation of the general coordinate invariance of the underlying theory.
We can now linearize Einstein’s equations, starting from

18, =15 W + 0(h?) = 1 n° (Buhpa + Ohad — Bahay) + O(h?) . (6.4)

In the following, it will be convenient to raise and lower Lorentz indices with the Lorentz metric
Nap- The Ricci tensor linearizes as

Ry = R +0(h?) = 0,15, W — 0,15, D + O(h?) (6.5)
and the Einstein tensor is given by
Gap = G +0(h) = § (=0%yw + 0a0v + 0400 — 100" ea) + O(h)  (6.6)
in terms of the related field
Yab = hap — 5 naph h=1"ha . (6.7)
So the Einstein equation in the linearized approximation reads
G = 8xG T, . (6.8)

It is easy to check that this is none other than the Fierz—Pauli field equation for a massless
symmetric tensor, coupled minimally to the energy-momentum tensor of matter. So, we recover
the first step in the long-road program towards GR, if we did not fancy taking the shortcut
through the Equivalence Principle.

The linearized Einstein tensor simplifies considerably by choosing an analog of the Lorenz
gauge in electrodynamics,

Ve =0, (6.9)
in which the linearized Einstein’s equations boil down to
— 0%y = 167G Ty, (6.10)

taking the form of a standard wave equation, with an equally standard solution in terms of
retarded potentials

—

Tt — |7 — i,
Vab(x)retarded = 4G / “ ( ‘f’— gf/’ y> dgy (6.11)

—

for fields that vanish at infinity. Fields that do not vanish at infinity can be incorporated by
adding solutions of the homogeneous vacuum equation, 0%y, = 0, i.e. gravitational waves
propagating in vacuo at the speed of light.
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6.1.2 Newtonian and Post-Newtonian

Assuming that the energy-momentum of the sources is time-independent and non-relativistic,
i.e. velocities of massive objects are small: |T%) > |T%| > |T%|, we approximate the solution
of (6.11)) by 7i; = 0 = 704, and the dominant component is

Too(¥/)

-z

00(Z) ~ 4G / &’y (6.12)

Since Tyo ~ pm, for non-relativistic sources, the matter mass density, we have a direct relation
to the Newtonian potential ¢y,

Yoo = —4 N . (6.13)
Using now v = —h = —vgp and hgp = Yap — % Nab?y We obtain for the original metric perturbation
hoo & 3 Y00 » hoi = 0, hi; =~ d;5hoo ,

which gives back the known asymptotic form of the metric perturbation,

2GM .
hoo ~ —2¢Nn = E M= /d?’acpm(ac) ,

previously derived from the non-relativistic limit of the geodesic equation. Hence, we have found
the following asymptotic form of the metric as sourced by a non-relativistic system of mass M:

2GM 2GM
ds2:—<1—|c;:‘+...> dt2+<1~|— |C;| +> dz? (6.14)

valid for |Z| > 2GM.

An important observation regarding the asymptotic form is the possibility of reading
off the mass of the field source by inspection of the long-distance tails of the deviation of the
metric from the Minkowski form. This is the GR analog of Gauss’ theorem, and it will be a
recurring theme in what follows.

The metric is a more accurate one than the strict Newtonian form , including
the effect of purely spatial curvature in addition to the temporal curvature. This is enough to
get the leading effects of light bending right. Still, to get the correct perihelion precession for
Mercury one needs to go to order (GM/r)? in ggo. This was done by Einstein in November 1915
a few weeks before Schwarzschild discovered his complete nonlinear metricﬂ To understand why
the leading post-Newtonian effects regarding the orbit of Mercury require going one step further
than the leading linearized approximation , consider a general metric ansatz of the form

ds* = —(142¢ +28¢%)dt* + (1 — 2y¢ + (4°) dZ? (6.15)

with 3,7, some constants. This captures the Newtonian approximation when ¢ = —GM/|Z |
represents the Newtonian potential and parametrizes the leading corrections up to, and includ-
ing, order (GM/|Z])?2. We can now consider a test particle freely falling in this metric, and

!The goo component in the ordinary Schwarzschild metric does not contain (GM /r)2 terms, but notice that
is written in isotropic coordinates because of the presence of the dZ? term with the definition of radius
as |Z|. So we should rather compare (6.14) with the large distance expansion of which yields a correction
—2G2M2/‘f|2 to goo-
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expand the Lagrangian out to next-to-leading order in the non-relativistic approximation. Since
¢ is the Newtonian potential we have v? ~ ¢ in typical bound orbital motions. Therefore,
keeping terms to O(v*) requires that we also keep the O(¢?) and O(v?¢) terms, leading to

da® da® 1, 22,1, -4 1 2 (1 .
T —m+smv +gmv —mo+5m(1-26)p"—(5 +y)mevi+...

(6.16)
so that the O(¢?) term in the time-time component goo of the metric (6.15) does contribute
to the relativistic corrections. Notice, however, that the term ($? in the spatial components
of the metric only contributes to order ¢?@? and therefore can be dropped at the level of
accuracy respected in . The O(7*) and O(¢?) terms are respectively the leading relativistic
corrections to the kinetic and potential energy of the particle. On the other hand, the O(¢7?)
term represents qualitatively new forces that depend on velocities.

Q

L=-m —Yab

In the analysis of precision experimental tests, one usually parametrizes the deviation from
Einstein’s theory by the so-called post-Newtonian parameters which represent the asymptotic
metric ansatz

2GM 2G? M*? 2GM
ds2_>_<1_ H +8 FIE +> dt2—|—<1—|—’y 7] +) dz? +... . (6.17)

We can quote the equivalent presentation of this metric in the ‘standard’ or Schwarzschild frame,
rather than the ‘isotropic’ frame. The standard frame is characterized by defining the radial
coordinate r so that the area of spatial spheres at radius r is 4772. So, the standard presentation
of the post-Newtonian spacetime is

2172
ds® — — (1—2611\4+2(ﬂ—7)GT]2V[ +) dt* + (1+fy2ciM+...> dr? +r2d0? + ... .
(6.18)
The prediction of GR is 8 = v = 1. Recalculating classic tests for the metric one finds
a factor of (1 + ~)/2 with respect to the GR prediction, for the bending of light and the echo
delay. The precession of perihelia is corrected by a factor of (2 + 2y — /3)/3. On the other hand,
the gravitational redshift remains the same as in GR to this order in the gravitational potential.
Together, these solar-system precision tests bound |1 — | and |1 — | to be at most of order
1075.

Parametrizing Extensions of GR

The reader may be surprised by our insistence on checking the deviations from GR at the 107>
level through the post-Newtonian parameters «v and [, given that the Principle of Equivalence
is tested to the 10! level. The reason is that the minimal Einstein theory is not the only
one that is compatible with the Principle of Equivalence. What this principle tests is the
universality of free fall, that is to say, the universality of the coupling of matter to gravitation.
In Einstein’s language, this means that the effect of gravity on matter is equivalent to postulating
the existence of a metric that couples minimally to matter at the Lagrangian level, at least to
leading order in the long-distance expansion, but this universal metric may not be determined
by the standard Einstein’s equations of minimal GR. An example that illustrates the point is
the addition of a small correction to the gravitational dynamics by postulating a scalar field ¢
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with gravitational-strength couplings to matter, such as the theory (3.1)) with action

1 e - s e
S = = /\/—g (R— 29" 8u¢3u<ﬂ> +/\/ -3 (Em(guw‘ll) + a9 JapgT 5) , (6.19)
167G

where R is the Ricci scalar for the metric Juv that has a standard Hilbert action. The coupling
to matter of the new ‘gravitational’ degree of freedom ¢ is modulated by a small dimensionless
parameter o and we have allowed for a parametric difference between the Newton’s constant
appearing in the Lagrangian, G, and the one measured in, say, a Cavendish experiment, G. This
scalar coupling redefines the free-fall metric by a conformal rescaling g, — g = (1+ ap)? G-
For point particles this is exact, since a [ /=g ¢ gaBTaﬁ = —« Zp my, | d7, ¢ turns the particle
action into — 3> my, [ d7, (1+ap) = =37 m, [ drp, while for general matter it holds to leading
order in a. So, the Principle of Equivalence holds with respect to the rescaled metric g, but
Einstein’s equations are now extended by the presence of g0E| Examining a vacuum solution for
the coupled system of g,,, and ¢, with asymptotic behavior ggg ~ —1+ ZGTM at large r, one finds
an effective metric where matter ‘falls’, g,,,, of the form with post-Newtonian parameters

y=1-2a>+0(a"), B=1-1a*+0(%, (6.20)

and a phenomenological Newton’s constant given by G' = G(1 + o2). The value of 3 is sensitive
to the form of the coupling at second order in ¢: for instance, the famous Jordan—Brans—Dicke
theory has an exponential coupling g,, = e2e¢ Juv, giving the same v, but 8 = 1 exactly.

So we see how this theory can satisfy Einstein’s Principle of Equivalence to the 107 level
and yet have post-Newtonian corrections of order 107°. In view of , those corrections
are mostly felt in the ~ parameter, governing light bending and echo delay, which are the
effects for which the scalar does not contribute at all, and bound the dimensionless strength
parameter « to be at most of order 1073, Various non-linear generalizations of such scalar-metric
theories exist, among which the Jordan—Brans—Dicke theory played an important historical role.
Another important lesson is that gives a simple example of a theory that violates the so-
called ‘Strong Principle of Equivalence’, by which we mean that universality of free fall includes
extended systems with significant gravitational self-energy. Near a heavy body, the self-energy
has contributions from the gradients of the new ¢ field, and not just from the g,, metric. A
measure of the violation of the Strong Principle of Equivalence is given to post-Newtonian level
by the so-called Nordtvedt parameter E|

which vanishes for GR and is of order 2a for the scalar-metric theory discussed here.

2The action in terms of g,, is known as the ‘Einstein-frame action’. Equivalently, we can rewrite the
whole action in terms of the metric g, felt by matter. The Hilbert term then becomes v/—g R/167G(1 4 a)?,
plus a modified kinetic term for ¢, so that we would be working with a ¢-dependent Newton constant, a form of
the action known as the ‘Jordan frame’.

3This formula can be derived within an extension of the effective Lagrangian to a system of many
gravitating bodies. In GR, this many-body Lagrangian was first obtained by Einstein, Infeld and Hoffmann in
1938. Its post-Newtonian generalization, and the formula for 7x, are due to Nordtvedt (1968).
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Problem: Scalar-Tensor Theory

Consider the scalar-tensor theory and derive the post-Newtonian parameters of the Jordan-
frame metric. Embed this model into the Jordan—Brans—Dicke family of theories (more precisely, into its
generalization with a field-dependent Brans—Dicke parameter) and present the resulting Lagrangians in
both Einstein and Jordan frame.

6.1.3 Dipole Tails from a Little Rotation

Coming back to the safe realm of GR, we have seen that the leading Newtonian approximation
to yields a long-distance metric field hog ~ 2G'M/|Z|. This kind of approximation can be
systematized by performing a multipole expansion of the integral, i.e. we consider sources with
effectively ‘compact’ support over a region of average size ¢ < || and expand

11 dg 3@ —|dP g
=gl [F 7P 2|z°

Monopole terms are of O(1/|Z ), dipole terms of O(1/|Z|?), quadrupole terms of O(1/|Z|?), and
so on. This expansion can be applied to all components of the metric field ~y,,. For simplicity,
we shall continue with our assumption that T, is time-independent, although this hypothesis
can be lifted by a more detailed treatment of the multipole expansion. At any rate, any source
can be regarded as stationary in time if the time resolution of the measurements average out
fast motions, so we can regard a source stationary if the time-dependence is lost to us ‘for all
practical purposes’.

For stationary T, the conservation equation 9,7% = 0 implies > 1w OkTar = 0. This leads
to some useful identities for the spatial integrals of the energy-momentum tensor. Denoting

[ dy = [gs, we have
Ty = Ok (Tpaxi) =0, 6.22
/]1%3 J /}R3 Ek ke (Tha;) ( )

where we have neglected the boundary terms in the last step, under the assumption that T,
has compact support. Setting a = 0 in this equation we obtain that the total momentum
vanishes P, = ng To; = 0. With a = ¢, we see that the volume average of the stresses T;; also
vanishes. This implies that the monopole approximations to 7p; and ;; both vanish, and these
terms are dominated by the dipole contribution. Since hg; = 70; and h;; = v;; — %5157, with
v = —700 + dipole terms, we see that h;; is dominated by the monopole contribution to ~gg.

Hence, in order to capture the leading behavior of the metric perturbation, it suffices to
consider the monopole approximation to ygo and the dipole approximation to ;. Under these
conditions, the monopole and dipole approximations to vg; are

R . 4G
@) = @) = 21 [ 7 ,ﬁ‘gzmg/yﬂo@

The first monopole term, proportional to the total momentum of the system, vanishes for time-
independent sources. More generally, it can be eliminated by adjusting the frame to be at rest
with respect to the sources. Then, as already stated above, the leading contribution to hg; is
the dipole term. We can simplify it by using again the time-independence condition to write

0 :/ Yiyj ZakTOk = —/ (y; Toi + vi Toy)
R3 - R3
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so that the dipole term is purely antisymmetric in the indices 7, j. Finally, using that the angular
momentum is defined as

Jk

3 Zﬁz‘ijij =—1 ZQ’jk /RS (yiToj — y;Toi) (6.23)
]

ij

(the minus sign is there because we have lowered the time component of the energy-momentum
tensor) we see that we can read off the angular momentum of the source system from the
O(1/]Z |?) tail of the off-diagonal metric components,

hoi (%) ‘_,‘3 Z%kxyjk (6.24)

Hence, in stationary situations, the long-distance behavior of the asymptotically flat spacetime
is controlled by the total mass and angular momentum of the sources ‘inside’ by the following
|Z| — oo asymptotics:

2GM 4 - 2GM
d52—>—<1— ‘C;’ +...>dt2+<F(ij)+...>-d£dt+<1+ ¢ +...>d:)?2. (6.25)

zP |7

6.1.4 Gravitomagnetism

The off dlagonal terms in - ) have a characteristic effect on test particles. As we have
seen in , the effect of a term 2h dZ dt in the metrlc can always be reinterpreted as inducing
‘Corlohs—hke force with effective angular velocity 2 5 d x h. More precisely, we have a ‘Coriolis
field’, since the effective angular velocity has a non-trivial space dependence. Indeed, if we rerun
the analysis of the particle action in by including such an off-diagonal term in the metric
we find a correction to the effective particle Lagrangian of the form 0L = mh - ¥, to leading
order in h. This has the same form as a coupling of a charged particle to an electromagnetic
vector potential, so that we may regard such coupling as ‘gravitomagnetic’. Using the explicit
form of h = 2G(Z x J)/|Z|, we can write the effective interaction in the form of a ‘magnetic
moment’ correction:

2G -
[

As a result, we find the so-called Lense-Thirring precession effect on the orbital momentum, as a
direct analog of the Larmor precession in a magnetic field. To derive it, notice that a correction
SL = mh - ¥ to the Lagrangian produces, to leading order in i_i, a correction 6H = —p'- h to the
Hamiltonian. Using then the Hamilton equations one obtains

-

SL=mh-¥=—jij- L,

=

(6.26)

dLaHﬂﬁaﬂizGﬂqﬁﬁqﬁ
i aﬂ —LL’X%—W(—(Z'XJ)XP—FJ}X(JXP)),
which further reduces to .
dL -
— =0 L. 2
i My X (6 7)

We find that orbital planes undergo a precession induced by a spin-orbit coupling which is
entirely analogous to the one operating between the nuclear spin and the electron’s orbital
motion in atoms. This effect is also responsible for a small precession of perihelia of the same
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order of magnitude. When applied to the motion of gyroscopes, we obtain the same physics
described by the spin free-fall equation .

