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1 Newton’s laws.

—

= F (1.1)

8y

m

Conservation of energy for conservative systems

1
Tzim*2 (1.2)
F=-VV (1.3)
d Ce ) .o
(T +V) = miF+EVV = &, (mf—F) ~0 (1.4)
On the other hand
i@T —imaé‘—mx"- (1.5)
dtoz; dt " '
ov
= _F, 1.6
o7, (1.6)
Taking into account that
ov
= 1.7
=0 (1.7
Newton’s law can be written
doL  OL _ (18)
dt 8.7}1 81‘2 - '
where the lagrangian has been defined
L=T-V (1.9)

(Please note the minus sign).
Let us now work out an example, namely the simple pendulum. This is the simp’lest
example of an harmonic oscillator. The motion takes place in the (x,y) plane. Clearly there

is only a degree of freedom, because

x=1sin 0
y =1 cos 6 (1.10)
Then
i=1cos 60
y=—lsind0 (1.11)

We shall call 8 a generalized coordinate. We shall usally represent generalized coordinates
by the letter q. The kinetic energy reads

L2 22 .2 1 242
Tzim(x +9 —|—z):§ml0 (1.12)
On the other hand

V = mgl cos 0 (1.13)



Newton’s equations then read
m 12 6 + mgl sin § = 0 (1.14)
For small oscillations (small angles) the ordinary differential equation (ODE) reads
164 g0=0 (1.15)

The quotient

w2

<

(1.16)

has dimension of 1/7? (frequency) The solution of the ODE is
6(t) = Cq cos wt +Cysinw t (1.17)
We can impose initial (Cauchy) conditions

9050@20):01
0o = 0(0) = Cow (1.18)

The solution can then be written in more physical terms as

0
0(t) = 6y cos wt + ;0 sin w t (1.19)
The solution can also be determined by boundary conditions.
bh=0(t=0)=C
01=0t=T)=CycoswT+CysinwT (1.20)

namely

01 — 6y cos T .
0(t) = 6y cos wt + # sin w t (1.21)

When the frequency goes to zero, the trajectory reduces to a straight line as it should
t
=0+ (91 — 90) T (1.22)

The integral of the lagrangian over time is called the action. It has dimensions of energy
times time.

Sla(t) = /t "atr(q, q) (1.23)

The action is a function of a space F of trajectories (to be specified precisely) into the field
of real numbers R.
S:q(t)— Slgl eR (1.24)

A particular F is defined as those functions ¢(¢) such that

q(t =ty) =gy (1.25)



Given two such trajectories, ¢ € F and g9 € F, the difference

0q(t) = qu(t) — qa(t) (1.26)
obeys the boundary conditions

Sq(t =t;) = dq(t =t;) =0 (1.27)



2 The Action Principle

We demand that the action is an extremun for all possible variations of the trajectory that
do not change the boundary conditions. A neccessary condition for that is

58 = /dt <3L5 +8L5> /dt< i(—%’) +2’;> Set) =0 (2.1)

This is only true V dq(¢) if the Euler-Lagrange equations are satisfied.

oL oL
_ =z =0 2.2
<3Q> "9 (22)
This generalizes in a trivial way for systems with many degrees of freedom, ¢,, a =1... N
d [ OL OL
dt \ Oda 94

Let us compute the value of the action for the harmonic oscillator, evaluated on the
solution just found.
l2 T . l2 T
S = m2/ dt <92 — 92> = m2/ dt (w2 (022 - 012) cos 2wt — 2C; Cyw?sin 2wt) =
0 0
_m?
2

Cngw

2 _ 2
<C2401w sin 2wT + (cos 2wT — 1)) =

o, (07 +03) cos wT — 2606,

=ml 2.4
mew 2sin wT (24)
In the limit when the frequency w — 0,
ml2 2
S = 0, —0 2.5
o (61— 60) (25)
3 Noether’s theorem.
When the lagrangian fails to depend explicitly on one coordinate, that is
oL
=0 3.1
e, (3.1)
we dubb this coordinate as cyclic, and Euler’s equation immediately yield a conserved
charge
oL
2. (3.2)

In some cases there are symmetries in the lagrangian. Those are specific transformations

0qa (3.3)



such that under those
05=0 (3.4)

For example, consider

It is plain that under €;; = —€j;)
Sqi=> € (3.6)
j=1
the variation of the lagrangian reads

0L = % Z qZ Z Eij(jj - k?2qi Z 61’ij =0 (37)

% J J
Because the trace of the product of a symmetric and a skew matrices vanishes.
tr (SA) =tr (SA)" =tr (ATST) = —tr (AS) = ~tr (SA) =0 (3.8)

Please note that the transformation above does not vanbish at the boundary.
Let us now contiinue with the general argument. We know that the variation of the
action vanishes. Then

' (9L dOL\ ., d (0L _.,

When on shell, then

b d (OL _,
0=95= dt— -0q" 3.10
/ti 7 ( o q> (3.10)
This conveys the fact that

d (0L _.,
— -0g' | =0 3.11
g ( i ) (3.11)

There is then a first integral or constant of motion
oL . .

