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1

Functional integral.

In classical mechanics the trajectory is determined by the initial and final
points. For example, for a free particle, the unique classical trajectory that
at the instant of time ¢ = ¢; is at the point ¢ = ¢; and at the instant ¢ = t;
is at the point ¢ = gy is

¢ — a5
ti—ty

q(t) = ai + (t—ti) (1.1)
For an harmonic oscillator with the same boundary conditions the corre-
sponding classical solution is

gy sin w(t —t;) +q; sin w(t —ty)

sin w (t; —ty) (12)

q(t)

In quantum mechanics there is no such thing as a unique trajectory with
those boundary conditions. The only thing which is well defined is a tran-
sition amplitude between the initial and the final states, that is,

(qr trlgi ti) (1.3)

This amplitude can be computed using Schrodinger’s equation.

Dirac first suggested that may be one can think of quantum mechanics as
if every possible trajectory (even non causal ones) have got some probability
amplitude, and the total probality amplitude is in some sense a superposition
of all those amplitudes, with some adecuate weights.

Schwinger had the insight that closure shold somewhat be implemented.
Let us recall that given any hermitian operator with eigenkets |m), closure

means that
Z Im)(m| =1 (1.4)
Then it must be the fact that

(fliy = D (flin)(ializ) - - lin—1)(in—1lin) (ini) (1.5)

i1 dN



2 1. FUNCTIONAL INTEGRAL.

It is natural to think that by choosing the intermediate states to somewhat
interpolate between the initial and the final state there is some path (in an
abstract space) conecting the initial and the final state, and that tha total
amplitude must be in some sense the total sum of the contributions of those
paths.

Feynman drawing on these ideas, postulated that the quantum mechan-
ical transition amplitude from the state i = (g;, ;) to the state f = (g¢, )
is given by the functional integral

f i arps
K(£.0) = {tsasltia) = | Da()et 0 (1.6

Schroedinger states depend on time

.0
i[9 (2) = H|y(1)) (1.7)
Formally their time evolution is given by

() = e (0)) (1.8)

Given an arbitrary Schroedinger operator (which is independent on time),
say q its matrix elements are given by

(W(t)lalv(t)) = (w(O)] e g e |1(0)) (1.9)

These expectation values are the only observables; any representation that
leaves invariant those is a valid one. In Heisenberg representation, for ex-
ample, states are time independent whereas

qu(t) = et qs(0) e tH? (1.10)

where the Heisenberg and Schroedinger operators coincide at ¢ = 0. Let us
diagonalize it
qsla) = dla) (1.11)

Then the Heisenberg (time independent, then) state that diagonalizes gz (t)
is given by

an®lat) = au(t) (¢ |g)) = q (¢ ) =qlgt)  (1.12)

Note the different sign with respect to Schroedinger states.

In quantum mechanics the measure Dgq is related to the Wiener measure.
In QFT the measure is not understood. To quote Feynman himself in his
famous Reviews of Modern Physics paper, one feels as Cavalieri must have
felt calculating the volume of a pyramid before the invention of calculus.
This lack of mathematical understanding of the measure hinders progress in
the field. There is however some truth in the path integral. First of all it



includes both classical physics in a limiting case as well as all perturbative
results that can be reached by operator formalisms. Besides, Montecarlo
computer simulations of the functional integral yield seemingly reasonable
nonperturbative results.

In the classical limit & — 0 this integral is dominated by the stationary
phase, which corresponds to the classical solution

05 =0 (1.13)
oq

Although we use for simplicity the QM language, we always have an
eye on quantum fields ¢(Z,t). They correspond to an infinite number of
degrees of freedom ¢z(t). Essentially, one degree of freedom per point of the
three-dimensional space & € R3.

Let us give some details on Feynman’s definition. Let us divide the total
time interval T' =ty —¢; into IV equal pieces of length € = t;11 — t;, in such
a way that to =t;...tn =t¢ (9o = ¢, qv = q¢). Then

Ne=T (1.14)

Define
K(f,4) EJ\}i_r)nOO% Z‘?...dqﬁ‘le%s(m (1.15)
The constant A = QWTme is determined in such a way that this limit exists

for a free particle.
Let us check the quantum mechanical composition law

K(£.) = [ K(f.n)d gu K(n,i) (1.16)

This is a basic quantum mechanical postulate stemming, as we pointed out
earlier, from the competeness or closure of the eigenvalues of the position
operator. It is sometimes dubbed the cutting equation or the sewing equa-
tion. The two integration variables will be ¢ and ¢, such that ¢y = ¢; and
gn = qf. Schematically, the different integrations are

ldgr  dgn— 1dg  din—
A4 A danA... " (1.17)

which is precisely what is necessary for the direct computation of K(f,1) in
2N steps.
Let us work out the free particle in detail.

N

S =53 (a— 1) (1.18)

i=1
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The first integral is just
K| = /dqw%[(qum)%(qrqo)z] (1.19)

which we define through analytic continuation from Gauss’ famous integral
which was already used when defining the functional measure

I= /O:O dpe™?* = \/i (1.20)

The easiest way to show this is by squaring it.

= [ e [ dgne i -

00 21 1
_ Aol o+ T
/O d]¢\|¢]/0 doe 2o = (1.21)

/ dge " = \/f (1.22)
/oo dg 6_)\q2+bq — 6% \/i (1.23)

Then (A = —%; b= —%Z (g2 + q0))-

K| = fpezm[qg%-qg]\/r;nee—m(qquo)? (124)
which boils down to
m ﬂ(quqo)Q
K — 2h(2€) 1.25
Y=\ 2rin(26) (1.25)

Performing one step further

(X eRT), as well as

1 im
Ky = Z/dqQKlem(%*q?)Q (1.26)

After N — 1 steps, we get

m im

(a5—4:)° 1.2
omihNe (1.27)

K(f1) =

(which does not depend on N)
This propagator obeys Schroedinger’s equation
OK(f,1) h? 02



Let us now explain the privileged setup of Euclidean time. Denote by
Pn(q) = (aln) (1.29)
the wave function of the energy eigenstate |n).
H|n) = E,|n) (1.30)

in such a way that ¢g(q) corresponds to the ground state wave function.
We are interested in the probability amplitude that if the system was in the
ground state at time ¢; ~ —oo in the distant past, it is still in this state at
the time ¢y ~ +o0 in the distant future, in case an arbitrary external source

/t ;f dt j(t) q(t) (1.31)
has been added to the lagrangian between t; <t < t5 where
ti<ti <lp <ty (1.32)
Inserting a complete set of energy eigenstates we learn that
(artslaiti); = /dQ2 dqi (artrlaz t2) (aotalqr t1); (@1 tilgi ti) =

ZZ/dq2 dg1 (qsle” )| B (Bnlgata ) {aatolar t1)j (@1 |Em)(Emle™ 071 |g;)

When both

ty = 1 00
t; = —1 00 (1.33)

the lowest energy state |0) is selected.

(ay trlas t3); = BT by (ap)dh (@) X
></ da dgz ¢5 (q2) €™ (gatalqitr); do(qr) e 0 (1.34)

It is convenient to choose the zero of energies so that
Ey=0 (1.35)

The vacuum persistence amplitude, which we will denote by the name par-
tition function using the statistical mechanical analogy, is then given by

I (ar trlai ti);
(0410, = 21 = L0

= [ dadd 6 (&) (d¥lat) nl0) (1.3
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This expressions tell us how to compute vacuum persistence amplitudes;
that is, it selects the vacuum as both the initial and final state.

This means that up to a j-independent constant (which is irrelevant in
most QFT applications)

(0,410_) =z /qu S e (Lla+ ) (1.37)

This is exactly what is gotten from the euclidean formulation, where from
the very beginning
t—>17=—it (1.38)

with the boundary condition that ¢(7) approaches some constants (which
could be zero) at 7 = +o00. The euclidean integral selects automatically the
vacuum persistence amplitude.

When we include an operator insertion what we get is the time-ordered
product

[ Pa 0ta) 0t 5 = (04T O(ta) O(t) [0-) (1.39)

This is obvious as a result of our practical definition of the path integral. It
suffices to define a time mesh in such a way that both ¢, and ¢, are part of
it.

1.1 Perturbation theory through gaussian integrals.

Let us reproduce the diagrammatic perturbation theory in terms of path in-
tegrals. The rules of the gaussian integral are equivalent to Wick’s theorem
on operator language. All this procedure is essentially algebraic, combina-
toric even ; so that the formal limit to an infinite number of dof is trivial,
with the obvious replacements

S [
Sy 0 (2 — ) (1.40)

Let us write nevertheless all results in the language of a finite number
of degrees of freedom for the time being. Denote by ¢ the vector ¢ =
(¢1...¢n) € R™. Then the Gaussian integral generalizes to

Zo(J) = /dng e ¢ Mb=Tb _ n/2 (et Ny 21T M 7T (1.41)
This integral allows us to obtain many others

_ 0 0 n 11,
/d¢ i ¢j e $TM$ a7 8J Zo(J)|jog=m /2(detM) 1/2§(M 1)ij
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or else
o 0 0 0
dp ¢; ¢; Mo 2 2 2 2 7( )|,y = 7 (det M)/
[ d66: 05 00 0n e 5797 979 2o =7 (et M)
1 1 1 1 1 1
*M_li‘*M_l *M_l'*M_l' M_l'M_l'}
(SO0 55 (M i+ SO (O Y+ 505 (M
Let us dubb as propagator the quantity
1. _
Ay = §Mij1). (1.42)
The preceding integral then reads
T
/d¢ N D Yl | Y (1.43)
pECT ia€p

In the example there are Cj = 3 different possible pairings.
In general we define the Green function

(04 [Ty ... ¢, |0_) = / dd Gy ... ine ® MIVO — VG Z()|,5_,
V&Y / dpe=®"Mo=19 | (1.44)

The time ordering operator, T, appears owing to the time dependence of
the variables, which has not been explicitly indicated. The reader is invited
to work out a few examples.

e Consider for example a cubic interaction
9
V(9) =52 ¢ (1.45)
1

It is plain that
B g NERYZA% \3 NN
Z(J) = <1 + g Z(—@,) + 5 <3'> Z(_az) Z(_aj)> ez

In an obvious notation
0; — AJ;
07 — Ajj+ AJ?
& — 30N + AT}
O; = BAATAT; + 30055 + BAT A ji + AJPAJ;
07 — 6005 AT; + B0 AT Agi + 3AjATAT] 4+ 6AT; A% +
HOATIAAT; + AT} Nji + ATPAJ?
07— 9NN DNy + 9N A ATE + 9N AT Ay +
+3A5; AT AT} 4+ 6A% + 18AT;ALAT; +
INTZAjiNii + INTF A AT] + 3AT Ay AJ; + AJPAT} (1.47)
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It is also plain that
(04 |T ¢ ¢y |0-) = Agg + ég;{(lSA?j (Az’kAjl + AilAjk) +
FIAGAG (At + DjiAjr) + 92505 (AiAi + Ay Ag) +

605 A5 (Al + AnAje) + (643 +9A5A,7;5) Am}

We can divide all diagrams into two sets: connected and non-connected.
Non-connected diagrams are by definition those can be divided in two
by a line that does not cut any existing line of the diagram).

Consider the two-point function. To zeroth order in the coupling con-
stant, this is just the propagator. To first order in g there is no di-
agram. To second order, there are two diagrams. The first one is a
correction to the propagator, with a factor in front %; and the second

one is a tadpole, also with a factor in front %.

Consider the interaction denoted by ¢j].

V(e)= 530! (1.4

Define
Z(J) = / dge=®" MOV (@)=I0 (1.49)

and deduce

Z(J A

ZO((J)) 1y 4!{3A3 60w (A ) + (AwJu)‘*}
LAY IAZAZ. + T2A A2 A + 24A%

o la @A + 2844545 + 244,

(Ao Ju)?[IBAZA; + T2A5A7)]

(A du)?[18AZ Asi 4+ 7240 A7

F A Ju Do Jy[96AY; + 1440 A5 A5

+3(Aiudu) A% + 3(Aju ) AF 4 48(Ajudu ) Aiuulii g + 48(DinJu)® AjuJuNii A
F( A u)? (Do o) 23685 A5 + T2A5] + 6(Asuu)? (D)o o) 2 Ajj + 6(Ajudu) (AivJy)?

F16(Ag )P (Do o)Ay + (AiuJu)4(AjvJU)4} 00 (1.

This expression summarizes all Green functions perturbation theory
up to O(\2).
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OONNNG

1/8 1/2
1/128 1/16
1/16
1/48

Figure 1.1: Vacuum diagrams

For example, the full two-point function reads
A
m+ﬁm¢ML>:AM+@{&ﬁAM+1HMAM&&

1 /22
-3 (4') {(9A§iA§-j + 7200 A% A + 2405) Awy
F20 A5 (18AT Ay + T208: A7) + 283 A (18AF; A + T2A ;A7)

H( Al + AaljR) (9647 + 144AiiAijAjj)} (1.51)

In particular, terms linear in the coupling constant read

(04 [Torpr19ipidiri| 0-) (1.52)

From the C§ = 15 possible pairings, 3 correspond to the combination

ApAi (1.53)
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P

1/4
1/6

1/4

Figure 1.2: Connected contributions to the two-point function.
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and the other 12, to the other possible combination
AV WAVIVARY (1.54)
Connected functions stem from
W(J] = log Z]J] (1.55)

This object is often called the free energy by analogy with corresponding
statistical-mechanics quantity

0
T i - - - Dj e = ce 1 A = 1.
07
8W = Z7
(0*°Z 0Z0Z
In perturbation theory
Z =20+ 971 + 9222 + O(gd) (1.58)
so that )
- = — == — — —= 0] 1.59
Normalize Zy = 1. Then
E—— 2(z2 -z O(g> 1.60
A 19+9g 1 2) +0(g°) (1.60)
as well as
R +2(3Z2—22)+O(3) (1.61)
72 = 1949 1 2 g .

which implies
(01 161110-)c = (Bid5)o — (doles)o
| = Z10i63)0 + (036301 + 2206000500 — (Bido(6)1 — (61(65)o] g +
(636302 + (636300 (22 = 22) — (636121 — (8ihotoo (328 - 222) +
221 (@)odsh + (1 (0300) — (Golsha — (G0 — (8)al0shols?

It is amusing to check that all this is self-consistent. A formal proof is
to be found in Hugh Osborn’s lectures.
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1.2 Berezin integral

The classical limit A — 0 of fermion fields does not exist unless we accept
anticommuting c-numbers, that is, elements of a Zs graded Grassmann al-
gebra,

V=Viael (1.62)

The parity is denoted by p € %. Finite dimensional Grassmann algebras
enjoy a set of N generators,

{¥i, ¢} =0 (1.63)

All of them are idempotent
%2 =0 (1.64)

A representation of the algebra is given in terms of matrices as follows.
Define

1
Then
0l =0
{Si,O'g} = 0
{o4,0_} =1 (1.66)

The representation of the n-dimensional Grassmann algebra is generated by
the N matrices of dimension 2V

V=041 R03R...Q 03
Yy =03Q04+ ®...Q03
Y3 =03Q03R04...R% 03

YV =03R03R...004 (1.67)

An arbitrary element of the algebra can be written as

=303 M g, (1.68)

n<N 11...0n

(the coefficients CE?)ZN € C are complex-valued antisymmetric tensors.)
Odd elements (n € 2Z+1) have fermionic character, and do anticommute
with all other odd elements; whereas even ones have a bosonic character and
commute with all other elements of the algebra, even or odd.
All analytic functions are just polynomials. For example, in a one di-

mensional algebra

f)=a+bp (1.69)
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And in two dimensions

f(@1,v2) = a+ bihy + batha + ci19)o (1.70)

Derivatives can be taken from the left or from the right, and they are in
general different. Assuming g(f) = 0, for example

oL
—f=-b 1.71
D 1+ cya (1.71)
whereas 9
R
Ry — 1.72
p) wl b1 C¢2 ( 7 )
The only translational invariant measure is Berezin’s
/dd) (a+b) =0 (1.73)
Indeed
[dvta+ b)) = [dva+bu) = (1.74)

In QFT we often encounter independent integration variables ¥; y ¥
(not related by complex conjugation)

/ dipdipe= VM = / dpdip(1 — PA) = A (1.75)
To belabor this point

/di/jldi/)ldi/jgdi/)g e—(1/_)11&1M11+1l_111/12M12+1Z2¢1M21+1ZJ2¢2M22) —

/dd;ld@bld@EQd@bQ (M11M22¢1¢1152¢2 + M12M211/;1¢2%521/11) =
M11M22 — M12M21 =det M (176)

The gaussian integral is then defined as the determinant
/ dpdipe= VMV = det M (1.77)
Translational invariance allows for
Zy(n,m) = /dzﬁdwe*%wwrﬁiw*%m — det KeMKimmm (1.78)
The usual fermionic integration in QFT reads
V = gyt (1.79)

Njj is a matrix valued in different spaces (spin, flavor,color,etc)
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We will be interested in Green functions of the type:
<04 ‘Tw,z?m‘ 0_ >= / dipdape= Vi TVi—ghiN by, (1.80)
With S = K~! we get
<0+ ‘Tl/’pz;q‘ 0- >= Spq + 9(SpgNijSji — SiqgSpiNij)
+g22(SpqSlk'NiijiNkl — SpiSigNijSji Nk + SprSjqStiNij Nkt — SiSqSpi Nij Nk

—i—SquijpiNiijl — SijliNiijlSpq) (1.81)

1.3 Summary of functional integration.
e We just saw that
zl0) = N & #vV(smm) g0 (1.82)
Now we claim that this is equivalent to

Z[J} =N {eéfd4x1d4m2A(:E2—Il)tWKdzl)5<ﬂézz)} eifd4x (V(¢)+J¢)‘ —0
J

(1.83)
This stems from a generalization of the identity
0 0 ;
F G(z;) = {G Fly;) e 2w 1.84
(55) e ={c () Fo) X s
=
Let us prove it for plane waves
G(%’) — eiZaixi
G(z) = ¢l 22 i (1.85)
The first member gives
a;0; iqr 1 iqz
et e = 1+a1-8@-—|—§aiaj8¢6j+... e =
1 4 .
= (1 +igqa — §(cz.q)2 +.. ) el = glalta) (1.86)

The second member, in turn, reads

eqay ei(a-‘rac)y’ _ ei(a-i—ac)(q—i—y)‘ Ozei(a—I—:v)q QED.(1.87)
y:

y=0

The formula [1.83] clearly represents Feynman’s perturbation series.



1.3. SUMMARY OF FUNCTIONAL INTEGRATION. 15

e Complex scalar fields

1+
6= (1.88)

Assuming a symmetric K;; = Kj;,
/D¢ e Jd"e 6 Ko _ ot g1 (1.89)
e Berezinian or superdeterminant,

dM e+ Kp+p Ny ¢+¢Nzw}

/D¢ Dy Dy e_fd%{

_fdnx{(¢+¢N1M1)M(¢+M1N2¢)—¢N1M1N2w+¢l<ww}

/ Do DY Dy e
— det M~ /Dwm‘; e J e V(E=NiM7INo) _ gt M1 det (K - NlelNQ)
Denoting by

M N
M= <N1 Nj) (1.90)

It is customary to call berezinian the quantity

ber M = det M~ 'det (K - NlM_lNg) (1.91)

e The only extra thing we need to postulate on the functional measure
is that it must be invariant under translations, that is

D (¢ + o) = Dy
D(¢+ ¢o) = D¢ (1.92)

This we need to compute the action of external sources.

e Sometimes it is convenient to specify morte the measure. We can
define

D¢ = [[ do(x) (1.93)

With this definition there is a divergent factor of §(™)(0) each time a
point transformation is made.

DIf¢] = [[d[f(2)e(w)] = det |f(2)s™ (& —y)| D=

etr 108 [f(@3") (@=y)] pgy — 60 [d"e log f(@) g (1.94)



16 1. FUNCTIONAL INTEGRAL.

e A very important property, which will be used repeateadly in the se-
quel is that the integral if a total derivative vanishes

0
/D% Flé] = 0 (1.95)
e Under a change of functional variables
_ of
Df(6) = det (57 ) Do
Dg(vp) = det ™ (33}) D (1.96)

The formula for the change of variables in fermionic integrals (inverse
jacobian) is forced upon us by consistency, because already when A is
a constant

1= [ d0w) () (1.97)

e Unfortunately all this is formal, because all this determinants are di-
vergent and must be regularized. This is, in some sense, the essence
of quantum field theory.



2

Schwinger’s action principle
and the equations of motion.

From the functional integral Schwinger’s action principle is more or less
obvious. It states that under any smooth changes in the lagrangian

. .
5oy trloi ti) = /t_f d*z (g tg ‘;511(95) bi ti) (2.1)

(3

Starting from Feynman’s integral
S
5<¢f tf|¢z’ t;) :6/’D¢) ezfi de L _

t |
= [ dte 0y 1y |poL@) 01 1) 2.2

It should be clear that a logical possibility would also be to start from
the action principle and then derive Feynman’s integral as a consequence.
In a sense, they are two formally equivalent formulations, one in terms of
functional differentials, and the other in terms of functional integrals.

Either from the action principle or directly from the functional integral
one can derive the equations of motion, sometimes called the Schwinger-
Dyson equations. Those are an infinite set relating the two-point function
to the four point function, and the four point function to the sixth order
function, and so on. This hierarchy can be solved perturbatively, and it
yields the diagrammatic Feynman series.

Choosing the ¢} theory as an example, let us write the action as

1 A
s = [ dtwol) (5 o@)K () - 30! - T@)o@)) (23
Here we have denoted the inverse propagator as

K=0+m? (2.4)

17
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The starting point is the fact that the functional integral of a total derivative
vanishes. This yields

/Dqs <5¢j:61) e =0 (2.5)
This is )
K(p(x1))s — g<¢($1)3>J —(J(z1))s =0 (2.6)

Let us now convolute with the propagator
Agy * K = 0y (2.7)

to get the formal solution. This an exact statement, holding formally form
all values of A and for arbitrary sources J(z).

(G)s — 5 By * (9@2)°)s — Doy * (J@))s =0 (28)

We can now functionally derive this extression with respect to J(z). This
yields

<T¢($3)¢($1)>J_%Am1x2*<T¢(x3)¢(x2)3>J_Am1ﬂc2*<J(x2)¢(x3)>J_Aw1w3 <1>J =0
(2.9)

This equation yields, as promised, the two-point function in terms of the

four-point function. Functionally deriving twice more we get

(To(a)(0)6(1)) s — 5 Dares * (Toa0)0(23)8(2)") -

_Axlmg * <J($2)T¢($4)¢(1’3)>J - Az1x2 * 5:1:2:1:4 <¢($3)>J - Axlng <¢(l’4)>(2:1:(1)

as well as

(To(x5)p(za)p(x3) (1)) 7 — %Amm « (Tp(25)¢(wa)d(23)$(22)%) 5 —

_A.lerg * <J($2)T¢($5)¢<$4)¢(x3)>J - Azlmg * <5m2x5T¢(fE4)¢(x3)>J -
_Awlm * 59E2964 <T¢($5)¢($3)>J - Awlrs <T¢(x5)¢($4)>J =0 (2'11)

Again those equations are exact equations: no approximations are involved
in deriving them. We can now make contact with the perturbative expan-
sion.

In the absence of sources

(To(a)o (1)) = Ao — w0) + 5 [ dles Alwr—22)(T6(s)o(a2)) (2.12)

To O(A?) all we need is the four-point function to O(X). This is easily
obtained from the last equation

(To(z5)p(wa)p(x3) (1)) = A (21 — 25) ATg — 23) + A (21 — 24) A5 — 73) +
+A (21 — 3) A (75 — 24) (2.13)
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which reproduces Wick’s theorem. The tow point function reads

<T¢(l‘3)¢($1)> =A (l‘l — $3) + 2/d$2A (33‘1 — 1‘2)) 3A(O)A (.7)2 — x‘g)
(2.14)
and physically represents the contribution of the tadpole.

This procedure can be easily extended to any order in perturbation the-
ory as well as to more complicated theories, involving nontrivial spins. Let
us compute now the O(A\?) contribution to the two point function. We need
the sixth point function to O(X). Let us carry on

(To(w6)p(ws)p(xa)d(23) (1)) s — %Amm (T (6)p(5)p(x4) P (w3) P (w2)°) s —
—Agyay * (J(@2) TH(26)P(75)Pp(24)B(23)) 7 — Dy * (Ozows TH(w6)P(4)P(23)) 7 —
Amm <$2$6T¢(‘T5) ( ) (x3)>

A$1I2*5$2$4<T¢($6) ( ) (x3)> - $1$3<T¢($6)¢<w5)¢(w4)>J:0 (2'15)

and finally,
(To(x7)p(x6)(x5)P(x4) P (23) P (x ))J_%Amlrz (To(x7)¢(w6)p(25)d(24)9(23)P(22)°) 5 —
7

5)¢
Apyay * (J(@2)TP(27)d(06) P (25)P(24)P(23)) 7 — Dy * (Oagar) T P(26)P(25)P(2a)p(23))s —
* (Ozgas TP(w7)p(26)P(24)d(23)).1 —
—Agy2y * (Oagae TO(7)0(x5)P(24)P(23)) g

—Bayzy * Onyay (TO(27)P(26)D(05)P(23)) 7 — Dayay (TP(27)d(6) P (25)P(24))s = 0 (2.16)

When the sources vanish this yields to the lowest order, which is all we need,
the sixth point function in terms of the four-point function.

xlmg

(Top(x7)p(w6)d(25)P(2a)P(23)P(21)) = Alz1 — 27)(T (w6 )P (5)P(24)P(23)

+A (21 — x5 )(To(27)d(26)d(4)P(23)) + A1 — 26)(TP(27)P(25)P(24) P(23)

+A(@1 = 24)(TP(w7)p(w6)d(w5)d(w3)) + Al — x3){T'd(27)d(we ) d(25)(
Plugging in our previous results,this reads

(To(z7)d(w6)d(25)P(24)d(w3)d(21)) = A17 (Ag5A43 + AeaAsz + AgzAsa) +

+A15 (A76A43 + A7sAg3 + A73A64) + A1 (A75843 + A7s A5z + A73A54)

+A14 (A76As3 + A75A63 + A73065) + A13 (A76A54 + A75864 + A74065)
The desired A\? contribution to (T'¢(z3)d(x1)) is

g
\/\/_1_

A2 A2

%/d4902d4y A(x1 — 22)A(wy — y)(Th3d3d)) = 36 /d4$2d4y A12A2y{
Ayz (AoAg + AgyAgy + Aoy Aoy) + Aya (AzaAg + AsyAoy + AgyAgy) +
+Ay2 (AsaAg + AgyAgy + AgyAgy) + Ay (AggAzy + AggAzy + Agon) +

+Ag (AggAgy + AzaAgy + AgyA()) } (2.17)
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2.1 The S-matrix in QFT.

The most important task in order to be able to extract testable predic-

tions out of fundamental theories is to compite cross-sections. Those are

known once S-matrix elements are known. There is a systematic recipe for

computing these in terms of Feynman diagrams, namely the Feynman rules.
Let us recall that the in-states are defined so that

et in) = 7ot |jn) (2.18)
The S-matrix is then given in the interaction representation by

S= lim lim ot iH{"=t) —illot’ (2.19)

t""—o0 t'——00

2.2 Feynman Rules.

The simplest field is the spin zero scalar field. It corresponds to the Higgs
field in the standard model. Its lagrangian reads

1 A
L= (0,80"® — m*®?) - E Sy

al m (2.20)

Reinstating ¢ and h, masses are really inverse Compton lengths m;CQ. The
quartic coupling constant A is really % Redefining

® = n/%d (2.21)

the action reads

12

1. 12 _ .
S = h/d4x (;((%éc‘)“@ _1Ee 97; o3 — 2¢4> (2.22)

Then this quartic coupling is dimensionless, [A] = 0, and the cubic coupling
has got dimensions of an inverse distance: [gh'/?] = L~

Feynman boundary conditions (positive frequencies propagating towards
the future; negative frequancies propagating towards the past) are equivalent
to working in the euclidean fremework

2 = —ixy (2.23)

so that
iS = —Sp—=— / &' ((0,0)% +m*6?) (2.24)

When Fourier transforming we shall continue in such a way that

Po = ip4. (2.25)
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Instead of the discrete indices i, j, k. ..,we have now four-dimensionsl
coordinates, ,¥, z . . ..