The effective Coriolis field induced by a rotating body produces a ‘frame dragging’ effect,
namely inertial bodies tend to co-rotate with a rotating heavy object, as if the heavy object
was ‘stirring along’ the fabric of space, thus dragging along inertial motions of test particles.
This is reminiscent of the old critique of Newton’s rotating bucket by Ernst Mach and it is
usually quoted as evidence that GR incorporates at least some aspects of Mach’s views about
the foundations of mechanics.

Problem: Newton’s Bucket

Consider a rotating hollow sphere of mass M and radius R. Compute the leading order hg; components
of the metric inside the sphere and interpret them in terms of a frame dragging effect (this was done by
Thirring in 1918). Discuss the lessons to be learned in the context of Mach’s critique of Newton’s bucket
example.

Problem: Spin-Induced Orbital Precession

Consider the secular effect of the sun’s spin on the orbit of a planet. In addition to the Larmor-like
precession of the orbital plane obtained in (6.27)), one can derive a precession of perihelia within the
plane of the orbit, by studying the evolution of the Runge—Lenz vector

-1y

A E GMm_,

|Z|
which is accidentally conserved under the purely Newtonian Kepler motion, staying constant in the orbital
plane and directed towards the perihelion. Therefore, the two vectors Land A together determine the

overall orientation of the orbit.
Compute the time derivative of the Runge—Lenz vector to obtain

dA 2G P X 6G
dt o JEP m|Z [°

The first term gives the Larmor-like precession. Upon further averaging over a full revolution, show that

v - .
el e
<dt> 1 LTXV7

where V is either L or ./f, and the Lense-Thirring angular velocity is given by

2G|J |

Qur = B —2)p (g —37ig(iiy - 7iL))
where a is the semimajor axis of the ellipse and e its eccentricity, while 7 ; and 7i;, are unit vectors in the

Jand L directions, respectively.
We find that the full orbit as a whole precesses around the Lense-Thirring vector Qur.
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Problem: Precession of Orbiting Gyroscopes

Consider a spherical gyroscope in orbit. Starting from the term —3m¢ 2 in (6.16)), integrate it over the
particles forming the gyroscope to obtain an effective Lagrangian

3GM

S o )2
OLest ~ d%mg)M

|Zo + 2]

where ¥y and #y are the velocity and position of the gyro’s center of mass, with mass density p(Z'), and &
is its angular velocity. We further consider the cross-term proportional to ¥ - (@ x 2') and use the dipole
approximation

—

1
%o+ 2]

‘ —

Ny
8
o

0
To| |Zof?

Calculate the integral using

/d?’Zp(g) ZiZj = %I(S” y

with I the gyro’s moment of inertia, so that its spin is S=1a. Then, prove that the effective Lagrangian
reduces to

5Lgeo ~ _Qgeo : gv
where the geodetic frequency is given by

3GM

Qgeo = oo
geo 2|J_,"0|3(

and induces the so-called geodetic precession of the top’s spin

s~ -
%:Qgeoxs.

There is also a hyperfine effect (also referred to as Lense—Thirring effect), coupling directly the gyro’s
spin S to the spin of the gravitational field, J, induced by the “magnetic” term 2G¥ - (% x J)/|Z|?, i.e.
J - ((To+@xZ)x &
6L:2G/d3zp(2) (% +|°j|3 A XF)
Z

with & = Iy + 2. Perform this integral in the dipole approximation to obtain
6Lhyper ~ _thper -5 )
where

- 3G (To-J) GJ

hyper —

| %o [° 7o [
The geodetic precession for the case of satellites around Earth is in the ball park of 10 seconds of arc per
year. The hyperfine precession is smaller by a factor

|thpcr ‘

= ~6.5x%x1073.
|Qgeo| '®
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6.1.5 Gravitational Energy

In a strict sense, the basic equation of linearized GR is inconsistent with any non-trivial
self-gravity effects. The linearized Einstein tensor happens to be transverse:

o°GY) =0, (6.28)

which implies conservation of the matter energy momentum alone: 9“7, = 0. But this implies
that particles contributing to T,; necessarily follow geodesics of the zeroth-order metric 74y,
instead of the perturbed one 74, 4+ hgp. This is a manifestation of the old inconsistency of
the Fierz—Pauli theory that we described already. The solution involved correcting the Fierz—
Pauli dynamics adding non-linearities in the hy;, field. Now, with the benefit of hindsight, we
can perform this task in one step, by a suitable generalization of to an exact equation
equivalent to Einstein’s equations.
Under the basic decomposition g = n + h, we write the full Einstein tensor as

Gap(n+h) = G (h) + Gly(n + 1) (6.29)

where G/, is simply the deviation of the exact Einstein tensor from the linear approximation.
By definition, the small field expansion of G/, starts at quadratic order in hgp. Defining now

tap(h) = ab(+ 1) (6.30)

1
&G

we see that Einstein’s equations can be exactly rewritten as

G = 8rG Ty, , (6.31)
where
Tab = Tap + tab (6.32)

is a sort of total energy momentum tensor of matter and gravitation. This definition has t4
obviously playing the role of the energy-momentum ‘tensor’ of the gravitational field, and is
completely tied to the particular background flat spacetime and the family of coordinate systems
in which its metric takes the Minkowskian simple form. The quotations here refer to the fact
that ¢, is not a true tensor with respect to general diffeomorphisms of the full spacetime. It is
only a Lorentz tensor with respect to the flat background spacetime. One should not become
mystified about this fact, since the whole perturbative construction singles out the Minkowski
metric 74 as special, and the equations are written in manifestly non-covariant form.

Now, in the situation in which the complete solution for =,; vanishes at infinity, the equation
still holds exactly with the replacement of Ty, everywhere by T

Tt — |5 — 2|,
Vab(x)retarded = 4G/d3y b( _,|y = | y) . (633)

Notice that now Ty depends on 74, so that this is an integral equation for ~,,, containing
exactly the same information as Einstein’s equations (plus the condition that -, vanishes at
infinity, preserving the asymptotic flatness). The systematics of the weak-field expansion can
be obtained from the iterative solution of this integral equation. Namely, the n-th order term
in the evaluation of hg, via eq. uses the (n — 1)-th order evaluation of the gravitational
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stress-energy tensor t,p, plus the matter energy-momentum tensor calculated in the (n — 1)-th
order background metric, after solving the matter equations. In particular, this construction
only requires that ~,;, is a weak field at large distances, since is valid for arbitrarily strong
fields which still preserve the condition of asymptotic flatness. Hence, the iterative weak-field
solution of can be understood as a gradual reconstruction of the field ‘from outside in’.

The standard local conservation law in Minkowski space also holds exactly in terms of the
complete tensor:

0, T® =0, (6.34)

as a result of the exact transversality of the linearized Einstein tensor, 8“G$7) = 0.

This iterative scheme shows precisely how the Lorentz-invariant theory of a symmetric tensor
field (the Fierz—Pauli scheme) must be corrected by nonlinear terms in order to achieve con-
sistency with energy-momentum conservation . Hence, in hindsight we have found that
FEinstein’s theory is the minimal consistent theory of a symmetric tensor field.

For sufficiently localized systems, with Ty; of compact support, and in the absence of radi-
ation, one finds that v, = O(1/|Z|) at spatial infinity. Then T, ~ 0v9y = O(1/|#|*) and its
integral over a spatial section converges. In this situation, we can derive a useful formula (due to
Arnowitt, Deser and Misner) for the total energy in asymptotically flat spacetimes. In the trans-
verse gauge 0%y, = 0, the exact Einstein equations can be written as —0%v,, = 167G Ty,
so that

Eapm = /R3 Too = —ﬁ - 9700 - (6.35)
By repeated use of the transversality condition, 9%7,, = 0, we can eliminate the time derivatives
to obtain

1 i __1 A he
EADM = @ ;‘%Sgo dS (aj%'j - ai’YOO) - m ;fggo dS (8jhm 8zhjj) . (6-36)

Once we have obtained this formula in the transverse gauge, one can directly see that it is gauge
invariant under those transformations of the form that preserve the condition of asymptotic
flatness, namely those such that d;e; + 0je; = O(1/|Z]).

This formula shows that the total energy in stationary, asymptotically flat spacetimes only
depends on the asymptotic properties of the metric, and can be obtained as an integral over the
celestial sphere at infinity S2_, a result known as the Arnowitt—Deser—Misner (ADM) expressionﬁ
Notice that the ADM energy does contain the gravitational self-energy, since it is the integral
of Tyo + too, including the energy stored in the gravitational field through t.. If we evaluate
for the asymptotic metric we learn that Eapy = M in this case, which coincides
with the effective mass measured by a probe Newtonian particle, from the asymptotic form of
goo, so we may as well read the ADM mass from the leading 2GM /r correction to the temporal
component of the metric. This result can be generalized to obtain similar expressions for the
total momentum and angular momentum of localized self-gravitating systems. The answer is
also equivalent to reading off the total angular momentum contained in R? from .

4An important theorem by Schoen and Yau establishes that Eapym > 0 for any smooth, asymptotically flat,
solution of Einstein’s equations, provided 7}, satisfies appropriate positivity conditions.
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Komar Energy

We have seen how the ADM mass, which includes contributions from self-gravity effects, can
be read off from the asymptotic tail of the metric in an asymptotically flat solution. There is
an alternative version of this statement that does not make use of the auxiliary flat background
spacetime that we introduced via the split g.s = M4 + hap, Or the corresponding pseudo-tensor
Tap, and only employs the complete metric g,g that solves the full non-linear Einstein’s equations.
The necessary assumption on the exact spacetime is that it has a timelike isometry, i.e. a Killing
vector field &' which asymptotically looks like the standard Minkowski vector field 9;. So the
price we pay for disposing of the auxiliary scaffolding is that we have to restrict to exactly
isometric spacetimes.

Given a Killing vector &* let us define the antisymmetric tensor

K, =V, 5 —-V.,&, . (6.37)

Just as the electromagnetic tensor, it is constructed as an exact two-form, with vanishing ex-
terior derivative e#??V,K,, = 0, the analog of the homogeneous Maxwell equations. As in
electrodynamics, this identity only implies that the ‘magnetic’ flux of K, through any closed
two-surface vanishes. The interesting quantity is the ‘electric’ flux, whose behavior is controlled
by the analog of Gauss’ law, namely the divergence of the two-form:

VFE = —2R,a£" (6.38)

by simply applying the Ricci identity and the Killing equation V(,§g) = 0. In particular,
the two-form is divergence-free in any vacuum region, R, = 0, so that its electric flux through
a two-sphere surrounding all the sources does not depend on the size or shape of the two-sphere,
and equals its value on the celestial sphere S2_. Using Einstein’s equations we can further write

VK = 167G (Tya — 5 guaT) £* . (6.39)

Consider now a spacelike hypersurface X3 with unit future-directed timelike normal vector 7.
Since VFVY K, = 0, the right hand side of is a covariantly conserved current, so that its
integral over ¥3 does not depend on the particular choice of hypersurface. This means that any
spacetime with a Killing vector field £# defines a conserved charge (we shall call it the Komar
charge)

Ke = 167TG/ (Tha — %guaT) THE™ . (6.40)
»3

The conserved current defined by the right hand side of is similar, but different from
the previously known current —T"¢£, that we associated to a Killing vector. Both currents are
conserved, but has a crucial extra property from its construction as the divergence of an
antisymmetric field, namely we can express its charge as an integral over the boundary
of the hypersurface, i.e. the celestial sphere. Applying the divergence theorem to V#K,,,, after
pulling it back onto X3, one finds the boundary expression for the Komar charge

Ke = — / VHK 7 = — / Kt = =2 [ V&, (6.41)
= % s2,

where r# is the outgoing unit normal to asymptotic 2-spheres that converge to S2, and is also
orthogonal to 7#. Nothing in the discussion assumed that the Killing vector was timelike, so
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we can apply this formalism to define Komar versions of the energy as well as the angular
momentum contained in spacetime. Evaluating the surface integral at the celestial sphere for
the case of the standard asymptotic metric one finds 817G M = K¢, and 167GJ = —K¢,
where ¢, is the Killing vector for standard rotations in the azimuthal angle ¢ and J is the
angular momentum about the polar axis. This fixes the normalization so that we may write the
so-called Komar formulae

1 ]
M:2/23 (T;w_%g;u/T) #TV:_M/SgCV[#S; TuTy,

1
= — | (T —3guT) e = —; ety m, . 42
J /23( w = 3 9wT) &5 7 SWG/sgov € TuT (6.42)

6.2 Gravitational Radiation

We consider now situations where the sources have a non-trivial time dependence, leading
to radiation-type gravitational fields. We first assume that the energy-momentum distribution
of the sources has compact support, and the radiation is analyzed in vacuo, far away from such
sources. This means that the radiation field v, solves the free wave equation far away from the
sources, together with the transversality condition:

82f)/ab = aa’)/ab =0. (643)
The gauge redundancy (6.3) acts on 7, as
Yab —* Yab + 0wt + Obeq — Nab 805(: y (6.44)

and the transversality condition 9%y, = 0 is preserved by all transformations of the form (6.44)
with harmonic vector fields 9%, = 0. Hence, out of the six degrees of freedom left by
may still eliminate four, leaving just two non-redundant degrees of freedom in ~y,;. We can easily
demonstrate this in momentum space, since an arbitrary solution of 92y, = 0 is a superposition
of plane waves 5 (p)exp(ipx) + c.c. with p? = 0. Choosing the frame so that p = (w, 0, 0,w) the
transversality conditions reduce to

P Yab =0 = w(Yob + Vab) - (6.45)

The gauge redundancy (6.3) in momentum space reads

b — hab + iPah + iDpEa - (6.46)

The four components g, can be used to set iNzoa = 0 which, together with may be used to
enforce the vanishing of all components of 7., and hyp except for the two-dimensional submatrix
with components along the (12)-plane, subject to the extra condition of vanishing trace. We
refer to such a standard form of the fluctuating metric tensor as the ‘transverse-traceless’ gauge,
h;FbT = ’y;l;T. Such a matrix can be written as a linear combination of the Pauli matrices o3
and o;. The component proportional to o3 is called the (+) wave polarization, whereas the
component proportional to oy is usually denoted (x) and corresponds to the same polarization
after a 45-degree rotation.
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6.2.1 Generation

We can estimate the typical amplitude of a gravitational wave detected far away from a
source. We begin by noticing that, because of the transversality constraint 0%y, = 0, the time-
dependent part of 7y, is determined in terms of the time-dependence of the purely spatial ones
7Vij, so we concentrate on the retarded solution for those:

Ti;(t — |7 —41,9)
07 tx—4G/d3 . 6.47
ol ERT (047
Evaluating this integral in the monopole approximation we find
4G
i (.T) |f| R3 | etarded (6 8)

with the retarded time given by ¢, =t — |Z]|. In this expression, we are neglecting the effects of
the dipole corrections to the retarded time in (6.47)), i.e. the terms linear in 7 in

fﬁ 92
- (7°)
|Z|

These terms arise in the Taylor expansion of the energy—momentum tensor as

L |-l =t - |&

Tj(t =17 = g1,9) = Tij (¢, §) + |4| Vo, Tij(tr, G) + - -

The time derivative of T;; determines the frequency of the radiation, so that this term is negligible
in the ‘small emitter limit’, //\ < 1, namely the radiation has long wavelength compared to the
size ¢ of the source.

Using now the conservation equation 9°Ty, = —0,Tha + > & OkTre = 0 and repeated integra-
tion by parts we can obtain the identity

/R3 = @/RSTooyz‘yj,

where we neglect all surface integrals on account of the compact support of the sources’ energy-
momentum. Hence we finally obtain

L. 2G d?Qy;
'm(t,a?):m dtzj

(6.49)

retarded ’

where the derivatives are evaluated at the ‘point-like’ retarded time ¢, = ¢ — |¥| and we have
defined

Qij E/ Too ¥i Y (6.50)
R3

the quadrupole moment of the source’s energy density. We thus conclude that gravitational
waves in the low-frequency approximation, wf < 1, are generated by the quadrupole mass
distribution, unlike electromagnetic waves, which are generated by charge dipole moments. This
fact is largely responsible for the smallness of gravitational radiation. Since the quadrupole
moment is of order @ ~ M¢? for a system of mass M and size ¢, the metric perturbation at
large distances is of order

GMuv?

h~ ——
|7

; (6.51)

so that we have the usual relativistic suppression of order v? with respect to the static Newtonian
term.
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Radiated Power

The energy carried off by such gravitational waves can be captured by measuring the flux
through a large sphere at large distances from the source. In particular, the rate of energy loss

is given by the luminosity
Lo = dErad _ / ZnitOi , (6.52)
dt 2, 5

where n; = z;/|#| is the unit radial vector on the celestial sphere SZ .

To estimate ((6.52) we must evaluate t% by expanding (6.30)) to second order in the metric
perturbation hg,. This leads to very complicated expressions, but the physical content may
be exposed by a series of approximations. First, we consider a TT wave traveling in the 23
direction, i.e. depending on just two functions v (t — 23) and ~« (t — ) and evaluate a coarse-
grained version of %3 by averaging over observation times that are long compared to the inverse
characteristic frequency of the wave. This results in a fair amount of cancellation, leaving a
rather simple expression in terms of the two TT polarizations:

1
93] = (0)* + (7)) | . 6.53
3—plane & time av 167G (( t’Y+) ( t’}/x) ) 3—plane & time av ( )
For the particular wave we are considering, we can write the same expression in the more
symmetric fashion
1
03 _ } : TT 5 . TT
t ‘ = 397C ~ (")t%J Bt’)/w ‘ . (654)

3—plane & time av 3—plane & time av

In taking the remaining average over all directions it is useful to remove the transversality
constraint, since this obviously depends on the direction. The no-trace condition can still be

(s)

enforced in a rotationally-invariant way by considering the trace-free matrix ;" = v;; —%&j Ry

12
with five degrees of freedom. Hence, by substituting 4(*) in place of vTT in (6.54) we implement
the averaging, up to a factor of 2/5, i.e.

, 2 1
E ’ 10 ~ E : (s) (s)
v sphere & time av ]

sphere & time av

Finally, using the long-distance expression for the radiation field (6.49) and integrating over
the celestial sphere we find for the luminosity

300) 130(s)
o=y (49 T2
5 = dt3 dt3

]

> , (6.56)
coarse & retarded

where QS-) = Qi — %&-jékl Oy is the traceless quadrupole moment of the matter distribution.

The power radiated at a typical frequency w ~ v/¢ by a system of typical masses M is of order
6 4705 8

v G*M v

— o~ ~M— 6.57

(6 0 L (6:57)

A useful characterization of amount of energy loss in gravitational waves is the following. Given

the luminosity power Lg = dE,,q/dt, we can consider the amount of energy lost in the time

L ~ GM?¢*
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that a single wave crest is emitted, w™! ~ £/v, i.e. Lg¥/v and compare it with the gravitational
self-energy, which is of order |Eg| ~ GM?/{. Then, we find

, (6.58)

where ¢ is the average value of the gravitational potential. If the system is not too relativistic,
most of the self-energy loss can be interpreted as the ‘decay’ of typical orbits,

_dEwa _ dEg _ GM*dl
T ooat  dt T2 dt

Lg

So the system ‘shrinks’ by gravitational wave emission at a rate

Al Lg-¢

6 3
AP ~ =% ~ =7 . 6.59
T W~ —¢ (6.59)

Equivalently, the rate of period decay for internal motions is dT/dt ~ —v°.

Suppose now that we have a binary system such as a pair of black holes or neutron stars in
approximately circular orbit with v?> ~ GM/R. Since the period is given by T ~ GM/v3, we
have dT'/dt ~ —v° ~ —(GM/T)%/3, which gives the law of decay of the period:

T ~ (GM)*® (t, — )3/ . (6.60)

This period decay implies a corresponding frequency increase, giving the gravitational wave
signals from spiraling binaries a characteristic ‘chirp’.

The energy loss by gravitational radiation, proportional to ¢*/2, is quite small unless we have
sufficiently relativistic systems. The famous binary pulsar PSR1913+16 discovered by Hulse and
Taylor has provided such a system for decades now, fulfilling one of the most impressive tests
of Einstein’s theory so far (down to the 1072 level in a mildly relativistic regime). The era of
gravitational wave astronomy started in 2015 with the first detection of gravitational waves by
LIGO, coming from a distant (1300 million light years) binary black hole collision.

Problem: Gravitational Radiation from Binaries

Consider a binary with unequal masses m; and msy on a circular orbit, slowly shrinking because of
gravitational wave emission.

(a) Show that, at fixed orbital frequency, the radiated power and the rate of change of the frequency

depend on the masses only through the chirp mass

Ve — (m1m2)3/5
chirp = (ml +7m2)1/5 .

(b) Integrate the frequency evolution. Obtain the exact form of the chirp law , the accumulated
phase, and the number of cycles spent between two frequencies.

(¢) Compute the two polarizations hy and hyx seen by an observer at distance r whose line of sight
makes an angle ¢ with the orbital angular momentum. Check that their energy flux, integrated
over the sphere, reproduces the radiated power.
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(d) Which properties of the signal are not fixed by Mcpirp? Estimate the time spent and the number
of cycles above 10 Hz for a binary neutron star and for a binary black hole similar to the first one
detected by LIGO.

6.2.2 Detection

Gravitational waves are capable of transferring energy to any detector sensitive to gravita-
tional fields. For example, the nonrelativistic limit of the geodesic deviation equation yields

d*t; K | Ph! 3
W ~ ZE Rjook ~ Z 5 dt2 l (6.61)
k k

so that gravitational waves induce non-zero curvature and produce accelerations on the relative
positions 7 of test particles.

The characteristic stretching of a ball of test particles, measured by A¢/¢, is proportional to
the amplitude of the metric perturbation |h;;|. In Michelson-type interferometers such as LIGO,
the test particles are heavy suspended mirrors whose distance is monitored by a laser beam.
One has two perpendicular arms of equal length and a laser beam that is split between two
components, each one of them traveling through one of the arms, and subsequently recombined
for interference. Any relative variation in the distance between the two arms is detected through
a variation of the interference pattern.

We can describe the salient features of such LIGO-like signals by solving the equation ({6.61)
in the realistic approximation that ]h! is very small. Then, we can approximate it by

dzh
t2

dt2 22 d

where f’{j is the initial equilibrium separation. This leads to the simple solution

Gt~ ) (6k + 3 B (1) €6 - (6.63)

k

0, (6.62)

Let us now consider the two arms of an interferometer with very similar (but not necessarily
equal) lengths L; and Lo and furthermore adapt the reference frame along their orthogonal
directions. The variation of the arm lengths induced by the passing gravitational wave is given
by

e LG~ 08 (6.64)
where we suppress the TT label on the metric perturbation. Considering now a laser pulse
going through the first arm and back, it will accumulate a phase A¢; ~ 2wLq(1 + %hn(t)),
and similarly for the pulse along the second arm A¢y &~ 2wLy(1 + 5 hoo(t)), with w the angular
frequency of the light. Here we are assuming for simplicity that the travel time along the arms is
much shorter than the period of the gravitational wave, namely waw L < 1. Suppose we arrange
the apparatus so that the interference is completely destructive when L1 = Lo and in the absence
of a gravitational wave. Then the amplitude after recombination must be proportional to

A x AP _ iAo (6.65)
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so that it vanishes for trivial phase displacements. Then, the intensity of light recorded after
recombination is proportional to

|A]? o | A017892) _ 12 & |Agy — Ago|? ~ dw? (L1 — Lo)? + 4w?L (L1 — La)(h11(t) — haa(t)) |

(6.66)
where L = (L + L2)/2 and we have neglected the term w?L?(hy1 — ho2)?, quadratic in the
extremely small gravitational wave amplitude. This output measurement allows us to read
the modulation proportional to hy1(t) — hoo(t) and literally draw a picture in real time of this
combination of gravitational wave amplitudes. We see the convenience of keeping L; — Lo
small but non-zero, so that the modulated term is linear in the metric perturbation. Had we
arranged for perfect cancellation in the absence of a gravitational wave, by choosing Ly = Lo, the
modulated term would have been quadratic in the gravitational wave amplitude, an extremely
small number.
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(a)

Figure 6.1: (a) Sketch of a Michelson interferometer, seen from above, with a gravitational wave propa-
gating along x3, orthogonal to the plane of the arms. A laser beam is split into the two arms, of lengths
L, and Lo, by the beam splitter. The two beams are reflected back by the suspended end mirrors, which
act as test masses, and recombined towards the photodetector. The input mirrors turn each arm into a
Fabry—Pérot cavity, which effectively lengthens the arms. The dashed mirrors show the displaced posi-
tions for a ‘+’ wave with h11 = —hgg > 0, with 0Ly 2 given by (displacements exaggerated). The
modulated output intensity is the term linear in h in . (b) A ring of free test particles in the (z!, 2%)
plane during one period of a wave h, x o coswt, following , with the two arms superimposed. The
dashed circle is the unperturbed ring. A ‘4+’ wave stretches one arm while compressing the other, as in
(a) at wt = 0. A ‘<’ wave only rotates the arms and leaves their lengths unchanged at first order, so an
interferometer with arms along x' and x? is blind to this polarization.

We see that the signal is better the longer the arms (provided they are not much larger
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than wéil/v), a fact that justifies the use of Fabry—Pérot cavities that effectively make the arms
longer by arranging for many reflections of the laser beam before recombination. At any rate,
we see that such an interferometer has some blind directions, namely those for which the wave
components along the two arms cancel one another, as seen in the frame of the interferometer.

This is an extremely simplified account of the famous measurements by Advanced LIGO
which discovered gravitational waves in 2015, an event that could only be understood in terms
of merger event of black holes of about 30 solar masses, occurring about 1300 million light-years
away, thus inaugurating the era of gravitational wave astronomy. The stretching sensitivity that
was achieved in order to perform this feat is a staggering §L/L ~ |Ah| ~ 1072L.

139



140



Chapter 7

Cosmological Spacetimes

As we map the universe on scales of order Gpc or higher, we see no preferred direction in
space and all our observations of the distribution of galaxies, and the properties of the Cosmic
Microwave Background (CMB), are consistent with the idea that we sit at no privileged place
in space, namely the universe looks homogeneous and isotropic on those large scales. Galaxy
clusters are ‘standard observers’ which ‘see’ the universe as isotropic and no particular cluster is
special. Below scales of a few hundred Mpc, galaxies may be ‘falling’ predominantly in certain
directions inside the cluster. The discussion of cosmology starts with the characterization of
spacetime geometries that are compatible with these constraints.