= -0q" 3.12
N g (3.12)
8q' = eT;qj (3.13)

There is another proof, which is slightly more general. Perform a local transformation € # 0
. The action is not invariant, but the variation of the lagrangian must be proportional to é
(because we know that it is actually invariant when é = 0). Then

0=d5 = [ atQn(ad) = [ de; (€Qnla.) - e Qn(a.d) (3.14)



Now we choose the (until now arbitrary) function €(¢) such that
€(t;) =€(ty) =0 (3.15)

We deduce that there is a first integral of motion, namely

d

Let us analyze the two-body problem from the viewpoint of the lagrangian approach.

1 . 1 .
L = §m177% + imzf’% — V(|771 — 772|) (3.17)

Let us define the coordinates of the canter of mass (CDM):

(my + mg)ﬁ = mqT + mars (3.18)

as well as the relative distance between the two bodies:

’FE _)1 — _‘2 (319)
It so happens that
N 5 mi,
T = R — MT (320)
N 5, M2
=R+ M% (3.21)

and the lagrangian reads

L= 1mg (]35— ﬂf'f + }ml (é—i— %7”)2 -V(r)= 1 (E)Q + Lmimy (7”)2 —V(r)

2 M 2 M 2 2 M
(3.22)
The CDM motion decouples. Let us analyze the Noether charges.
Qij = Za’:ieijxj (3.23)
]

There are as many conserved charges as there are antysymmtric 3 x 3 matrices, that is, 3.
This is nothing else that angular momentum conservation. The angular momentum (per
unit mass) is defined as

Jo = yi—zy
Jy =28 — a2
J,=zy—yz (3.24)

It is plain that it is conserved when the external forces are central, which means that they
derive from a potential that only depends on r (that is, a spherically symmetric situation)

Indeed
d

p_d oo _
at]:%(rxr)——rxVV(r)—O (3.25)



(because
1 oV (r)

r dr

vV (r) 7) (3.26)

This in turn implies that the motion is a planar one. We will assume later that this plane

is just z = 0 or # = § in polar coordinates).

This could be made explicit using polar coordinates
x =17 sin 0 cos ¢
y =7 sin 6 sin ¢
z =1 cos 0 (3.27)

@ =7 sin 0 cos ¢+ 1 0 cos 6 cos ¢ —r ¢ sin 6 sin ¢

g =7 sin 0 sin ¢+ 1 0 cos 0 sin ¢+ 1 ¢ sin 6 cos ¢

=17 cos—r 6 sinf (3.28)
in such a way that
N : .
<F) =72 4+ 12 62 4 r? sin%g ¢? (3.29)
It is plain that ¢ is cyclic, so that
oL .
— =2r?sin?0 ¢ =C (3.30)
o

It is asy to check that this is again angular momentum in disguise. When 6 = 7 the only

non-vanishing component of the angular momentum is

J. =12 (3.31)

Let us now check what happens if we intend to mimic this approach for the three-body
problem. We try the same approcah that was so sucessful in the two-body system. define

Mﬁ = my 7] + maTs + m3irs (3.32)
Then
Fig =71 — T2
F13 = 771 — 7?3
7 =R+ %712 + %713
=R - %712 - %732 =R - mlﬂ—;m3 r12 + %TB
iy =R — %7713 - MQ@B, =R+ %7712 - %ﬁs (3.33)

The COM still decouples



moms -, -, ma(my + m3)7'72 n ms3(my +mg -

1 5,
MR2 — 712713 + Wi 12 i 13 —

L=
2 M

In the system Sun, Moon, Earth the relevant masses are such that

mo _
—= ~1076
ma

— ~ 1078 3.35
_ (3.35)

It is clar that some expansion is called for.
Let us now briefly consider first order lagrangians. Condider, for example, the system
with two degrees of freedom (g1, ¢2)

2
L=gqq -2 -Via) (3.36)

The EM for the variable go just tells us that
G1—q=0 (3.37)
Plugging this value of go back in the original =lagrangian

-8y
=5 q1) (3.38)

All lagrangians can be put into first order form introducing new variables, if necessary.