> —0ibdij; — — [ dad'yo()M (@, )o(y) (2.26)
ij

What is in the exponent of the path integral is just ¢S.4s. Then we are led
to identify

M(z,y) = £ (0 +m?)5( — ) (2.27)

Also
=3 i i / d'zJ (2)o(x) (2.28)

The bosonic propagator A = %M ~1 is defined through

/d4zM(:v, 2)A(z,y) = 264z — y) (2.29)

This can be solved in momentum space

4 .
Az —y) = / <;l7r’)’4e—1p-<x—y>A(p) (2.30)

namely

4 : 4
J g )= [ ves

Feynman’s boundary conditions (or else analytical continuation from eu-
clidean space) lead to the contour defined by the limit ¢ — 0%;

7

A(p) (2.32)

Q-
Feynman’s propagator is symmetric with respect to the exchange p — —p,
or what is the same thing, with respect to the exchange of the points z and
Y.

It is proportional to the Fourier transform of the time ordered two-point
function

Agy = Az —y) = (0T¢(x)(y)|0) (2.33)

Let us compute it using the identity

i > isP
Pric ds e (2.34)
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dk o
A(xl — {Ij2) = / elk’(x1—x2) /0 ds els(k’2—m2) _

(2m)*
2
- /OO ds e_ist/d% eis<k+(zl2?2)) it —
0 (271'4
1 /oods —ism? (71)2 eﬂ.mzx?)? 1 2m REEN
(2m)* Jo is 872 \/(x1 — 2)% — i€
x K1 (—m (1 —x9)? — ie) (2.35)

The imaginary part appears as a condition of convergence of the integral

o iﬂ(z—ﬁ) [1%s
/ ' le? “ldr=2p"2 K_,(Bu) (2.36)
0

only when Im z > 0 and Im (%) < 0.
In the massless limit the behavior

21 (n —1)!
Kn(z) ~ — (2.37)
implies
Aoy —p) = —— ! (2.38)
1 —x) = ——F————— .
! 2 47T2 (iL'Q — $1)2 — 1€
Let us repeat the same calculation with the euclidean propagator.
Ap(r1 —22) = / 7d4k etk(@2—a1) /OO ds e~ s(kptm?) —
(2m)* 0
1 o 2 @-ep? 1
— y / ds <W> s EagE 72# K_, (m (x2_x1)%>
167% Jo s 4 (29 — fUl)%
In the massless limit (Remember that K_,(z) = K,(2)).
1
AE(:vl - LL’Q) = (239)

4m? (21 — 22)%

Let us compute the first quantum corrections to this Green function
in the scalar theory ¢3. All terms follow strictly the ones in .Please
compare with the diagrams in the figure. The coefficients in front of each
of them are combinatorial in nature and thera are elaborate formulas to
compute them (cf. for example [?]). The safest way is however to go back
to basics and expand the path integral directly.
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Figure 2.1: Position space feynman diagrams.



24 2. SCHWINGER’S ACTION PRINCIPLE AND THE EQUATIONS OF MOTION.

O176()0)|0) = Alw — ) + 3 [ do{386 — A - y) +

+12A(z — 2)A(z — ) A(z — y)}

R
2

@)2 / d4zd4w{ [9A(z AW — w)? + T2A(2 — 2)A(2 — w)2A(w — w) +
+24A(z — w)ﬂ Al — y) + 2A(w — 2)A(w — y) [18A(z —)?A(w — w) +
+72A(2 — 2)A(z — w)ﬂ -

F2A(x — 2)A(x — 1) [18A(w — WA (2 — 2) + T2A(w — w)A(z — w)?

(A = 2)Aw —y) + Al — ) Adw — 7)) [%A(z —w

FLU4A(z — 2)A( — w)Aw — w)] }

Formally, the infinite volume of space-time is the quantity

%E/fx (2.40)

It is usually covenient to work in momentum space. Let us denote

(2.41)

When integrating over space-time points we get a delta function in space-
time enduring momentum conservation at each vertex, plus a global mo-
mentum conservation on external lines.

The momentum-space two-point-function then reads

6t =800+ 3 {ov. ([ 5@) 500+ 12 [ MwaCna0}
) fl () () e ([0

P24V, [ A AE)AE)Ap — 2 - p)|AD) +

p1p2p3

4A(p)A(=p) [18 (/qA(q) V, + 72 (/A ) +

+48 A(q1)A(g2)Alp — g1 — q2 } + 72A(p (/qA ) } (2.42)

q1q2
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Figure 2.2: Momentum space feynman diagrams.
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Please note that in a real scalar spinless theory

A(p) = A(=p). (2.43)

The terms proportional to a power of the spacetime volume V, are precisely
the non-connected diagrams. The power affecting the volume is the number
of vacuum bubbles in the diagram.

Let us now turn to abelian U(1) gauge theories (quantum electrodynam-
ics, QED). At at time it was considered as a model for all QFT; nowadays
is considered as a rather special case. The lagrangian reads

L= —%FWF“” (2.44)
After integrating by parts
S — / iz — %A“ (=D + 0,8,) A” (2.45)
This means that
Myw(@,y) = (=0 + 0,0,) 6*(x — y) (2.46)

The operator M is singular, owing precisely to gauge invariance

[ Mo, )0ely) =0 (247
One solution to this problem is to chose a gauge condition, such as
0, A% =0 (2.48)

In order to do that, we add to the lagrangian an extra term

Lyj = 5— (0aA%)? (2.49)

1
2a
It is clear that when v — co we implement the gauge condition formally

The new M operator reads

1

M (z,y) = (—me + (1 - a) @L@u) 0 (z — y) (2.50)

There are good resons to think that the functional integral will be in-
dependent of « (this will be proved when studying the BRST approach to
gauge fixing). Feynman actually favors

a=1 (2.51)

which will be called somewaht symbolically Feynman gauge.
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The photon propagator reads

Nuv
v = : 2.52
a p? +ie ( )
that is
(01T Ay (x) Ay (y)]0) (2.53)
The fermion-gauge coupling reads

L= 15(7“@8;1 - QAM) —m)y (2.54)

The fermion propagator

d*p . 1

Sy = [ AP ey L 2.55
@=y) /(27?)46 Pp—m+ie (2:55)

in momentum space

1
Sep=|—— (2.56)
YEPy — M+ 1€ b

It is a fact -
iSab(® — y) = (0] Ta(x)h(y)|0) (2.57)

S(x — y) represents the amplitude of propagation from the point y towards
the point x,the, because of the conventional Fock’s structure of Dirac’s field
(¢ ~ (b,d")) what propagates is electron towards the future or a positron
toward the past (that is, negative charge towards the future). The arrow goes
from ) towards ¢ and has nothing to do with four-momentum propagation.
We represent the propagator with a continuous line and an arrow that goes
from the point y to the point x. To change the arrow is the same as to
change p to —p.

The photon-fermion-fermion vertex (the only one in QED)
gy (2.58)
The Yukawa coupling between scalar-fermion-fermion

Gy (2.59)

with gets a vertex
igy (2.60)
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Figure 2.3: QED vertex

2.3 One-Particle-Irreducible Green functions

The basic building blocks out of which all Green functions can be recon-
structed are not the connected functions, but rather, the one-particle irre-
ducible (1PI) Green functions. Those are by definition the ones that can
not be made disconnected by cutting one internal line. Their generating
functional can be easily obtained from the free energy by a Legendre trans-
form similar to the one used to define the hamiltonian out of the lagrangian
Define

ow
be = 5T (2.61)
Invert this to get the function J(¢.). Then define the effective action
Téd] = W[J] - / oy (2.62)
It is then plain that
or / oW 4J, 0J
= | d"y— Y fJa:f/d"zcz =—J(x 2.63
500(2) Y5 T, 50u() (x) Pe( )&bc(x) () (2.63)
Connected functions in presence of sources are given by
Go(w1 o) = — L (2.64)
It is plain that
Gn(x1...20)|jg = Gr(x1...20) (2.65)

Define in an analogous way

4] )

o.—T 2.66
It is claimed that 1PI functions are given by functional derivatives of the
effective action.

Cp(zy...2p) =

Lp(xy...xp) = Tp(xy ... $n)|¢c:0 (2.67)

Remembering that
PWIJ)
= 2.
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it is fact that

5z 5y 0¢C §J. 6*W 5T W
5.7y v L secad, ). 09g 80,0, 2 0ee 5J25J§ )
That is
Iy =-Gy! (2.70)

To lowest order, I'y is just the quadratic piece of the classical action. This
procedure can be extended easily. For example the full connected three-point
function can be reconstructed out of the 1PI three-point function.

00, 1)
G3(z1, 22, 23) = /d" d) T(xs) Tyt (21, 20) =

5¢c(y1)
or , _
= /dnyl d"yy d"ys Ga(yr,w3) Ty (21,52) M Iy (22,12) =
6¢°(y1)

= /dnyl d"yo d"ys Ga(y1,x3) Ga(x1,y1) I'3(y2,y3,y1) Ga(w2,y2)
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Gauge theories.

Gauge invariance is a formal invariance of the action with respect to trans-
formations that depend of continuous parameters which are functions of the
space-time point, say g(z) € G. The group G can be abelian like U(1),
corresponding to electromagnetism, or non abelian, like SU(n). Gauge
transformations that approach the identity at infinity, Gy, are noy really
symmetries, and the physical configuration space is A/Gg. These transfor-
mation are really redundancies of our description in terms of the variables
A.

There are also in the non-abelian case large gauge transformations that
do not tend to the identity at infinity, and relate different points in A/Gq
which are physically equivalent. Those are true symmetries.

3.0.1 Renormalization.

When computing all but the simplest diagrams, we find that they give rise
to divergent integrals. For example the simplest scalar vacuum bubble reads

B = = 3.1
/ p—m2+ze o (3.1)

Before even discussing what is the correct procedure to make sense out
of this infinity we just encountered, we have to regularize, that is, modify
our theory to a different one that yields finite answers and that reduces
to the physical theory in some limit depending on continuous parameters.
When this is done, we will have to study what happens when the continuous
parameters go to the physical limit. This is what is called remormalization.

The simplest way to regularize is momentum cutoff, in which a factor of

(A% — p?) (3:2)

is inserted into the momentum integrals. Our vacuum bubble regularized in

such a way reads
B = CA? (3.3)

31
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The physical limit is then
lim (3.4)

A—o0
It can then be said that the bubble B is is quadratically divergent in the
physical limit.

This procedure breaks Lorentz invariance as well as (soon to be discussed
in detail) gauge symmetry. It is then preferable to work from the very
beginning in a framework that respects as many symmetries as possible.

The superficial degree of divergence of a diagram is the difference between
the number of momenta in the numerator of the integral and the number
of momenta in the denominator. In spite of it being a very simple concept,
its importance cannot be overestimated, because there is a famous theorem
by Weinberg asserting that if a graph and all its subgraphs habe negative
superficial degree of divergence,, then the full diagram is finite.

There is a quite simple way of computing it. The superficial degree of
divergence in dimension n, just to get the general trend, is just

D=nL—2I,—I; (3.5)

The fact that we can write the diagram in a paper means that the FEuler
characteristic must be one, so that

xX=1=L-I+V (3.6)
This means that
D= Z nidi+n(I-V+1)=21,—1y = Z nidi+(n—2)Ib+(n—1)If—n(Z n;—1)
(3.7)

The law of conservation of boson ends states that
Ey+2Iy =) ngb; (3.8)

where b; is the number of boson lines stemming from a vertex labelled ¢, of
which there are n; in the given diagram. The law of conservation of fermion
ends states that

Ep+2Ip =) nif; (3.9)

Then the superficial degree of divergence reads
D= Znidi +(n—2)I, + (n— l)If —nZni +n =

Zznidi+n;2 (Znibi—Eb)—i-n;l (anfz—Ef) —nZni—i—n:
n—2 n—1

5B = —5 Ef+n+Y_ n; (3.10)

where d; is the number of derivatives attached to the vertex labelled ¢. The
index of divergence

1
5; = bi+”2 fitdi—n (3.11)
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In theories in which §; > 0 the degree of divergence gets bigger and bigger
as we add more vertices. Those theories are certainly non-renormalizable.
Assume there is no derivative vertex, Then d; = 0. The condition for

the index of divergence to be negative is
-2 -1
n2 b¢+n2 fi<n (3.12)

This means that in n=4 dimensions,

3
bit5fi <4 (3.13)

vertices cannot have more than four bosonic legs, or two fermionic ones and
one bosonic.
In n=2 dimensions,

% £<2 (3.14)

vertices can have an arbitrary number of bosonic legs, but only up to four
fermionic ones.
Curiously enough, in n=6 dimensions the condition reads

5
20; + ifi <6 (3.15)

so that the theory ¢ looks renormalizable by power counting.

Renormalization is only the first step in order to be able to extract
precise answers from QFT to compare eventually with experimental results.
Even when we are guaranteed that all computations will yield non-divergent
answers, we still have to compute them. This work is usually even harder
that the one necessary to elimitate all infinities.

The only reason why a sample of these calculations is not included here
is one of lack of space-time.

3.0.2 Dimensional regularization.

Analytic continuation in the spacetime dimension ('t Hooft and Veltman)
regulates simultaneously IR and UV which is sometimes a nuisance, al-
though usually convenient. The continuous parameter here is precisely the
spacetime dimension, n and the physical divergences appear when the limit

lim (3.16)

n—4

is taken.
Wilson introduced an axiomatic formulation of this regularization. He
was able to prove that the analytic function of the complex variable n

I(n; f) = /d”pf(p) (3.17)

is uniquely defined by
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e Lineality
I(af 4+ bg) = al(f)+bI(g) (3.18)

e Scaling.
Define (D f)(p) = f(Ap).

I(Dxf) = A7"I(f) (3.19)

e Translational invariance.
Define (T, f)(p) = f(p + q)

I(Tqf) = I(f) (3.20)
Recall the definition of Euler’s beta function
I'(z)T'(w) /00 r*t
B =" = de——— 3.21
(z,w) I'(z+w) 0 o (14 z)*tw (3.21)
where Euler’s Gamma function is given by
I(2) = / et 71 (3.22)
0
The euclidean integral
r 2 —a—n/2
/dn 2 _ 7_‘_n/ n+2a—2b (a + TL/ ) ( a 7’L/ ) (323)
+m I'(n/2)I(b)
implies in particular that
/d"p p*=0 (3.24)
There is a quite useful (proper time) parameterization due to Schwinger
1 1 o0 2,2
_ d a—1_—7(k*+m?) 3.25
(k2 + m2)a a) /0 7T € (3.25)
Then several template integrals are easily done. First of all
1 I'(a —n/2)
" _ n/2 ]{52 +C n/2— ai 3.96
/ P mphicyE ) T'(a) (3.26)
thens
n Du _ n/2 2 n/2—ar(a_n/2)
d =—k —k*+C _— 3.27
/ P T opk + C)e pm (=R £ 0) T(a) (3:27)
and finally

2+ 2pk+C)  T(a)

X (F(a —n/2)k,k, +T(a—1—-n/2)

(—k‘2 + C)n/Q—a %

12
Mgﬂy) (3.28)



35

In order to take the physical limit, we need to evaluate these analytic func-
tions of the complex variable n in a neighborhood of the physical value
n=4+¢

r(‘j”) =T(¢/2) =~ +0()= 1 +0(1)  (3.29)

This result stems from the well-known fact that
I'(1+4z)=2I'(2) (3.30)

When fermions are considered, we need to define also n-dimensionsl Dirac
matrices. They obey

{’7,“7’71/} = 29#1/ = _25/,Ll/ (331)

Also
trl1 =4 (3.32)

which can be shown to be consistent, and implies

Y =n

trYuyw = 490

N = (2 = n)p

Yupgy" = (n — 4)pd + 4p.q

Vupdky" = —(n — 4)pgk — 2k dpp (3.33)

Canonical dimensions are now space-time dimension dependent

n—2
[AD] = 5
n—1
[v°] = 5
feo] = 2 5 " (3.34)

This fact will be relevant in a moment. This means that we have to distin-
guish (as we have done from the very beginning) between fields defined in
n dimensions (which we shall dub bare) and decorate with a sub- or super-
index 0, and physical fields with have the correct four-dimensional canonical
dimension

n—4

Ag =pz A,
W0 = p Ty
4—n
ep=p2 e (3.35)

When we compute the divergences associated to different diagrams, we
need to substract them somewhat. This is renormalization sensu stricto.
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One way of doing that is just by substracting the divergent part, defined
just as the residue at the pole. This is called minimal substraction (MS)
scheme. Tt is possible to substract also some finite pieces (factors of 2w and
the like) that simplify the algebra somewhat, as in the MS scheme, in which
one substractas also a factor

— v + log(4m) (3.36)
For example, given the result
1 (2 A?
in MS we keep
! + log 47 —1 A° (3.38)
T6r2 | ~7 1log 4m —log 2 .
whereas in M Swe would keep only
1 2
log — .
1672 08 A2 (3.39)

This is useful mainly to one loop order.

This has to be done order by order in perturbation theory. That is, we
assume that it is consistent to neglect higher order (two loo and beyond) in-
finities when working at one loop, in spite of them being divergent, because
they got a higher power of /4 in front. Actually the two-loop renormalization
depends upon the one-loop results, that appear in subdivergences. The gen-
eral structure of the renormalization constants in a theory with a coupling
constant A\ is of the type

B _  4-n 1 2 1 >
M=y <>\R+a()\3)4_n+a()\R)(4_n)2+... (3.40)
with
o0
a'(\g) = Z ar \% (3.41)
n=2

and the coefficients of the expansion are finite for all values of the renormal-
ized coupling constant Ag.

All that renormalization physically means is that by changing (an infinite
amount) what is meant by masses and other coupling constants, as well as
by an (infinite) readjustment of the kinetic energy term, it is possible to
extract finite predictions out of QFT.

Several comments are in order. First of all, this procedure, arbitrary as it
seems at first sight, does not work for every QFT, but only for a small subset
of the ones that are classically well defined; those are called renormalizable
QFT. On second thought, this procedure is not as unnatural as it seems.
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We cannot measure the bare couplings; only the renormalized ones ap-
pear in the physical expressions or S-matrix elements, and those are perfectly
finite. Of course we need to check that physics is independent of all the ar-
bitrariness we have introduced, such as different methods of regularization,
different renormalization schemes, etc.

This can be argued to be the case at least for non-abelian gauge theories.

Gauge theories are theories in which there have been introduced redun-
dant variables in order to make other symmetries (typically Lorentz invari-
ance) manifest. This redundancy consists in invariances that depend on
local (i.e. functions of the space-time point) parameters. This extra invari-
ance does not imply extra Noether charges in addition to the ones stemming
from the rigid (i.e., space-time independent) invariance. There are however
some identities (Ward’s) that are essential to the consistency of the quantum
version of gauge theories.

All presently favored theories of the fundamental interactions are gauge
theories. Even General Relativity is a gauge theory, although with some
peculiarities.

3.1 Abelian U(1) gauge theories

The simplest gauge theories are abelian ones, where the gauge group is just
U(1). The theory of the interactions of fermions with photons (quantum
electyrodynamics or QED for short) is the most important example. Pure
classical electromagnetism can be written in terms of gauge invariant quan-
tities (namely electric and magnetic fields). Lorentz invariance is however
obscure in terms of these variables . This is actually the reason why it took
a certain time to discover the full invariance group of Maxwell’s equations.
The coupling of electromagnetism to fermions is even subtler and needs the
vector potential.

Let us the stick to the Lorentz covariant notation. The Lagrangian
written in terms of bare fields (we shall need to change the fields as time
goes by) reads

L= —iFW(Ao)Z _ 2;0(8”‘45)2 + 1 (i + eodg —mo) o (3.42)

Recall the Feynman rules for this theory
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QED FEYNMAN RULES
1. Identify distinguishable connected diagrams.

2. Write down a vertex factor
—ig(2m)* 64 (X kilja)

iIN2m) 64 (3 ki)
S
—iq(7")ac(2m) 04 (X kjLja)

where ¢ stands for incoming arrow and d outgoing arrow; u corresponds to the photon
3. Associate (2m)%0%(pg — X" kjI;g) a los vértices externos.
i

4
4.Associate [ (STI))‘lm to every bosonic internal line.

5. Write the fermionic propagator [ % (ﬁ) , to every internal fermion line
a

(arrow goes from a to b, and momentum in the direction of the arrow).
Spinor matrices are always multiplied together in the direction opposite to the charge arrc

. 4 L v
6. Write down [ ([2175’4[% (—Wu +(1— é);%)

for the photon propagator connecting p and v.
7. Write down the corresponding symmetry factor.

8. Write a minus sign for diagrams the differ in the swappig of external fermionic lines

9. Write down snother minus sign for any fermionic loop.

The renormalization procedure consist in appropiate rescalings of the
bare fields and coupling constants in order to define the physical fields and
coupling constants. Let us define

Al = 7377 A

vo = 2%y

ey = ZlZnggl/zu%e

g = Z3o

mo = Zmm (3.43)

This is because the engeneering dimension of the bare fields and bare cou-
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pling constants is

[Ao]:n;2: +n;4

[¢0]:n21:g+n;4
4—n

leo] = —5

[mo] = [m] =1

(3.44)

The renormalization constants turn out to diverge in the physical limit. The
effect of all rescalings in the lagrangian can also be expressed in terms of
the physical lagrangian with the addition of the so called counterterms

L==2r - L@ (i 5 e )
(Z3 - 1)3% (2o = V)il — (Zy = Ven' " o = (2172~ 1) miy

QED COUNTERTERMS FEYNMAN RULES
(Amputated diagrams; that is external lines stripped off.)
1. Fermion line

i((Z2=1)p=((Zn - 1)+ (Z2— 1) ma)

2. Photon line
—i(Z3 = 1) (¢*Nw — quav)

3.Vertex counterterm
—ier(Z1 — 1)y,

4. Feynman Gauge fixing
—i(Zs — 1)g’n*

It will be seen in due time that gauge invariance (through Ward’s iden-
tities) implies that Z; = Zy, that is, the charge renormalization is the same

as the fermion wavefunction renormalization.

3.1.1 Electron self-energy.

Let us begin by considering the simplest one-particle irreducible (1PI) self-
energy diagram. Let us amputate the external legs, which are not essential
for our present discussion. Consider first the simpler U(1) case. Let us also
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call the charge of the particle e.

d*k  4-n Z(p —k+m)
d(p) =1 —
(v) z/(?ﬂ)” ( ep PY”> (p—k)2—m?+ie
. 4-n —inH”
(—zeu 2 'yl,> 4 ic (3.45)
Now it is a good moment to introduce Feynman parameters

/ 1 1 1
AB o

(zA + 1-@3)2 "~ TA-Bxz(A-B)+B|,

1 1 1
53 3)
(3.46)

A useful alternative was provided by Schwinger, who championed the proper
time representation

1 1 2 ;2
= dr %1 (M=) 3.47
e 47
The sort of integrals needed when using this representation are

Z 2
/dnk AR 120k _ (Z) 2 &

/dnk, kM eAk’2+2bk‘ — (71—)721

/dnk kM LY 6Ak2+2bk =4 (ﬂ-> (_ bHb” _ i ,uzz) _e2

A A2 24

/dnk; ALY pARR 20k _ (7[')2 (_b)\bubz/ 1

2
1 Ve + A2 (b’\n“” + b+ b”n’\“)> e~

and so on and so forth.
Then, using

Yup = Do (20 Y — YY) = (2 = n)p (3.48)
we get

o [Py [ G-kt m _
= —262/'L / d:E/ om) n (1—2)k2+2((p—k)2—m?2) + 7;6)2’7# -
i ) / dx/ A"k (2 — n)(}/’ F) +nm

(3.49)
— 2zk.p + 2(p? — m2) + ie)?

The integral over momenta can be easily made

k— ap

C — z(p? —m?) (3.50)
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It yields
a [4np? /2
2(p) = o <p2> F(E/Q)/dac (@=n)(1 — x)p+nm) x
X (—x(l —z) +am?/p* — ie) e (3.51)

Let us now take the physical limit € — 0 , and separate the pole

X(p) = -2 ((2+log47r,u2/p2 _7E> p—dm _¢_2m+

4 \\4—n 2 2
/da: (p(l —z) — Qm) log (—x(l —x) +am?/p® — ze)) (3.52)

The divergent part of the self-energy can be cancelled with a MS coun-

terterm
a 2

Jog—1=——
2 At 4 —n

(3.53)

Mass renormalization is multiplicative. This means that the physical mass
vanishes when the bare mass also vanishes.

3a 2
Ly — 1= —— .54
m 414 —n (3.54)

In SU(N) gauge theory the only difference is that there are extra factors
T® and T? at each of the vertices. The propagator of the gauge bosons gets
an extra d,,. The net result is then

gy T T® = Co(F) (3.55)

namely, an extra factor proportional to the second Casimir of the fermionic
representatrion of SU(N), For the fundamental representation, where for
example in the SU(3) case the generators are given ion terms of the eight
Gell-Mann matrices as

1
T = )" (3.56)

Cy(F) = N QN_ ! (3.57)
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3.1.2 Vacuum polarization.

This is the traditional name for the photon self energy. The corresponding

1PI diagram is given by

—ill,p(q) = z/ ﬁtr ((—ie'ya) (K +m) (—ievp) (—g +E+ m))

(2m)"
i i B
k2 —m? +ie (¢ — k)2 — m? + ie

d”k 1
262M€/2/ d:v/ p.k) 5 5 =
(1—2)k2+2((¢ — k)2 — m?) + ie)
d"k 1
= ie? 6/2/ Nos(p-k 3.58
a (2m)m s(p )(kz — 2xk.q + xq2 — m2 + ic)? (3.58)

The first thing is to perform the Dirac traces. This lead to
Nog = 8kaks — 4 (kags + gska) + 49ap (k.q — k* + m?)

The divergent part of the full expression reads
. 2 €/2
—illap = — (q2ga/3 QaQ,B) (47w ) I'(e/2) x
z(1—
/ & . 2T
—z(1—x)¢® —ie)*

(q Jap — QaQB) 30;_ <E + ﬁIHte)

It is worth remarking that this counterterm is transverse, that is

q)\H)\a =0
The MS photon wavefunction renormalization is

o 2
Z3—1=——
3 3td—n

In the non-abelian case, the modification is just the trace
tr7T? = IRd*

(For the fundamental,

To sum up

Mo =i (4ads = ¢*Mas) ()

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)
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where
m(¢?) = 2% Oab {log (4mp?) — /01 dr z(1 —x) log [mg —z(1-— :L‘)qﬂ }

e The geometric series of the polarization contributions to the photon
propagator can be summed yielding the result G,

Gy = Dy 4D a1’ Dy 4Dy TP D 11 Dt .. = Dy (605 + oGy

(3.66)
It is fact that (using matrix notation)
DIIG=G-D (3.67)
so that
(1-DMG=D .. Gl'a-pm'=p" (3.68)
that is
Gl'=D'1-DI)=D"'-1I (3.69)
Putting back indices
Gt = i (K + (K = ks ) 7(k2)) (3.70)
that is
Gy = ——— (K gy + 7 (k) ke ) (3.71)
kA (1 + m(k2?)) a #

The same procedure applied to the fermion self-energy leads to

F=p-—m-Y¥ (3.72)

It is worth remarking that owing to the regular behavior of the func-

tion 7(k?) near k% = 0 the only solution of the equation
K (14 7(k?)) =0 (3.73)

is still
k=0 (3.74)

that is, the photon mass does not renormalize. In one of the problem
sheets you are invited to notice that this is not true anymore in n=2
dimensions where k?m(k?) goes to a finite limit when k = 0 and the
would-be photon develops a finite mass.
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The logarithm gets an imaginary part for timelike ¢?> when
m? —z(1—2)¢> <0 (3.75)

Given that

z(l—2) < (3.76)

AN

a branch cut appears when
¢ = 4m? (3.77)

The values of x for which this is possible are determined by the equa-

tion
m2

which only happen for
x_<zx<my (3.79)
where
1+,/1- 42
Ty = % (3.80)
Actually,
200 [T+ a 2m? 4m?
2 _
Im 7 (q —ze) ?/L dez(l—x) = 3 (1 + q2> 1-— v (3.81)

which is proportional to the cross section for production of a fermion-
antifermion pair.