7.1 FLRW spacetimes

The mathematical characterization of homogeneity and isotropy is that the spacetime admits
a foliation by spacelike hypersurfaces 3; on which there is an isometry group mapping every
point to any other point, and moreover, around a given point P, no preferred vector field exists
on the tangent space of ¥; at P. Geodesics orthogonal to 3, are those of ‘standard observers’
such as galaxy clusters. Choosing the proper time of these standard observers as the time
coordinate, i.e. Gaussian normal coordinates, we have ds? = —dt% + d@%t. We have already seen
global de Sitter spacetime with metric

ds3s = —dt* + R* cosh®(t/R) d(Z; . (7.1)

as a prototype of a spacetime whose spatial sections are homogeneous and isotropic. Here, 3
are 3-spheres of radius R(t) = Rcosh(t/R). Thus, one considers the natural generalization of
that retains the homogeneity and isotropy properties, resulting in the so-called Friedmann—
Lemaitre-Robertson-Walker (FLRW) spacetimes,

ds? = —dt* + R(t)* dlg , (7.2)

where dl stands for the spatial metric of a three-manifold that satisfies the criteria of homo-
geneity and isotropy and has fixed units of curvature. The overall size and curvature of this
manifold is controlled by the function R(¢) which is to be determined by Einstein’s equations.
It can be shown that the spatial section of constant curvature and homogeneity can only be
one of three options: a 3-sphere in the case of positive curvature, a 3-hyperboloid in the case of
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negative curvature, and flat R3 for zero curvature. We can write the three types of metric at
once by the following polar parametrization

dr?
1—Kr?

Al + 72 d0? (7.3)
where K = 1 for the positive curvature S?, K = 0 for flat R3, and K = —1 for the 3-hyperboloid
H? of negative curvature. Homogeneity and isotropy of R? is obvious. The other two 3-manifolds
of constant curvature can be obtained by the equations for the 3-surface

K +ad+a2i+23 =K, (7.4)

embedded in R* with metric ds}, = Kdz? + dz3 + doj + da. This confirms the homogeneity of
S3 and H3.

The case K = 1 yields model universes like dS, in that the spatial sections are compact,
whereas the models K = 0,—1 correspond to non-compact (so-called open) universes. What
particular model is realized in nature, as well as the precise features of the ‘size’ function R(t)
depends on the Einstein equations.

It is important to notice that our ‘FLRW parametrization’, given by the metrics and
, may suffer from some ambiguities when it comes to global issues. A famous example is
that of the ‘steady state metric’, E] one of the presentations of de Sitter spacetime:

ds? = —dt? + /By | (7.5)

where i/ € R3. This is a particular case of FLRW with K = 0. However, there is change of
variables revealing that it is identical to the zg + z4 > 0 domain of the complete dS manifold.
Hence, a FLRW manifold with K = 0 can be a ‘patch’ of another FLRW manifold with K = 1.

Problem: The Many Faces of de Sitter

Find proper domains of the global de Sitter manifold and appropriate coordinate systems that make
them into FLRW cosmologies with K = 0 (flat de Sitter or ‘steady-state’ metric) and K = —1 (open de
Sitter).

7.2 The Standard Cosmological Model

A good physical model of the universe in different epochs of its history is given in terms of
three components: pressure-less matter, or ‘dust’, and a cosmological constant as a dominant
component today, and radiation as a dominant component in the past. All situations can be
modeled as a perfect fluid with energy momentum tensor Tog = p and T;; = pgi;, with p = 0
for matter, p = p/3 for radiation, and p = —p for vacuum energy (cosmological constant). We
can summarize the three components by the equation of state p = wp, with three values of w.

'The steady state universe of Gold, Hoyle and Bondi was once a fashionable model of cosmology, now long
forgotten since the discovery of the cosmic microwave background radiation.
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If the components or ‘species’ are approximately non-interacting, we can write p = > _ps and
ps = wsps for each component.

Then, the Einstein’s equations can be reduced to the time-time component (so-called Fried-
mann equation)

dR\? 871G
— K=-""pR? 7.6
( I ) 1k =% R, (7.6)
and the space-space components
d’R A7 G
WZ—T(P+3P)R- (7.7)

The second equation can be traded for that of local energy conservation, also equivalent to the
Bianchi identities V,T*" = 0, or

d d

—(pR*) = —p —(R?) . 7.8

C(oR) = —p 5 (R) (73)
This equation is valid for each component separately, provided they are non-interacting. Using
ps = wWgps we can solve it as p, o R~314%s) The Friedmann equation is usually written in
terms of the Hubble parameter H = R~ dR/dt, as

K 8rG

H=—— 4+
2

. (7.9)
Another useful definition is the so-called density parameter
871G ps
T Q:ZQ (7.10)

so that € > 1 corresponds to K = +1, € < 1 corresponds to K = —1, whereas 2 = 1 describes
a flat universe with K = 0. At present, () is believed to be well approximated by the sum of
three components:

Qo = U + Qigm + Qe (7.11)

where )}, =~ 0.05 is the component in baryonic matter, Qg4 & 0.27 is the dark matter component
and Qge ~ 0.68 is the ‘cosmological constant’ component. The big surprise of the last decades
is the fact that Q4. is actually dominant. Hence, 2y ~ 1 within experimental errors, and the
universe appears to have flat, K = 0 spatial sections.

Inserting the solution of the energy conservation equation ps = pso(Ro/ R)30+ws) into the
Friedmann equation, we may recast it in the form

% @j)g + Ver(a) = 0. (7.12)

where a = R/ Ry, the quantities with zero subscript denoting the “present” values. The Fried-
mann equation is thus formally equivalent to a mechanical zero-energy motion of a particle in a
potential

K AnGpso 1 H? Qs0
Veg(a) = oR2 > e e = g |1 > e ll I (7.13)
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The regions where Vg < 0 determine the range of R(¢). In general, if one considers all three
types of ‘species’ to be present with non-zero values (positive energy density of nonrelativistic
matter and radiation and positive or negative vacuum energy), one sees that radiation always
dominates near R = 0, whereas the cosmological constant controls the large R behavior, the
‘dust’ and ‘curvature’ components only shaping the transient effects at intermediate sizes. For
A < 0, the effective potential Vg is monotonically increasing and the universe always bounces
between a bang and a crunch, quite independently of the sign of K and the ordinary matter
content. For A > 0, the potential Vg has always a “A” shape (a single local maximum) and
the qualitative behavior depends on whether the potential is positive, zero or negative at the
maximum. This is controlled by the actual values of the relative energy densities, as well as
the sign of K. If max (Veg) > 0, one possibility is that the universe expands to a maximum
size and bounces back to a crunch, but another possibility is that it starts contracting from
R = o0 in the infinite past down to a minimum size and then re-expands again, a deformation
of the dS solution. The famous static Einstein universe that started modern cosmology in 1917
corresponds to max (Vegg) = 0 and it is clearly unstable. Finally, if K < 0 (and still A > 0)
then max (Vog) < 0 and the universe expands forever from zero size to infinite size. This picture
may have some important variations if we remove (with fine tuning) the two asymptotically
dominating species (radiation at small R and/or vacuum energy at large R).

A useful physical parameter that can be directly related to observations is the deceleration

parameter
d’R/dt* 1+ 3w
_ RAR/AT 1430, (7.14)
(dR/dt)? 2
where we have used ([7.7)) and defined the average equation-of-state parameter w = p/p. For
positive values of 2, the expansion of the universe will accelerate if w < —1/3, and will decelerate

otherwise. Splitting in terms of species, we have

1+ 3ws
g=>_ — . (7.15)

At present, gy = % Qumatter — de, and the measurement of gy supports our determination of g,
as a dominant component.

The connection with observation depends on the phenomenon of cosmological red shift. There
are many ways of obtaining this very basic relation. Here we just give a shortcut based on the
observation that is conformally related to a static spacetime, i.e. defining a new time
variable n = [ Ydt'/R(t') we can write any Robertson—Walker spacetime as

ds* = R(n)? (—dn® + dlk)

Hence, frequencies w ~ d/dt are related to frequencies measured in the static spacetime d/dn by
a factor of R(t), which is the only overall time-dependent scale of the spacetime. An equivalent
argument in terms of particle paths is the following: if two photons are sent from point P; to
point P» with a conformal time separation An; at emission, they arrive at P» with the same
conformal time separation, Any = Ay, since the null geodesics can be computed in the static

metric d§? = —dn? + dﬂ%{. Then the corresponding proper times are related by
AT 1 _ R(?]l)
ATQ R(772) '
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Thus, we have the homogeneity property A\(t) ~ R(t) for the wavelength of any electromagnetic
wave that solves Maxwell’s equations in the FLRW metric. Defining the redshift coefficient z in
terms of the relative wavelength increase between emission and reception, we find

A=A Ao Ry

e 21 — —1. 1
N A R. (7.16)

z

Furthermore, using the linear approximation of R(t) for nearby galaxies, R(t) &~ Re+ % (tg—t,).
Since the proper distance to nearby galaxies is given by D = ty — t., we find the approximate
law

z~ HyD, Hy ~ 0.23Gpc™ !, (7.17)

originally tested by Hubble when the expansion of the universe was discovered back in 1929 (in
the units used commonly by astronomers, Hy ~ 67-73 kms~* Mpc ™!, the spread reflecting the
current ‘Hubble tension’ between CMB and distance-ladder determinations). A more careful
measurement of z for far away galaxies allows us to determine Hy (to linear order) and ¢y (to
first order in deceleration), determining the type of FLRW model that describes our universe.

Problem: Hubble’s Law

Derive a more precise version of Hubble’s law that is sensitive to the deceleration parameter, qg, in
terms of the luminosity distance D? = L/4wF, where L is the absolute luminosity of a source and F is
the flux of light at reception. Using the definition of luminosity distance and the geodesic equation for
photons in a FLRW model, obtain the relation

Dp=Hi" (z+3(1—q)*+...),

which determines Hy and ¢y from the directly measurable z and Dy,.

Horizon and Flatness Problems

FLRW models starting with a bang at ¢ = 0 pose the following question: is it possible that
not all of K comes into causal contact in the time elapsed since the bang? This of course
depends on the time passed since ¢ = 0, the rate of expansion and the geometry of K. The
trajectories of light rays satisfy d¢/dn = +1, where ¢ is a (comoving) distance measured with
the metric d@% and 7 is the conformal time defined in the previous subsection. Hence, the causal
structure is essentially determined by that of an effective two-dimensional Minkowski spacetime
parametrized by (7, ). There are horizons if the past-directed light cones from a point P do not
cover the entire K before the ‘initial’ time 7, is reached.

Since .
dt
0, = / a_ 7.18
o B(P) (749)
such ‘particle horizons’ will never occur if n, = —oo, i.e. if this integral diverges at the lower

limit. Conversely, if 7, > —oo (such as all FLRW models that are dominated by radiation or
dust near ¢ = 0), then there is a horizon if np — 7. < ax(K), where fp,x(K) is the maximum
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distance in K (measured with df%() length covered by a light ray in K (this is only relevant for
compact K). There is also a global notion of horizon, associated to the whole future history
of a particle worldline, called the ‘event horizon’: the boundary of the set of events that can
ever send signals to the observer. It exists whenever the conformal time [* dt/R(t) converges
towards the future.

U

Figure 7.1: Local conditions at points P and @) could not be causally connected in the time elapsed
since the big bang.

The behavior of (7.18) at the lower limit can be further elucidated by rewriting it in the
form

_ _1/“6W_1/“da’
TT TRy Jy ddajdt T Ro Jo @' /—2Vig(@)

Hence, 7, is finite if |Veg(a)| grows as a negative power of a as a — 0 (recall that Vog is always
negative for the actual solutions). Examining the dependence of Vog on a we see that horizons
will be present for w > —1/3, i.e. for any cosmology that starts decelerating right from the
bang. On the other hand, for cosmologies that start out (marginally) accelerating, w < —1/3,
the bang occurs at minus infinity in conformal time, and there are no horizons.

Our model universe as we have described it so far, with radiation domination at early times,
does have horizons. This poses the question of why we see a homogeneous universe after all,
since no causal processes could achieve this homogeneity by standard local interactions. An
interesting way out of this conundrum is the idea of inflation, consisting in the possibility that
a phase of large accelerated expansion exists before the radiation-domination era. Such a phase
gives a large contribution to and thus pushes 7, to more negative values. This means that
a phase of inflation can be used to remove horizons.

FLRW models with flat spatial sections correspond to €2 = 1 at all times. We can ask how
natural is this condition as an asymptotic behavior as ¢ — 0 or ¢ — oo in expanding models
with a bang. From the previous equations we have

Q=1 (7.19)

* H2?R? "
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Using the definition of H we have H2R? = (dR/dt)* = R3(da/dt)?> = —2R%V.g(a). Hence we

find
K

" 2R2|Vig(a)|

Since the monotonicity of Veg is associated with the accelerating/decelerating character of the
universe, we see that accelerating phases (w < —1/3 or increasing |Veg|) drive 2 to unity, whereas
decelerating phases (w > —1/3 or decreasing |Veg|) drive Q away from unity.

Our universe has been dominated by radiation and dust till relatively recently, i.e. it has
been decelerating for most of its history. Hence, the fact that g is so close to unity implies
that it was much closer at early times. In the radiation era, the value of {2 was thus extremely
fine-tuned, an initial condition without a clear explanation within the standard cosmological
model. Inflation provides an interesting perspective on this so called flatness problem. Since
accelerated universes have 2 = 1 as a future attractor, an early phase of inflation is also able to
dynamically tune Q ~ 1, setting the initial conditions of the radiation era.

Q-1 (7.20)
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Chapter 8

Black Holes

A black hole is a region of spacetime from which nothing, not even light, can escape to infinity.
The simplest example is provided by the Schwarzschild solution ([5.45)) when it is continued inside
its Schwarzschild radius. In this chapter we first study the global structure of the Schwarzschild
spacetime, then argue that black holes are an unavoidable outcome of gravitational collapse,
and generalize to charged and rotating holes. Black holes are now known to exist with masses
ranging from stellar scale to billions of solar masses. They are central to the developments of
astrophysics, cosmology and fundamental physics.