Let us now check that the Euler-Lagrange are left invariant by point transformations.

Those are arbitrary mappings
4% — 4;(g) (3.39)

such that the determinant of the jacobian matrix is nowhere vanishing

3q’.>
det L) #£0 3.40
(5% (3.40)
There is then an induced mapping
aq.
i = Lg 3.41
q Zk: g, (3.41)
It is fact that . )
04 _ %4 (3.42)
dq;  dqj
as well as ) ),
g’ 0°q; .
L= L 3.43
dq; Z 0qr0q; i (3.43)



Indeed

oL OL Oq,, oL 8q), .
oL _ N~ 9L 94, N Ok 3.44
dq; % 9qj, 9qi % a4, 0q10q; " (3.44)
oL oL o4, oL Oy,
L N2 N O Ok 3.45
9 ~ 2 a4, 0 ~ 2 94 (345
Noq
d OL d 0L Ogj, oL 9%, .
aob _ ao et 4
49, ~ 2 (@ aq,;) 90: 2= o v (340)

The EM in terms of the old coordinates read
OL d oL oL dq, oL d%q, . <d 8L> dq, oL 0%q, .
A T L a. — e + T - A + T =
dq;  dt 0g; zk: oq;, 0gi % 94y, 0q10q; @ Zk: dt 04y, ) 0q; ; 94y, 0q;0q @

OL d 0L\ 0q,
_ § _ 27 4
p (8(]2 dt 8(]'2) 0g; (3.47)

The vanishing of the EM in the unprime coordinate system is equivalent to the vanishing of
the EM in trhe primed coordinate system, since the jacobian matrix is a nonsingular one.

Let us now check that two lagrangians which differ in a total derivative of a function
of the coordinates yield the same EM. Indeed, all we have to show is that the contribution
of

d oF
—F(q) = — 3.48
- F() § S (3.48)
is trivial. Euler’s tell us that
0*F d (OF
= — | — 3.49
Zk: 0q10q; I dt (8qi> ( )

which holds identically.

~10 -



4 The Legendre transform.

Let us consider a function of two sets of variables, denotes by = (active) and a (passive)-

flxy...zpya1...ap) (4.1)

We shall define a mapping from the functional space of functions of 2n variables into itself.

f(z;a) = g(y;a) (4.2)

g(y;a) is a different function that depends also on 2n variables, of which trhe first n are
different (x — y) , and the second n (a) are the same. This mapping is called Legendre
transform.

We give a name to the derivarives with respect to the first set

af
yi = pre (z,a) (4.3)
This defines implicitly functions
zi = fi(y; a) (4.4)

Using that information, define a different function

)= 2y, a)yi — f (x (y.0); ) (4.5)
=1

This dfinition implies

dg i af ot _ i
oy = Z Z o oy (4.6)

k=1

Derivatives with respect to the spectator variables change only sign.

0g Oy 10yl ozt of oxt  Of
- I N 4.
8@’ Z Dy Dl Z( da " 9ai) T 24 5al 9 da (47)
99 _  of
dat  dal (48)

Consider, for example a quadratic form

a) = Z Ajjz'e? — F(a) (4.9)

ij=1
Then
n .
Yi =2 Z Ajja (4.10)

Then

N —

n
- Z ]k m (4.11)
k=1

— 11 —



When the matrix A has a vanishing determinant the Legendre transform is singular
The definition above tells us that

n

g(yu CL) = Z 53/1 Z (A_I)Jk Yk — Z Z AZ] Z (A_1>’L'l yl Z (A_l)]k yk + F(CL) =
7j=1 k=1 ij=1 =1 k=1

_ i S (A7), e+ Fla) (4.12)
k=1

It is plain to check the general results in this example.
The mapping does not work for linear functions. Indeed

f(z,a) = ZCixi — F(a) (4.13)
i=1
Then

yi = C; (4.14)

and we are unable to express z in terms of y.
There is a nice geometrical interpretation (Courant-Hilbert). Consider a surface

z=z(x,y) (4.15)

Any displacement on the surface obeys
dz = —dxr + —dy (4.16)

Thois tells us that the normal vector is proportional to
0z 0z
Tl (e | 4.17
(ax By ) (.17
so that the tangent plane at a point (zg, yo, 20 = 2z0(z0, y0)) is given by

0
(Z—Zp)i=0< zfzof(mf:vo)—z

Ox

(- w) gy —0  (418)

0

0
For example, in the unit sphere

z=+1—2a%—y? (4.19)
the tangent plane is characterized by

Yo

T
z—z+(x—20)—+ (Y —y)= =0 (4.20)
20 20
(this is just the equation
(T — o) Ty = 0 = £.79 = 73). (4.21)
This last equation can be written in the form
(,9,2).(§&m.1) =w (4.22)