This is a consequence of the optical theorem, which is in turn a cose-
quence of unitarity.

Let us write

S=1+il (3.82)

Then
SSt=1=1+i(T-TH+1TT* (3.83)
Tt = —i (T - 1T7) (3.84)

STUTINIIT i) = i ((IT1E) — (FITHi)) =2 (2m)'64 (i — py) T My; =
I

= S (2m)* 6 (py —pr) (20) 6" (s — pr) Mis M,
I

This implies lots of relationships (id est the Cutkosky rules), the
simplest one being the optical theorem proper, that asserts that the
imaginary part of the forward scattering amplitude equals the total
cross section for production of any possible final state.

Im M(klk‘g — k‘lkﬁg) =2F por (1{21]{32 — all) (386)

(3.85)
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e At a certain level, that is, in the static limit
ko=0 (3.87)

the whole effect of the vacuum polarization is the replacement of the

electron charge e? by

62

1+ 7(—k2)

This is what happens in dielectric materials. The effective charge is

-,

defined in terms of the a dielectric constant e(k) through

(3.88)

2
- (3.89)

In perturbation theory

2 2 02
— o1+ =2=E (3.90)
1+mw(—k?) k2

In position space this corresponds to the so-called Uehling potential
e? ae?

= 4nr + 157mm2

5B3)(z) (3.91)

3.1.3 Renormalized vertex.

Ths 1PI Vertex function reads

ro— d"k 1 1 1 . Ba
" _Z/ 2m)" (p+ k)2 — m2 + e (q + k)2 — m2 + e k2 + de (=ig™)

(—ie/fﬂfm) i (g + £+ m) (—ie/f/zfyﬂ) i (p + K+ m) (—z’e,uE/Q’ya}S.%)
Using Feynman’s identity

1 1

1
722/ do dy dz 6(z+y+2—1 3.3
ABC 0 Y ( Y )(:UA—I—yB+zC’)3 ( )
we learn that
1 11—z dkk
I'*° = —4ie3/ d,a:/ d
" 0 0 y(27T)”
%'Yuk _
(K2 + 2k.(xp + yq) + 2p? + yg2 — (x + y)m? + ie)’
a 2
e (3.94)
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The renormalization is then given by

a 2
J1—1=——
! 474 —n

(3.95)

Indeed
Z1 = 2y (3.96)

which as we shall see in a moment, is a consequence of the gauge smmetry.

What changes in the non-abelian case? There are three matrices in the
fermion representation; but the gauge boson propagator forces two of them
to be equal. The extra factor is then

TaTchéac = Ta (TaTb + ifbade) - 02 (A)Tb + ifbad TaTd =
. 1 . 1 .
= Co(E)Ty + ifoad 5 [Ta, Ta] = Co(A)Th + ifsaa 5 ifaseTe =

= Co(F)Ty — S Cx(A)i T, = (02<F> - §CQ<A>) T, (3.97)

For the group SU(N) with fermions in the fundamental this is

N2-1 N 1
— 1 =——T1 .
( ON 2> b ON"? (3.98)

3.1.4 Mass dependent and mass independent renormaliza-
tion.

MS is a mass-independent renormalization scheme. Traditionally, QED used
to be renormalized in a different and in a certain sense more physical, mass-
dependent scheme. The finite arbitrariness was fixed by the following re-
quirements

e The physical mass of the electron is equal to m.
S(p=m)=0 (3.99)

e The residue of the pole of the fermionic propagator is set equal to 1.

d
dpz(p)Pm =0 (3.100)

e The residue at the pole of the photon propagator is also set to 1.
M(g* =0)=0 (3.101)

e The electron charge is set to the physical value,e

—iel'y(qg —p =0) = —iey, (3.102)
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In fact QED is almost the only theory to which such an scheme can be
made to work, because it is the only piece of the standard model which is
infrared free, that is, weakly coupled in the infrared. Quantum chromody-
namics (QCD) is the prototype of a theory that is strongly coupled in the
infrared, where our ability to compute is limited to lattice simulations. Mass
independent schemes (first employed in QCD) are now much more widely
used, even for QED.
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3.2 Nonabelian gauge theories

It is often the case that matter fields are invariant under a set of rigid (global)
transformations, acting in some representation

h € G — Dgr(h) (3.103)
namely

6 ¢ = Dr(h)o (3.104)
QED Dirac’s lagrangian for the electron

L=@il) —m)p (3.105)

enjoys abelian invariance h € G = U(1)
Y — D(h)y = 'y (3.106)
The parameters must be constant
(9,6) = 3, D(h) + D(h),6 (3.107)

for example

(0u0) = (10,0 + 0,) ¢ (3.108)

Any rigid symmetry can be promoted to a local one by introducing a co-
variant derivative (that is, a connection in the precise mathematical sense),

V=0, +iA, (3.109)

where A, is a gauge field. Its transformation is determined by the require-
ment that
(Vuo)' = D(h)Vyuo (3.110)

which leads to
A= Al = DA, Dy + gauDhDgl (3.111)

In a given representation R, of the algebra, the generators are given by 7%,
a=1...dg
A, = AT (3.112)

Structure constants are purely imaginary for hermitian generators
[Ta, Tb] = Cngc = ifabc TC (3113)

When the semisimple group is compact, it is always possible to choose a
basis such that the structure constants are totally antisymmetric, Elements
of the group are obtained by exponentiation

h = e"Ta (3.114)
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with real parameters, w* € R. G = SU(N), T, = T, (physicist’s con-
vention). When generators are anti-hermitian (mathematicians preferred
convention) then h = ¢*“Ta,

Close to the identity

h~1+iw'T, (3.115)
the gauge transformation reads
SAS = gff AW’ — O (3.116)
The field strengh (the curvature of the connection) is given by
Fu = 0,A, — 0, A, +ig[Au, A (3.117)
After a gauge transformation
F, = DpFu, Dy’ (3.118)
In a given basis
Ff, = 0,A% — 0,A% — gf* AL AL (3.119)
The (hermitian) adjoint representation is defined by
(T*)be = i frac (3.120)
and acts on the algebra itself, of dimension d¢,which for SU(N) is
dsynvy = N* -1 (3.121)

This is a representation by virtue of Jacobi’s identity.
The Dynkin index of the representation is defined by

trg ToTp = Ir 0w (3.122)
The Second Casimir invariant of the group reads
Cy(R) = 6T, Ty, (3.123)

Casimir invariants take a constant value in each representation. This value
depends on the representation considered and can actually be used to label
different representations.

Tracing we learn that both objects are related through

Cy(R) dr = IR dg (3.124)
When considering the adjoint representation of the group, its dimension
coincides with the one of the group, dg = dg, so that

Ca(G) = lug (3.125)

In the particular case of G = SU(2), with generators in the fundamental
representation
T, (F) = % (3.126)

then Ip = 1/2, Co(F) = 3/2 y Co(G) = 2.
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3.2.1 Yang-Mills action

Staring at the transformation (3.118)) it is plain that an invariant action for
the Yang-Mills gauge fields would be

1
41Rg*

Sya = ———tr / de F (A)F™ (A) (3.127)

so that, independently of the fermion representation

1
Sy =~ gtr / da 6P F,, (A)F™ (A) (3.128)

3.2.2 Ghosts.

The functional integration over all gauge fields is a redundant one because
W and its gauge transform W9 represent the same physical state Vg(z) € G.

One possibility is to choose a gauge. This is nothing else than a repre-
sentative for each gauge equivalence class, where

A~nA & JgeG A=A (3.129)

A good gauge condition
F(A)=0 (3.130)

is supposed to intersect every orbit once and only once.
Faddeev and Popov, proved that the integral of a gauge invariant func-
tional f(A) = f(AY) is given by

OF
DA f(A)= | D DA det | —D*"| §(F) f(A 3.131
A s = [Py [Dader|copt o) ) (3130
Here
Dg = [[ du(yg(=)) (3.132)
Let us prove this formally. Define M(A) from
M(A) / Dy 5(F(A%)) = 1 (3.133)

The integration measure over a compact Lie group is well known to be given
by a function of the group parameters, w = (wy ...wy),

du(g)

We need now to generalize the well-known formula that states that

e(w) dwi Adwa A ... A dwy,. (3.134)

6 (f(z)) = Z |f’(1m)| §(x — ) (3.135)
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where the sum runs over all zeros of the function

f(xz;)) =0 (3.136)

Working to linear order, the gauge transformation means that

)

F(A9(z)) = )+ /d” MA 5ANy) =

/ d™y ) D w(y) (3.137)
5A>‘

which means that

1
OF(Au(z))
det ‘#D“‘

3(F (A, (x))) = S(w — @) (3.138)

where the parameters w(z) are defined as
F (Aff(@(x))) =0 (3.139)

therefore the Faddev-Popov determinant is a functional one defined by

OF (Apu(x))

M(A) = det‘ D* 3.140
(4) 5Ax(y) . (3.140)

It is easy to show that this object is gauge invariant
M(A9) = M(A) (3.141)

The reason is that the measure of integration over a compact group is right
as well as left invariant

Dg =D (hg) =D (gh) (3.142)
We can then insert 1 in the desired integral
/DA F(A /DA F(A (A)/Dg 6(F'(A%)) =
_ /Dg /DAf (A)M(A)S(F(A9)) =

_/Dg /DAdet

where in the last line we have redefined

—D“ S5(F) f(A) (3.143)

AY=B (3.144)
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and we have postulated that the functional measure for integration over
gauge fields is gauge invariant

DA=D AY (3.145)

Now the integrand is independent of g, so the integration over the gauge
group is just a divergent consnat, and we define the physical integration
dividing by this constant as

OF

A 5(F) f(A) (3.146)

/ DA f(A)’physical = /DA det

It has proven convenient to introduce some fermionic ghost fields, ¢* and ¢®
to functionally represent the Faddeev-Popov determinant. Actually, this is
the precise definition of what is meant by determinant in the present context.
It could seem at first sight that this definition is a little bit circular, but those
determinants can be defined in a quite satisfactory way using heat kernel
techniques.

OF

det 5A,

—i [d4z & [ 3£ pw cb
= / DcDee / <“‘“ >ab (3.147)

The net outcome of this analysis has been the need to add to the gauge
lagrangian a ghostly piece, given by

OF
Lgy=—i[|dze | —— D'| ¢ 14
gh Z/dacc <5Au )abc (3.148)

Ghosts play an important part in gauge computations to one loop and
beyond. They are also essential in ensuring unitarity and independence of
the gauge fixing condition. Nevertheless, it is plain that there are no ghosts
in external lines of the S-matrix; that is ghosts do not appear as asymptotic
states.

We have still to take into account the gauge fixing condition. There is a
trick to exponentiate the said gauge fixing condition as well. In order to do
that, generalize the gauge condition to

F(A) =a(x) (3.149)
In the functional integral now appears a term
d(F —a) (3.150)

Given the fact that the result must be independent of the value of a, it
is possible to integrate over a with a factor

e—ﬁtr fa(I)QdI (3151)
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this will chance the global normalization of the partition function, which
is at any rate out of control and irrelevant for the computation of Green’s
functions. This implies a modification in the action

Sy = —ﬁ/d‘*wg (3.152)
Let us now concentrate in the most popular of all gauge fixings, namely
F, =0,Al (3.153)
The full gauge lagrangian reads
1 a a b ger2 L 2

L= = (0% — AL + gL ALAS — (0,487 +

+6* 0 (O + fape AL) ¢ (3.154)
Let us now recall the Feynman rules

e In order to determine the gauge boson propagator, consider the full
quadratic part

1 1
Lyauge = 543 (Dn‘“’ - (1 - 2) aﬂaV> A (3.155)

«

Then the propagator in momentum space is

. um 1 kuky ]
- Y I B T 1
Z(Sab|: . ( 204) (2 1 ic)2 (3.156)

e The ghost propagator

Z‘(Sab
k2 + ie

(3.157)

e The three gauge boson coupling is momentum-dependent and stems
from

g a | Z— 1 14 a AV
Ly = —ifabCBHAVAg‘AC = gVa*gc"(p, q, k) AL Ay AR (3.158)

It is necessary to antisymmetrize in color indices

1
Ly = —% faberg (Bu AL AL AL + 0, A AL AY + 0, AL AL AL~
OpALALAY — 0, AT AL AL — 9, AL ALY ) (3.159)
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This yields the vertex

—9 fabe (nuu (q - p)p + Mup (k - Q)# + Nou (p - k)y) =
—9farazas ("2 (1 — p2)™® + 023 (p2 — p3)™* + 0 (p3 — p1)"?)
Where all three momenta, p1, p2, p3 are flowing into the vertex. The

vertex written in this form is invariant under any relabelling of the
vertices.

The four gauge boson vertex stems from the term

Ly = ¢* fabe A}, A, faun All Al (3.160)

It is compulsory to symmetrize in all pairs of indices (ua),(vd),(pc)

and (od)
1

4
Eventually the correct Feynman rule for the vertex is obtained

Vi A Ab AS Al (3.161)

_iQQ{feabfecd (nupnua - nuanup) + fecaSedn (nuunpa - npanpu) +

+feadfecb (nupnau - nuunpa) } (3162)

The gluon-ghost vertex is given by
Loss = ot ( fabdAchd) (3.163)

The Feynman rule reads
gfabc Pu (3'164)

(where p is the antighost momentum flowing into the vertex)
The gauge boson-fermion-fermion coupling is
Lint = i A" (T) 4 ¥B (3.165)

where A, B... are flavor indices and (T%) 4p yield the gauge algebra
in some representation. The Feynman rule is

i9(Vas Tin (3.166)
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3.3 One loop structure of gauge theories.

The loop order of a diagram stands for the number of independent integra-
tions over momenta. Those diagrams in which all momenta are fixed by the
delta functions, so that there are no momenta integrations left, are called
tree diagrams. The loop expansion can also be understood as an expansion
of the path integral in powers of i. Were we to reinstate i # 0 for a moment,
then propagators get a factor of /i whereas vertices get each a factor of A~ !;
altogether each amputated 1PI graph gets a factor of

K=V (3.167)

where I is the number of internal lines and V is the number of vertices. On
the other hand
L=I1-V+1 (3.168)

We learn that the power of each diagram is just
pt—t (3.169)

The tree diagrams are of order %; they are determined by the saddle point
expansion and thus reproduce the perturbative classical physics.

Let us analyze the structure of the gauge theory to the lowest nontrivial
order that is, one loop. The starting point will be

- . 1 . 1
Leps =Yg (i) — grp Ag-Tr — mp) YR — ZFf,,(ARngM ) — 2an (0AR)* —
—4 (040" bac — gR fabcOuA,) i (3.170)
3.3.1 Renormalized lagrangian
The full renormalized lagrangian reads
- . c 1 v
Lr(er,mp,Ag) = g (i) — epu Ag — mg) g — ZFﬁFﬁ
1 o .
“San (0AR)? + YriDYR(Zy — 1) — Yreru Agr(Z1 — 1)
_ 1 v
—mRYRYR(ZypZm — 1) — ZF,ﬁ,Fg (Za—1) (3.171)

Soon to be studied Ward identities guarantee that the renormalized la-
grangian has the same gauge symmetry that the bare lagrangian.
Gluon self-energy

e This is the first diagram in which there is an important difference with
the abelian case. There are three extra diagrams to begin with. The
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first is the one that includes two three-gluon couplings (with flowing
momenta from the left, so that for the first vertex

b1 =49

p2=—k

p3=k—q (3.172)
whereas for the second one

b1 = —¢q

p2 =k

p3=Fk—q (3.173)

The diagram reads

1 d"k 1 1
S ) f— C/iNa k
2 af,ab 229 2 f dfdb (271')" ﬁ(qa )k2+26 (q—k')2+l€
(3.174)

The numerator is given by

Nag(q, k) = k‘aklg(lln — 6) + qan(n - 6) + (qakﬁ + kaqﬁ)(—Qn + 3) +
(2k2 — 2qk + 5q2)na5

The divergent part is computed by techniques by now standard

T1l,di ! 19 4 11 2
_ zHag,:z}b = g(sabN (6(1 Nag — §QaCI6 i (3.175)

Hum! It does not seem transverse!

e The second diagram corresponds to the four-gluon vertex (a tadpole
of sorts)

1

- il—‘[iﬂ,ab = 5abV§IBQ2H2E/dnk

here V4 is the complicated tensor that corresponds to the four-gluon
vertex. The results holds because in dimensional regularization all
integrals without a scale yield zero.

e Finally, there is the ghost loop

d"k 1 1
(2m)" k2 + ie (g — k)% + ie

_iniﬁ,ab = igzN(sab/

(*kjaC_Iﬂ + kakﬁ)
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Its divergent part is

. . a 1 1 2
— I, = 3 Vb <3qaq5 + 6q2naﬁ> 1-n (3.177)

Doing now some numerics
1 10 11 1

19
=4z - 1
6+6 3 3+3 (3.178)

which is already transverse. To this result must be added the abelian
diagram already computed, which was proportional to the Dynkin
index Tr. The end result then reads

(0%

. 5 9
_ srdiv _ J _ . 2
55 b = 5—0ab ( N T(F)nf> (4025 + ¢*nas) ;= (3.179)
which is indeed transverse as it should.

The full counterterm then reads

1 2
-3 (0aAf, — 0548,)" (24— 1) (3.180)
with 5 5
N ( - ) 181
Zh =14 o (IN =Ty ) 1 (3.181)

It is worth remarking that the gauge fixing is not renormalized to one loop
order
ZxZa=1 (3.182)

Fermion-fermion-gluon vertex

The non-abelian correction stems from a trilinear vertex and two Yukawa
ones. The trilinear vertex has

PL=q +q
p2=-—q —k
p3 =k —qo (3.183)

The color factor is given by

1 /) ) )
fabc (Tch> = ifabc [Tb7 Tc] 7fabcfbchd = _§C(A)5ade = _§C(A)Ta

ij T2
(3.184)
and the diagram itself reads
d"l if —1 —1
'FHQE'Q/ d v NHP (k
g (p ) (Zg) g (27_(_)”’7 k‘2+207 (Q1 —|—]€)2 +40 (q2 — k>2+7,0 ( ’QI7q2)

(3.185)
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where the numerator is given by

NMP(k,qi,q2) = 0" 2q1 + q2 + k)’ 40" (—q1 + q2 — 2k) "+ (k — 2q2 — q1)"
(3.186)

In order to capture the pole it is enough to put all external momenta to

zero. The dependence on those external momenta can then be restored by

dimensional analysis.

d*k AP~V
r(0) = g* [ R ok — i k) =

(2m)™ kS
=g / (;lﬂ];n % (FFA" — 29k RH — 1 ) =
_ / (;i;];n % (2K = 2(2 = n)kk") (3.187)

The integral is standard, and its divergent piece is:
3a 2
—N

T34 n

r2pole — T (3.188)

The total counterterm including both the abelian and non-abelian parts

reads then
2

4—n
In principle, the QCD renormalized lagrangian has many independent ren-
prmalization constants, to wit

LR(g7m’ )‘) = Lef(g’ma )‘) + T/GRZJD?/)(Zw - ]-) - gMEQZ)Aand}(Zl - 1) -
M ZinZy 1) ~ = (aApa — s Aaa)(Za— 1) +

Zy—1= _% (N + Co(F)) (3.189)

1
+§gﬂefabcAl?Acﬂ(aaAﬂ,a - aﬂAa,a)(Zi - 1)

1
_Z92'“26febcfevk:A[?AEAa,vAﬁ,k(Z4 - 1)

—Ca®ca(Ze = 1) + g faveCaOpAp ce(Z] = 1)
Ward identities suggest a scheme such that
7 = 7,242,
Z, =772,
7! = 7,2Y* 2,
Zy =737}

which is possible only if

zZ. oz oz Zi\ 2
L4 _ 2 <4)2 (3.190)

1
Z3Zy=— =L =
AT Zy T Za Z.  \Za
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which is only possible thanks to gauge symmetry. Thse relations constitute
in fact another way of writing down the Ward (Slavnov-Taylor) identities

Using all previous results we can derive the renormalization constant for
the gauge coupling

21 ,—1/2 Q@

Hy_ 2T(F)nf>

3.191
G 3 (3.191)

4—n

It is not difficult to check it by computing other diagrams.
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The renormalization group.

Let us consider a generic scalar field theory. (The spin does not play an
important role, so that our results will be generic.)

4 1 m* 5 g .4 6
S:/da: SOu00"9 = 07 = S6" 4 916 + .. (4.1)
If we perform a scale transformation
r =\’ (4.2)
The action transform as
1 / 2
S = /d%’ A <2)\_28M,¢6” b — %qﬁQ - %¢4 g1+ .. ) (4.3)

If we want this theory to have the same propagator as before, we have to
rescale

6=A"1¢/ (4.4)
In terms of the new fields
1 / Z\2
5= [a (ﬁm’@w =X I () g (@) ) (45)
In the vicinity of the gaussian fixed point, that is
1 /
S = / d*a’ <2au,¢’a# ¢>’> (4.6)
when we go towards the infrared (A — oo) we see that
m' — oo
g1 — 0
g—9 (4.7)
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Operators like m?¢? of dimension less than four are called relevant. Oper-
ators like g2¢® of scaling dimension bigger than four are called irrelevant.
and operators like A\¢?* of scaling dimension exactly equal to four are called
marginal.

Any physical observable should be independent of the scale i, which has
been introduced as an intermediate step in the regularization and is thus
completely arbitrary. Observables then obey

d d
0= —51[pi, go, mo] = —5S [pi,gr, MR, 1] =
d'u go,mo d,u go,mo
0
= a - Im ) S 79 3 )
9T 1 + B(g9r, mR) 95| Ym(9R mR)log o QRJ [Dis gr, MR, 1]

This is dubbed the renormalization group equation (RGE). We have defined

0
B(gr,mR) = #871,91%(“)

(4.8)

go,mo

Since the function S [p;, gr, mrg, ] is analytic at n = 4, it is natural to expect
that both functions 8 and ~,, are analytic as well. In order to compute these
universal functions, and remembering that

1

moy = Z% mpr (4.9)
and
4-n
9o = Zg gr | 2 (4.10)
0 1
B(gr, mR) = Jobm i
MZQ“ > lgomo
mo 8 -1
Ym(grsMR) = ———p7— Zm” 4.11
m(grs MR) T (4.11)

All this is much simpler in a mass independent renormalization scheme,
where the renormalization constants are independent of mpr and u. We
have already discussed that MS (or M'S) are such a schemes.

It is plain that

0 1a-n (4 —n 0
#@go—o—# 2 <2 99R + é?u(ZggR)> (4.12)

Now

9r Zg = gr + i an(gr) ( 2 )n (4.13)

= 4 —n
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Let us make the Laurent-type ansatz (we shall see later that it is actually
necessary)

Blgr) = B1(gr) (4 —n) + bolgr) + - (4.14)
We get
4_7” (9R+a1(gR)4_n +> +B1lgr) (4=n) + Po(gr) + ... +
IR 5, (g) (4= m) 4 olgm)} o o= 0 (1.15)
IR n

Terms of O(n — 4) (which are now seen to be neccessary) yield

| i om) =0 (110

and terms of O(1) imply

4—n daq

— —_— 417
5 a1(9r) + 9r dor (4.17)

B(QRv n— 4) = —9Rr

There are recursion relations worked out by 't Hooft to compute all a,,,n > 1
from the knowledge of a;.
For the theory ¢% the result is

(4.18)

In QED

3

Whereas for the (also renormalizable) six-dimensional theory ¢g
)\3

p=-3 m (4.20)

For a nonabelian SU(N) gauge theory with ns fermion flavors in the fun-
damental representation,

3
B=— (497T)2 (131N - énfT(F)> (4.21)

Now, for a general beta function to assert
B=b\ (4.22)

means that
d\
3= b dlog (4.23)
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Integrating with the boundary conditions that

A=\ (4.24)
when
1= Hi (4.25)
yields the dependence of the coupling constant on the RG scale, u
22
P — (4.26)

= — 5 I
1 —bA? log ™

When b is positive (like in ¢] or QED), there is a Landau pole at

1

p=A=p e’ (4.27)
Trading p; by the scale A
22
2 7
i T

Those theories are infrared safe, but they do not enjoy an UV consistent
limit.

When b < 0 (this what happens for ¢§ and also for ordinary gauge
theories) there is a pole at

1

w=A=p, e M (4.29)

The paradigm of these theories is QCD. They are asymptotically free but
infrared slave The Landau pole is now located in the infrared region. Its
scale is also denoted by A and the running coupling reads

gz

= 2 4.30
2ng-2 log % ( )

2
9°(n)
A is obviously renormalization group invariant and experimentally its value

1S

A ~217MeV (4.31)

and it signals the scale at which QCD starts being strongly coupled.

Green functions also obey some different renormalization group equa-
tions, because they are multiplicatively renormalized. The starting point is
that

m 8(1 =0 (4.32)
Then
{u 2 +5(9R)i —Ym(9R) 0 —n%(ga)} Tr (pi, gr, MR, 1) = 0
el g mn IR | pmp OMR |gpp
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where we have defined the anomalous dimension

1 9 1 9
’Y¢(9R) = 3 'ujai,ulog Zy = 3 B(9r) %108; Zy (4.33)
For the theory ¢}
13 13 [ a2\
_ 1 13 [ A 4.34
%6(9) = 5 132 ((477)3) (4:34)

The RE equations for 1PI in gauge theories are best writing by first defining
the operator

0 0 0 0
D=p— a. Im 10 s AR) 7—— - — e
Hon +B(g9r) an ! (gr)mag —+0(gR, AR) 5 —naYA=Ts Y=Y
(4.35)
The 1PI equation itself reads
D FR,n(gRa me, CR) =0 (436)

The number of external gauge fields is (n4), external fermions by(ny) and
ghosts (n.), and their corresponding anomalous dimensions v4,vf,7e-
The generic definition of the anomalous dimension reads

1 0
= _u—logZ 4.37
7= gkl (4.37)

These objects are in general gauge dependent.
Using the identity
IZyp=1 (4.38)

0 0
d(gr,ar) = M@O&R = —QRM@IOg Z A= —2aRvA (4.39)
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Figure 4.1:

4. THE RENORMALIZATION GROUP.

Gluon self-energy.
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s

Figure 4.2: Gauge-fermion vertex.
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M[\\
N W
3

Figure 4.3: More diagrams.
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Two loops in ¢.

5.1 One loop

We have alrady seen that the six-dimensional theory ¢ is renormalizable.
The action reads

_ [ 6 (1] s M 5 g 3
S—/d:v<2(6#q§) _2¢_6¢> (5.1)

In the figure we have drawn the divergent graphs to one loop order. The
first diagram gives

o o G _n 1 5 y . qn/2-2
Lu(p®,m*) = 5(477) 2F(2—n/2)/ dz {m —z(l—x)p” — ze} (5.2)
0
The pole at n=6 is given by
B f 1 2m? B p? (5.3)
2 (4m)p3 \6—n  3(6—n) '

The counterterm lagrangian reads

1 m2

AL = S(0u0) (Zs = 1) = 50" (ZoZ — 1)~ ¢ (2°2,-1)¢° (5.4)

Then in MS )

_ 9 (1Y _2
Zo—1= (47)3 ( 12) 6—n (5:5)
The mass counterterm is
2 1 2
2 = 02 (Zg T — 1) = —— (—) :

dm* =m* (Zy ) 4 \73) 6-n (5.6)

Taking into account that the rules of the game are such that to one loop
order
(Z¢Zm -1)= (Z¢ 1) (Zn —1) (5.7)
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we learn that

g° 5 2
(Zm —1) = W <_12) 6—n (5.8)

This means in particular, that the mass is multiplicatively renormalized
mo = Z?m (5.9)

This stands in contradistinction of the gbi theory, inwhich the same renor-
malizartion is additive

ma = m? + dm? (5.10)
The triangle diagram yields
(—ig)? / i i i
r =— d"k
o(P1op2:ps) = =15 k2 —m2 + e (p1 + k)2 — m2 + i€ (pa + k)2 — m? + i
(5.11)
The divergent part reads
3
Y 2 :
— —— + finit 5.12
2(47)3 (n — e) (512)
Then ;
: 1 2
7z, 1) =L _— 1
g<¢ g ) 2 (47)3n—6 (5.13)
which means )
@2 1 3 2
Zy=—" - 14
g 2 (47)3 8 n—6 (5:14)
5.2 Two loops.
The contribution to I's from the first graph, reads
i d"k i i
T = e 4/
=300 | G ke =2 s e P —m2 i)
d"q i i
1
X/(27r)”q2—m2—i—ie(k:—q)2—m2+ie (5-15)

For n < 4 all integrals are convergent, and we may begin with whichever.
Doing the integral over dq first

d"k 1 1 "
(2m)" (p — k)2 — m? + ie (k2 — m?2 + i€)?