8.1 The Schwarzschild Black Hole

We write the Schwarzschild metric in terms of the Schwarzschild radius ry = 2G M,

2
@2:—(L—E)ﬁﬁ+—ﬂ;—+w%m2. (8.1)
r 1—rs/r

The Schwarzschild radius has an elementary Newtonian interpretation: the escape velocity from
the surface of a spherical body of radius r, vese = \/2GM /7, reaches the speed of light precisely
at r = r,. This led Michell and Laplace to speculate, back in the XVIII century, about the
existence of ‘dark stars’. Recall that, by Birkhoff’s theorem, is the unique vacuum solution
with SO(3) symmetry, the condition of stationarity being redundant. Hence, the exterior of a
spherical star that pulsates, or even collapses, in vacuum is always described by the static metric
B

There is an apparent singularity at r = r; = 2GM, about 3 km for M = M. On the other
hand, the local physics, as diagnosed by an infalling observer (a frefo), remains regular there.
In particular, tidal effects are controlled by the Riemann tensor which, in such frefo frame, has
components of order R, 5 ~ 75/ r3. A coordinate-invariant measure is the Kretschmann scalar

1272

RHVPT —
76

Ruvpo , (8.2)
which is finite at » = ry and only singular at » = 0. The tidal acceleration across a body of size
¢ at the Schwarzschild radius is agiqal ~ £7s/7°|r=r. = £/72, which is small for large black holes.
Hence, = 1, is only a coordinate singularity of (8.1)), whereas r = 0 is a genuine curvature

singularity. In any case, something quite peculiar must happen for r < rg, since goo and g,
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change sign, suggesting that the radial coordinate becomes a time-like coordinate, so that the
singularity at » = 0 must be interpreted as a ‘moment’ in time, rather than a ‘place’ in space.
A precise statement along these lines can be made by finding a coordinate chart that smoothly
passes to the interior region. We will begin with a local analysis and later proceed to a more
powerful global description.

Schwarzschild and Rindler

There is a simple way of exhibiting a frefo near the Schwarzschild radius, which is actually
global over all the sphere at r = rs. Denote f(r) = 1—r,/r and expand to first order in a Taylor
series:

f(r)y=26(r—rs)+..., K= —=—— (8.3)

where we have neglected terms of quadratic order in r — rs. The quantity x is known as the
‘surface gravity’ and will be shortly interpreted as an inverse ‘relaxation’ time. The metric near
rs can be approximated as

ds® ~ —2k(r — rg)dt? + ——— + 12 dQ? 4
s K(r —1s) +2KJ(T_TS)+7”S ; (8.4)

or, defining the proper-radius coordinate ¢ = \/2(r — r)/k, we ﬁn
ds? m —k20% dt? + d0* 4 r2 d0? . (8.5)

Metrically, this is the direct product of a sphere of radius rs and two-dimensional Rindler
spacetime, which coincides with under k = ¢ and Kl = e (notice however that our ¢
coordinate here maps to the 1 coordinate there). Therefore, we see that fido observers at fixed
¢, or fixed r, have uniform Rindler acceleration of magnitude g = 1/¢ = \/k/2(r —r5). Since
this acceleration diverges as r — 14, we see that one needs infinite forces to stay put at r = rg,
suggesting that the singularity at » = ry is just a coordinate one, whose physical interpretation
is the mere impossibility of realizing physical static fidos at fixed-r — 7.
Rindler spacetime is just a reparametrized version of Minkowski, as we can make explicit by
defining
XE=T+X =+l (8.6)

in terms of which
ds’ ~ —dXTdX ™ +r2dQ* = —dT? + dX? 4+ r2dQ? . (8.7)

The region r > r4 of the near—r,; Schwarzschild spacetime corresponds to the intersection of the
regions X > 0 and X~ < 0. In principle, there is no difficulty in extending the geometry to the
region X~ > 0 as would correspond to the free-fall trajectory of a particle in a radial plunge.
Any such particle follows locally a trajectory X~ = a(X+ — Xar ) with @ > 0 in Minkowski
coordinates, and has no trouble in continuing into the X~ > 0 region. Since this was a radial
plunge, such continued trajectory must enter the r < ry ‘interior’.

! A similar analysis obtains the same result for a general metric of the form ds* = — f(r)dt> +dr?/g(r) +r2dQ?
for any functions f, g having a non-degenerate zero at the same point, i.e. f(r) = fi(r —7r5) + ... and g(r) =
gs(r —rs) + .... Any such metric looks like Rindler near r, with 2x = v/flg.
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X- radial plunge X+

X~ =a(Xt-Xx)

X >0 . £ = const
r<Ts

t = const

Xt>0, X" <0
T>Ts

Figure 8.1: The near-horizon region of the Schwarzschild geometry in the Minkowski coordinates (8.6).
Fach point represents a sphere of radius r, cf. . The exterior r > r is the wedge X > 0, X~ < 0,
bounded by the horizon r = r¢ on the null lines X* = 0. Static fidos at fixed ¢, or fixed r, follow the
hyperbolae X+ X~ = —¢?  with an acceleration 1/{ that diverges at the horizon. Lines of constant t go
through the origin. A radially plunging particle, X~ = o (Xt — X)) with a > 0, is a straight timelike
line. It crosses the future horizon X~ = 0 at X* = X and continues smoothly into the region X~ > 0,
the interior r < ry.

Solving for the radial plunge path as a function of the proper height ¢(¢) and the asymptotic
time one finds
X-‘r —kt
o) = 725

~ XY+ ot
~Traicm 2 X0e (88)

The finite-distance fall towards r = r, corresponds to an exponentially stretched time in the
asymptotic time variable, with characteristic e-folding time x~', giving the announced interpre-
tation of k as an inverse relaxation time.

Problem: Rindler and Regular Horizons
Consider a metric of the form

2
D 202
g(r)

with f, g positive for r > rg and having a non-degenerate zero at r = ry, i.e. f(r) = fl(r —rs)+... and
g(r) = g.(r —rs) +.... Show that any such metric looks near r = r; like the direct product of a sphere
and two-dimensional Rindler with surface gravity x = 4/ f.g./4.

ds® = —f(r)dt* +
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8.1.1 The Kruskal Extension

An even more global description is possible by a clever change of variables due to Kruskal
and Szekeres. This is suggested by the study of radial light rays, satisfying ds* = d? = 0.
Writing

2 r 2 2 dr
ds |dQ:0 = (1 — f) (—dt + d""*) 5 d?"* == m 5 (89)
we find the Regge—Wheeler tortoise coordinate
r
e =71+ 15log < — 1) , (8.10)
Ts

which maps r € (rs,00) into 7. € (—00,+00), the horizon being sent to r, — —oo. Radial
null rays are simply lines at 45 degrees in the (¢,r,) plane. Introducing null coordinates z& =
t + r,, the metric reads ds? = —(1 — ry/r) detdz™ + r2dQ?. Near r ~ r, we have 1 — r,/r ~
e texp ((zT —27)/2rs), so that

47“3

ds® ~ Y d <ex+/2rs> d (—e_$7/2”> +r2d0? | (8.11)

which suggests the definition of the Kruskal coordinates
X* = 2, o0/ (8.12)
In terms of these, the Schwarzschild metric takes the exact form (we use the same notation for

X7 as in the previous section, because they coincide near )

ds? = — 2 e™/ms gXHAX T + 12 dO2? (8.13)

,
where 7 is now regarded as a function of (X*, X ™), implicitly defined by
XTX™ = (2r,)? (1 - T) /s (8.14)
Ts

so that the curves of constant 7 are hyperbolae in the (X, X ) plane. The Schwarzschild time

is determined by
Xt

— t/rs
T = s 8.15
= (8.15)
so that curves of constant t are straight lines through the origin. The metric (8.13)) is manifestly
regular at the Schwarzschild radius, which now corresponds to X = 0 or X~ = 0, whereas the

singularity r = 0 sits at the hyperbola X+ X~ = (2r,)2.

The original Schwarzschild coordinates only cover the region I, defined by X+ > 0, X~ <
0. The coordinates (X, X ™) can be extended to the whole domain X+ X~ < (2r,)2, where
is a smooth solution of the vacuum Einstein equations. This mazimal extension of the
Schwarzschild spacetime contains four regions, depicted in Figure Region ITI (X* < 0, X~ >
0) is a second copy of the asymptotically flat exterior. Region IT (X* > 0), with r < r,, is the
interior of the black hole, ending in the future singularity. Region IV (X* < 0) is its time
reverse, a white hole emanating from a past singularity. Since the metric is conformal to
—dXTdX~ in the radial directions, radial light rays travel at 45 degrees in the Kruskal diagram,
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XTX™ =(2rs)?, r=0

r = const < rg t = const

r = const > rg

XTX™ =(2rs)?%, r=0

Figure 8.2: The Kruskal diagram of the maximally extended Schwarzschild spacetime. Each point
represents a two-sphere of radius r(X+, X ™). The diagonals X* = 0 are the horizons r = rg, curves
of constant r are hyperbolae and lines of constant t go through the origin. The wiggly lines are the
singularities at r = 0. The local radial light cone is shown in region I.

making the causal structure transparent. In particular, the lines X* = 0 are null surfaces, the
horizons, and any future-directed causal curve entering region II can never leave it: it necessarily
ends at the singularity in finite proper time.

The t = 0 slice corresponds to the straight line X* = — X, crossing regions I and III
through the origin. Its intrinsic geometry is that of two asymptotically flat spaces R connected
by a ‘throat’ whose minimal sphere has radius r; (see Figure . This so-called Einstein—
Rosen bridge is not traversable in a causal way, since an observer leaving region I towards region
IIT necessarily crosses the future horizon and ends at the singularity. On the other hand, two
observers jumping from regions I and III can meet inside region II, before being destroyed at
the singularity.

The global picture allows us to be more precise in the interpretation of x as an inverse
relaxation time. Let us consider an infalling antenna sending out photons in radial outgoing
trajectories as it radially plunges towards the horizon at r;. The photons travel outwards along
a line of constant X, so that the interval AX ™ between pulses can be read either in terms
of the near-horizon quantities or the asymptotic ones. Let the proper time between pulses be
A1 = AX~/y/a for a near horizon trajectory X~ = (X — X). Since X~ = —sle " =
—k~le#(t=7<) "an asymptotic observer at fixed large radial distance with r, = R, ~ R will
receive the pulses separated by a At interval given by

At = o At et (8.16)

Equivalently, if AT ~ 1/v, and At ~ 1/v, for v, and v, the emission and reception frequencies,
we find
vp(t) o vee "t (8.17)
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I11

Figure 8.3: Embedding diagram of the t = 0 slice of the Kruskal spacetime, showing the Einstein—Rosen
bridge connecting the two asymptotic regions, I and III.

an expression that shows in a transparent way how the surface gravity k is interpreted as an
inverse relaxation time: all processes occurring in O(1) intervals of time for an infalling observer
near the horizon, slow their rate exponentially fast, with characteristic time x~!, as seen by the
asymptotic observer. For astrophysical black holes, this is quite a fast time scale in the ballpark
of tens of microseconds, times M /Mg. This is the dynamical meaning of the usual statement
that ‘black holes have no hair’, namely, any structures hovering near the horizon are absorbed
in such a time scale, leaving a clean near-horizon geometry.

Killing Vectors and Trapped Surfaces

The Schwarzschild spacetime has four Killing vectors: three rotational ones £, generat-
ing SO(3), and the time translation & = 0/0t. The rotational Killing vectors are spacelike
everywhere, whereas &; satisfies

Ry (1 _ 7“7) : (8.18)
so that it is timelike in regions I and III and spacelike in regions II and IV. Hence, the geometry is
static in the exterior regions but, in regions II and IV, where r becomes a timelike coordinate, the
geometry is time dependent, rather like an anisotropic cosmological spacetime which collapses
to (or expands from) a singularity. Since the worldline of a stationary observer must be tangent
to a timelike Killing vector, there are no stationary observers in regions II or IV. Using
we find that, in Kruskal coordinates,

1, D B
gt_%(x g5~ X ax—) : (8.19)

which has exactly the form of a Lorentz boost in the (X+, X ™) plane. We obtain again the
result that, near the horizon, the Kruskal diagram looks just like Minkowski space, with the
static observers in region I playing the role of the uniformly accelerated observers in the Rindler
wedge (cf. Figure .

In our previous discussion of the near-horizon limit, we found that the surface gravity x gave
an important relation between local near-horizon rates and the asymptotic point of view. It is
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interesting that the Killing vector & can be used to give a more invariant characterization of
the surface gravity. By direct computation, we can check that x satisfies

&Vt s, = K&, K= lim ON(&) "N (&) (8.20)

where N (&) = v/—&? is the norm of the Killing vector. We will find that these, more covariant
definitions of x, do generalize to other black holes beyond Schwarzschild.

A more invariant characterization of the black hole interior uses the notion of trapped sur-
faces. Consider a two-sphere S2 at some point of the Kruskal diagram, and the two spherical
light fronts emitted from it, one ingoing (7iy) and one outgoing (7Yout). In region I, the area
of the outgoing front increases towards the future while that of the ingoing front decreases, as
expected in flat space. However, in region II the two fronts move to smaller values of r (see
Figure , and both spherical fronts decrease their area towards the future:

A(SR) A(SSu) < A(S7) -

Such a sphere is said to be future trapped. All spheres in region II are future trapped, whereas
all spheres in region IV are past trapped. More generally, a compact spacelike two-surface is
trapped when the expansions of both families of future-directed null geodesics orthogonal to it
are negative.

r = const

Yin Yout Yin Yout

T r decreases

——> T grows

not trapped trapped

Figure 8.4: Radial light rays emitted from a sphere S? outside the horizon, where the surfaces of constant
r are timelike, and inside the horizon, where they are spacelike. In the second case, both light fronts
move to smaller r and the sphere is trapped.

8.1.2 Global Causal Structure

The global causal structure of a spacetime is best visualized in terms of a device called a
Penrose diagram, which brings infinity to a finite coordinate distance by means of a conformal
transformation that preserves the light cones. For the Schwarzschild spacetime we define

Xt =2r,tan Xt |, XT e (—n/2,7/2) , (8.21)
so that the metric takes the form

>, >0 > 493 e /s
ds® = —f( Xt X )dXtdX~ +r3(XT, X7)dO? = 3 — . 8.22
s J(XT,X7) +ri(XT,XT) ; f " oo T oo R (8.22)
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Since the conformal factor f is irrelevant for the causal structure, we can represent the spacetime
by plotting the auxiliary two-dimensional metric ds? 41 =—dX TdX~, in which radial light rays

still travel at 45 degrees, and all of infinity is mapped to the boundaries Xt = +7/2. The
singularity at X T X~ = 4r2 is mapped to tan Xttan X~ =1 or, equivalently X~ = 5= )Z"",
a straight spacelike line in the diagram (and similarly for the past singularity). The result is
Figure Each asymptotic region has a future null infinity J T, where outgoing light rays end,
a past null infinity J~, where ingoing light rays originate, a spatial infinity i® and future and
past timelike infinities i*, where timelike geodesics end and originate, respectively.

Figure 8.5: Penrose diagram of the maximally extended Schwarzschild spacetime. The future and past
horizons of region I are denoted H*. A curve of constant r > ry and a curve of constant t are shown in
region I.

For comparison, the analogous construction for Minkowski spacetime starts from r, = r and
xzt =t + r, which we compactify as
+

% = tan X* (8.23)

where £ is an arbitrary reference length scale. The metric becomes

2 iy iy —~ ~
45" = cos? )A(:'f cos2 X— <_dX+dX_ + %Sinz(X"' -X7) dQ2> ) (8.24)

and tNhe congition r > 0 restricts the diagram to X+ > X ~, the origin r = 0 being the vertical
line Xt = X~. The result is the triangle of Figure
Cosmic Censorship

While unphysical, it is interesting, for illustration, to consider the Penrose diagram of a

negative-mass Schwarzschild metric:

2 _ _ T\ g2 At s
ds® = <1+r)dt—l—1+rs/r—|—r 02 . (8.25)
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Figure 8.6: Penrose diagram of Minkowski spacetime. FEach point represents a two-sphere, except for
the left vertical boundary r = Q.

Now gy < 0 and g™ > 0 for all » > 0, so there is no horizon, and the Kruskal step (8.12)) is not
needed: the Schwarzschild chart already covers the whole spacetime. (Formally, rs — —r4 turns
(8.14) into Xt X~ = 472 (1 4 r/r,) e”"/", which never vanishes.) The tortoise coordinate

re =71 —1rglog (1 + 72) ) Ty 2%5 (r<rs), (8.26)
maps r € (0,00) onto r, € (0,00). In contrast with , where the horizon is pushed to
re — —oo, the point r = 0 now sits at a finite value of r,. We can therefore compactify
xt = t £ 7, exactly as for Minkowski spacetime, ¥ = 7, tan X * which gives the analog of
(18.22))

PR G 00 WS S r2(X+, X7)d0? . (8.27)

cos? X+t cos? X~

The condition r» > 0 is again Xt>X ~, and the diagram is the Minkowski triangle (Figure .
The crucial difference is that the vertical boundary X+ = X~ is now a curvature singularity,
with R0 RFP? =12 r2/r% and a diverging conformal factor in . Being timelike and not
hidden by any horizon, it is a naked singularity. Ingoing radial light rays from J~ reach it at
finite affine parameter, and outgoing rays emitted arbitrarily close to it reach J+. The negative
mass causes ordinary positive-mass particles of energy £ = me to be repelled by the singularity,
bouncing at ryin = rs/(e2 — 1).

Such a geometry cannot be the exterior of matter satisfying the dominant energy condi-
tion, since the positive energy theorem then guarantees Fapy > 0. Although negative-mass
Schwarzschild is a very unphysical metric, we will see that rotating black holes that are ‘over-
spun’ beyond a certain limit would correspond to spacetimes sharing this same global structure,
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r=0

singularity

Figure 8.7: Penrose diagram of the negative-mass Schwarzschild spacetime . The triangle coincides
with that of Minkowski spacetime (Figure , but the left boundary r = 0 is now a timelike curvature
singularity (wiggly line), visible from J*. Shown are a curve of constant r, a curve of constant t, an
ingoing radial light ray ending on the singularity, an outgoing one emanating from it, and a radial timelike
geodesic repelled at 1, = 14/(e2 — 1).

featuring ‘naked singularities’. The expectation that no such processes can take place starting
from physical initial conditions is the content of the ‘cosmic censorship’ conjecture by Penrose.

8.2 Gravitational Collapse

The maximally extended Schwarzschild spacetime is an eternal black hole as seen from
outside, with a white hole in its past and a second asymptotic region. We now show that these
exotic features are absent in more realistic black holes formed by gravitational collapse.

8.2.1 Imploding Shells

The simplest model of gravitational collapse is an imploding spherical shell of photons, such as
those produced by a spherical laser pulse converging on a point. By Birkhoff’s theorem, the
spacetime outside the null shell is a portion of the Schwarzschild geometry with mass parameter
given by the total ADM mass of the photon shell, whereas the spacetime inside the shell is flat
(this is the relativistic version of Newton’s shell theorem). The complete spacetime is obtained
by gluing a portion of the Minkowski Penrose diagram (the region before the shell arrives) to a
portion of the Schwarzschild Penrose diagram (the region after the shell passes) along the null
trajectory of the shell, which is fully known by symmetry and the invariant speed of light. The
result is depicted in Figure 8.8

The region of spacetime from which no signal can reach J7T is, by definition, the black
hole. It lies ‘inside’ the event horizon, defined as the boundary of the causal past of future
null infinity, H* = 0 [Past(J T)]. Notice that the event horizon starts in the flat region, before
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Figure 8.8: Penrose diagram of the collapse of a null spherical shell. The region inside the shell is
flat, whereas the region outside the shell is Schwarzschild. The event horizon H™ is the dashed line, the
trapped region is shaded.

the shell has passed, since its definition refers to the whole future history of the spacetime.
The region between the horizon and the singularity, after the passage of the shell, is filled with
trapped spheres. We define the apparent horizon as the boundary of the trapped region. In the
case of a single shell, apparent and event horizons coincide in the Schwarzschild portion of the
diagram. A key lesson is that the white hole and the parallel universe are gone! Only regions I
and II of the maximally extended Schwarzschild spacetime survive in a physical collapse.

The difference between apparent and event horizons is illustrated in the case of two successive
shells, of energies M; and My (Figure . The apparent horizon jumps discontinuously, from
zero to r = 2GM; when the first shell passes, and from r = 2GM; to r = 2G(M;+ Ms) when the
second shell passes. On the other hand, the event horizon grows continuously and monotonically,
anticipating the future arrival of the shells. Choosing a family of Cauchy surfaces 3., we may
define the horizon area as a function of time,

Ay(t)=Vol (HN%,) .
A famous theorem by Hawking states that the area of the event horizon never decreases,
0Ay+ >0, (8.28)

provided the matter satisfies the null energy condition (and there are no naked singularities)ﬂ
Both the event and the apparent horizon areas can decrease when the null energy condition is
violated, as happens with the quantum effects discussed below (Hawking radiation). Classically,

2The null energy condition states that the matrix elements of the matter energy-momentum tensor along null
directions are non-negative, i.e. T, k"*k” > 0 for any null k"
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the apparent horizon can jump discontinuously (for ideal, delta-function shells), whereas the
event horizon grows continuously. If the black hole settles down to a stationary state, so that
there is a timelike Killing vector & outside, the apparent horizon approaches the event horizon.

Agy(7)

16w G2 (M, + Ms)?

167G2 M}

Figure 8.9: Collapse of two successive null shells. Left: the event horizon (thick gray line) and the
apparent horizon (dotted line). Right: area of the event horizon and the apparent horizon as a function
of time.

Hence, in order to locate horizons in stationary spacetimes it is enough to locate apparent
horizons, i.e. the topological spheres whose outgoing light front has marginal (vanishing) expan-
sion. Given the areal radius r, the apparent horizon is where the surfaces of constant r become
null (cf. Figure , i.e. where the gradient d,r is a null vector:

By rdgr=gT=0. 8.29
g 3T =g

For the Schwarzschild metric, ¢"" = 1 — r5/r and we recover r = rs.
Summarizing, for the eternal Schwarzschild black hole we have the following equivalent char-
acterizations of the horizons:

HT = O [Past(J")] = future event horizon ,

H- = [Future ] = past event horizon ,

HE = O [future/past trapped region] = future/past apparent horizon , 9" yx =0.
HT UH~ = O|[stationary region] = Killing horizon , 5?\7# =0.

In dynamical situations these notions differ, and the event horizon is the one with a global,
teleological character, defined by the first two criteria. For non-static, but still stationary black
holes, such as the Kerr rotating solutions, the third criterion is still valid but not the fourth one,
which only characterizes the horizon of static black holes.

Although an imploding shell of photons provides a perfectly simple example of a collapse
metric, it is hardly a very practical procedure to really engineer a black hole, much less a black
hole of large proportions in the astrophysical sense. We could replace the photon shell by a shell
of particles or a collapsing cloud of particles, which we may separate enough so that gravitation
is the main force at play, say for instance a very large and dilute cloud of small asteroids. This
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example is actually instructive in showing that black holes are inevitable, even without the need
of invoking any kind of extreme conditions. Let the density of this cloud be p, as small as we
like, and its size R, which gives a mass of order pR3. Consider the Newtonian estimate for
its Schwarzschild radius, rs ~ GM ~ GpR3. As we make the cloud larger and larger at fixed
density, we can be sure that eventually r5(R) > R, the crossover being the relativistic analog
of the Jeans length R; ~ 1/4/Gp. We thus conclude that the formation of sufficiently large
black holes is inevitable given appropriate initial conditionsﬂ To put some numbers, a density
of order p ~ 10kg/m?, one hundred times smaller than that of water, we get rs ~ 3 x 10 km
and M ~ 10° M, comparable to the size of the orbit of Neptune, and the mass is in the range
of the largest supermassive black holes found at the centers of galaxies, such as M87* (the black
hole at the center of our galaxy, Sgr A*, is lighter, with about 4 x 10° My).

Still, static and dilute spherical clouds that can collapse spherically are not easy to find out
there as typical initial conditions. Smaller clouds tend to condense into stars that will have
statistically distributed velocities, leading to virialized equilibria in which every particle moves
in a statistical orbit in the field of all others. Collapse requires that the system sheds its angular
momentum by radiative processes and this is not particularly fast for large clouds. A much
better chance at setting up the conditions for gravitational collapse is to start from systems of
larger density that are naturally spherical and are supported by an active agent that may one
day falter. This is the case of stars.

8.2.2 Stars and Their Limits

Stars are self-gravitating balls of gas supported by pressure, either thermal pressure or the
degeneracy pressure of a Fermi gas. Their energy as a function of their radius R is, in order of
magnitude,

GM?
E(R) = Egas(R) + Eg(R) = Egas(R) — 7 (8.30)
The equilibrium condition OrE(R) = 0 gives
GM?* OF, GM? OFE, GM?>
0= £as = 4 R2 &% = —4 R2 as 8.31
R "TTor T R U oy TR T Pess (8.31)

a version of the virial theorem. For thermal pressure, pgas = NT'/V, and we find GM?/R ~ NT.
Writing M = Nm,, in terms of the proton mass we find
Rea ,mp  GeV
T T keV

10% (8.32)

where we have used the typical temperature of stellar cores, T ~ 10 K ~ keV. Hot stars are
very far from being black holes.

When the nuclear fuel is exhausted the star cools down and the pressure support must
come from the degeneracy of fermions of mass m, such as electrons (in white dwarfs, m = m,)
or neutrons (in neutron stars, m = m, =~ m,). The number of fermions is of the order of
the number of baryons N = M/m,. They are packed at distances of the order of their de
Broglie wavelength, V' ~ R3 ~ N3, so that the Fermi momentum is pg ~ 1/\ ~ NV/3/R.
The gas energy is the Egas(R) ~ N - p2./2m ~ N°/3/mR? in the non-relativistic case, and

3The fully relativistic treatment of this example in GR was given by Oppenheimer and Snyder in 1939.
“In this section we use natural units A = ¢ = 1.

161



Egos ~ N -pp ~ N 4/3 /R in the relativistic case. The crossover between both behaviors takes
place at pp ~ m, i.e. at the radius R,, ~ N'/3/m (see Figure [8.10).

Egas(R)
~1/R

M > M,
~ 1/R?

t ) R T R
Ry ~ N3 /m \‘_/—/‘

unstable

Figure 8.10: Left: energy of a degenerate Fermi gas as a function of the radius of the star. Center and
right: total energy for masses below and above the critical mass.

At small radius, R < R,,, the total energy scales as E(R) ~ (N*3 — GM?)/R, and there

are two regimes. For
3

m
M< M.~ —21 )
< 2 (8.33)

the degeneracy pressure wins at small R, and any putative stable minimum must lie in the
large radius region Req > Ry, (Here mp; = G~1/2 ~ 10" GeV is the Planck mass). On the
other hand, for M > M, the total energy is negative and monotonically increasing, so that the
system is unstable and collapses. Hence, M, is the limiting mass for stability. Numerically,
md,/ mg ~ 1.8 M, close to Chandrasekhar’s precise value 1.4 M, for white dwarfs.

On the stable branch, minimizing the energy in the non-relativistic regime,

NS /3 GM?2
B(R)~ oy — o
mR?2 R
we obtain an equilibrium radius of order
mp)

Req ~ (8.34)

mm2/3 M1/3 ’

a radius that decreases with increasing mass. The radius at the critical mass is Re = Req(M.) ~
mpi/(mmy), around 5000 km for white dwarfs and a few km for neutron stars. Comparing with

the Schwarzschild radius,
Req my (M, 4/3
W “wml\ar) (8:35)

we see that neutron stars close to the critical mass are almost black holes, and GR must be used
for a precise analysis (the Tolman—Oppenheimer—Volkoff equations).
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The upshot is that M, is of the order of a few solar masses. Even taking into account rotation
and our uncertainties about the equation of state of nuclear matter, a very conservative bound
for neutron stars is M. < 4 M. Heavier compact remnants of stellar evolution have no option
but to collapse into black holes.

Growth

Once formed, black holes grow by accretion. Infalling gas carries angular momentum and
settles into a thin disk, where turbulent viscosity transports angular momentum outwards, so
that matter spirals in through nearly circular orbits down to the ISCO and then plunges. The
binding energy radiated on the way defines the efficiency n = 1 — e1gc0, with n ~ 0.06 for
Schwarzschild (1 — +/8/9) and up to 7 = 1 — 1/4/3 =~ 0.42 for a co-rotating disk around an
extremal Kerr hole (see next section). The disk then shines with luminosity L = 1 M, while the
hole grows at the rate Mpy = (1 — 1)M.