—iTy = %g4I’(2 — n/2)/

! /22 m? 2 e
X /0 dx [z (1 — z)] [fﬁ(l—l’) —k* - ze] (5.16)
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h
—( )=
X L ¢ PN

K/\7/ N

7]

Figure 5.1: Divergences in ¢g.
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Figure 5.2: Two loop divergences in ¢j.
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We need the general formula for the Feynman parameters

_ _ 1 N
x/ dzy z* 1...dex7VN Ly < ><6<in—1>
0 N )Zi:l i i=1

(Zi:l Ti A
This is valid for arbitrary values of the parameters 7;.
We then get
, 4 (4mp®)~ / n/2 2
- =9 —— — d
il = ¢* 3 477) n) x| X

/ dxy /1 wl dxo Il‘l n/2 (1 —21 — x9) [mQ (1 — 9 + x(lxix)> —p2x1(1 — 1) — (6%71_73

It is worth noticing that the factor x;n/ % is defined only for n < 4. We
need to make an analytic continuation in the integral over dzo. We do that
by making two integration by parts. The result is

. 4 (Amp?)6—n / 222
iy = A _
il = g* 2(4m)0 n) dx [z
2 2 1—21 3 n/2 d n—
+(]-_x1)67Tn f(x7$17(1_$1))n5} (518)
where

flz,x1,m0) = —p2x1(1 — 1)+ m2{1 — 29 (1 — :U(ll—:c)) } (5.19)

There are single and double poles at n=6

1 g 4 2
pole part = TR N — (p + 3m2> —

8 (4m
1 2 > g

g(z)=1—2(1-2) — (5.20)

Please note that the pole terms with a log coefficient cannot be cancelled
by a local counterterm, so that they have to cancel by themselves.
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The second diagram in which we include the one loop counterterm as a
vertex yields

—ily = —i(—ig?) 6—"/ d"k - ! X
2= s @m)m (2 —m2+ie)? (p— k)2 —m2 + ic
i, 12 5 K2
- = - 5.21

29 n)36—n <m 6 (5:21)

—— =-m- - 5.22
"6 e 6 (5.22)
we get
4 1 2 ( ) nT_()
. 1 2 g 2{5 (6—n> / m*g(z
—illy = = =T dz (1—
Y279 60 (ams " 16 2 S e +
n—=6
4—n 1 m2g(z)| %
r d 5.23
0 (57) [ o) dmp? } (528)
The pole terms are easily found to be
1 4 gt (v 2
le t =— — —
pole terms = 24 (6= n)? (47r) (3+3m +
1 g* m?g(2)
d ) —5(1— 1
126 —n 47T / ? (1=2)) log 4 +
1 2 ¢t 1 2 44 2( 3 )
1-— - 14— 5.24
726 -n (4 )Gp( "8) = g™ \LF0E) 024)

After taking care of the other diagrans, the full pole term reads

ppoe_ 9" pg{_54+13 2 }+ g* m2{5 T 2}

(47)6 144 (6 —n)? 8646 —n) (4m)6 16 (6 —n)2 966 —n
(5.25)
The two loop renormalization constants then read [9]
gt 5 4 13 2
Zy = 61144 2 364
(4m)6 | 144 (6 — n) 8646 —n
4
g 5 4 23 2 }
Zy+ Zpm) = — - —
(Zo+ Zm) (47r)6{16(6—n)2 966 —n
4
g 5 4 23 2 }
Sq — = [ 5.26
g (47r)6g{16(6—n)2 9% 6—n (5:26)
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Spontaneously broken
symmetries.

6.1 Global (rigid) symmetries

Consider a charged scalar field transforming under g € U(1) as

¢ =gp = (6.1)
with potential energy
V(9) = 29 ~v?)? (62
Then the vacuum of the theory is not the Fock vacuum
axl0) =0 (6.3)
because in Fock’s vacuum
(0][0) =0 (6.4)

whereas the fundamental state of the potential (6.2))

(vac(8)|p|vac(h)) = ve' (6.5)
Under group transformations
(wac(8)|e*dlvac(8)) = ve' ) = (vac(d + a)|d|vac(d + a)) (6.6)

that is
glvac) # |vac) (6.7)

which means that the symmetry is spontaneously broken. When there is an
infinite number of degrees of freedom all thse vacua are orthononal to each
other [?].

(vacylvacy) = (vi|vg) == 0 (6.8)
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Let us now change variables to the fields p and 6 such defined

¢ =(p+v)e” (6.9)

the lagrangian reads

1
L=5uwW¢—fw¥—v>

S0 + 2 (04000~ N((p 0P~ (6.10)

that is, the field p has got a mass
m° = —-v (6.11)

whereas the field # remains massless.
This is the simplest instance of Goldstone’s theorem.
Let us prove it in general. Consider a theory invariant under

5 = iwa (T ¢ (6.12)

The matrices T generate a representation R of a Lie algebra G.
In the preceding example T' = 1. An invariant potential obeys

Vige) =V(9) (6.13)
with g = e™aT",
To be specific, the condition reads
DR AMCA (6.14)
Deriving once more
ov
— Ta =0 6.15

and evaluating it at the stationary points v; = (¢); reads
My (T*)] 05 =0 (6.16)
where the mass matrix is defined as

o*V

My, = ——— 6.17

On the other hand, we know that M;, = A;kl (0).
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The subgroup H C G leaving the vacuum invariant is characterized by
the condition

(HYY v; =0 (6.18)

Those generators correspond to the trivial zero eigenvalue of the matrix
M = A~!. (In our example this subgroup was just the identity H = 0).

To avery generator of the group G which is not included in H, say K¢,
it corresponds a nontrivial eigenvector with zero eingenvalue of the matrix

AH0) (6.19)

Then the theory contains dg — dy massless fields, which are called Gold-
stone bosons.

In n = 2 dimensions there are no Goldstone bosons because the corre-
sponding propagator violates positivity [?]. This fact was first proved by
Coleman.

6.2 Spontaneously broken gauge symmetries.

Let is first consider the Higgs model, which is a simple extension of the
model of the previous chapter. The lagrangian reads

1 1 A
L= S1Dudf? = {FuF™ = 210l — )2 (620
where the covariant derivative is given by

Db = 0, + iqA,. (6.21)

The gauge symmetry is
0p = ieqo. (6.22)

Introducing again the polar variables
Dy = (up+ i (p+0) 08+ ig (p +v) A,) (6.23)
leads to

1 1 1
L=—2FapF? + S(0up)* + S(p+0)*(0u8 + 44 = V(p+0v)  (6.24)

Redefining now the gauge field
1
W,=A,+ 6%9 (6.25)
which is equivalent to working in the gauge

6=0 (6.26)
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the full lagrangian reads

1 1 q>
L=—Fas(W)* + 5 (0up)* + 5 (

2072 _
1 5 p+a)*Wi—=V(p+v) (6.27)

The Goldstone boson has disappeared and we have a massive vector boson
instead
m* (W) = ¢*v? (6.28)

In the general case we can always make a change of variables (using a
real field basis, which can always be done)

¢i = gl ()0, (6.29)
where the transformations gg (z) are so chosen that
¢ (K v; =0 (6.30)
In our example, and using real fields
¢ = 1+ igo (6.31)

the only generator of the algebra U(1) ~ SO(2) reads

0 1
(00 o

so that in the vacuum representative in which only the real part of the field
is nonvanishing (¢9) = 0, but (¢1) = v,

¢y =0=sin 0 (6.33)
which is in our former notation precisely
0=0 (6.34)

This gauge completely eliminates Goldstone bosons. This is called the
unitarity gauge
In the general case, consider the kinetic energy piece

1 ~\2
5 (Dudi) (6.35)
where the covariant derivative reads
Dyudi = Oudpi — iAL(T")] (6.36)
Define now translated fields
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The gauge condition reads now

(Ui + O'i) Kij T O'iKZ'jUj =0 (638)
(owing to antisymmetry). Expanding to quadratic order, the term mixing
o with A vanishes owing to our gauge condition (6.30)),

1

2
1

(@Lal — i AY(T*)] (v] + @))2 =

2
Let us introduce the convenient notation
H, = AZH a
K, = AZK“ (6.39)

The trilinear gauge scalar scalar vertex reads, owing to our gauge con-
dition

—2i0,0; (H, + K ) (vj + 05) = —2i0,04 (Ap),; 05 (6.40)
id est, the quadratic piece mixing A — o has dissapeared.
The quartic coupling has the symbolic form
(Hyo + Ky (v +0)); (Huo + Ky, (v + o)), (6.41)
Only survive
(H,0) (H,0) (6.42)
and the mass term. The full quadratic piece then reads in this gauge
1
5 (0400 — il AL A (6.43)

and the gauge fields mass matrix reads
pop = (Ka)igv? (K)o (6.44)

There are dy massless gauge bosons and dg — dy massive gauge bosons.
This mechanism wears the name of Higgs mechanism
The gauge fields kinetic energy reads

M = =6 (10 — 0,0,) — (1) 0y (6.45)
In order to find the propagator of the gauge fields we have to solve
C pv (&
(5ab <k2nuu - kuku) - (uQ)ab 77,ul/> (Ab ) (k) = 5a5;/> (646)
Let us make the ansatz

A = Ay + Bapkyk, (6.47)

5 ((aual) — 2i0u0, 4, (Ta) (vj +0j) — AaAb (Ta) (vj + 05) (Tb)f (vk + 0k))
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so that
(K —p?) A=1
(k> =y ) B—A-Bk* =0 (6.48)

Then
-1

A (k) = (kQ - MZ) (77u,\5dc - (M_2)dck7uk)\) (6.49)

whose UV limit (|k| — oo) is a constant, which spoils the power counting
necessary for renormalizability.

bd

In order to renormalize the theory is better to work in another gauge,
discovered by 't Hooft, where however the physical particle content is ob-
scure. The great advantage is that in this new gauge propagator decreases
at infinity as 1%2

This has been reformulated much more clearly by Fujikawa, Lee y Sanda
(FLS) who introduced the so called &-renormalizable gauge which somewhat
interpolates between both gauges, 't Hooft and unitarity.

The gauge fixing term reads as usual

1
Ly = —2—§FaFa (6.50)
and is chosen in such a way that
Fo = 0, Al —i&(T,)04v; (6.51)

Again, it cancels the gauge-scalar mixing
When £ — oo the unitarity gauge is recovered, whereas when £ = 0 the
FLS gauge reduces to the one of Landau,

Al =0 (6.52)
Under a gauge transformation the gauge fixing gives
0F, = Oeq — i farcOu(€rAL) + E(Tov)ier (Thd)i (6.53)
This means that the ghost lagrangian is given by

L(C, b) = b, (Dca — ifabcau(ch{j) + §(Tav)icb(Tb¢)i) (6.54)

Putting together all the pieces, the full quadratic lagrangian then reads

1 a a 1 a 1
L®) = =33 (000 = 0,430 = 3 D map AR AL — 523 (9, AL
a ab a

1 1
3 Z(ﬁuai)Q — §Mi2j0i0j — 0bg0¥cq — fz 112 bach
% ab
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where
N?j = Z(Tav)i(Tav)j
a
Mizj = V%j + 5“7,2]
(6.55)
and 52
v
Vij= ———— 6.56
Y 0¢idey |, (6.56)
and -y; the Yukawa coupling matrix.
That is, ghosts get gauge dependent masses
Mgh = \/gmgauge (657)

In the unitarity gauge £ — oo what happens is that the Goldtone bosons
get so heavy that they decouple wheas the other bosonic mases remanin
finite.

Gauge propagators (with the same ansatz as before) have to obey

A= (k‘2 _ /‘LQ) 1
2 o 1 2 2 — _ 1
<k (1= Pk~ ) B=(1-p) 4 (6.58)
1
namely . X ks
= e (w-0-0pgg)], o9

which has the good UV behavior except when & — co. In practice almost
always one works in Feynman gauge £ = 1. The scalar propagator is to be
found from the ansatz

A=A (51']‘ + Bij (660)
and reads )
£ ] 1
A= |1— (6.61)
J [ kz_mz_%guz k2 — m2

It is possible to show that the non-physical £-dependent poles cancel between
the gauge and scalar pieces.
The ghost propagator, on the other hand, reads

Agy = [@Lb (6.62)
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7

BRST

7.1 The adjoint representation

Let us work out in detail the consequences of the Jacobi identity for the Lie
algebra of a simple group. This states that for any three operators

[[Taa Tb] 7Tc] + [[Tba TC] 7Ta] + [[Tm Ta] aTb] =0 (71)
This implies
fabdfdce + fbcdfdae + fcadfdbe =0 (72)
Let us define now the antisymetric hermitian dg X dg matrices
(T = = (T, = ifie = (T), = (T*) (73)
Jacobi’s identity then can be read as
_ (TbTC) T i frea (Td) 1 (TCTb) -0 (7.4)
ae ae ae
that is
[Te, Tp) = ifeva Ta (7.5)

This is the dg-dimensional adjoint representation of the Lie algebra. Many
identities amongst structure constants are best understood in terms of the
adjoint repesentation. A more intrinsic definition is as follows. Given two
elements of the Lie algebra X,Y € Lie(G) , we define an endomorphism of
L as

ad X(Y) =[X,Y]eL (7.6)
Given a normalized basis
X = XT, (7.7)
then one can define
ad X (V)= Ay YO T (7.8)
where
Acd = Z.fcad)(a (79)

83
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7.2 Symmetries of the gauge fixed action

The gauge fixed action, in spite of not being gauge invariant, still enjoys
a symmetry, first uncovered by Becchi, Rouet y Stora, and independently,
Tyutin.

Let us begin by parametrizing gauge fiximg by auxiliary fields

Ly = B9, AP + %BGB“ (7.10)
EM
aB, + 9, AP =0 (7.11)
so that ) ) )
S T m2 = )2
Lo = (—5 + 527 ) QuAl)? = —5- @4 (712)

(a = 0 corresponds to the so-called Landau gauge). The ghost lagrangian
reads

Lgh = —i0y, ba(D" )™ = b* Mypc® (7.13)
The fields ¢® = (¢*)™ and b* = (%) (this is the field formely denoted by ¢;

we changed its name here for clarity) are independent hermitian fields, so
that hey are not related by charge conjugation. The BRST symmetry reads

sAj, = (Dyc)®

sB*=0
sc® = _%fabc At =i g Tg e
sb? = —iBa (7.14)

The gauge action is invariant, because on physical fields this is just a
gauge transformation. On the gauge-fixing piece

sLgp = Ba0"(Dyc)” (7.15)
The ghost variation
sLgp = 0,B*(D"c)q + 0,bas[(D"c)] (7.16)
The BRST variation of the ghost covariant derivative vanishes
s[(Dpe)®] = 5(0uc” + gfauvAZCU) = s(0uc” +igTy, AZCU) =
—~i50u(Thy c"e") +igTf, (Do)’ < +igly, A, (-3) TS, e’ =
— —i20,(T2, ")+ igTE, 0, e —

2
—PTRTE, ALV + %ng AbTe  cuey (7.17)

puv
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We have represented here the hermitian matrices in the adjoint representa-
tion by
fape = TR = iTY, = iTS, (7.18)

Lert us first study the terms containing derivatives
i i
—Engc (Ou(cbcc) - 28chcc) = —ggT,fc (8#(01706) — Ducbet + 8ucccb) =0
The terms without derivatives read

2
T Ayt (T, — T4 T, + T4,1E,) (7.19)
Now the term into parenthesis can be written as

- (TaTu)bu + (TuTa)bv — ifuacTy, =0 (7.20)

Then the variation of the ghost lagrangian plus the variation of the gauge
fixing term yields a total derivative, letting the action invariant.
This is a nilpotent symmetry

shrsT =0 (7.21)

The only non-obvious piece is

- 2

2 a g abc_g a b u v c be uw v\ _

s°c —5(—2 bccc>——4Tbc T,,cic’c+ T, c'c’) =
2

= —gz ce’c (TRTY, + T4TE,) =0 (7.22)

owing to antisymmetry of the structure constants.
Besides the whole combination of ghosts plus gauge fixing is BRST exact

Loj+ Loy = s = —s {caa,JAg + %baBa (7.23)

7.3 The physical subspace.

Consider the standard Noether BRST current

oL oL oL oL
BRST _ A0 B _

i 90,45 0t 50,8) * T 80,0 * T a00) ~

— F2 DPc® + id,b° <—g) Fapec?c® — (Dyyc)*(—B%) (7.24)

and its corresponding charge
QBRsT = /dgﬂ? [ngDPCa - z‘%@ob“ fabe ¢ = (Doc)*(=B*)| =

= / B [Ba(Doc)“ — B + % Fapeb®cbct (7.25)
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where the EM have been used

(DFF,,)" = 0,B* — ig fapcOubpce

OHA® + aB" = 0

0"(Dyc)® =0

(D"9,b)" =0 (7.26)

Let us now discuss in gory detail the reality of the ghost field. With
Lgn = =i0"baDyc = =i0"b* (Duc” + fareAbe?) (7.27)

If we assume

ba = ¢ (7.28)

then the first term (without the i in front) would be hermitian. But there
is no way in which the second term (namely —iO*b® fabCAZcC) can be self
adjoint inless we assume that both ghost are already hermitian to begin
with.

The Noether charge associated to the invariance of Ly, under ghost
rescalings

@ — e
bt — e b (7.29)
is aptly named ghost charge
7 =30 =0 5 = —iDyen(-AD) + i0rBAC (7.30)
9(0ud)
Qgn = i/d3x(ba(Doc)a ) (7.31)
It is important to notice that this charge is hermiytian
=i / &z (baDoca — ba ca) = Qgn (7.32)
The ghost charge can be expressed in terms of canonical momenta
L )
= a'L = ¢b?
Ca
and
orLL
7= L2 = _i(Dye)®) (7.33)
ba

Qgh = — / &’z [b“fra + waca} (7.34)
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{7(t, ), co(t, §)} = —i0ap03) (T — 7)) (7.35)
and
{ﬁa(t7 j’:)a bb(ta ?j)} = _i(sabé(g) (:f - g)? (736)
so that eventually
[1Qgn, ¢*(x)] = ()
[iQgn, b"(x)] = —b"(x) (7.37)

The eigenvalues of Qg are imaginary (€ 4Z) in spite of the fact that the
charge itself is hermitian. This fact was clarified by Kugo and Ojima and
stems from the fact that our ghosts are hermitian fields.

Let us denotes eigenstates of the ghost charge by

Gonlin) = inlin 7.38
g
Then owing to the fact that
;h =Qqn (7.39)
(in|im) = (in % im) = (in %’; im) = Onim (7.40)

The last equality is just a normalization. There are then null eigenvectors

(inlin) =0 (7.41)

This conveys the fact that the scalar product in Fock space is not positive

semidefinite. Defining
|A) = |in) + A| —in) (7.42)

then
(AA) =2Re X (7.43)

which does not have a definite sign, as advertised.
The commutation rules of the charge read

{@BRrs,QBrRs} =0

[iQ fant @BRS] = QBRS (7.44)
The BRST charge is exact
QBRrsT = —15Qgh (7.45)

which in turn means that

2Q%rst = {QBRST, @BRST} = SQBRST = 5(—15QgH) =0 (7.46)
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Let us now define the physical subspace as the set of all vectors in Fock’s
space which are annihilated by the BRST charge (this interpretation was
first proposed again by Kugo and Ojima). This is a clever generalization of
the old-fashioned Gupta-Bleuler condition in QED.

Hyris = {|®), Qprs|®) =0} (7.47)

We postulate that the vacuum is a physical state.
QBrs|0) =0 (7.48)

Actually this is necessary in order to be able to prove that the ensuing
theory is independent of the gauge fixing, or what is the same, of the odd
quantity ¥. Let us study the variation of an arbitrary overlapping under a
variation of the gauge fixing condition.

ulv) = (uldS|v)y = (uls 0¥|v) = (u|[QBRS, 0¥]|v) (7.49)
In order for this matrix element to vanish, it is necessary that

@Brs|u) = QBrslv) =0 (7.50)

7.4 BRST for QED.

Let us study BRST in the simplest QED instance. Previous attempts to
define a physical subspace by imposing constraings have difficulties. For
example

0, A | W) =0 (7.51)
This contradicts
0, A (2), Ay ()] = 10, D" (2 — y) # 0 (7.52)

This is the reason why Gupta and Bleuler proposed to impose only half of
the constraint

(0, AT | T) =0 (7.53)

which implies
(¥ (8,4")" =0 (7.54)

so that expectation values of the contraints vanish

(919,47 |8) = (@ { (0,4 + (0,49 } (W) =0 (759)
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But even that has got problems with the coupling of the electromagnetic field
to other fields. Let us now derive the elegant way in which this problem is
solved in the BRST approach.

sA, = 0yuc
sb = 0,A"
sc=0 (7.56)

Representing fields in Fock space

Ap(z) = /\/(26:%2%
b(x) = /\/(Qi%%[b(p)eim—i-ﬁr(p)eim}

cm:/f%
\/ (2m)32w),

Let us state some facts.

aup)e ™ + o (p)e ™

{C(p)ei”x +ct (p)ei”x}

(7.57)

e Given an arbitrary physical state

@Brslx) =0 (7.58)

the state with a transverse photon added

lex) = euaTIx) (7.59)
is a physicsl state as well, provided
ep=0 (7.60)
because
[@Brst,a"(p)] = —p"c(p) (7.61)
and so

QprsrleX)QBRsTELA" TX) = €4 [QBRST,GH(:D)} =(ep) c[x) =0

(7.62)
e On the other hand,
{QBrs1,b" ()} = P"a; () (7.63)
which implies:
QprsTb"[X) = P'ag|x) (7.64)

This just means that the polarization ¢, is physically equivalent to the
polarization €, + Ap,,because the difference is BRST-exact.
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e Antighosts are not physical
QarsTb™|X) = p"a; (p)x) # 0 (7.65)

e Ghosts are BRST exact, owing to the fact that

Q. ()] = puct (v) (7.66)
Then )
" (p)x) = o QBrsT €a;t|x) (7.67)

7.5 Positiveness

Three problems which are always difficult to solve in any covariant formalism
of gauge theories are as follows First of all, show that the hamiltonian in
the full Fock space is self-adjoint

H=HT (7.68)

Second, show that there is an invariant subpsace of the Fock space, the
physical subspace, invariant under the evolution operator

HHphys C Hphys (7.69)

Third, prove that the scalar product in the physical subspace is positive
semidefinite

{l) € Hpnys} = (Y1) =0 (7.70)

In practice, all that we shall be able to prove is that there are indeed states
that violate positivity, but thosed atates appear only in null-norm combina-
tions.

Owing to BRST nilpotency, all BRS-exact states ,

V) = QBRs|®) (7.71)

are physical states according to our definition. Nevertheless, all those are
orthogonal to any other physical state, since

(phys|y) = (phys|Qprs|¢) =0 (7.72)
and besides, they have zero norm
(W16) = (WQprs|d) = 0 (7.73)

Treating those states as trivial states is akin to definig an equivalence
relation: two states are physically equivalent provided their difference is
BRST exact.
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The BRST cohomology is defined as

H(Q) = ker Qprs/Im Qprs (7.74)
The kernel of the BRST operator

ker Qprs = {|v), @Brs|¥) = 0}, (7.75)

The image of the BRST operator is the set of vectors such that

Im @Brs = {|x) = @Brs|x)}- (7.76)

e The set of elements in H(Q) will be dubbed singlet states . We shall
denote the sunset of ghpst number n as H"(Q).

e Singlet states can have vanishing ghost number |xo) € H°(Q) (those
are the ones that correspond to physical particles sensu stricto) or else
a non-vanishing one, |x,) € H"(Q).

e In the latter case they can be a unpaired singlet |x,). This means that
there is no physical states among the ghost number complements of
the type |o_,) , and such that (x,|o_,) = 1. Then it is not possible
either that a descendent state

Qln—1) (7.77)

has got nonvanishing scalar product with our unpaired singlet, because
if this were true, then

(€-n-11Q[xn) =0 (7.78)

owing to the fact that |x, € H(Q).

This in turn means that no such complement state is in H(Q), so that
the restriction of the scalar product to H(Q) is degenerate in the sense
that this unpaired singlet is orthogonal to the whole H(Q). This is
considered not to be a harmful situation.

e There can slso be a singlet pair, with equal and opposite ghost number.
There are then physical states of the form

1€) = Ixn) + &lo—n) (7.79)

which have negative norm.

(Xn+ &0 nlxn+Eon)=E+E (7.80)

Then a consistent reduction of the Fock space is not possible.
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This situation is however not realized in ordinary gauge theories.

The reason stems from a small theorem asserting that in any coho-
mology class in H(Q) there is a representative with vanishing ghost
number. Indeed, any physical state with ghost number —k can be
represented as

| — k) = bay - .. ba, 191 g) 4 ... (7.81)

where the state |g) does not involve antighosts, so that it has vanishing
ghost number. We are then concentrating in the component with the
minimum possible number of antighosts. Other components have more
antighosts (and also more ghosts to keep even the balance).

Now, we know that this whole state is annihilated by the BRST charge.
The component with Ny, = —(k — 1) must then annihilate by itself.
Recall that

sbq = [1QBRS,ba] = iBq (7.82)
then
0 = QBRSbaybay - - - bay, ¥ |g) ~ By, ba, . . . ba, t1%]|g)  (7.83)
This is possible in general only if
Day - - - bay 1197 = By by, .. by, ul@0%1-2] (7.84)

so that the whole thing cancels by antisymmetry Then

|—k) = bay Bagbas - - - ba ul® | g) = Q prsba, bagbas - - - bay ul® ]| g)

(7.85)
This shows that the component with minimum possible number of
antighosts is exact. Induction proceeds until we reach a representative
without any antighost.

All non-physical states |\,,) give rise to a BRST doublet

{[An). [6n+1) = QBRS|An)} (7.86)

where the other element of the doublet is BRST exact (and then nilpo-
tent). It the scalar product is to be non-degenerate there must exist at
least one state with non-vanishing scalar product with it. This state
has to have opposite ghost number

<5n+1|5717n> =1 (787)

Finally, |A\_,,) = @QpRrs|d—1-n) is the last member of this quartet.
These do appear in ordinary gauge theories
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It can be the case that all physical states can be described in terms of
asymptotic fields, that is asymptotic completeness (this does not happen in
unbroken non-abelian gauge theories owing to confinement, but this fact is
unfortunately beyond BRST techniques).

The operators that create these states out of the vacuum

An) = af]0)

0n41) = QBRs|An) = —ic;,1]0)

0_(n+1)) = =07, _410)

IA-n) = QBRSIO_(ns1)) = —bT,|0) (7.88)

We can assume with no loss of generality that n is even, n € 2Z.
A quartet that always appear in ordinary gauge theories is generated by
the pure gauge fields

[An=0) ~ A% () ~ Opa’(z) + ...
101) ~ (Dye)® ~ 0pc(x) + ...

|6_1) ~ b%(z) ~ b (x) + ...

|0(—n=0)) ~ B*(x) ~b"(x) + ... (7.89)

Let us now show that quartets appear only as zero norm combinations.
They are then undetectable.

e [t is a fact that asymptotic states corresponding to physical particles
are always orthogonal to quartets.

The only dangerous matrix element is the overlap of a physical state
with one of those animals

(phys|An) (7.90)

and this is possible when n = 0 only.

But in this case we can choose another representative of the cohomol-
ogy class such that

|[PHY S) = |phys)—=>  [A_m)(Am|phys) = [phys)—Qprs > [0-m—1)(Am|phys)
" " (o

clearly

(M|PHY S) = (A\n|phys) — Z()\n|)\,m><)\m|phys> =0. (7.92)

m

because
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e Let us now define projectors (details can be found in Kugo-Ojima’s
[?]) in the subspace of Hypys With N quartets.

Py =Pl =Py

PnPr = PuPn = onmPN

> Pn=1 (7.94)
N

Those projectors are BRST invariant
[@Brs, Pn] =0 (7.95)
and there is a resolution of the identity in the form
1 =Py ={iQprs, R} (7.96)

Ths subspace of genuine physical particles is the projection into the
subspace without any quartet from the whole physical space

Hphys = PoHphys (7.97)

e [t is then a fact that any BRST closed state
|f) e PnH (7.98)

with N # 0 is necessarily exact. This is indeed plain because

1f) =Pnlf) = A =Po)lf) = ) = {i@prs, R}|f) (7.99)

that is
|f) ~ RQprsrlf) =10) (7.100)
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Ward identities

8.1 The equations of motion.

The postulate that the functional integral of a functional derivative vanishes
implies the equations of motion (Schwinger Dyson, plus contact terms.

J i|S[¢] d(vol) J(x)¢p(x) _
/D¢ 75(?(33) {6 [ +f ]} =0 (8.1)
namely
08 i|S[@)+ | d(vol) J(z)p(z)| _
/qu <5¢($) + J(:E)) e [ f ] =0 (8.2)

Which implies for example that

That is

<0|T5(2(S$) ¢()[0) + 6™ (x —y) + (0[] (x)(y)|0) = 0 (8.4)

8.2 Ward

When the lagrangian enjoys a symmetry, some manipulations on the fuc-
tional integral imply relationships between Green’s functions. Those identi-
ties are generically known as Ward identities and are the quantum mechan-
ical version of Noether’s theorem

Assume the action to be invariant under rigid (9,e = 0) transformations
of the form

¢i(x) = ¢i(w) + e6i(w) = ¢i(w) + eti? ¢ () (8.5)

This means that under local (9,¢ # 0) transformations

95
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S[¢'] = S[¢] + / &'z T (2) O (8.6)

Assuming that the functional measure is also invariant the partiction func-
tion reads

Z' = / Dy SW [T — 7 / D S+ [d'z Tion

X {1 —l—i/d”:p e(x) 9, JN () +i/d4x e(x) Jitgqﬁj] (8.7)

Functionaly differentiating with respect to J(z1)...J(z,) and evaluating
the result at the point when all sources vanish J = 0),

O:IT 01 (w1) . i, (an) [ &' e(@) D,T5 (2)]0-) =

k=n
= €(xp) (04| Ty, (x1) .. 065, (wg) - - - i, () |0-) (8.8)

k=1
which can be rewritten as
k=n
OO T iy (1) - - - Py (20) DT (2)[0) = D~ 8w —x) (0| T hiy (1) - .- 8hiy () - - - i, () [0-)

k=1
(8.9)
Please note that this procedure yields nothing new (over the rigid case) for
gauge theories.

8.3 Charge conservation

Let us work the simplest example in detail. When dealing with complex
scalar fields

1
= — +1 8.10
charge conservation stems from the phase symmetry
¢ =ia(x)p (8.11)

The Noether current reads

Jy =i (0™ — $0,0") (8.12)
The Ward hierarchy of identities stems from
04| T iy (1) - . G, (xn)1 (Oud(2) " (x) — ¢(2) 0™ (2)) @™ (y1) - . ¢"(ym)|0-)s =

k=n
=2 0(@ = wp)(04|T i, (x1) - i (xh) - - Py (20) 9" (Y1) - - - @ (ym)[0- ) +

B
Il
—_

T
3

=2 0z =) (04[Thiy (1) - .. Gir, () - - Dir, ()™ (y1) - - ™ (1) 9" (ym )[0-)(B.13)

N
Il
R
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8.4 QED

e Let us consider the particularly important case of QED abelian gauge
invariance. The reason why this gives a nontrivial result is that there
is a associated rigid symmetry acting on the charged matter, namely

0 = iey)
§1p = —iex (8.14)
Noether’s current reads
(@) = ip(x)y () (8.15)

and Ward’s identity in the simplest nontrivial instance reads

(0|0, (2)1h(y)(2)|0) = 6 (@ — y)(0|Tiers (y)ib(2)]0) +
8D (@ — 2)(0| T (y)(—ie)v(2)|0) (8.16)

Fourier transforming 1 = x — 2 y 2 = y — z and defining

Se(p) = [ d'ae (O1Tv()d(0))0) (317

we easily derive:

PLGu1,2) = [ atardane @R 010,50 ()0 (22 BO)) =

= iSr(p1 + p2) — iSr(p2) (8.18)
and defining the amputated function
Tu(p1,p2) = Sp*(p1 + p2)Gu(p1,p2) St (p2) (8.19)
The QED Ward’s identity reduces to
PiTu(p1, p2) = iSp' (p2) — iSi' (p1 + p2) (8.20)

This is the old-fashioned form of the identity found for example, in
Bjorken and Drell’s book . It can be written in a more symmetric
form as The QED Ward’s identity reduces to

(0" = @) Tplp1,p2) = iSp'(q) — iSE" (p) (8:21)
In the limit when p — ¢ this is equivalent to
.0 L
Tula) = i 55 (a) (8.22)

This implies immediatly that

71 =7y (8.23)
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e A natural question to ask is whether the gauge symmetry does not

have any more direct consequances for the photon sector. The short
answer is yes. Transversality. Consider the photon four-momentum

k* = F(1,0,0,1) (8.24)
In this frame the two physical polarizations of the photon are just

€1 =(0,1,0,0)
es = (0,0,1,0) (8.25)

Now what happens is thet the little group does not leave invariant the
subspace (€1, €2). Consider for example the Lorentz transformation

3 1
2 10 —3
110 —
[
", = 001 0 (8.26)
1 1
3 L0 3
First of all, L € SO(1,3) because
3 1 3 1
5 1 0 3 10 0 O 5 1.0 —3
1 1 01 0 -1 0 0 110 -1
T 1 _ _
Enb=14% o 1 0|lo o -1 ofloo1 of~
1 1 1 1
-5 —1 0 3 0 0 0 -1 5 1 0 35
1 0 0 O
0o -1 0 0| _
0 0 0 -1
It also belongs to the little group, because
L" kY =K+ (8.28)
But
LM ,ef =} + BTk (8.29)

(It leaves invariant the subspace generated by ez though). Physical
amplitudes are of the form

M= M, (8.30)

where

et = Cl€}f + 026’15 (8.31)

Under a Lorentz transformation

M = (Cy (e + BR) + Cody) M, (8.32)



8.5. NON-ABELIAN WARD (SLAVNOV-TAYLOR) IDENTITIES. 99

But there are no physical states with longitudinal polarizations. The
only way out is that

EFM, =0 (8.33)
That is physical amplitudes involving physical photons must be trans-

verse.

e In real life, one has to take into account gauge fixing terms and ghosts.
To be specific, with the gauge fixing term

1
Ly = %(8“14“)2 (8.34)

ghosts do not couple to the physical fields and can be ignored.

Under a gauge transformation the only non-invariance comes from
sources as well as gauge fixing. This implies a Ward identity as usual

1 0 ) d
(—mDaﬂ(SJM(x) + 77577(1:) - ndn(m)) WI[J)+ 0,J" =0 (8.35)

Legendre transforming we arrive to Ward’s identity in terms of the
1PI effective action

0 ) _ S
(8" 54 ) ‘”am)) Ll4]+00,4" =0 (8:36)

We have denoted classical fields as if they were ordinary fields in order
not to clutter the notation unnecessarily.

8.5  Non-abelian Ward (Slavnov-Taylor) identi-
ties.

Let us now include sources for some composite operators, namely

- 1
L — L(A,b,c)+ / diz {JﬁAg+§aca+ba£a+xaB“+K““(Duc)a—2La fa,,ccbcc}

(8.37)
Under al BRST transformation, only the trems including sources are
noninvariant

/ d42(0|T Ju (Dpc)a + g’(—% FabeCyte) — Batal0)y = 0 (8.38)

which can be rewritten

4] ) 0
/d4.’L'|:Ja#6I(aM +§E_§a@ Z(J) =0 (839)
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Functionally deriving with respect to sources, a whole hierarchy of equations
relating different Green functions is easily derived. These were first obtained
through a much more involved argument by Slavnov and Taylor.

The antighost EM is easily obtained by performing a translation in the

functional integral
b—b+ Ab (8.40)

or else through the fact that the functional integral of a total functional
derivative vanishes

O s _
/DADbDC 50(2) e” =0 (8.41)
(0|TMapey + €4l 0)y =0 (8.42)

In terms of the partition function

{Mab (&) &+ ga] 2(J) =0 (.43)
and taking into account that
Mapey, = 0u(Dc)® (8.44)
(in the standard gauge F, = 0,A%), reads

185

um@?) +&(z)|Z(J) =0 (8.45)

i
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8.6 Renormalizaction of non-abelian gauge theo-
ries

Let us study the simplest case in which the gauge fixing condition is linear
in the gauge fields. Other more complicated cases are treated similarly.

Let us recall Ward’s identity (8.45|) for the free energy W = ilog Z in
the covariant gauge

Fy = 9,A" (8.46)
to wit
1144
8um = &u(z) (8.47)

Start by defining as usual classical fields

ow
(cl) —
Aa,u (J) 5(](1“
L
D) = el
0&a
SEW
(cl) - _ 4
B () = - (8.48)

Classical fields are nothing else than the vacuum expectation value of the
field operator in the presence of external sources. Legendre transforming
leads to the effective action (the generator of 1PI Green functions)

T(A b, K,L)=W(J,¢E K, L) — / d*z(JA+ Ec + be) (8.49)

Classical fields are represented by the same symbol as ordinary fields; this
should not lead to any confusion, because in this section only classical fields
will be discussed

ow or
Ao = 57 o= 554
oW _ ol
Ca = = §a= —
65(1 66@
) or
LU (8.50)



102 8. WARD IDENTITIES

Given the fact that

5T 6W 5J J(y)
SA) / /d Y5a(m) W) — (@)

o= [an i () /d4y§i<(x§ () +€(a)

de(z) b
or 4 55(9) 4 £(y)
5o = [ @' 5b(x) 56 / <y *x —&@)

(8.51)

From the very definition it is plain that derivatives with respect to any
parameter not involved in Lagendre’s transform are the same for the effective
action as for the free energy

%% or
= .52
5P(x) ~ P(x) (8:52)
This means that Ward’s identity
— 0
d*z |J, + & Z(J) =0
/ [ ”5Kw( ) E(SLa(gc) 8 (5Xa(a:)] ()
can be written in terms of the effective action
or or or or
4 B\ —
/d ( 5A,w( 5 Kan(@) " dca(e) 0La(e)  dbule) 4 ) 0
or
5ba< ) a"éKw(@ -0 (8.53)

We have identified B, with —F, = —0,, A, which stems from the EM. It is
possible to simplify the preceding identities by a slight modification in the
effective action :

F=r- % / da (9 AY)? (8.54)
by defining the star product (Zinn-Justin)
. oT oT or  oT
T+«T= [da|—- -
i /d v ( 0Aq(z) 0K qu(x) * 0cq () (5La(37)> 0
6T

0 + T
“5Kau(:v) dbg ()

=0 (8.55)

When working woth the modified action, I, the only thing that changes is

50 T
6A%(x)  JA%L(x)

— OAF (8.56)
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The second equation of the set above remains the same, whereas the first
one wins an extra term

r r
) —85

0 Ag STRInY
Oada O H 6ba ()

(where the second equation gas been used). This trick then leaves the Zinn-
Justin equation without any linear terms.
Let us now sketch an inductive argument in order to show that the gauge
lagrangian
L = Lyquge + Lgf + Lgn (8.58)

is stable under renormalization.

Divergences in the h"*! loop order I',,; 1 can be cancelled just by adding
to I' a counterterm such that the renormalized action T to the desired order
h"t1 obeys Ward’s identities. In that way, Ward’s identities can be shown
to be stable under renormalization.

It then will follow that the renormalized action f(ren) is the most general
dimension four local polynomial obeyng Ward’s identities.

Remembering the dimensions of the different fields involved

d(4) = d(c) = d(¢) =
d(K) = d(L) = d(B) = d(x) = 2
d(J) =3 (8.59)

Also the ghost number asignments read gh(K) = —1 and gh(L) = —2.
Dimensional analysis and ghost number conservation then imply that

(ren) /d4 ( CLH D?“en)( )) ) é;ﬁn acbcc+L(ren)(Aa Cy b)) (860)

where the renormalized covariant derivative is defined as

(D™ e = Ouck + frif AL (8.61)
and is given in terms of some renormalized constants f77".
The second identity (8.55)) then implies
5L 7‘671
(D)o () + / diy—— = o =0 (8.62)

so that the antighost dependence is fixed. The dependence on ghosts then
follows by ghost number conservation.

'ren) = /d4 < au D(Ten)(A)C)a - % (ggsn)LaCbCC -

—ba0u (D) + L<’“€">(A)) (8.63)
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The first Ward identity of the set (8.55)) leads to

5D 51 (ren) sDrem
4. |_ abp _ abp b | pyren)
/d T [ (Kau 5 cy + 5 A ba Oy 5 c D/\k] c;

1 ren ren ren ren
-5 Fe eie; (Kaupg,w) — flre )Lacc+baaqulku))} =0 (8.64)

All this has got to be true for arbitrary sources. Let us analyse its conse-
quences in some detail.

e First of all, demanding the vanishing of the coefficient of the fermionic
source Koy, (x) we learn that

4 5Dgﬂa(’;n) (,«en) 1 ('ren) (Ten)

To be specific, the integrand reads

ren i ren j 1 ren i.J ren ren 1.J
K= faric (3u0k + frbj AZC])+§ (faij Ou(d'd) + frsh AL frete CJ) =0
(8.66)
Consider first the set of terms that do not involve gauge fields

frendg,ct = _Lpren (Ouc'cd + c'0,d) (8.67)

avj 2 aij

which vanishes as long as the renormalized constants are antisymmet-
ric

ren =0 (8.68)

On the other hand, the terms contaning gauge fields read
1 o
Jaki' Frej €€+ 5 Jrig € Jabke (8.69)
which is equivalent to
aki Tivg — farg fivi' =+ Tiij fabk (8.70)
That is, this terms also vanishes provided the constants
ik (8.71)
obey Jacobi’s identity.

e Vanishing of the coefficient of the sources L(x) implies

ij tJalc

/d4x( — fl(ﬁen)o (ren)cjcc) =0 (8.72)

namely, Jacobi’s identity again.
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e Consider finally, the term without sources

5L(ren) ren ren 1 t.J pren
—7514”\ Dg\lb )Cb + 8“ [(fakbcb(Du C)k + §fkijc CJDakﬂ) ba]
SL(ren) ren

Using the fact that I = 0 it reads

5L(ren) ren
ng\lb )Cb =0 (874)

This implies that D¢ obey the same equations as D, so that this is
just a fancy way of writing down gauge invariance

Besides, the constants fézsn) obey the (Jacobi) identity neccessary for
them to qualify as structure constants of a group G.

e Finally, the last equation tells us that the lagrangian L™ (A) is again
gauge invariant.

When the group G is simple, it is plain by continuity arguments that
both the symmetry group and the representations involved must be
the same as in the bare lagrangian.

The semisimple case can be treated using much the same techniques.

Also more general gauge conditions can be considered.

Nevertheless, in order to renormalize spontaneously broken gauge theo-
ries some extra work has to be done.
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9

Effective field theories

For phenomenological reasons it is often advisable not to commit ourselves
on what the theory should be at arbitrarily high energies, and behave as
if all we knew is an effective theory valid for energies lower than a certain
cutoff scale

E<A (9.1)

Quite often there are universal predictions, depending only on the symme-
tries of the problem and on the available degrees of freedom.

9.1 Composite operators.

Sometimes, namely in order to define the energy-momentum tensor, or else
the equations of motion (EM), nor to speak on the operator product ex-
pansion (OPE) we need to compute correlators including fields evaluated at
the same space-time point. Those have divergences in addition to the ones
already renormalized, and new counterterms are necessary. We work in
momentum space except for the operator, which remains in position space.

Consider, for example [3] the operator ¢? in d%. We are interested in
G = (01T 0p6,6%10) = [ dou doy P79 (0[T6,0,6%0)  (92)

The lowest order graph yields

? ?

Glo =

= 9.3
p? —m? +ie p3 —m? +ie (9-3)

107
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Figure 9.1: Simplest diagrams for ¢?.
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The first one-loop graph yields

G 1 i 2g2u6 " /d" 1
YT m24ie p2—m? +ie —m? +ie)((k —p1)? —m? +ie)((k + p2)? — m?-
i 7 g2 1—x
= Ir'e—-—- d d
p? —m?2 +ie p3 —m? + ie 643 ( 2)/0 x/o Y

m? —ply(l—z—y) —pla(l— 2z —y) — (m +p2)2xy} 27
47 p?

The corresponding counterterm reads

1 2 1
T2 2\ (12 2 g 3 (9'5)
(p1 —m?)(p5 —m?) 6473 n—6

In such a way that the renormalized graph reads

_ 1 g {_7_/1d:c /1mdy
(p} — m?)(p3 — m?) 64x3 2 Jo 0

2 _ (2 2 N 2
log | ™ (piy + p3z)(1 a y) — (p1+p2) xy} } (9.6)
AT
The second one-loop graph reads
Gy = _gﬂgig igug_n/2 /dnk 1 —

27 (7 —m2)(p3 — m2)((p1 +p2)? —m2) 2(27)" (k% = m?)((p1 + p2 + k)* — m?)
_ —gn’" 2 UL PR / o Im? = ot p)Pa(l — @)

(pf — m?)(p3 — m?)((p1 + p2)? — m?) 1283 0 (4mp2)n/2=3

with counterterm

—gu® "2 g3 (5 (p1+po)? 1
(p? — m?)(p3 — m?)((p1 + p2)® — m?)  64x3 "

In such a way that the renormalized graph reads

g —qg (p1 +p2
(02— m?)(p3 — m?)((p1 + p2)? — m?) 12873 {(7 -V <m2 ) / d:C

m? — (p1 +p2)?x(1 — x)] }

4 112

(m2 — (p1 + p2)%z(1 — w)) log [ (9.8)

The counterterm are just vertices for ¢? and for (%D + mz) ¢, in such a way
that the total renormalized G reads

2 n/2—3 1

1 1 1
6= {1+ g 0T ;2 O10) + { 2 L A 01T 0 (0 + 50) 6(0)0) + ()
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This means that the (renormalized) composite operator [¢?] is defined by

2 11= {1 sty = (M ama (0 i) Jo-ownon

64m3n—6J 2 6473 n—6 6

In fact, a renormalized operator can always be defined by a formula of the
type (please remember that the canonical dimension of the field ¢ in six
dimension is 2)

L=

¢2

5+ w23 Zym2e + 32,00 (9.10)

where the Z depend only on (g, n). The operators that appear as conterterms
have dimension lees than or equal to that of the original operator. A closed
set of operators under renormalization is then

3[9°] Zo "0 Zym® P 20\ (567
¢ | = 0 1 0 é (9.11)
O 0 0 1 O

9.2 Warmup on proper time.

Remember that

i oo . .
— d is(A+ie) 12
Aric /0 se (9.12)
Also 1 - ~
- is1 A+s2B
1B /0 dsl/o dsse (9.13)
Replace
s1 =T
so=(1—x)7 (9.14)
Then

1 1 oo , 1 dz
— = —/ d:c/ T dr T@AT1=0)B) :/ 5 (9.15)
AB 0 0 0 (az+ B(1—2x))

This yields a nice interpretation of Feynman parameter x = 31252

much one particle is lagging the other obe running in the loop.
Then we can represent Feynman’s propagator as

as how

d4p

. . d4p ) %) ) 9 9.
D — ipla—y) v / w(:r:—y)/ d is(p?—m?-tic)
r(@,y) / (2m)4 ¢ p? —m? +ie (2m)4 ¢ , F

2
7 o0 d 9 7i((zzsy) +sm27ies)
=162 J, ss° e

(9.16)
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Let us introduce, following Schwinger, one-particle Hilbert space spanned
by |z) and sich that

(plz) = €™ (9.17)
defining
P"|p) = p"|p)
T = —p? (9.18)

(a non-relativistic hamiltonian; this the priging of the fact that the dimsnions
[s] = —2) in such a way that

¢ (pl) = (ple="*1 ) (9.19)

we get

o . .
Dp(z,y) = / dse™5¢ e~ism” (yle~H / dse™5¢ e~ism’ (y;0]z; s)
0
yielding a nice interpretation of the propagator as the amplitude to propa-
gate from the point x to the point y in proper time s and integrated over all
proper time. More is true.

dp . ) d'p i
D = ipe—y) / b =
rley) = [ G e = [ g WP ) = (Gl =
:/ ds e 5 ¢’ <y|e_iﬁs|zx> (9.20)
0

9.3 Simplest examples.

Let us work out some simple examples to begin with. Consider, for example,
a Yukawa interaction at low energies.

S = /d%; {zzz‘aw— %gb(EH—mQ) ¢+AW} (9.21)
If we neglect scalar loops, we can write
6=(0+ m2)71 b (9.22)
and the action reads
_ A2 _ -1 _
S = /d4:c {wz’w + 2y (O+m?) ! ww} (9.23)

When we are interested in energies much smaller than the mass of the
Yukawa particle,
E<<m (9.24)



112 9. EFFECTIVE FIELD THEORIES

this in turn can be expanded in a series of local operators
- 22 - a2 -
s [da {dibv+ 5 bviv+ gaiuDiv ..} (02)
m 2m

Let us now do a slightly more complicated exercise, namely, the effective
lagrangian for the case aof a constant field strength Fj,,. This was first
derived by Euler and Heisenberg in 1936. Let us start by studying the
fermion propagator in an external electromagnetic background.
Once the fermions are integrated out the effective action reads
1

Le= _ZFEV —iTr log (i) —m) (9.26)

taking one derivative over the mass

——5Le = LTTM — 'y s . = */ dse= 5 Ty =i
(9.27)
Integrating now over dm? we learn
1 ) ) 2

Now acting on some arbitrary function

D f(z) = (D +ied)p = (auay +ied, A, + ieA,d, + ieA,d, — eQAuA,,> A f () =

= (D +ied, A" + ie%Fmﬁ‘“’ + 2ie A0 — 62AHA“> f(z) =

1
= (D#D" + 2eFWU’“’> f(z)

where
O = P (930
Let us dub )
H=D,D" + ier,a“” (9.31)
Then ,
Lo=—qFa 4y [ 2 et (ol ) (9.32)

We are using here covariant first quantized formalism, where
[+, 7] = —in"” (9.33)

In particular, we recover

[x pl} = 6 (9.34)

(9.29)
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The states |x) obey
#Ha) = atfx)

In the Heisenberg picture

The Schroedinger state is by definition
|z; s) = e*ms|m>
It is then a fact that
i0u{y: Ofes ) = (yle """ Ha)

as well as . . .
(yle =27 (s) = (yl@re > = yH(yle
Let us introduce the operator

it = pH — e A (2)

We have
[2H(s), 7" (s)] = —in™”

and for constant field strength
(74 (5), 77 (5)] = —ieFH”
It is clear that

A ~2 e
H(s)=—1 = —7u(s)a*(s) + iFWJ’“’

The Heisenberg EM implies that, whenever F' is constant

dm#

=i [, 7 (s)] = 2eF" 7

Then
7'['“(5) — (€2esF“U) ﬂ_y(o)

It is also a fact that

dxt A
haadl 7] -
= [Hx ] — o
This is easily checked to be solved by
€2SF
h(s) = af + (eF )7 (7" (s) — 77(0)) = a#(0) + <eF

=2(0) +2 s =" <sin};$(;:9F)> 7(0)

113

(9.35)

(9.36)

(9.37)

(9.38)

(9.39)

(9.40)

(9.41)

(9.42)

(9.43)
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This implies that

7(0) = e (miF(esF)> (z(s) — 2(0)) (9.48)

and consequently

n(s) = (27 m(0) = e°F (M‘f@) (x(s) — 2(0)  (9.49)

We can now rewrite the hamiltonian as

= —a(s)AM(s) + gaw, Ja.

i
es 23 A o es eF 0 €
"), () o @ =00 (<)) (Gimiesg ). (o)~ 0 =

—gtr (0F) = — (x(s) — 2(0)) K (x(s) — z(0)) — gtr (0 F) (9.50)
with 252
K= 4 sinh? (esF) (0.51)
owing to the fact that
(663F>M)\ (eesF): _ (ees(F—l-FT)) =1 (952)

Let us now move all the z(s) to the left and the x(0) to the right

mw(s)m(s) = z(s)Kz(s)—x(s)Kx(0)+x(0)Kz(0) —x(s) Kz(0) — K [2(0), z(s)]

(9.53)
(Please note that K is a constant matrix).
Now it is a fact that
inh esF
Ko [a(0), 2" ()] = Ky |2(0), 2" (0) 4+ 2¢5F 22 (0)| =
= —% Tr {eF + eFcoth esF'} = —% Tr {eFcoth esF'} (9.54)
owing to the fact that
inh esF eFeest F
2K e 20 . — = (1+coth esF 9.55
c el 2sinh esF 2 (14 coth esF) ( )

We conclude that

H= —a:(s)Kx(s)+2x(s)Kar(O)—a:(O)Ka:(O)—%Tr {eFcoth esF}—gTr oF
(9.56)
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Then we can work out the expression

z%(y, Olx; s) = <y|e—iHsH|1‘> = <y|e—iHS{ —x(s)Kx(s) + 2z(s) Kz — $K:L’}|aj‘> +...=

= <y|{ —yKy+2yKx —mK:E}e_iHS +...]z) = <y|{ —yKy+2yKx — xKx} +.. ]z s) =
—Wly—2)K(y—2)+...|z;s) (9.57)

In this way Schrodinger’s equation now is just an ODE and reads

2 F?

“i0.y £ Olais) = = |(-2) oy

(y—:v)—i—% Tr {eFcoth (esF)}—l—%Tr O‘F:| (y; 0|x; s)

(9.58)
The general solution of the ODE is readily found and reads

<y; OIIE, S> — C(CE, y)6fi(y7x)%coth(esF)(yfx)Jr%Tr log %7151‘&" (oF)s
(9.59)
This holds for any value of the function C(z,y). In order to determine it,
there is some additional information we may use, namely,

el

.0 . v o\ — () Lo\ — p—esF
(i = eA) wi0lass) = (s 0] mO)fass) = ¥ o

(y—x)(y; Olz; s)

(9.60)
as well as

(ia - eA) (y;0|z; 5) = eF e
dy

s (o)~ Dwillis)  (961)

Owing to the fact that

eF eesF + eesF _ 2e—esF eF
7 6esF _ eesF = 7 (962)

Those equations imply

(Zaax —eA — %F(m - y)) C(z,y) = <188y —eA — gF(x - y)) C(z,y) =0
(9.63)
The solution of those reads

Clz,y) = C L. 42 (Au@+s =) (9.64)

which is independent on the path z#(\) between the two points x and Y
because the differential form to be integrated is closed. The remaining con-
sntant, C, is fixed by the demand that we recover the correct result when
A = 0. This determines ;

¢=- 167252

(9.65)
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Let us now come back to our effective lagrangian. We have

L. = —fF2 —%—E Ooﬁe_istTr{(:L‘]e_iﬁﬂx} —fF2
a2 )y s gl
1 ds fenn2 ;€S 1 sinh (esF)
_ T Yo —ism?—i G Tr (o F)+5Tr log —(—5— 9.66
3272 r/o PER ( )
Now
Tr (0F)* = Tr (2F2, + inse® FogFls ) = 8(F = i759) (9.67)
where

2
= EB (9.68)
The eigenvalues of Tr (o F) are

A= 4,/8(F +iG) (9.69)

Then
Tr 5 Tr(oF) _6135\/ (F+iG) +e ies | /8(F+iG) _1_6”75\/8(.7-'—1'9)_1_6—1'675\/8(]-'—1'9) _

= 2cos (68\/2 (F+ zg)) + 2cos <es 2(F - zg)) = 4Re cos (esX) (9.70)

with

x=\brp s tume = oG = (BB om

1 L (eF's)
5Tt log Sme(es — log v/ A\ Aaha g (9.72)

The eigenvalues are easily determined form the corresponding eigenvalues
of F', which read

Next

i . .
A=+ (VF+iG +vVF—ig) (9.73)
which leads to b (cFs) (0526
1 sinh (eF's es
“Tr 1 = .74
2Tr ©8 esF Im cos (esX) (9.74)

The final result for the Euler-Heisenberg effective legrangian is

L.=—--F —im*s

47 M 3902 Fyu FM (9.75)

1, e? /OO 1 2 Re cos (esX)
e G it
s Im cos (esX)
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Expanding perturbatively in e, we find

F v = 42 -~

Re cos (esX) - 4 2 o, e2s? <
e2s?2 3 M 45

7 - 2

4

Epy+ 7 (FuwF™) )+
(9.76)

The first two terms in this expansion are UV divergent. The very first is

just the vacuum energy density. With a proper time cutoff

Im cos (esX)

2 2
B 9 et m
This is an effect of the vacuum polarization corresponding to
3
e
b=12 (9.78)

Consider now the case when the electric and magnetic fields are parallel.
Then

2

_ 1 2 2 e > ds ieo —sm?
L, = 3 (E —B ) = @/0 ~ €7 (EBcot (esE)coth (esB) —

(9.79)

e2s2

1 _B2E2>
3

Given the fact that the singularities are associated with the electric field,
we can consider the limit B ~ 0, where

1 1 ©ds 1
L.~ §E2 — 8?/0 S—ge“se*st (eEscot (eEs) — 1+ 3 (esE)2> (9.80)

which has poles for real ¥ whenever
m
— .81
5 € - EN (9.81)

This physically means that strong electric fields can create electron-positron
pairs, by pair production (Schwinger). The probability per unit time and
volume that any number of pairs are created is

1 0 1 _ 2 E2 s 7n7rm
20m Lo = -~ Z =° =57 Z (9.82)
n=1 "N n= 1
This is negligible until
m2
E~E.=— ~ 10" volts/m (9.83)
e

This fact is sometimes invokes to explain why the periodic table has less
than a~! = 137 elements, the reason being that further elements would not
be stable owing to this mechanism.
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10

Advanced topics.