The luminosity is capped by radiation pressure: Thomson scattering of photons off electrons,
which drag the protons along electrostatically, balances gravity at the Eddington luminosity. We
can estimate its value as follows. Let the rate of energy radiated per unit area, at distance r,
be L/4mr?. In natural units (¢ = 1) this coincides with the flux of momentum per unit area
because for photons, energy equals momentum. Since each electron presents an effective area
given by the Thomson cross section o7 = (87/3)a?/m?2, the momentum transferred per unit
time to an electron (and the proton that goes along for the ride) is Lo /472, Since this is an
outward force, it equilibrates the gravitational force on the proton, GMm,/ r2, precisely at the
Eddington luminosity

4rGMm,,
ar

~1.3x103W <M> . (8.36)

L =
Edd M@

Associating an effective black-body temperature to this luminosity, through the Stefan—Boltzmann
form Lggq ~ 47TR(2hSk UBTglﬂc, one finds

GM 1/2 M@ 1/4
Teﬂ‘ ~ 1.5 (Rdisk> (M) keV y

explaining that accretion disks on compact objects such as neutron stars or solar-mass black
holes radiate in X rays, whereas accretion disks on much larger black holes radiate on longer

wavelengths.
Accretion at the Eddington rate yields exponential growth, M(t) = Myet/ts, with the
Salpeter time tg = L —2L— ~ 50Myr for = 0.1. Quasars powered by black holes of

1-n 47Gm

~ 10 M., are observed at z :p 7.5, when the universe was only ~ 0.7 Gyr old. Building them
from stellar-mass seeds of ~ 10?2 M, requires log 107 ~ 16 e-folds, i.e. about 0.8 Gyr of uninter-
rupted Eddington-limited accretion, more than the available time. This tension suggests either
heavy seeds of 10*-10° M, from the direct collapse of pristine gas clouds, or phases of super-
Eddington accretion. The latter is possible because the Eddington bound assumes spherical
symmetry, whereas in thick disks the photons can be advected into the hole. Recent detections
by the James Webb Space Telescope of 107-10% M, black holes at z > 10 have sharpened the
problem.
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Problem: Charged Collapse

Consider a ball of radius R with electric charge @ and total energy M., as measured from infinity,
when the constituents are dispersed. At radius R the energy can be estimated as having contributions
from rest mass, together with electrostatic and gravitational self-energies,

M(R) ~ My + Q" GM(R)* (8.37)
T T 4R R '
(a) Show that the charged ball will collapse only when 47GM? > Q2. Even ignoring quantum effects,
is this telling us anything about the possibility of viewing the electron as a tiny black hole?

(b) The generalization of Schwarzschild’s solution to a black hole carrying electromagnetic charge is
known as the Reissner—Nordstrém solution, given by ds? = —f(r)dt? + dr?/ f(r) + r2dQ? with

| 2GM | GQ?

r dmr2

flr)=1

with a radial electric field E, = @Q/4mr? (magnetic versions of these solutions do exist as well).
Find the location of the horizon as a function of M and . Compute the surface gravity x and
see how it behaves in the ‘extremal’ limit 4rGM? — Q?. Show that the proper distance to the
horizon diverges in the extremal limit.

(c) Show that surpassing the bound into 47tGM? < @Q? would produce a solution with a ‘naked’
singularity at » = 0 (a naked singularity is one which is causally connected with arbitrarily far
away places).

(d) Suppose you have a Schwarzschild black hole and you want to charge it by dropping protons from a
long distance, starting at rest. Express the maximal value Q/M that you can get this way in terms
of fundamental constants of nature. Can you make an extremal black hole by shooting particles
with large inward velocity? Can you overcharge the black hole above the extremality limit?

8.3 Rotating Black Holes

In astrophysical situations where black holes are found, it is expected that they form from
systems that carry non-zero angular momentum. More generally, we can always give angular
momentum to a Schwarzschild black hole by throwing any object that is not falling on an exactly
radial plunge. The asymptotic metric picks up spin-dependent terms of universal nature, as we
have seen in and this has characteristic ‘gravitomagnetic’ effects, also known as ‘frame-
dragging’ effects, that are detectable on the orbital dynamics and the behavior of spinning tops.
Given the astrophysical importance of rotating black holes, it is remarkable that a complete
vacuum solution of Einstein’s equations with the interpretation of a rotating black hole was
found in closed form by Kerr in 1963.

8.3.1 The Kerr Metric

The Kerr solution is parametrized by the ADM mass M and the total angular momentum .J
and can be written in the so-called Boyer—Lindquist coordinates as follows E|

A very similar solution known as the Kerr-Newman black hole gives the most general stationary, asymptoti-
cally flat black-hole solution of the Einstein—-Maxwell equations, parametrized by mass, angular momentum and
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p*A 0

z
ds? = -5 dt? + p: sin 0 (d¢ — wdt)* + A dr® 4 p* do* | (8.38)
where a = J/M is the angular momentum per unit mass. Further definitions include
A:TZ—QGMT‘-FCLz, p2:7’2—|—a2005267 E:(r2+a2)2—a2A SiIl29, (839)
and 2GM
w=_J _ T‘”“ (8.40)
9os

gives a position-dependent ‘Coriolis field’ which represents the frame dragging or, equivalently,
a local rotation of the coordinate frame.
The horizons are surfaces r = const which are null, i.e. d,7 is a null vector and, according

to (8.29), ¢'" = A/p? = 0. Hence, the horizons sit at the roots of A,

re=GM +/(GM)?2—aZ, (8.41)

with the extremality bound now being (GM)? > a? = J2/M?. Black holes spinning above this
bound would have no smooth horizon and the singularity at » = 0 would be exposed in the
sense that light rays starting from r = 0 would be able to reach arbitrarily far away, the causal
structure being similar to that of negative-mass Schwarzschild as studied in Section [8.1.2

Since X(ry) = (rZ + a*)?, the area of the event horizon is

Ay = / v/ 9600 9o dfd¢ = 4w (7”3 + a2) . (8.42)
r=ri
Furthermore, evaluating the Coriolis field w(r, ) at the horizon we find
w(ry,0) =0y = R (8.43)

- r%r +a2  2GMry’

what we may call the ‘angular velocity’ of the horizon.

The First Law

Directly manipulating the explicit expressions for the horizon location (8.41) and its area
(8.42) we can derive the so-called Christodoulou—Ruffini relation

Ay 47 J? J?
M2 = — M2 . 8.44
167G2 * Ay i T iGEAE (8.44)
where the #rreducible mass is defined by Mier = Ay /16mG?. This expression characterizes

the part of the total energy, M, that is due to angular momentum, leaving an ‘irreducible’
component, M., which would persist even if the hole would somehow lose its rotation. By
explicit computation one further finds

oM K oM

B — = — —_— :Q
DAy |, 8rG’ oJ |, U

charge. In these notes we will ignore the charge parameter, since one does not expect to find significantly charged
black holes in nature. But charged black holes play a very important role as theoretical laboratories for various
fundamental questions relating to black holes and quantum mechanics.
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so that we can write

K
oM = ——05A Oy o A4
g A + J, (8.45)

the first law of black hole dynamics, governing the energy balance of perturbations to the rotating
black hole, distinguishing between the ‘kinetic’ part controlled by the angular momentum and
the ‘irreducible’ part proportional to the area of the horizon.

The Kepler Problem

The Kepler problem around a Kerr black hole is altered by the frame dragging effect, allowing
for the existence of highly bound orbits, provided they are co-rotating with the black hole, and
conversely preventing binding for counter-rotating ones. An analysis quite similar to that of the
Schwarzschild black hole gives, for equatorial orbits, an effective one-dimensional problem

1

3 2 4 Vg (r) = eegt (8.46)

where e = & (¢2 — 1), with € = E/m the conserved orbital energy per unit rest mass and

_GM N P —a*(-1) GM({—ag)?

Verr (1) = r 2r2 r3

, (8.47)

and ¢ = L/m the orbital angular momentum per unit rest mass.

The most important new qualitative fact about the orbital dynamics around a Kerr black
hole is that the ‘innermost stable circular orbits’ (ISCO) can exist much deeper into the near-
horizon region than they do in the Schwarzschild case. Circular orbits satisfy Veg = e.g and

"¢ = 0, where ¢ also appears inside the potential. In the extremal case, a = GM, these
conditions can be solved in closed form. Writing » = GMx?, the co-rotating circular orbits have
&_:xQ—l—x—l, E:GMx3+x2+x_1,

23/2\/z 1 2 23/2\/x +2
and one checks that V; > 0 for all z > 1. Co-rotating circular orbits are therefore stable all the
way down to r = r;. = GM, which is the ISCO. (The ISCO, the photon orbit and the horizon all
sit at » = GM in Boyer—Lindquist coordinates, but they remain distinct: the radial coordinate
degenerates in the extremal throat.) As z — 1 we get ¢ — 1/v/3. Gas spiraling slowly from
infinity through circular orbits down to the ISCO thus radiates the fraction

(8.48)

1
=1-c¢ =1——=~0.42 8.49
n ISCO \/g ( )
of its rest mass, compared with 1 — /8/9 ~ 0.06 for Schwarzschild. The same orbit has

¢ = 2GMe. Accretion from the ISCO thus keeps an extremal hole extremal, since §(GM? —.J) =
m(2GMe — ¢) = 0. Counter-rotating orbits are instead pushed out to risco = 9GM, with

£18co = 1/25/27 and n ~ 0.04. ﬁ

5In practice the spin of an accreting hole saturates slightly below extremality, at a ~ 0.998 GM, because
the hole preferentially captures disk photons with negative angular momentum (Thorne, 1974). This lowers the
maximal efficiency to n ~ 0.3.
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Problem: Where Is the Extremal ISCO?

According to (8.48)), the ISCO of an extremal Kerr hole sits at the Boyer-Lindquist radius r = GM = r,
seemingly on the horizon. To clarify this, consider a near-extremal hole with a = GM (1 — ¢), § < 1.

(a)

(b)

()

Using the condition for marginally stable prograde circular orbits, r2 —6GMr+8avGMr—3a® = 0,
show that risco =~ GM [1 + (46)'/3], whereas r ~ GM (1 4 /26).

Compute the proper circumference of the ISCO and of the equator of the horizon. Show that the
latter equals 4mrGM for any spin, and that the former tends to the same value as 6 — 0. Is this a
good test of whether the ISCO falls onto the horizon?

Compute the proper radial distance between the horizon and the ISCO, along the equatorial plane
of a ¢ = const slice, and show that it diverges as (GM/6)log(1/6). Compare with the photon
circular orbit, rpn > GM (14 24/25/3), and interpret the result in terms of the intrinsic geometry
of the equatorial plane near r = GM.

Problem: Maximal Time Dilation on Kerr Orbits

An astronaut orbits a Kerr black hole of mass M and spin a on a circular equatorial geodesic of radius

r. Her clock runs slow relative to static clocks at infinity by the factor v., = dt/dr = u’.

(a)

t

From the radial component of the geodesic equation and the normalization u? = —1, show that the
angular velocity of circular orbits is Q = d¢/dt = +v/GM /(3/? + a/G M), with the upper (lower)
sign for co-rotating (counter-rotating) orbits, and that
_ /% + a/GM

1"3/4\/r3/2 —3GM r1/?2 £ 2a/GM

Yoo ()

What is the largest time dilation factor attainable on circular geodesics? Show that v (1) decreases
monotonically with 7 for all circular orbits outside the horizon.

Restrict now to stable circular orbits. Is the ISCO the stable orbit with maximal time dilation?
Using the marginal stability condition 72 — 6GMr £ 8av/GMr — 3a® = 0, express Yo, at the ISCO
as a function of rigco alone, and study its dependence on a. How close to extremality must the
hole spin to make one hour in orbit last seven years at infinity?

8.3.2 The Ergosphere

The Kerr metric has two Killing vectors, {; = J; and {; = 0p. The first one is timelike
at infinity, ¢ = gy — —1, but it becomes spacelike already outside the event horizon. The
condition £ = gy = 0 reads r? — 2GMr + a? cos? § = 0, which defines the surface

re(0) = GM + /(GM)? — a2 cos? 0, (8.50)

touching the horizon at the poles, § = 0, 7. The region ry < r < rg(f), where £ > 0, is called
the ergosphere, £ (Figure . In the ergosphere there are no static observers: nothing can
stay at rest with respect to the asymptotic frame, no matter how powerful its engines are. This
is an extreme form of the dragging of inertial frames by the rotating mass, a phenomenon that
realizes some of the ideas of Mach’s principle.

167



stationary observers

T+ re (9)

Figure 8.11: Left: the ergosphere £ of a rotating black hole, in a section containing the rotation axis.
Right: stationary observers must rotate with angular velocities in the interval Q_ < Q < Q.

There are, however, stationary observers, whose four-velocity is proportional to a Killing

vector,
dxt
- — i 1
W= = (g rag).
with « fixed by u? = —1. Such an observer has dt/dr = a and d¢/dr = af), so that d¢/dt = (,
i.e. it rotates rigidly with angular velocity 2 as seen from infinity. The four-velocity must be

timelike, (& + Q&y)% = & +2Q& - &, + 02 §3§ < 0, which requires Q_ < Q < Q, with

VA p?
¥ sinf
In the ergosphere 2_ > 0: all stationary observers co-rotate with the hole. Asr —r, A =0
and the interval shrinks to a single value, Q4 — 4, with

a

2 2
r++a

O =wx

(8.51)

Oy =w(ry) = (8.52)
showing that 23y represents physically the angular velocity of the horizon. Accordingly, the
Killing vector

=58+ W& (8.53)
is null on HT and timelike in the whole exterior of the black hole. It may be used to give a
definition of surface gravity using the general relations , in terms of this timelike Killing
vector that is available in the exterior of the black hole, namely we can compute x as |Z|
ro —GM

8.54
r2 + a? (8.54)

Ve, n=r&n, K=

"By passing to a non-rotating frame near the horizon, ¢ — ¢ — Qut one can check that x admits the usual
definition in terms of derivatives of the metric components, and furthermore it has the same interpretation of an
inverse-relaxation time for near-horizon processes.
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Interestingly, x — 0 in the extremal limit.