10.1 The background field technique.

Let us expand around an arbitrary background comfiguration
W,=A,+A4, (10.1)

The background is sometimes denoted the classical field while the fluctuation
is refered to as the quantum field. In the functional integral we integrate
over quantum fields only.

Z[A= / DA, ¢ SIATA] (10.2)
The background is assumed to obey the classical equations of motion
08
—1 =0 10.3
Tl (103)
"

The full quantum gauge tramsformations, under which the background field
remains inert read

A =g (Au+ Ay +0,) g7t = A, (10.4)

This is the gauge transformation that we have got to gauge fix. The thing is
that there is another, background gauge transformation, which can be kept
even when gauge fixing [10.4]. Namely

f_l;L =g (AM + 8#> g_1
A, =g A, gt (10.5)

under which the quantum fields rotate in the adjoint. For example, we could
use the gauge fixing
F=D,A" (10.6)
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where D stands for the covariant derivative with respect to the background
gauge field. When doing so all counterterms must respect background gauge
covariance which greatly restricts them.

The Yang-Mills action reads now

S[A+ A = _i (Fy + Duddy — Dydy + furcALAS) +
1
20
Terms linear in the quantum fields vanish when the background field lies on
shell. The quadratic piece gives then rise to two determinants

(DpA")” — Dua (D¥ e — funec AL) (10.7)

+

gauge

(10.8)

- 1 - 1\ - - _
W[A] = _iTr log ((D#D”naﬁ — (1 — a) DQD5> Obe — 2Fgﬁfabc>

+Tr log (DHD“) Obe

ghost

Renormalizarion constants are defined as usual
90 = Zg9
Ay = ijx (10.9)
Then the field strength renormalizes as
Fy = Zj (aA — 0A — gzgzé fAA) (10.10)
which is background gauge invariant only when
2,73 = 1 (10.11)

The coupling constant renormalizations is then related to the wave function
renormalization.
Let us finally remark for future use that when o = 1 all relevant operators
are of the form
D,D'+Y (10.12)
with
D,=0,+X, (10.13)
Namely, for the gauge operator
X, =4,
Y = -2F, (10.14)

whereas for the ghost determinant

Y =0 (10.15)
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10.2 Functional determinants

It is a fact that to one loop order, only the terms quadratic in the quantum
fields contribute. This because the topological identity

L=I-V+1 (10.16)

collapses in this case to

I=V (10.17)

which means that every one loop diagram is just a circle with classical fields
attached in trilinear vertices with one classical field and two quantum fields
that propagate in the circle.

10.2.1 Feynman diagrams

As a matter of fact

log det (=0 4+ m? + M?) = trlog (-0 + m?) (1 +(-O0+ m2)_1]\_42) =

2 .- (—1)m+1 2 —1272\"
m=1
- (_l)mH 2 —1 172 2 —1 272 2—1 72
C + Z m /xl x (_D + m )x1$2M$2(_D + m )J,’ngMa}g e (_D + m )$7n$1MZ'1 =
m=1 e Tm
[e%S) 1 \ 12 \ 12
(_l)er ip1(x1—x2) Lip2T2 MP2 ipam—1(Tm—21) LiP2amT1 b2m
C + Z e e 5 5 e (& P 9
me=1 m T1...Tm JP1...D2m by +m Pom—1 +m
00 \ 12 72
(_l)m-i-l / M M
C+ d(p1 + P2m—1 — P2m)0(—p1 +p2 +p3) ... 2. Eom
Tnzzl m p1..-p2m " " p% + m2 p%m,1 + m2
e o] 1 m+1 _ —
C+ Z ( T)n / S(p24pa+ -+ pom) My, ... My, D™ (py. .. pop)
m=1 p2---P2m
where
dp . 1
2\ —1 _ -
-0+ = [ G
_ v .
M? = / (2;)’” e N2 (10.19)
The nontrivial piece of the determinant is
DI (py . pom) = / 5 (P11 )5 (—p12p8) . g
" P1---P2m—1 " " p% + m2 p%m—l + m2
(10.20)

There are m Dirac deltas, of which m —1 are efficient in killing a momen-
tum integration. Given tha fact that there werpreviously m of those, there

(10.18)
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is one momentum integrtation left, that is, all those diagrams are one-loop
ones.
The final expression for D™ is

ap 1 1 1

Do) = [ ¢

2m)n p? +m? (p—p2)® +m? " (p—p2—ps— ... — Pam—2)? + m?
(10.21)
In d = 4 dimensions, the first two terms are divergent (although the term
m = 1 is taken to be zero in dimensional regularization), and the rest are
given by finite integrals.
The effective potential corresponds to the coefficient to the zero mode,i.e.

M = (2m)" 8™ (p) M* (9) (10.22)
We have
X 1\ym+1 \m mn m
b= 35 CU ()" [ 1 (Y-
C’—l—/(;l:?;nlog <1+ (2m)" M2p2+1m“2> (10.23)

This is similar to the formula by Iliopoulos et al.
At any rate, it is much easier to use the zeta-function approach (to be
explained in a moment) to get, in four dimensions:

(m? + 41(5)?)° (log m? + M(9)’
12

6472 —3/2

Veff = %mQ(Z;Q +V ((2_5) +
(10.24)

If we follow Coleman and Weinberg and define the coupling constant in the
massless ¢} theory as

a4 b
A= M (10.25)
ot |5
we get [?]
1 . ot 22 72
Vopr = —m2¢% + \— log — —25/6 10.26
15 =g F At sz 109 — %/ (10.26)

10.3 Heat kernel

Let us now follow a slightly different route which is however intimately
related. We begin, following Schwinger, by considering the divergent integral
which naively is independent of A

I(\) = /OOO dg e (10.27)
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The integral is actually divergent, so before speaking about is it has to be
regularized. It can be defined through

—1; —1; *© dx —xA
I\ = lgr(l)l(e, A) = ll_I}I(l) i - € (10.28)
such that OI(e.N) )
. 6’ —
L W (10-29)
It follows
I(\)=—logA+C (10.30)

It is natural to define (for trace class E[) operators
logdet A = trlog A = Zlog An (10.31)
n
Now given an operator (with purely discrete, positive spectrum) we could
generalize the above idea (Schwinger)

)
logdet A = —/ Wi e
0

T

(10.32)

The trace here encompasses not only discrete indices, but also includes an
space-time integral. Let is define now the heat kernel associated to that
operator as the operator

K(r)=e ™ (10.33)

Formally the inverse operator is given through
oo
At z/ dr K(7) (10.34)
0
where the kernel obeys the heat equation

(;T + A) K(t)=0 (10.35)

In all case that will interest us, the operator A will be a differential operator.
Then the heat equation is a parabolic equation

<687' + A) K(r;z,y) =0 (10.36)

which need to be solved with the boundary condition

K(z,y,0) = 6" (z —y) (10.37)

! In the physical Lorentzian signatura, all quantities will be computed from analytic
continuations from riemannian configurations where they are better defined. This proce-
sire is not always unambiguous when gravity is present.
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The mathematicians have studied operators which are deformations of the
laplacian of the type
A=D'D,+Y (10.38)

where D, is a gauge covariant derivative
D,=V,+ X, (10.39)

and V,, is the usual covariant space-time derivative.
In the simplest case X =Y = 0 and V, = 0, the flat space solution
corresponding to (minus) the euclidean laplacian is given by
1 _olzy)

Ko(z,y;7) = e 7 (10.40)

where the world function in flat space is simply
1

—(z —y)? (10.41)

olwy) = 5

To be precise, the heat equation in the flat case reads

(667_ - D) K (r;z,y) =0 (10.42)
where
0= 09,0, (10.43)
is a flat metric (either minkowkian or eudlidean) and
1 v
o(@,y) = G (= y)" (z —y) (10.44)

In the massive case the heat kernel is modified to

KB _r
K§'(z,y;7) = Ko (T52,9) e #° (10.45)

This can be easily checked by direct computation.

It is unfortunately quite difficult to get explicit solutions of the heat
equation except in very simple cases. This limits the applicability of the
method for computing finite determinants. These determinants are however
divergent in all cases of interest in QFT, , and their divergence is due to
the lower limit of the proper time integral. It we were able to know the
solution close to the lower limit, we could get at least some information on
the structure of the divergences. This is exactly how far it is possible to go.

The small proper time expansion of Schwinger and DeWitt is given by
a Taylor expansion

[e.e]
K (t;z,y) = Ko (152,9) Z ap (z,y) (10.46)
p=0
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with
ap(z,z) =1 (10.47)
The coefficients ay, (x,y) characterize the operator whose determinant is to
be computed. Actually, for the purpose at hand, only their diagonal part,
ap, (z,y) is relevant.
The integrated diagonal coefficients will be denoted by capital letters

A, = / \/@ d"z ap(z,x) (10.48)
Ao =vol = /M \/@ d"z (10.49)

in such a way that

10.3.1 Propagators

The famous integral

/Ooo dp oo o—E— _ (5)2 K, (2vF) (10.50)

defines the mother of all propagators

2 -1 _ o m /. _ i m 271
(A +m?) :/0 ar Ky ) = o (gre—y) . Ko (mle =)
(10.51)
where
A=— 2322
i=1
2> =) a? (10.52)
=1

and K, (x) is Bessel’s function with imaginary argument.
It is quite interesting to apply the Schwinger-deWitt expansion to the
heat kernel definition of the propagator

A7 (z,y) = / dr K(x,y;7) (10.53)
0
The result is
) p—5+1
A—l , — a/p(l',g) <O- (:E7 y)) F (n _ o 1) 1054
(z,y) p; (am)F 5 5P (10.54)

In n = 4 dimensions this yields

4—n

1 _ap(z,y) 2 ai(x,y) (o (z,y)\ 2 n—4
A e = e (05Y) ()
(10.55)
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Terms with
p=2 (10.56)

are proportional to positive power of ¢ and they vanish in the coincidence
limit o (z,y) — 0. Expanding everything around n = 4 this yields (keeping
only terms that are singular when =z — y)

ANz, y) = a(()ii’)g) . (iy) + azgr’)g) (1 + 1 ; n log 477) X

(10 550 50 (2 0) = st ey

azifrag) n i i aéfr’)g) (v +1log (270 (z,y))) (10.57)

The behavior of the propagator in the coincidence limit is said to be of
the Hadamard type [6]. Actually this behavior was derived for hyperbolic
equations; we see here that it is a consequence of the assumed Schwinger-
DeWitt expansion.

A different way to proceed is to put explicit IR () and UV (A) proper
time cutoffs, such that % >> 1. It should be emphasized that these cutoffs
are not cutoffs in momentum space; they respect in particular all gauge sym-
metries the theory may enjoy. The propagator reads then in four dimensions

-2 -2

-1 (* R 1 p —olew)
A ://\—2 dTK(:U,y,T)—/A_2 dr 7(4%7)2;%(%3/)7 e 2r =
1 oz, y)\P ! _ _
:@ Zap(x,y) <(2)> (F(l_paA 2)_F(1_pnu 2a) =
P
= for | (DA™ =T ™) aolay) s+

(00,47 = 10,172 arla) + ... }

where I'(z,w) is the incomplete gamma function.
Let us now consider the minkowskian signature. It is well known that the
position space propagator computed with Feynman’s boundary conditions

is
1

o (z,y) — ie
This ie factor is responsible for the logarithmic piece of the singular behavior
of the propagator in the coincidence limit.
How can we get this imaginary part from the heat equation? The sim-
plest guess would read

(10.58)

1 _o(zy)—ie
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which obeys the modified heat equation

<37‘ — <D — 2272>> K (r;2,y) =0 (10.60)

which corresponds to p? — p? + ie.

10.3.2 Determinants

The determinant of the operator is then given by an still divergent integral.
Let us recall that the trace operation involves in particular taking x = y
and integrating over the whole spacetime. The short time expansion does
not arrange anything in that respect. This integral has to be regularized by
some procedure. One of the possibilities is to keep z # y in the exponent,
so that

log det A /wdﬁjK() T R, o

(0} € = — —1r T)=— 11Im —_— T°tr ap\r e T

8 o T o—0Jo T (4mT)"/2 o Py
(10.61)

We have regularized the determinant by point-splitting. For consistency,
also the off-diagonal part of the short-time coefficient ought to be kept.

All ultraviolet divergences are given by the behavior in the 7 ~ 0 end-
point. Changing the order of integration, and performing first the proper
time integral, the Schwinger-de Witt expansion leads to

& (@) (n
log det A = — /d(vol) ;13% pz;) ST r (2 —p> trap, (z,y)
(10.62)
Here it has not been not included the possible o dependence of
;z% an (7, y) (1063)
In flat space this corresponds to
(x—y)?=20—0 (10.64)

Assuming this dependence is analytic, this could only yield higher powers
of o, as will become plain in a moment.
The term p = 0 diverges in four dimensions when ¢ — 0 as

1

— (10.65)
o

but this divergence is common to all operators and can be absorbed by a
counterterm proportional to the total volume of the space-time manifold.
This renormalizes the the cosmological constant.
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The next term corresponds to p = 2, and is independent on ¢.In order
to pinpoint the divergences, When n = 4 — € it is given by
1

A, (10.66)

From this term on, the limit o — 0 kills everything.
Using again proper time cutoffs,

ﬁdT 1

dr
log det A = —/7tr K(r) = _/ W};Tm A, [A] (10.67)

LT
This yields, for example in n = 4 dimensions

2

1 (1 A
<2A4 Vol + Ay [A] A% + Ay [A] log #2> (10.68)

logdet A = —
og de (a2

10.4 Zeta function

Let us recall the definition of Riemann’s (-function
Cr(s)=) n* (10.69)
n=1

This series converge only when
Re s >1 (10.70)

The function can be analytically continued to the whole complex plane, in
such a way that

1
Cr(0) = —35
dCr 1
rr 2log 2 (10.71)

This analytic continuation yields a sum for the divergent series

o 1
1= _— 10.72
nz::l 5 (10.72)

Given an operator M such that
Mop = Andn (10.73)

we define by analogy the {-function associated with the operator M, namely,

C(s) =D A" (10.74)
n=0
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so that

logdet M = — d—c
ds s=0

It is a fact of life that the zeta function can easily be reconstructed out
of the heat kernel, because

(10.75)

o0

/ drm° " tr K(r) = Z/\_S_C(S):

5= 1tr/,/ |d"x K (2, z;7) (10.76)

Let us compute the zeta function using the short time Schwinger-DeWitt
expansion for the heat kernel

11 © e ipn —o(a)
<<s>=@ e Z/ drr* g, (a,y) ¢ =

Z“‘p *ap(2,y) o (2,y)P7E T (Z —r- s>

w\:

(

Now the properties of Euler’s gamma function

Nl1+4+2)=2T(2)

T
I'z) T(1-2) =
(2) I( ?) sin mz
6’72 2
_ 2
ro)l., Tt T 7 +0)
_ (=1
D)y = (z - 7> +0(2) (10.77)
determine the zeta function around s =0
1 1 n
(s)=1T—7—= 242 P(1—slog 4)ap (z,y)) o (z,y)" 2 x
s~ (4m)2
X (1+slogo(z,y)) T (Z —p) (1 ) ( —p)) (10.78)
where 1y(z) is the polygamma function
I"(2)
= 10.79
W) = [ (10.79)
For example, close to four dimensions
1 1 n
C6) = T (g7 S AE (1 sog Dy (20) 0 o)
T

X (1+ slogo(z,y)) F<7124+2—p> <1—s¢0 (;4—1—2 p))
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That is

1 1 1 4—n
C(s) = S{ﬂ_z W al(l‘)y)"_ 1671'2 <1+ 9 log 471') X

<o)y (1455 M og o)) b OGH (080

so that

((s=0)= % a(;yﬂ al(as,y)JrFIW2 as (z,y) <n2—4 —log (4wo (:c,y)))
(10.81)
The rest of the terms carry positive powers of o(x,y).
It is also possible to perform a purely four dimensional calculation, by
introducing again proper time cutoffs.
-2

1 qn 1 L, 1
) =T /1\72 dr 7t (4r7)? pz () ™ = 5y <

=0
. 1 2(s+p—2) 2(s+p—2\ _
<D wley) g (A —h )=
p=0
1 1 1
_ A2(s—2) L 2(s—2 A2(5—1) _2(s—1
16772F(s){a0<m’y) 25 ( B2 + () 1—s ( p2et) +
1
—as(z,y) 5 (A25 - ,u25> + analytic} (10.82)
In the neighborhood of s = 0 this yields
s A?
= — log — 10.83
((s) = =153 a2(w,y) log 2 (10.83)
conveying the fact that
(s = 0) = 5 ax(o,y) og (1080
=0)=— as(x og — .
S 167'['2 2 ’y g /,Lz

It is also frequent the use of the regularization corresponding to

A?=0
p =1 (10.85)

in which case in the same neighborhood

((s) =~ (1+75) ax(a) (10.56)
where we have used 1
() =5 (1 + s+ 0(32)> (10.87)
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This yields

((0) =~y aale)
¢(0) = 155 @2(@,) (10.88)

10.5 The Coleman-Weinberg effective potential

For the Laplace operator in flat space, which is the starting point in all
perturbative calculations,

;BM_—ZH:( 8A>2+m2 (10.89)

o \o!
We have introduced an arbitrary mass parameter, i, to make the eigenvalues

dimensionless. One finds

2, N2 2
u(Zy)_mT

K(z,y;7) = p" (dnr) 2 e” 72 (10.90)

This leads inmediatly to

n m2 \"*° I'(s—n/2) n m2 \""° 1
((s) = p V(W) T 1) M V<4Wz> (s—1)(s—2)...(s—n/2)

(10.91)
where
V= /d”x (10.92)
and we have assumed that n € 2Z. The corresponding derivative is then
dd(s) _ Vm" m?
= (4m) /2 —log ——
a5 ~ dm) (3—1)(3—2)...(3—n/2)< 92
1 1 1
— — - = 10.93
s—n/2 s—(n/2-1) 3—1) ( )

This means that for any even dimension,

1 R S I N m? < 1 1)
2logdetM——2 s s:o_(47r) (/2] log Z 1+2+...+n/2

(10.94)

In n = 4 dimensions, in particular, this yields

1 Vm? m?
ilog det M = 39,2 <log iz 3/2) (10.95)
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When computing in background field in a massless ¢} theory

g
m? = §¢>2 (10.96)
in such a way that
A, A%t A3
(f) = = = _|log =5 - = 10.
Vel®) = 19"+ 2562 |18 5,2 ~ 3 (10.97)

In order to compare with Coleman-Weinberg’s result it is necessary to re-
member that they define a coupling constant such that

d*V. (¢
Av = -Ef) (10.98)
d¢ G=M
This determines a running coupling constant
32 AM? 8
AMv=A+—=|log — + - 10.99
M=AT <°g 22 T 3) (10.99)
and the effective potential now reads
Ay 303, Ay M? 8
(p) = = — log 2M~— 4+ °2
Ve(9) = 3¢ (AM 322 (Og 22 3)) 7"
A2, ot A2 3
log — — = 10.1
T onen2 |8 22 T 2 (10.100)
The dependence in u cancels as it should, and we are left with
- ST ¢ 25
() = Ay — log — — — 10.101
Vel@) = Avrgp + 55602 |18 32 ~ (10.101)
10.6 The conformal anomaly
In the case of the standard scalar laplacian,
1
A=V?=-—"0,(¢" /90, 10.102
NG (9" V/900) ( )

the conformal weight coincides with its mass dimension, A = 2.
The new zeta function after a global Weyl transformation is given in
general by
C(s) = Q7 ¢(s) (10.103)

so that the determinant defined through the (-function scales as

det A = QMO det A (10.104)
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and this modifies correspondingly the effective action
W =W+ \w ((0). (10.105)

where we have defined
AQ=14+w (10.106)

The energy-momentum tensor is defined in such a way that under a general
variation of the metric the variation of the effective action reads

oW = %/d(vol) Ty 09" (10.107)

which in the particular case that this variation is proportional to the metric
tensor itself (like in a conformal transformation at the lineal level),

g = -2 w g (10.108)

yields the integrated trace of the energy-momentum tensor
W = —/d(vol) wT. (10.109)

Conformal invariance in the above sense then means that the energy-momentum
tensor must be traceless. When quantum corrections are taken into account,
it follows that

_ / d(wol)T = X ¢(0). (10.110)

We have already seen that

= hms/ dr ™ 1K(r) = hms/ dr T 'K(r) =aas (10.111)
2

s—0 s—0

where d is the specific value of the spacetime dimension. The conformal
anomaly is usually then written as

—/d(vol)T: )\(I%. (10.112)

The Schwinger-de Witt coefficient corresponding to the physical dimension,
n = % precisely coincides with the divergent part of the effective action when
computed in dimensional regularization as indicated above. This means that
in order to compute the one loop conformal anomaly in many cases it is
enough to compute the corresponding counterterm.

This argument shows clearly that when the conformal weight of the
operator of interest vanishes, A = 0 all eigenvalues remain invariant and
there is no conformal anomaly for determinants defined through the zeta
function.
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10.7 Flat space determinants

Let us see in detail how the heat equation can be iterated to get the co-
efficients of the short time expansion for operators pertaining to flat space
gauge theories.

The small proper time expansion of the heat kernel should be substituted
into the heat equation for the gauge operator as above, It follows

0 1 _(z—y)? (33 — y)2 n _o_n
EK(T;x,y): pe o Z(ap4 +(p21>ap1 P2

(4m) =0
(10.113)
Now derive with respect to the coordinates
1 _(@—y)? oy
WK = (4n7)3 e i zp: (—27_(1;, + @Lap) TP
1 _(@—y)? o
DyK (m53,y) = e T > (—Qiap - Duap> af10.114)
p

Finally,

D,D'K (t;2,y) =

1 _@=y)? n (z —y)? ot 9 n
= € ar Z <—27_(lp + Tap — Z T_Duap + D Qp P72 =
I

(4m)3 P

2 4

1 N n r—y)?
= e = Z <_ ap—1 + (7y)ap _ Z ok Dy,a/p—l + D2ap_2
I

(4m)= >

Now in order to be an elliptic operator,in flat space we have got to define
when X =Y =0
A= -09,0" (10.115)

This can be easily checked with the form of the fundamental flat space
solution. Let us then agree that

=-D,D'+Y (10.116)
It follows

—AK (ty2,y) = (D2 —Y) K =

N———

n
P23

1 (2—y)? n r—y)? n
= P ea Z (_ ap_1 + Map _ Z o Dyay 1 — Aap2> p—2-%
p Iz

2 4

(where 0, = (x4 — yp))- .

The more divergent terms are those in 77272, but they do not give
anything new
(10.117)
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The next divergent term (only even p contribute to the expansion without

boundaries) is 7172
n n
— —ag = ——ag — U.Dao (10.118)
2 2
ao that we learn that
0.Dag =0 (10.119)
Generically,
(p -5 - 1) ap-1 = =541 — 0.Dap 1 — Dap s (10.120)
which is equivalent to
(p+ 1)apt1 = —0.Dapy1 — Aay, (10.121)

Taking the covariant derivative of the first equation,
Dy (6" D, a0) =0 = Dyag + 0" DyD,a9 (10.122)
the first coincidence limit follows
[Dyao] =0 (10.123)

(please note that [ag] = 1 which we knew already, does not imply the
result.) Taking a further derivative, we get

(DD, + D,D,)ap] =0 (10.124)
whose trace reads
[DQaO} =0 (10.125)
The usual definition
Wy = [Dy, Dy (10.126)
implies
1 1
[DuDy o] = 5 (D D)+ {Dy, Dy Yao] = 5 W (10127)

where the fact has been used that
lao] =1 (10.128)
Taking p =0 in
— a1 = Aag 4+ 0.Day (10.129)

so that
1] = — [Aag] = [D? — Y] ag = -V (10.130)
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(since A = —D? +Y). When p = 1 in ((10.121])
— 2a9 = Aay + 0.Das (10.131)

so that 1
[ag] = —5 [Aal] (10.132)

Let us derive again the p = 0 expression before the coincidence limit, namely
We get

— Dja1 = DyAag + D, (0.Day) = DyAag + Dyay + 0D, Dyay (10.133)

Then
—2D,a1 = DyAag + 0*DyDya; (10.134)

Deriving once more, this implies at the coincidence limit

—2[D%| = [D*Aag| + [D?ai] (10.135)
Then
D%ay| = 1 D?Aag (10.136)
3
in such a way that
1
3
Now deriving three times the equation ((10.119))

~[Aai] = [D?a1] - [Ya] = 5 [D*D%a] - éD2Y +Y?2  (10.137)

<DH2D#1 +DM1DM2 +O’>\DM2DM1D>\) ap =0

A
(D#SDMDM + Dy Dy Dyy + Dypy Dy Dy + 0 D#SDMDMD/\) ap =0
(Du4DusDu2Du1 + Dy, Dyps Dy Dy + Dy Dy Dy Dy + Dy Dy, Dy Dy +

+a’\DH4DH3DmDMDA) ap =0 (10.138)
(DsDyD,D,+DsDyD,Dy+DsD,D,Dy+DyD,D, Ds+0*DsDyD,D,Dy)ag = 0
(10.139)
Contracting with nH4H3pH1H2
2 [(D?D? + D"D*Dy)ag| =0 (10.140)
and contracting instead with nt4r2pHar
2[(D"D" DD, )ag] + [ D* D*Dyag| + [D?D?ag| = 0 (10.141)

so that also
(DFDYD,D,)ap) =0 (10.142)
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Now
[(D°D"D,Ds)ag] = [(D*D° D, Dgyag + W* D, Dyag) (10.143)

It follows that

1
| D*D?Daag| = 0+ W [D,Dyac] = W (10.144)
so that 1
[D2D2a0] =W’ (10.145)
and finally

1 1 1 1 1 1 1
= —-[Aa)] = = |D?*D? Y24 oD%Y = W24+ Y% 4+ D%

az) = 3 [Aai] 6[ ao] + 3 + 2 WY

(10.146)
The final expression for the divergent piece of the determinant of the flat
space gauge operator reads

1 1
/d"x tr (HW‘“’WW + 2Y2> (10.147)

2 1
(4—n) (4m)?

log det A = —

(the term in D?Y vanishes as a surface term).
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10.8 The Casimir effect

Let us work out the simplified case of scalar Dirichlet boundary conditions

in
z=0,a (10.148)
The frequencies are now quantized
Ao = N (10.149)
a

Define as usual B
mn\ ~°
= A5 = — 10.1
(=, §n:(a) (10.150)

This is closely related to the original Riermann’s zeta function

Cr(s)=> n7* (10.151)
n=1
and actually the vacuum energy can be defined to be given by
1 1 1
E(a) = = n==Cr(-1)=—— 10.152

In three dimensions the resulting force is

_dE(a) 72he
da  240a*

Fl(a) = (10.153)

where A is the area of the walls.
Let us now examine to what extent this result is regularization indepen-
dent. Casimir himself proposed the following general regularization

E(a) = g ; gf (5\) (10.154)

where f(z) is a function of which more in a moment. Consider a finite
space with length 0 < x < L with the plates inside separated by a distance
0 < x < a. The total energy of the L — a side of the plates will be

E(L—a)= g (L — a) A2 zn: z —Z)2A2 f ((L _“G)A) (10.155)

In the continuum limit (L — o)

E(L—a)OZgLAQ/d{L‘ZEf(ZL‘)—gGAQ/d$$f($) (10.156)

The first term is independent of a. Now, doing the change of variables
r = % in the second, we have

EEE(a)—I—E(L—a):C'L—F;;L(

an(a%) - /ndnf (;j\)) (10.157)

n
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This is given by the Euler-MacLaurin formula

S N ! — F' (G-1) _ (-1
E;FW%A men:Fm%zﬂNh}WNLfﬂm+m+&F Uwﬂp (0)

(10.158)

where B; are Bernoulli’s numbers. For us

F(n) =nf (LZ\) (10.159)

We conclude that
wf(0) By 37

E = — - — " 10.1
- S0 " waene S OF (10.160)
Then the class of regulator with
f0)=1
lim 2 f90 =0 (10.161)

all yield the same value for the Casimir energy.