8.3.3 The Penrose Process and the Second Law

The energy of a particle with four-momentum p#, as measured at infinity, is E = —p,&}".
Inside the ergosphere, &; is spacelike, and E can be negative for physical, future-directed, timelike
or null momenta. Consider a particle with momentum pg entering the ergosphere, where it splits
into two, pg = p1 + p2, with Ey = E1 + F». If Fy < 0, the second particle escapes to infinity
with Fy > Ej. Hence, energy has been extracted from the black hole (Figure .

Po, EO

p2, F2 > Ey

Figure 8.12: The Penrose process, seen in the equatorial plane. A particle splits inside the ergosphere,
one fragment falling into the horizon with negative energy, the other escaping to infinity with more energy
than the original particle.

The negative energy particle must fall into the hole, since it cannot exist outside the er-
gosphere. It changes the mass and angular momentum of the hole by dM = FE; < 0 and
6J = L1 = p1 - &. Since p; is a future-directed causal vector crossing H™, and & is future-
directed and null on H™*, we must have p; - &4 < 0. Hence,

0>p1- (& +Qu&s) = —E1+ U L1 = —0M + Q30 ,
which, using the first law (8.45)) implies

5 Ay = % (GM = Q3,6.) > 0. (8.55)

This is a remarkable result. It shows that we may extract energy from a rotating black hole,
0M < 0, but only by slowing down its rotation, §J < 0 and the process always ends up with
a bigger black hole §Ay; > 0. The maximal extractable energy is M — M;,, which is about
29% of the total mass for an extremal Kerr black hole. This is potentially a gigantic amount of
energy and, in fact, an electromagnetic version of the Penrose process, known as the Blandford—
Znajek mechanism, is conjectured to power relativistic jets in black holes with highly magnetized
accretion disks, such as those found at the center of the M87 galaxy or distant quasars.

The statement that 0 Ay, > 0 is a general theorem, proved by Hawking, which is actually valid
in fully dynamical situations, only assuming the null energy condition and ‘cosmic censorship’

169



(the absence of naked singularities), and it is known as the second law of black-hole dynamics.
The second law is arguably the most important result in classical black hole theory and it uses
many of the same arguments that are responsible for the singularity theorems of Penrose and
Hawking.

Problem: Cosmic Censorship

Consider small perturbations M and 6J of an extremal Kerr black hole. Show that the first and
second laws prevent the possibility that such perturbations could be used to over-spin the black hole into
a solution that violated the bound GM? > .J, which formally would have a naked singularity.

A simple model for such a perturbation is the attempt at over-spinning an extremal Kerr of mass M,
by sending in a particle of rest mass m, energy em at infinity and angular momentum m#¢. Show that
one needs ¢ > 2G'Me in order to have a chance at achieving the over-spinning. On the other hand, show
that the maximum of the effective potential in the marginal case £ = 2GMe just manages to prevent
absorption of such a particle.

The second law also puts constraints on the amount of energy that can be radiated in grav-
itational waves in a black-hole merger episode. Let two black holes with parameters (M, Jq)
and (My, J2) merge into a third black hole of parameters (Ms, J3). The parameters are con-
strained by the second law: A3 > A; + As. The largest amount of energy in gravitational
waves is obtained by starting with a configuration with the largest available energy for extrac-
tion (maximizing rotational energy of the initial black holes makes them extremal). Similarly,
a final Schwarzschild hole ensures that no more energy is left for extraction. This implies that
we must have M, = M/ V2 for the initial black holes and M, = M for the final one, so that
the efficiency 7 is bounded by

n_M1+M2—M3_1 My . MP+Mj

1
Mi+M, —  Mi+M,~ V2(My + M) ~ 2

where the last bound is saturated for equal initial masses. A similar argument for Schwarzschild
black holes yields a maximum efficiency of 1 —1/v/2 &~ 29%. So, we find that non-rotating black
holes are not completely inert as energy sources after alll At any rate, the efficiencies found in
actual mergers are far from these maximal bounds, staying well below 10%.

Another version of the Penrose process is its wave incarnation, known as superradiance.
Suppose that a classical wave of frequency w and angular momentum L (measured in the same
direction as the spin of the black hole) impinges on a Kerr black hole of mass M and angular
momentum J. If we view the wave as a coherent state of quantum bosonic particles, their
scattering will produce variations 6 M and éJ which will add up coherently for the ensemble of
particles. Therefore, we will have approximately dM/6J ~ w/L. Applying then the first law we
will have

K
e
Now, if the second law is valid, this quantity is non-negative, which implies that, for any w <
L4 we have §M < 0, implying that the outgoing wave is amplified and we extract energy from
the hole. We can interpret superradiance as a form of ‘stimulated emission’, in an analogy with

L
§Ay = 6M — Qy 6 = 6M (1—WQH> .
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atomic physics. The impinging wave activates the ergosphere, which causes the black hole to
de-excite into a lower energy state. If this analogy is correct, we should also expect ‘spontaneous
emission’ by quantum effects. This is precisely what Hawking radiation is.

8.4 Bekenstein and Hawking

The first and second laws of black hole dynamics evoke the corresponding laws of thermo-
dynamics, and this is no coincidence. The first law []

SM = = 54y + Oy 6 (8.56)
81G

suggests the identification of M with the internal energy of a thermodynamic system, the right
hand side representing the distinction between ‘work’ (the rotational energy that we may affect
from outside) and ‘heat’, an irreducible component proportional to the area term. Furthermore,
perturbations relax exponentially, in a time scale of order ™!, a dissipative behavior character-
istic of thermodynamical systems with x replaced by the temperature. The second law §Ay > 0
is also in line with the second law of thermodynamics if we make the associations

%H—mg, k—T. (8.57)
Further evidence comes from the fact that x is constant over a horizon, emulating the zeroth
low, namely that temperature is constant throughout a region in thermal equilibrium. Even
the fact that zero absolute temperature is not reachable in finite-time processes (third law) can
be interpreted as the ‘cosmic censorship’ phenomenon (the dynamical resistance of black holes
to admit processes that would push them beyond extremality). Together, these statements
constitute the ‘thermodynamic analogy’. The question is whether there is anything more than
a mere analogy.

8.4.1 Black Hole Entropy

In the early 70’s, Bekenstein gave arguments in favor of these identifications, using the
information-theoretical interpretation of entropy, as a measure of ‘hidden information’, and the
arguments used quantum theory in a crucial way. The basic idea is to consider the absorption
of a single quantum degree of freedom (a particle) by a black hole.

For simplicity we consider here the case of neutral particles on a Schwarzschild black hole.
If the energy of this particle is w, its degree of localization in space can be no better than
h/w, according to Heisenberg’s relation. Suppose that we only know that this particle has been
absorbed by the black hole, so that the hidden information has increased by one bit, 6.5 = log 2.
It follows that the energy of this particle must have been w ~ fi/rs. The reason is that a particle
of larger energy is localized on distances smaller than ry and, when captured, we can know for
example whether it entered through the north or south pole, or perhaps a few degrees southwest,
etc. Since we are only interested in minimal hidden information, we must arrange for the particle
to be delocalized on the scale of the horizon, so we cannot know ‘where precisely’ it entered. On

8Adding charge, thus considering the Kerr-Newman solutions, one simply adds a term ®3; 6Q to the right
hand side, where ®4 is the electrostatic potential at the horizon.
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the other hand, the energy cannot be smaller than i/r,, because in that case the wavelength of
the particle is larger than the hole itself, and the probability of capture becomes very small.

Hence, we conclude that single-bit entropy increments are associated to a single-quantum
capture of energy w ~ h/rs ~ h/GM. The corresponding increment in mass is 6 M ~ w and the
increment in area:

6A ~ 6(GPM?) ~ GPMSM ~ Grsw = O(GH) .

In this way we establish §S ~ §A/Gh, and therefore S ~ A/Gh when ‘building’ the black hole
from such optimal captures. In other words, we learn that the area increases by one Planck
unit when the entropy increases by one bit. In particular, the black hole has ‘infinite entropy’
in the classical limit (A — 0). This agrees with the idea that, according to the no-hair theorem,
all detailed information about the formation of the hole is hidden from the classical description,
which only depends on three parameters: M, Q, J.

Since A ~ (GM)? for a Schwarzschild black hole, a relation of the form S ~ A/Gh au-
tomatically implies that the black hole has a natural temperature obtained from the classic

definition .
oS\
T=|(-%=
(a5)
which gives T ~ h/GM ~ hx after the natural identification E = Mc?.

8.4.2 Hawking Radiation

The Penrose process has a quantum analog. Pairs of particles can be spontaneously created
from the vacuum with total energy E. + E_ = 0, provided one of them has negative energy,
E_ <0. Since E = —puff must be positive wherever &; is timelike, the negative energy partner
must end up in a region where & is spacelike, i.e. inside the horizon or inside the ergosphere.
The positive energy partner may escape to infinity as radiation of frequency w > 0, while the
hole loses mass 6M = —w. For the Kerr black hole, the pair creation can occur outside HT,
inside the ergosphere, in which case the negative energy particle is captured by the hole in an
essentially classical process that respects the second law § A3 > 0. However, if the pair creation
occurs right at HT, one of the particles can be nucleated inside the horizon, in which case the
loss of mass by the hole is intrinsically quantum mechanical and can violate the second law, in
particular, it can work for an ordinary Schwarzschild black hole.

Let the nucleated particle-antiparticle pair have rest mass m, so that the pair begins ‘real’
life separated by a typical proper distance of order h/m. This corresponds to a radial height 7,
satisfying

h N / m dr
m re J1—rg/T

leading to 7, — s ~ h?kx/m?. The asymptotic energy of such a particle at maximal radial height

Tm 18 of order
E:—muuéf:mmwmmfvh“7

where we made no attempt at fixing O(1) factors. Notice that the asymptotic energy is inde-
pendent of the particle rest mass. From the point of view of an asymptotic observer, the near
horizon region is populated by particles of typical asymptotic energy hAx which are confined
by the gravitational potential. We can expect to have a thermal gas at effective temperature
Ty ~ hk which slowly leaks out by tunneling through the gravitational potential barrier. We
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thus expect a thermal emission spectrum at temperature T, modulated by a grey-body factor
from the tunneling.
A famous calculation by Hawking in 1974, using quantum field theory, gives

hk h
Ty=—=— 8.58
B or = 8aGM ( )
where the second expression assumes a Schwarzschild black hole. The expression in terms of
the surface gravity is universal for any Kerr—Newman black hole. The luminosity in Hawking
radiation is then given by

dErad d<nw> / dw w ’T(w)P
Ly=——~= — = _ .
H 7 /wdw o oo/ Ti — (—1)F (8.59)

Here F' = 0,1 distinguishes Bose and Fermi statistics. For a Kerr black hole, the Boltzmann
suppression exp(—w/Ty) is replaced with exp(—(w — LQy)/Tx), from the fact that particles
with angular momentum L are emitted with an extra energy L)y from the frame dragging
effect, so the purely thermal excitation energy is smaller by this amount. Incidentally, we see
that bosons will undergo Bose-condensation in the vicinity of the horizon for w < L4, another
avatar of the superradiance phenomenon.

The precise determination of the normalization factor in fixes the absolute normaliza-
tion of the entropy to be A

H
Spu = ek
a formula known as the Bekenstein—-Hawking entropy formula. A fundamental problem in theo-
retical physics is to account for this thermodynamic entropy by counting quantum microstates.
Such an entropy is equivalent to one bit of information per Planck area element of the horizon,
so that one needs a full theory of quantum gravity to account for it. Furthermore, the depen-
dence on an area rather than a volume is quite intriguing, the starting point of the so-called
‘holographic’ approach to quantum gravity.

There is little doubt about the importance of (8.58) and (8.60)) for the foundations of physics.
However, the practical impact on astrophysical black holes is less clear. The actual value of the
Hawking temperature for astrophysical black holes is Ty ~ 10~7 (Mg /M) Kelvin, well below the
CMB temperature, so that astrophysical black holes absorb much more energy than they emit.
In natural units with 7 = ¢ = 1, we can easily estimate the luminosity in Hawking radiation as
L~ T12{ ~ Ay T#, the Stefan-Boltzmann law, even though the emitter has a size comparable
to the typical wavelength, A ~ ry ~ GM. The lifetime of the hole is then

(8.60)

M SBH
~ — Y ~ — . 1
TBH ™ T SBH Ty (8.61)

i.e. Ty ~ G?M?3, a gigantic time scale for any solar mass black hole, vastly larger than the age
of the universe. It is said that the black hole evaporates, emitting one quantum of energy Ty
every time interval of order 77!, and a total number of O(Spy) quanta over its lifetime.

The entropy of a black hole resulting from the collapse of a typical star made of N nucleons
is Spr ~ Gmf,N2 ~ 10738 N2, to be compared to the gas entropy for that star Sgas ~ N. Since

N ~ 10°7 we see that gravitational collapse is an extremely irreversible process. The equilibrium
between normal and collapsed entropies occurs for a mass of order M, ~ 1038mp ~ 10'% grams,
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the mass of a typical mountain. Such black holes have size of the order of one fermi and
temperatures of tens of MeV (of order m,, if the factor 87 in is ignored). If they existed as
‘primordial’ black holes, somehow created at or near the Big Bang, they should be completing
evaporation about now.

The greybody factors |T'(w)|? suppress the emission of particles with large spin, and particles
with mass m > Ty are Boltzmann suppressed. Hence, large black holes radiate mostly neutrinos
and photons (and gravitons). This implies that baryon number is violated. Consider a large body
with baryon number Np > 1 collapsing into a black hole. The hole radiates without returning
the baryons until Ty ~ m,, i.e. until its mass is down to Mgy ~ m%l/mp ~ 1038 my ~ M. It
is then impossible to return a baryon number Ng > Np(M,) ~ 1038: black hole evaporation
implies a macroscopic violation of global symmetries. To the extent that black holes at the
Planck scale can be present in quantum gravitational fluctuations, we do not expect any theory
of quantum gravity to have exact global symmetries.

Problem: Yellow Black Hole

Estimate the radiation power of a yellow black hole. Compare its entropy to that of the Sun.
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