+...
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10.9 First quantized QFT and one dimensional quan-
tum gravity.

Let us consider the lagrangian for a free massive relativistic particle

2/ <x +m> (10.162)

Under a reparameterization the einbein behaves as
edr = e'dr’ (10.163)

Then the canonical momenta

pp=m2 (10.164)
e
ao that the hamiltonian reads
2 2 2 2 2
. ep ep em p°—m
Pud - o 5 e 5 (10.165)

Let us now consider the probability amplitude from propagation from a
point z to another pont y. The only invariant of the path from the two
pints is the proper length, T

dp

K(ﬂfvy)E/ dT (yle TH|2) = oiP@—y) —E(p?-m?) _
0

dnp ip(z— 2
/Wep( y)m (10.166)

In order to take into account interatcions, consider a one-dimensional graph
connecting a number of external points xy ...z,

T (z1...2,) (10.167)

through some vertices located at points y; ... ym.

We have to integrate over all proper lengths of the internal lines connect-
ing the different points y; ... y,. This yields a propagator for each internal
line.

The integration over the positions of the vertices y; ...y, themselves
then yield momentum conservation at each vertex.

Eventually all Feynman rules are reconstructed in the first quantized
formalism.

This shows an intimate relationship between QFT and one dimensional
quantum gravity, not unlike the relationship between string theory and
CFT,. Let us now be more specific and compute the scalar effective ac-
tion in an electromagnetic background. We start from

= ¢" D% (10.168)
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where
D, =0, —igA, (10.169)
We have
< dr [ dip 1 2
- _D2) = o —ze7(p—gA) -
(4] = ~logdet (~D?) = [~ /(27T)4<p|e ; p) =
— [TEN [ Do o stz (10.170)
0o T
With minkowskian signature
- [ for o 11 oy
0o T

which is just the expectation value of a Wilson loop. We shall assume
this formula to remail true also in the non-abelian case, with the trivial
modifications.

Let us now expand this action to order g".

ig)N oo dr T gs L2 N
ryfd] = ¢ ]gv)' /0 d7N / Dy e Jo @5 Ty I /0 dsiA [2(s:)] .d(5)
' =1

(10.172)
Insert now for A, a sum of states with outgoing momentum k;, polarization
¢; and gauge charge T,

N
Al(z) = T%elletri (10.173)

i=1

where T% belongs to the appropiate representation for the scalar field. Keep-
ing onpy the terms in which each mode appears precisely once,

0 T
'y (kl...kN):(ig)N/ —TN/’Dxe fo ds 5@
0 T
N o sy ”
Tr (Tv...7)[] / ds; €;.i(s;) eFim(si) (10.174)
=1 0

Let us first neglect the polarizations. The total source reads

JH(s) = i ik!6 (o — o) (10.175)
j=1
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Then

4(ig)N . W [ dT

Dy (ke b) = oy T (T T 1)/0 ST dsix
i=1
xe_% fOT ds fOT ds' J*(s)G g (s,8" )nuv J¥ (") _
4(ig)N " “ < qr N
:PN(kl...kN):(47r)2€2 Tr(TN...Tl)/O ﬁl—[l ds; x
N

Xe% i1 kikiGpsisg) (10.176)

Here G is a one-dimensional Green’s function, to be discussed in a moment.
Before doing that, let us take care of the polarizations. The standard methos
is to exponentiate them, keeping only linear terms. This changes the sources

N
JH(s) = 8(s — s;) (€', +ikl) (10.177)
i=1
Now we get
A(ig)V N 1 /oo dr
= e =—— aNoLTe — ds;
FN (kl kJN) FN (kﬁl kN) (47‘(’)262 Tr (T T ) 0 3 g S; X

N .
o e% D jr KikjGp(sj—si)—2iki.c;0s; Gp(sj—si)—ei-€;05 o Gp(s;—si) (10.178)

linear in each ¢;

The bosonic Green function obeys

2
6_1% Ggp(s,s)=68(s—5) (10.179)

On the real line the solution reads

G (s, ) = glog |s — §'| + Cy + Cys (10.180)
On a circle of circumference 7 we have to modify the equation
e_la—zGB (s,8)=68(s—5") — = (10.181)
0s? ’ T ’

and the periodic solution is

N2
Gp(s,s) = <1og s — s/ — (S_TS)> (10.182)

[\ ey

Now do a few things

e Owing to the fact that Gp(s,s) = 0 as well as 0Gp(s,s) = 0, the
terms in €;.k; as well as the terms with kf can be removed without the
use of the EM.
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e Replace
Si — u;T (10.183)

This factors out N powers of 7.

e The integral over dsy is trivial. Also fix the origin of proper time by

choosing
SN=T (10.184)
e Choose the gauge
e=2 (10.185)
e Perform the momentum integrals in
n=4—c¢ (10.186)
dimensions.
Then we get
o\ N
(ig1:?)
FN (k}l .. kN) = Tr (TaN . ..Tal)

4m)?73

0o dr 1 UN_1 ug N koo s I
/ T3°N. d'LLNfl / dUN72 e / d'LL]_ ezi<j:1 B
0 T 0 0 0

—

6Zi<j:1(71,]61'.6]‘7kj.€i)G‘g+6i.€jG‘g

(10.187)
linear in each ¢
The Green functions read
Gp=r1 (]u —u'| = (u-— u')Q)
Gp =sign (u — ) — 2 (u — )
Gp==(0(u—u')—1) (10.188)
T
The term
erij:l ki-kj Gy — e Zi\;jzl ik (Ju—v/ |~ (u—u')?) (10.189)

after integrating over dr yields the usual Feynman parametrized denomina-
tor corresponding to a scalar loop integral.
The integral

/oo dTTaeziiJ':l kikiGY _ I(1+a)
- 1+a
0 (— Zij\ijﬂ ki.k; (]u—u’\ — (u—u’)2>)
(10.190)
and the remaining term
eziN<]’:1(_iki'ej_kj'€i)Gg+€i'ejdg (10191)
linear in each €

provides the numerator of the Feynman parameter integral. More details
can be found in Strassler’s paper [14] and references therein.
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The singlet chiral anomaly.

Consider a set of left and right fermions in an external gauge field

L = $ilp(A) = $rilp(A)dr + YrilD(A)pr (11.1)
When necessary, we shall use Weyl’s representation of Dirac’s gamma ma-
trices
0 1
and
; 0 —&
1 __
v = ( i 0 > (11.3)
In this form, the operator i@ reads
0 i0p + 16V
= - 114
? (i@o — 0V 0 > ( )
Finally
. 1 0
V5 = 10717273 = ( 0 —1 ) (11.5)
is such that
{5} =0 (11.6)

In that way the left and right projectors

P = %(1 +5) = (é 8) (11.7)

as well as

145
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[ YL
() o

Y = (Pr) o = YT Pryo = ¥ Pg (11.10)

Kinetic energy terms do not mix chiralities

. To be specific

It is plain that

L =ilDy = Prilpyr, + vrilpg (11.11)
which is not the case with either masses or Yulawa couplings
L = Ymap = pmapg + Yrmar, (11.12)

Charge conjugates are defined by

Y= -yt = < 72k ) (11.13)

—o9tb}

Let us also recall the well-known fact that the whole action cal be expressed
in terms of left-handed fields

(¥e)r = (0,4 Ro2) (11.14)
Also
(Ye)r = (=11 02,0) (11.15)
In fact
(Vo) LilD (Vo) L, = YRo2 (100 — iGV)o2bh =
Vi(ido +i5* V) = —idoviyr — iVYUEGYR  (11.16)
(we have taken into account that o] = —o20;02). Integrating by parts this
yields
WOy r + i VYR (11.17)
which is precisely
YriDYR (11.18)

All this holds independently of the structure of any non-spinorial indices the
fermions may have

For example, if we have a Dirac spinor with a flavor index ¢ = 1... N,
we can always define a 2N left component spinor

_ [ YL
U= ( e > (11.19)
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The kinetic energy piece reads

L = Wipv (11.20)
and is U(2N) invariant under

oV =iUW¥ (11.21)

Majorana spinors ara self-conjugate ¢ = ¥¢. Then

oM = ( _;Z;sz ) (11.22)

Both Weyl and Majorana spinors have only two complex independent com-
ponents, which is half those of a Dirac spinor.
Majorana masses are couplings of the form

Mipppyy = =M (wfagm + w{awz) (11.23)

and they violate fermion number conservation.
This lagrangian is invariant under two different global transformations.
This first is the vector one

0 = e (11.24)
that is
dpr, = ieyy,
0r = iR (11.25)
The corresponding Noether current is fermion number conservation
Ju =YY (11.26)
The second symmetry is the azial or chiral
0 = ieys (11.27)
that is
dpr, = ieYy, (11.28)
0Yr = —ieYR (11.29)
The corresponding Noether current reads
J§ = bysytep (11.30)

It is plain that

?%7“ Y =Yy YL + J}Rj“ YR
Yy = by — YrY YR (11.31)
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What happens is that in quantum mechanics there is an anomaly in the
latter current. Besides, thie anomaly is a total derivative.

2 2
Bl = A= lg7r2 tr P G F, = f?eaWTr Do <A587A5 + ;ABAVA(;
(11.32)
The abelian anomaly does not signal any inconsistency, but it has some
important phenomenological consequences.
The fact that we keep conservation of the vector current implies that the
left anomaly is equal and opposite in sign from the right anomaly.

" - 1
Ouir, = 0u($17"Yr) = —0ujg = —0u(br7"Ur) = A (11.33)

This anomaly is called the abelian anomaly, although it is present also in
nonabelian theories.
There is also a non abelian anomaly in the non abelian current

j = Gy Py (11.34)
namely

1
2472

D, jt = Tr T, €999, (AB%A(; + ;A5A7A5> (11.35)

It is striking the similarity of this expression with the abelian anomaly
. It is no less remarkable the difference betewen the factor % and
the factor % in the trilinear terms.

Anomalous theories are believed to be inconsistent insofar as the anoma-
lous current is coupled to gauge fields. In the standard model they cancel
generation by generation between left and right contributions. Let us first
concentrate in the abelian anomaly.

11.0.1 The Adler-Bell-Jackiw computation.

It is still worth looking in detail to the old fashioned perturbative calculation
in massless QED with external vector and axial sources. Define

AR (K1, ko) = F(O[TJR(0)J,u(21), (22)]0) (11.36)

The diagrams give

[ d? 1 1 1
NN Z/(27£4Tr Ly vy v +
1 1 1
+’7>\’75p — ]?/1 _ ]?/2’7#¢_ ]?/2711%

(11.37)
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Figure 11.1: Triangle diagram
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and
Ward’s identity for the vector current (current conservation) implies
KY A3, = kA3, =0 (11.38)

and the axial Ward identity
(k1 + k2)*A3,,, =0 (11.39)

Let us impose the vector current conservation, that is

4
K AS, (k ko) = z’/(;i:;‘lTr {%\75p_ /;/1 — %%p _1% k}/l; +
1 1 1
7)\75p — ]?/1 — ]?/2 k/lp — Heryﬁ} (1140)

The integrand can also be written as

4

1 1 1
T V5 <M_M> fyyp}:

. d4p 1 1 1 1
Z/(27T)4Tr <7A75{p_g7uyj_k/1 —p_k/nyyp}> (11.41)

This naively vanishes; it is just necessary to make the change of integration
variable

p—ki—p (11.42)

But this is not kosher, because the integral does not converge, and we better
be careful.
Let us examine what are the consequences of an arbitrary shift in the
integration variable
p—p+a (11.43)

4 1

ptwv{ . gl -
@mt PP prd—gVprd—H

k’;AiW(a, ki, ko) =i /

_ 1 1 }
prd—H "V prd

We shall compute the difference

[klAﬂ L=k (Aiw(a, ki, ka) — A3, (a = 0, ki, k2)> (11.44)
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Using Stokes’theorem ,

/d"p( (p+a)— ) /d"pa“ flp)+...

=a'"n, foo Sn—1 (11.45)

(where

ph
n, = lim — € 5,4
p~>oop

i
p—00 p2 =N

(11.46)

that is, assuming that the asymptotic value of the function does not depend
on the polar angles

Jm - f(p) = foo (11.47)
Our function is given by
1 kb pP
Tr v | =y — 25— 11.48
flp) = (WYs = gl p) N ) ( )

What we actually would really like to compute is the difference between
doing that with a; = a and doing it with as = a — k1. This is

s (A = Bo)n A 1 AF
(A — ) 2A2 = —ox? ik, hm XA A4e,\pwk2A =

= —22772%6,\,,,,(,]{:577 (11.49)

17
k, lim A7( 2% k?)

PASco A

This yields a nonvanishing, independent on the value of the shift a, and
finite value for the vector Ward identity.

1
k'uA)\uV = szkﬁk&)\pw (1150)

It looks that there is no possible way to keep vector symmetry in the quan-
tum theory. This would mean that QED does imply quantum violation of
electric charge conservation.

In order to clarify the issue, let us go back to basics and define yet
another shift-dependent correlator, before imposing any Ward identity. Our
purpose in life is to examine what are the possibilities of imposing current
conservation.

[ dY 1 1 1
Ailw(a,kl,k?)—Z/wTr {%\%ﬁ‘f’?i—]?/l—]?/2%Zﬁ+¢—/‘/1%¢+¢+

! ! ! } (11.51)
R e A R B '
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Let us compute again the object [A]. The function we have to analyze
is now

1 L 1 (p—a) (p- %)mﬁ
p—d PP (-0 (0 —h)p

Traces are easily computed

flp) =Tr ys——
(11.52)

Tr (’YXYB]IWV]/W#?) =Tr '7XY5(2771/;L1 - '71/7#1)'7#2 (277u3v - '7#3'7V)pulpu2pu3 =
= Tr Y5V P Yy Yl (11.53)

This leads to the expression

Auv 4i .k k’ﬁ v >\ i avp
{AS“ ] = Wh 12 A L (ke — vky) = g2 0t a (11.54)

Let us now consider the most general shift we can imagine, namely a linear
combination of the momenta kq and ko

= x(k1 + k2) + y(k1 — k2) (11.55)

leading to

3] -
[AW} A3, (a) = A3, (a=0) = 13wk = ko) (11.56)

because the piece linear in ¢ = k1 + ko disappears when symmetrizing on

(1, k1) < (Vka).
There is an ambiguity in the momentum over which we integrate. The
most general choice would be

k— k+ Mki1 + ko (11.57)
Doing that we get for the vector current
1
kM3, = 2z (=Mt NP7 kk2 (11.58)
as well as .
M3, = 3 1= 29) kyk2 (11.59)

Then we can choose
A —A =1 (11.60)

in order to implement vector current conservation; but then

1
My, = 5 7 Kk (11.61)
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11.0.2 Pauli-Villars regularization.

The Pauli-Villars regularization is a gauge invariant way of introducing a
cutoff. The main idea stems from the fact that the difference of two propa-
gators behaves much better at infinity than each one separately.

1 1 m? — M?

- — 11.62
pP-m?  p?—=M?  (p*—m?)(p® — M?) (11.62)

Of course the minus sign in from of the propagator is not physical, and
indicates that the corresponding particle is a ghost. One must make sure
that all unwanted ghostly efects are gone when M — oo. This regulariza-
tion works best with fermion loops (like the one appearing in the abelian
vacuum polarization diagram), which can be understood as the determinant

of Dirac’s operator
det iID,, (11.63)

where
iy, =i —ed —m (11.64)

Then we substitute instead of the determinant the quantity
i=n
det D, [ (det ilPpy,) (11.65)
i=i

or what is the same,
i=n
Tr log i)y, + Y ¢iTr log ((ilDyy,) (11.66)
i=i
The coefficients ¢; cannot be all positive, because they have to obey
doci+1=0

> M +m®=0 (11.67)

This means that in general the regulators will violate the spin-statistics
theorem,id est , they are ghosts.
In order to compute the j-th determinant we write

Tr log leMj =Tr log (i — M;) (1 —e(ip) — Mj)_lA) =
= Tr log (z@ — M;) + Tr log (1 —e(id — Mj)71A> =

N + i (_s)nTr /d4x1d4x2 odie, A(21)Sj (21 — zo) A(za) . .. A(n)Sj (20 — 21)

where N is a divergent constant and

(i — M)~ = Sj(x — ) (11.68)
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(we can include as well the physical mass as My = m). The Pauli-Villars'regulator
loop in momentum space is proportional to

[k h, [y w1]/>+Mm2(p+/¢1+M> Ao (P + Fofo1 + M;))
= M7)((p+k1)? = MZ) ... ((p+ kp—1)? — M)
X AP (k) .. AP (k) 8¢ >(k1 ko + .. ky) (11.69)

Given the fact that the numerator of the integrand has mass dimension n
whereas the denominator has mass dinension 2n, the superficial degree of
divergence of this diagram is

D=4-n (11.70)

This means that all terms with n < 4 will be divergent. We can represent
the integrand as a power series in the masses (Py(p) represents a polynomial
in p of degree \).

Po(p) + M2Pya(p) + ...+ MP Palp) (1 MPE22 1 4 M

_ (p)>
Ponl) 307 Pona() 4 -4 D% () (14 2Bt g Az

_ balp) Paa(p)  Pan—2(p)
~ Pan(p) (MJ < P.(p)  Pan(p) >+> (11.71)

The net contribution of the regulators is the sum of all this terms weighted
with ¢;. The coefficient of M])‘ behaves at large momenta as p~"~*. If the
weights are chosen to obey the conditions as above, this cancels the terms
in MJO (behaving as A*~") and Mf (behaving as A2~"). This is enough in
or case. In other situations, we maight have to impose extra conditions to
the coefficients c;.

For our purposes, it is enough to consider a single regulator of mass
M. The physical limit will be m — 0 and M — oco. In the regularized
theory, with finite M, we can safely perform changes of variables in the
finite integrals

Af,x/(kla k2) = A/\uu(m) - AA;W(M) (11.72)
The axial Ward identity reads

Ay = Jim [2mA, (m) — 2M Ay, (M)] (11.73)

Let us compute the diagram corresponding to the regulator

Ay =i [ 0 (] Z' Z’ -
AT et \p = M ie Pp—g— M +ie " p— b — M +ie "

’ 11.74

p—M—i—ie%p—g—M—&—ie%p—k/g—M+i57) (1L74)
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Introducing Feynman parameters,

d4p 1 11—z
A (M) = _/ (%)42/0 dxl/o dzs

Tr (p+ M)ys(p— g + M)v(p — b1 + M)y, B
(77 = Mas + ((p— )2 = ML= 1 — a2) + (p — k)? = M2)ar]?
(lﬁ — kg)(,u — V) (11.75)

The only way we could possibly get a nonvanishing trace is with four Dirac
matrices besides the 5. The full set of terms in the numerator reads

Prsdre Moy + prs My (p — 1)y +
+M75(;¢ - fl)%(]ﬁ - ]V/l)'Vu - M’Y5Jﬁ%/¢1w (11.76)

All those terms cancel but one.
MTr ’y5g’yyl</1’yu = M4i65muk’2‘k? + (k1 < k2)(p <> v) (11.77)

ending up with

dip 1 =21 2MAie,askokS
A, =[Lof q d urafl 5o 11.
1 / (2r) /0 L1 /0 L2 (2 — 2pk — N2J3 (11.78)

where
k= q(l — I — xg) + k1x1 (11.79)
and
N?2=M? - (1 — 1 — z9) — K3y (11.80)
The momentum integral is a particular instance of
d"p 12 /QF(Q —n/2) 1
= A 11.81
/ (? —2pk — N2)a " OERCER DT .

The final result is then

1 7.{.2 1 1 1—x1
lim 2MA,, (M) = li . _oMIMA4i a 52/ / -
i 2N A (M) = i oy gy a2 MM i KRS [ e
1
ﬁelluaﬂk?kg (11'82)

From this Pauli-Villars viewpoint, all the anomaly comes from the regulator.

11.0.3 Dimensional Regularization.

The problem of dimensionally regularizing chiral fermions is a nototious one.
The reason is that the number of components of a fermion grows as 2", as
do the dimensions of gamma-matrices. Also, the definition of 5 (which is
defined at any rate in even dimensions only) is dimension-dependent.
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After some trial and error it is nowadays clear that the best definition
of 5 in dimensional regularization is the one initially proposed by 't Hooft
y Veltman [3]:

(35,7} =0 (1=0...3)
5, %) =0 (p=4...n—1) (11.83)

The diagram we have to consider is

- _/ d'p d" P . 1 1
A = erf @t g PP Py Py g P "
—(k)l < kg)(u — l/) (11.84)

where we have been careful in distinguishing

3
pP= Z”yup“ (11.85)
0
from the extra components
n—1
P=> Py, (11.86)
4

Again, once the theory is regularized, we can translate the integration vari-
ables
p—p+ki (11.87)

The axial Ward identity reads

N _/ dp d AP tr(p+ P+ W)drs(p+ P — o) (p+ P
P = (2m)* (2m)"=4 [(p+ k1)? — P?][(p — k2)? — P?][p® — P?]
+(k1 > ko) (1 > v) (11.88)

The rules of the game mean that
pp=r
PP =-r?
pP+Pp=0
(p+ P)(¢+ P) =p* — P? (11.89)

There are 18 different terms in the numerator. The computation simplifies
using

(npafa,@,uz/ —Nvo€aBupTNop€aBrp—NBo€apvptNoa fﬁ,uzzp)
(11.90)

N | .

Tr v5Ya Y8 Y W VYo =
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The only surviving terms after taking the trace are the ones proportional to

Pp:
d4 d"4p P?
4 Tr 75’7;1%'%7)/ 271' n—4a [p2 H(p + kl)Q — PQH(p _ k2)2 _ PQ}
(11.91)

Introducing Feynman parameters and performing the momentum integral

we get

1 72 1 1-x dr—4p P?
ie.. kakﬁ——2/ J / d 11.92
1€upapht ko @)t 2~ Jo L 2 (2m)=4 P2 + f(x1, x2) ( )

The last integral is a particular instance of

/ anp (P?)a  fettn2T(q 4+ n/2)T(b—a —n/2) (11.93)
@mn (P24 )P (2y/m)" I'(n/2)I'(b) '
so that the physical four-dimensional limit
dn—4P P2
li =-1 11.94
ngril (27’[‘)”74 P2 Jrf(ﬂfl,ﬂfg) ( )
where the finite value is the result of a cancellation
0 x o0 (11.95)
due to the product
L'(—€)
11.96
These operators are often dubbed evanescent operators.
Finally we recover the result
N Y— Kk 11.97
q Ay o5 Cuvap 2 ( . )

2 2
11.0.4 Anomalies as due to non-invariante of the functional

integral measure.

This way of looking to the anomaly is due to Fujikawa [?]. The starting
point is the formal definition of Berezin’s functional integral measure

[ P¥(z)Dy () (11.98)
Giving the fact that

/dzpq/} _ 1, (11.99)

then
/ AN = 1 (11.100)
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which implies
1
d(\) = de. (11.101)

The infinitesimal version of the jacobian of the transformation (11.28|)

V' (2) = P (x)

TZ/ _ lﬁeiem
DYDY = e 2 DYDyY (11.102)
will then be
J = det (1 — 2ie(x)vs) (11.103)
id est
log J = —2itre(x)vys0(x —y) (11.104)

The only thing that remains is to give some precise sense to the above
expression. In order to perform the trace, we shall use a complete set of
eigenfunctions of Dirac’s operator

Don(z) = (9 — igh)pn(z) = Madn(2). (11.105)

Let us regularize as follows

%log J = Z/d4x d4y (;5n(33)+ €(z) V5 Opydn(y) =

= lim /d4:n e(x) Y of(x) s e on(x) =

A—o0

= lim /d4:1: e(x) Zqﬁf{(x) Y5 6_%22 Pn(T) =

A—o0

: 4 T S
= Ahm /d x €(x) tr / G e V5 € AZe (11.106)
—00 ™

where in the last line we have changed to a plane wave basis.
It is not difficult to check the following facts

/A 1,
12 = 2\ P Dut 021Dy, Do (11.107)
D,e*® = (9, —igA,)e™™ = (ik, —igA,)e™™ (11.108)
DFD,e™* = (—k* —igd. A + 2gk.A — g A, A%)e™™ (11.109)
[D,, D,]e** = igF,,e*” (11.110)

What is left to compute is precisely
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4 )
Alim Tr /(g 1;4 e~ g ¢z [Tk —ig0- At2gk. A—g® Ao A+ 1oy Fiu] ke
—00 T
(11.111)
where
=DM (11.112)

Rescaling k = pA and keeping the exponential of momenta in the integral,
the only surviving term after tracing and regulating is

dp 21 —g° ig?
—-p“ = AV nvpo
/ mi¢ | a1 g ™) = o T e B B

given that the volume of the unit three-sphere is V' (S3) = 272, as well as

> 1
/ prdpe ™ =
0 2

Tr 5% Vpo = —16i€41p0- (11.113)

All this means that taking into account the jacobian, the axial current
is not conserved anymore, but rather

2
— g .y
Ou{Yyst) = 5T / d*z x F" F,, (11.114)
where the dual field strength has been defined
1
* F/u/ = iﬁ,u,upang (11115)

The preceding analysis is related to the index theorem (cf. [?]). What
we are evaluating is actually

> b5t = n) — 1) (11.116)

namely the difference between the number of positive and negative chirality
eigenmodes of Dirac’s operator. Neverteless it is the case that only zero
modes can be chiral, because given some eigenfunction

DoY) = AuolH) (11.117)
the action on 5 on it
¢1) = 50 (11.118)
obeys
Do) = Mol (11.119)

This means that nonvanishing eigenvalues just come in pairs with op-
posite sign, and the only mismatch can only stem from the zero modes, for
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which our arguments do not apply. The quantity (11.116) is exactly what
mathematicians call the indez of the Dirac operator, and what Fujikawa just
proved with physicist’s techniques, is that

1
ind) = — v /d4:p x* F" F, (11.120)

T2
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11.0.5 The Heat kernel approach.

o It is clear that the singlet anomaly is given by

A(z) = lim Tr K (1,2, 2) (11.121)
T—0
It is approppiate to substitute here the short proper time expansion

for the diagnonal piece of the heat kernel

1

K (r;z,2) = (47”_)%

> ap(x) TP (11.122)

It so happens that the trace of the first two terms vanish, and the only
nonvanishing contribution comes from

Tr (75 az) (11.123)

The calculation of this coefficient is essentially the same as the one
done by Fujikawa, which has been extended somewhat by Nepomechie.

e It is also possible to define the anomaly through the zeta function
A(z) = lim Tr (y5¢(s)) (11.124)
s—0
Both regularizations are related through

((s) = I‘(ls) /Ooo dzz°" K (2,2, ) (11.125)

Here we can divide the integral into two pieces, [5 and [~°. The second
piece is some analytical function of s, say f(s).

im {2 [ L v I0)
Ax) = ;1_1}(1) {I‘(s)/g dz sz:ap(x) 2P + F(s)} (11.126)

4mz)2

Defining the integral for Re s big enough, this yields

. s et f(s))
A= Iy 2 Sy 1 | = (50
(11.127)

The operator whose heat kernel we are dealing with is the square root
of

. 1
1D* = DHDytig 7 Fruy = O—igdu A —2ig A" 9, —g" Aa A +ig 17 Fi
(11.128)
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11.
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This operator is already of the canonical form
Let us regularize the determinant through point splitting plus dimen-
) Tr ap(z,y) =

sional regularization; id est
°° P32 n
logdet A = /d (vol) hm = I ( —p
o 4p w2 2
1 n -2
/d (vol) hm Tr nF<n> ap+ —= ol 3l (n >—|—
( 0')5 2 42 2
n o (n - 4) n
= as + ...
1672 2 ?
where the coincidence limit of the world function
2
P k) (11.129)
2
kills all the terms with n
P> (11.130)
Now the square of our operator [11.128] has got
X, = —igA,
y =9 mwp
= 7" (11.131)
Defining
w =0 Xy — 0, X, + [ X, X)] (11.132)
(11.133)

the heat kernel coefficient reads
1
75 Wi +5Y 4+ ¢ DY

2712
The ~5 factor in the trace kills everything except for
9’ 9
Trvs as = 16 Tr 75 Vv Voo FH FP7 = —=— €upe FH'FP7 (11.134)
e Let us now turn to the non-abelian anomaly. The current of interest
is now B
JE =Y P_Toy"y (11.135)
The operator of interest is
D=~"P_D, (11.136)
(11.137)

pw =0y — iAZT“

where
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Let s define )
D™V (z,y) = Sp(z,y) = (®(2))(y)) (11.138)
It is such that

DY (a,y) DY = —6(x — y) (11.139)

where

DV =99 _jen (11.140)
Then for example
Trd, (V7T"0) = Te 9y T + 97T, = —Tr (V07" T" + 9pir T ) =
Tr lim (%Sp(x, YT — Sk(z, y)gﬁv“T“) (11.141)

Analogously,
(Dyi")y = Ol + Fure ALt = Tr (T,DSp ~ T,SpD)  (11.142)

The Dirac operator D is not of the canonical form whose heat kernel
small proper time expansion we can control. Let us define another
operator

D=P. D (11.143)
Then
DD =P_A
DD =P, A (11.144)
where ,
A=DP=D*+ 57" F (11.145)

Then we define the regularized propagator as
B 00
S(z,z) = D/ Kpp(7) (11.146)
0
It is natural to define here
oo —
= / dr'Tr (T,P-DK (7)) (11.147)
0
Then

(D), = /Ooo drTx (T,DDK pp(r) ~ T.DK pp(r) D) =
=lim Tr (TuKpp(r) = TaKpp(T)) (11.148)
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owing to the fact that
KppD = DKp), (11.149)

This leads to an expression in terms of the small proper time heat
kernel expansion

(Duj"), Tr (Twaf® - Toa?) (11.150)

~ 1672

This in turn leads to a covariant expression for the anomaly

. 1 11 )
(Dpi*)y = To-2 ¥ (Ta%CLQA) =552 (Ta% (Vv Fuw) ) =
= —32’?6“3%% (TuFosFys) (11.151)

It is also possible to derive an expression for the consistent anomaly
by using similar techniques.

11.1 Consistency conditions
Consider the free energy as a function of the background gauge field
Wil = /mw e~ J e vily (11.152)
under an infinitesimal gauge transformation
dpA =dv+[A,v] = Dv (11.153)

the variation of the free energy reads

_ [ g, OWIA a_ ol OWIA
0,WIA] = /d x 5z (Dyv)* = —/d x v <Du 54z =
= —/dnaz v DM = —/d”a: v A%z, A) (11.154)

That ism the generator of gauge transformations acting on functionals of

the gauge field is
0

ap
U S Au (@)

—v?J%(x) (11.155)

Let us now compute the commutator

—

J%(x), jb(y)} . It is useful to represent

(11.156)
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as well as ,
oW
W (2,9) = ——————— (11.157)
S AL (x)d AY(y)

It is a fact of life that

Wi (z,y) = Wyl (y, z) (11.158)
) ow )
a b €T Y _
TS W =D g™ Sar@ ~ P s

(00 Wi 0) + funa A () Wi, (0) = Di{ 08 Wi (o) +
o s By WEL(0) b = O30 WU (0.9) + Frat s 958y Wi (1) +
Hfaman A5 @] 0,V 0.9) + frasa Wiy (2) (11.159)
Jacobi tells us that
faaras fasbab = —fonaas fazarb — farboas fasab (11.160)

Then

= azarzj/ W(fby(x y) - fbabz Nuv 5a:y aﬁWl;; (y) +

+faa1a2Aal( )8 WQZZ( )_ (szaaz fa2a1b+fa1b2a2 fazab) Azl< ) If( )

= 0,00 Woy (2,9) + Jaaraz A7} (2)OIWioy (2,9) = frsaay fazarb Ay (2)Wy, () +
1.

CLQb
+fabbg Nuv (5a:y 82Wl;/2 (y) - fa1a2b2 fazabAzl( )Wb‘; (.%') ( 161)

The next to the last line is symmetric versus the change (ab). This stems
from the fact that

QDWW (x,y) = 0, DyW, M (y, x) (11.162)
Finally, taking into account that

fabc 5xy ch = fabc 6xy D)\Wf = fabc 5903/ (a)\WC)\(y) + fcqcz Ail (y)Wc); (y))
(11.163)
we get the commutation relations

[ja(x)v jb(y)} = i fabe 54(-%' - y) jc(ﬂf) (11.164)
This immediatly implies a consistency relation for the anomaly, namely

TU @) Ay, A) = T (y) A%z, A) = ifabe 8'(x —y) A°(y,A)  (11.165)



166 11. THE SINGLET CHIRAL ANOMALY.

Those are the Wess-Zumino consistency conditions. Remember now that
BRST transformations act as

SAL = 9" + [ AD

1
5 fabe cbee (11.166)

sct = ——

It is quite useful to consider gauge fields as G-valued one-forms on the cotan-
gent space
A= A (x)Tdz" (11.167)

and besides, assume that
{s,d} =0 (11.168)

Now define the anticommuting integrated anomaly as
Ale, A) (/fmc ) A%z, A) (11.169)

It is a fact that the Wess-Zumino consistency relations are equivalent to the
demand that the object A(c, A) be BRST closed.

s Alc, A) = /d4x (s *(x)) A%z, A) — c*(z) (s A%z, A)) =

= /d4x{ — ffabcc A (x, A) — /d4 ( (y) W) } —

/ d%«{ = S @) (@) A, A) = (@) [ty o) T) A“(g;)}
(11.170)

This is possible only when
T U @) A (y) = T () A*(x) = fabe T Aduy(y = (11.171)

It is natural top identify anomalies with the BRST cohomology, computed
in the space of local functionals of ghost number one.
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Conformal invariance

12.1 Scale invariance.
In flat space, a scale transformation is defined as

), = A, (12.1)
Scale transformations belong to the conformal group, SO(2,n), which in-
cludes besides the special conformal transformations

2
, at —atx

= 12.2
k1 —2a.x + a?x? ( )

X

as well as the whole Poincaré group. The special conformal transformations
C are a combination of a translation

T,: o/ — a2t +a* (12.3)
and an inversion
ok
namely
C=T,0l0T, (12.5)

Altogether, there are 15 parameters in the conformal group. The infinitesi-
mal generators can be chosen [?] as

M,uu = M#V M65 =D

1
M5u = 9 (Pu - Ku) Jﬁu - (Pu + Ku) (12-6)

N

where D is the generator of dilatations, K, generate the special conformal
transformations and P, are the ordinary translations. Msp A =1...6 are
the generators of SO(2,4).

167
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There is a remarkable 11-dimensional subgroup incorporating only the
dilatations, besides the Lorentz group. This is precisely the little group of
the origin in Minkowski space, SO¢(2,4). It is remarkable that the quotient
space

SO(2,n)/S0y(2,n) (12.7)

has dimension n always.

Working in a local inertial frame in a ganeral spacetime it is sometimes
possible to trade scale transformations for drigid (global) Weyl transforma-
tions

(eZ)l = Aej, (12.8)

In order to be able to do that, it is needed that the scaling of the term
8, 00"p (12.9)
is the same as the Weyl scaling of the term

V9 §" VuoV,9 (12.10)

which is n — 2. This means that this idea works only in n = 4 dimensions.

If we are willing to give up diff invariance and remain with the smaller
invariance under area preserving (transverse) diffs only, then this is true in
any dimension for the kinetic energy term

gt ¢ V,6V,6 (12.11)
Of course we can always change the rescaling of the metric to
4
Jop = V"2 gag (12.12)

and this reproduces the scaling of the laplacian for any dimension.

When the spacetime is not flat, gauge (local) Weyl transformations are
defined by

G = L2 (@) g () (12.13)

This is the more general sense in which conformal transformations might be
considered.

Let us come back to the linearized approximation in flat space, when
A=1+e¢,

dxt = ext

and fields transform as
¢ (z) = AP p(\z) (12.14)

8¢ = DG + e,

The corresponding Noether current is

g = 2, (12.15)
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provided an adequate definition of the energy-momentum tensor is used. Let
us quickly review how this comes about.

S = / &' L($a, Ouda) (12.16)
Assume in general that there is a symmetry under

() — 2t = $at = EH(z)

0pa = ¢ — bal) (12.17)
This means that
[ @16, 0,6, ~ [ deL(60.0,60) =0 (12.18)
First of all,
d"z’ = d"z (1 + 9,&") (12.19)

We define internal variations as

0¢a = ¢(7) — da() (12.20)

s0 that for example an scalar field obeys
¢'(a") = ¢() (12.21)
8¢ = —£0nd (12.22)

It is convenient to represent the &-independent piece of the variation by
another symbol:

8p = —E%0p0d + 00 (12.23)
(in the case of an scalar field, B
5 =0 (12.24)
but for a multiplet such -
0pq = wq b¢b (12.25)

This yields

[ ( (~0p0 + 36) + 575 (<00 (€0p00) +

+8M5¢a) + Lc‘)uf“) —0 (12.26)

Integrating by parts we easily arrive to

n < oS < v A _
/d €T 8 ( ¢a) 5¢a> + %&ba - au (&/Tlu ) §p8p¢a 6¢a 5 8>\L =0
(12.27)
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The Euler Lagrange equations as well as conservation of the canonical
energy-momentum tensor, id est,

05 _ oL, 9L

s O¢a " 0(Ouda)

0,17 = 0, (81/8 o — 8“L77”> =0 (12.28)
0(0pa) !

then imply the conservation of the Noether current

oL
o, Jh =0 ————— 0, —EPTH , | =0 (12.29)
HY N o (za: 8(8,u¢a) a 4
The conservation of the energy momentum itself corresponds to the partic-
ular case of the symmetry under spacetime translations:
& =at (12.30)
In this conditions
oL =0 (12.31)

The internal variation of the fields vanishes in this case

5 =0 (12.32)
and it follows that
Jy = —a’T} (12.33)
so that
n oS v o 0 o
0= [d'z> 67%5% + 0, 7" a% 0y py — 0’0, T} (12.34)
For diagonal dilatations,
et = gt
5¢a = ACl(z¢a (1235)

This yields for an scalar field with canonical kinetic energy term the so called
virial current, Ji;,

JN = Ji — afTV (12.36)
It is a fact that
Jiy = 0,J" (12.37)
e Jh = Lon (¢?) (12.38)
2

1
JH = §¢2n“” (12.39)
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If we define for an scalar field the improved energy-momentum tensor (which
is best understood in terms of a nonminimal coupling to gravitation, dubbed
Ricci gauging in [?])

m can 1
TP =Ta" - 6 (08 — mu ) &7 (12.40)

then we can change the dilatation current by adding a divergenceless piece

JE = JH

1
new can + 680 (:L,,u,aa - xoap,) ¢2 = T‘zf:rl:pl'v (1241)
This means that 0,j% = 0 is equivalent to

Qujt =T, =0 (12.42)
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12.2 The conformal group C(1,3) ~ SO(2,4) ~
SU(2,2)

Let us define a mapping between n-dimensional Minkowski space, M ,—1,

and the lightcone at the origin of The (n+2)-dimensional Minkowski space

, with two times, Ms,. A point in M(2,n) will be represented by ¢4 and
its two-times metric by nap. This lightcone is defined as

i=n
No={& +& —>_& =0} (12.43)
i=1
Its coordinates are defined up to a multiplicative factor, that is

e = el (12.44)

We introduce lightcone coordinates

L =&y &, (12.45)
The lighcone Ny now reads
i=n—1
E=6g- Y &=-6¢& (12.46)
i=1
Now define a mapping
Nog — M, (12.47)
For y=0...n—-1,
G
£ — ot == (12.48)
&+
Then
z?¢ = ¢ (12.49)
The inverse map
M, — Ny (12.50)
is given by
g =gat
£2
fL=—€iat=—2 (12.51)
£+

It is so that the defining equations [12.46] are satisfied.
It is clear that all transformations of SO(2,n)

A o MA B (12.52)
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with
M 5MC p nac = nsp (12.53)

induce conformal transformations of M, ,because

(2')? = Q(z)%? (12.54)
means that (5,)2 e
GACE ng (12.55)

which is always true when Ny is preserved, because then this is simply
(€L)? =% (12.56)

which tields the value of 2.
Consider the most nontrivial one, the one that swaps

€ — & (12.57)
Then " m
i g_ _ “’#2 _ _% (12.58)

Penrose’s compactification of the four-dimensional Minkoski space pro-
ceeds as follows [?][?]. There is an embedding of R(; 3y into the light cone
of the origin in Ry 4.

x? x2
r€Ry3 = E=0(x) (xﬂ, \}5 (1 + 2) \2 (1 - 2)) (12.59)

Where the signature of the six-dimensions] flat space is (4, —*.4+), so that

1 x? 1 z?
§A—U<xu:_\@ <1+2>,\/§<1—2)> (12.60)

=68t =0 (12.61)

and

The six dimensional Minkowski metric is then mapped into a metric confor-
mal to the four-dimensional Minkowski metric

napdetde? = o?n,, datda” (12.62)
Any six-dimensional Poincare transformation
¢4 LA geB (12.63)

then induces a conformal transformation of the four-dimensional space.
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For example, inversions are obtained through a first translation

0
0
0
1
C2V2
then a Lorentz transformation
1 0000 O
01 0 0O0 O
A4 (001 00 O
LB_OOOlOO (12.65)
000 01 0O
000 00 -1
Write everything in terms of
P
H =" 12.66
V= ( )
with 1
_ 2
i 12.67
o= 5=Y ( )
and finally a second translation
0
0
0
1

22

2V2

It is plain that there are points in the six-dimensional cone that do not
belong to the four dimensional minkowski space, for example

N = (a*,—b,b) (12.69)

(with a®> = 0). Penrose then adds to M, points at infinity to get useful
correspondence. Namely one for every null direction, plus another one cor-
responding to a = 0.

Twistors transform under SU(2,2) as

7% - T 52" (12.70)

with
T 5T sAary = Aps (12.71)
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where the matrix of signature (+2, —2)

(12.72)

o= O O
_— o O O
o O O =
o O = O

There is a mapping between antisymmetric SU(2,2) twistors and SO(2,4)
vectors [?] given by
¢ =520 (12.73)
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12.3 The Callan-Symanzik equations

It is more or less obvious that scale invariance is not maintained in general
in the quantum theory. There are two reasons for it. First of all, the beta
function

dg dg
= =— 12.74
Blg) dlog dlog x ( )
This means that the Lagrangian transforms as
OL=TH = B(g)g L (12.75)
Iz dg
For example, writing the QED lagrangian as
1
L= P F,Fr (12.76)
we learn that Be)
€ 174

The second reason is that if there is a non-constant gravitational field (even
as a background), there is a length scale associated to it.

The Ward identities associated with the anomalous behavior under di-
latations can be obtained by the following procedure. The renormalized 1PI
functions are defined as:

L™ (py...pp) = Z3°T5 (b1 - .. ) (12.78)

Green function with m3¢? insertion

L™ (0)5(05p1 ... pn) = moa—morg[))) (P1-..pn) (12.79)

The corresponding renormalized quantity needs a new constant Z(A):

L 5(0;p1 - .. pa) = ZZ5°T™ (01505 p1 - p) (12.80)
it follows
) (). _ 0 1w Ny 0108 Zs L)
il's” (0;p1...0n) Zmoamof (p1-.-pn) 22m0 e '™ (p1...pn)
(12.81)

and using the chain rule

2‘1"((5”) (0;p1...pn) = ((Zm0> am + (Zmo
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One can choose constants in such a way that

m
Zmoaam0 =m
we define a
B = ZmOTmO
as well as ) 9log Zs
Y(A) = 9 mo ma

This is the famous Callan-Symanzik equation

(mam + 6(/\)5 - m(A))F(”) (pr---pn) = 05 (0;p1 ... p)
There are two main differences with the naive result

<mam>F(") (pr--pn) = TS (03 p1 ... p)

the anomalous dimension of the field
D=1+~()\)

and the anomaly proporcional to S(A).

177

(12.83)

(12.84)

(12.85)

(12.86)

(12.87)

(12.88)
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12.4 Dimensional regularization
We define Weyl transformations in a general space-time as
gaﬁ = QQ(x)ga,B

such that when
Q*=1+w(2)

09 = w(T) G (12.89)

We define the (expectation value of the) energy momentum tensor from the
quantum effective action

Z[g] = /ng e5(9:9) = (iWld]

2 oW

L= — 12.90
" g g (12:90)

obeys

1
W =0=w / N (12.91)
The massless scalar field
1

5= / d"2\/§0,09" 0,6 (12.92)

is Weyl invariant in n = 2 dimensions. In four dimensions n = 4 Weyl
invariance can be reached through a non minimal coupling (cf. Callan,
Coleman y Jackiw) .

1 mn 14 ]' mn
S = §/d 25 (9u09" 006 — ERG?) = §/d oG Le  (12.93)
Under a Weyl transformation,
0Guv = Wy (12.94)

so that §,/g9 = Sw./g, ([?]):
SR=—wR— (n—1)Vw (12.95)

The variation of the non minimal action reads
1 n n 2 2 2\ _
5S¢ = 5/d x\/lgl Gwle —w(V9)* — &0 (~wR=(n—1)VZw) =

;/d”x w K;‘ 42— 1)g) (Vo) (5 - 1)§R¢2} +
(n—1)EVa (62V" w = 20V w) + 2(n — 1)¢ V20w (12.96)
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when the boundary terms do not contribute, this vanishes provided the
parameter £ takes the conformal value

n—2
METCE
and furthermore n
(5 —1)R¢* —2(n —1)pV?p =0 (12.97)

The equations of motion read in general
V26 + &R =0
and reduce for the conformal choice of £ = &, to [12.97] The energy-momentum

tensor reads

S0 (V6P —ERF) V99766 (R~ Rg™)~E(g" PV~ V"V )

2
(12.98)

T8 =
so that its trace

4Ty = (5 = 1-26(n = 1)) (V9 — €RG* — 26 (n — 1) 6%

vanishes on shell for conformal coupling &..
Forgetting for the time being non minimal coupling, the Weyl variation
of the scalar lagrangian is

(5L:n_2

dw(z)L (12.99)

If the theory is scale invariant in d dimensions, then

€

oL = §L (12.100)
with e=n —d.
For example, for the Maxwell lagrangian
1
L= —ZFWFpgg“pg”U (12.101)
0L = —20w(x)L (12.102)

which leads to
5 <\/@L> = (n/2 - 2)L (12.103)

This also holds for gravitational counter terms. For example in d = 2 the
only candidate with the correct dimension is

Ly =aR (12.104)
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SR = —6w(z)R — V5w (12.105)
so that we reproduce (12.100)) under global Weyl (V0w = 0).
€
SVgR) = 5[VIR) (12.106)
In arbitrary dimension
ORapys = 6w(T) Rapys + 95V 5| V0w — gy[a Vg Vsow (12.107)
Ricci:
6Rag = ——5—VaVpow — 3gas V0w (12.108)

The variation of the quadratic invariants reads

SR? = —26wR? (12.109)
SRas R = —20wR,3 R (12.110)

and
0 Rapys ROP10 = —26wR 45,5 R*PT (12.111)

so that including the variation of the volume element §/|g| = %%+/|g| we
recover (12.100)) in d = 4 dimensions.

If we consider now the effect of the counterterms

1
L = Lygss + ELcount (12112)
is plain that
Tﬁ = Leount (12113)

The gravitational contributions to the generic one loop counterterm(cf. [?])
reads:
1 1.1 1

1 1
_ “(ZR— X2+ —-Y, Y™+ —_H+ —@G 12.114
87r2e*/§[2(6 )+ 1277 t607 T 180 ) ( )

where H and G are determined by the Euler density

oL

Ey = RapysROP — AR, 3R + R (12.115)

as well as the Weyl tensor squared,

1
W? = Rops R — 2R,5 R + gR2 (12.116)

G=EF,
H= %(WQ — Ey) (12.117)
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12.5 Interacting theories

There is a simple argument

/\/|g| d"z TS = 2/d”x g% 5255 = 2%/ (12.118)

Now, a rigid Weyl variation

09gap = dWGap (12.119)
is equivalent to a scale transformation
= (14 ow)/ 2zk (12.120)

that is
A — (14 6w)~Y2A (12.121)

In dimensional regularization, with e =4 — n,

dole) = Z*(e)¢

mole) = Z){*(ma

g0(€) = Zy(e)grp? (12.122)
Wilsonian 8 function,
Blgo) = ~222 (12.123)
Olog A
dlog A 1

=3 12.124
ow 2 ( )

ow oW 1
Sw T%ﬂ(go)(—i) (12.125)

If a lattice regularization is used, we can be more specific. We do not want
the renormalized coupling to depend on the lattice spacing, so that

Lgnmo= (ol I OV (D D)

(12.126)
On the other hand,
O on(g0,mra) = —2—gr(go,mna) = Blgr)  (12.127)
dlog o IR 90, MRA) = dlog ngR go, mra) = DGR .
This means that
B(gr) = Bratt(90) 9gr(go, mpa) (12.128)

Olog mp
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Indeed

B(gr) = B9k + Bagh + - - -
Bratt(go) = Brgs + Pags + - ..

B =h
B = fa
B # B3 (12.129)
T3 = —5(90)?;;; (12.130)
We could also use 5 9
(/La'u + B(g)ag> W=0 (12.131)

Drummond y Hathrell have computed the corrections to the gravitational
QED trace anomaly, Theor result reads

360

2 e 1 e 2 1
1o = 22N (FME,, (3 4 30 ) (W2 + DR>+ ( Sy

a — §47T )>_20(47T)2 2T 3 (471-)2

Qe

61

)E4
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Problems

13.1 AQFT. Problem sheet 1

e 1.- Find the combinatoric structure of the two point function in the
¢> scalar theory.

V(g) = 56° (13.1)

using the Schwinger-Dyson approach.

e 2.- Idem in the ¢* theory.

A
V(6) = 50" (132)
This time, draw the answer from the path integral.

e 3.- Write the expression for the tadpoles (one point functions) in the
theory with potential

A

— E(¢2 — 212)2 (133)

V(¢)

e 3.-Compute the order «a correction to the fermion propagator in QED
in the presence of fermionic sources

Suources = [ % (i + ) (13.4)

13.2 AQFT. Problem sheet 2

e 1.- Check the gauge tranformation of the non-abelian field strength
F,, =UF,U" (13.5)

183
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e 2. Compute
[Dy, Dyl (13.6)

acting on Diract spinors.

e 3.- What is the dimension of the gaume coupling constant in n = 3
spacetime dimensions? And in n = 6 spacetime dimensions?

e 4.- Compute the Dynkin index and the second Casimir of SU(3) in the
representation provided by Gell-Mann matrices.

010 0 — 0 1 0 0
)\1 = 1 00 )\2 = 7 0 0 )\3 = 0 -1 0
0 00 0 0 0 0 0 O
0 01 00 —i 000
M=]0 0 0 A=10 0 O M=1]0 0 1
1 00 i 0 0 010
00 O 1 1 0 0
=10 0 —i d=—=1|0 1 0 (13.7)
0 i 0 310 0 —2
e 5.- Prove the Fierz-like identity
A=8 9
D= (M) ()i = 20767 — 50705 (13.8)
A=1

13.3 Examen TCA. March 2016. Schwinger’s model

Remember the fact that in Q£ Dy the photon mass remains zero after renor-
malization, owing to gauge invariance. Consider now the same theory in two
dimensions (Schwinger’s model), QF Dy with massless fermions. Compute
the photon mass renormalization in this theory.

Here there are a few properties that perhaps you might find useful.

e First, than in two dimensions any two-form can be written as

wo = pd(vol) = ¢ dz® A da? (13.9)

e It is also a fact that, calling 4 the two-dimensional analogue of the
four dimensional v5 matrix, then

Yy = —e', (13.10)
e The chiral current, jf' = ¥yy*4p is not conserved, but rather
, e
gk = Py e E,, (13.11)

How is your result compatible with gauge invariance?
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13.3.1 Solution

Let us choose

N =—ioy = < 0 _0Z> (13.12)

Then
_ 1 0
N = yofyl =03 = (0 1) (13.13)

A brute force calculation in dimensional regularization around n = 2 leads
to )
2e
wy o 27 2, 0V LUV
T = o (K — k) (13.14)
It so happens that 7(k?) has a pole at k = 0, which is precisely what does
not happen in four dimensions. This is the reason why the photon remains
massless in four dimensiona, but fails to do so in two dimensions.

The EM of the theory are

O F" = 0,0 e = ejt = e 5 (13.15)
that is
o2 o2
O¢p = — " ep=——0¢ (13.16)
27 ™
The photon has converted into a scalar and got a (dimensionless) mass
2
9 €
= 13.17
m? == (13.17)

This is the first example in the literature of (dynamical) spontaneous sym-
metry breaking.

13.4 Problem sheet 5

e The Higgs sector of the standard model reads

(We)? — 1B? + (D, H)"D,H +m*HYH — \(HTII)3)

L= 1 Buv

1

4
where B), is the hypercharge gauge vector boson, and W are the weak
SU(2) gauge fields.

-/
DyH = 0,H — igWir"H — %BMH (13.19)
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Expend the Higgs field as

‘7fa7'a O
H =" (Hh) (13.20)

with v = ﬂ)\ The physical fields are

Z,, = cos HWj’—sin 0 B,

A, =sin 6 W} 4 cos 6 B, (13.21)

where ,
tan 0= 2 (13.22)

g

Compute the gauge boson propagators in the unitary gauge (7 = 0)-

13.5 Problem sheet 6

e Consider a theory of two-index Maxwell field
1
L= =040 A (13.23)

Determine its gauge invariance. Compute the ghost sector. How do
you deal with the fact that the ghost lagrangian has itself a gauge
invariance?

e Consider the following lagrangians for spin 2 in momentum space. The
first is the Fierz-Pauli one.

Srp = / d"z hy { =007 + 070" — 2n""'n7)

+(ROPI + QYO + OO + 0T — 2000 P — 20007 ) }h,,,,
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Determine its gauge symmetry and ghost lagrangian.

The second is the unimodular one.

1 1
SY = /dnx h;w{ - gD (nupnuo + 77;w77up) + 3 (&jaomap + nucrauap + 61/8,077;w + &ﬁamp) -

1 n+2
*% (nuuapaa + npaauau) + Wmnuy"?pa}hpa (1324)

Determine also the gauge symmetry and the ghost content.
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