- 12 —



just by defining

0z 0z
N=(—- — - — 1 4.2
€= (-5~ 5| ) (4.29
as well as 3 3
z z
wEZo—ﬂﬁo%0—y0%0=20+$0§+y0n (4.24)

In the same way that the family of tangent planes is fully characterized once the surface is
given, the surface itself can also be characterized by the family the planes, that is, by the

function
w =w(&,n) = zo€ + yon + 2o (4.25)
deed 9 dvg Oy 0z| dwy 02| O
w To Yo Z o z Yo
el =, 24 el it i) A e 4.26
9 =0t o T aa), o oyl e — M (4.26)
as well as 3 3 3 9.1 9 9.1 9
w 0 Yo z| Oxg z| Oyo
el i) A i) It T o) . L 4.27
o £an+yo 77677+a$08nJrayoa77 Yo (4.27)
The dual character of the relationship is embodied in the formulas
w(&mn) +z(z,y) = 2§ +yn
0z 0z
§=—5 n=—%
Ox y
Ow Ow
— = — 4.28
=5 W=, (4.28)
Let is apply the Legendre transform to the lagrangian. The correspondence is
L(¢,,q) ¢ f((x,a)
g x
q<a
Yy p (4.29)
That is oL
P = —— 4.30
YOPi= 55 (4.30)
The Legendre transform of the Lagrangian is called the Hamiltonian:
g H(p,q)=> pig' — L (4.31)
The general results tell us that
OH -
=4 4.32
op 4 (4.32)
OH
hp = ——— 4.33
P o7 (4.33)

~13 -



It is customary to denote the n-dimensional space of the ¢; configuration space, and the
2n-dimensional space of the (p;, ¢’) phase space.
Let us now compute the Hamiltonian for a particle in a central potential

L= % <7'“2 + 72 9% 492 sin20 qSZ) —V(r) (4.34)
_ 0L
pr=gr =mr
po = mr0
pe = mr’sin®0¢ (4.35)
2 2 2 2 2 2
Dby Dy p¢ Dy Dy p¢
H =" — L= Vv 4.36
m + mr2 + mr2sin?6 2m  2mr?  2mr2sin26 +V(r) ( )

Let is define the Poisson brackets

_ of 99 0g Of
{f.g} = Za: <8qa8pa - 6qa8pa> (4.37)

Facts of life

{¢",pj} =9

{fig=—{g, f}

{Cf, 9}t =C{f g}

{fg,h} = f{g,h} +{f . h}g

{fAg.h}} +{h A1, 9}} + {9, {h, f}} =0 (4.38)

The last identity is called the Jacobi identity and its verification needs a little bit of labor,
quite convenient to strentghen character.

Hamilton’s equations can now be written as

" =1{q",H}
pi = {pi, H} (4.39)

It is plain that this makes evident the fact that

= (Gor s HY + 50 o Y ) = (11,1} =0 (440

The hamiltonian is a first integral of the EM, and its numerical value is the energy of the
system.

We can then refine our definition of first integral as those functions that commute with
the Hamiltonian

d 0 0
1g) 3 St H) + 5 (i HY = (£, HY = 0 (4.41)

— 14 —



For example, the bracket
{ps-H} =0 (4.42)

tells us that
Py =C (4.43)

It is easy to check (using Jacobi’s identity) that the bracket of two first integrals is
another first integral
Indeed if
Is={1, I} (4.44)

then
{I3,H} ={{L,b},H} = —{{lL,,H}, L} —{{H, L}, I} =0 (4.45)

That ism the set of first integrals is closed upon Poisson brackets.

5 Hamilton’s equations from a variational principle

Let us consider the following action principle (Hamilton’s).

It seems perverse to step back and consider now a Lagrangian defined a posteriori from
the knowledge of the Hamiltonian, and consider besides both the coordinates as well as the
momenta as new coordinates of another system with 2n degrees of freedom. Nevertheless,
it is worth the effort. Let us then consider a system with 2n coordinates

Qz(pl...pn,ql...q") (5.1)

5:/ dt L(Q, Q) E/dt (Zpiqi—H(p,Q)> (5.2)

It is worth noticing that, by integrating by parts, ans in obvious matrix notation,

Jasni =4 o) () () 53)

The Euler-Lagrange equations read

5S 0L d oL

=_— _ 277 _ 5.4

0Qr  0Q  dt9Qi (54)
In gory detail the first n equations of the set read
08 . OH

Y S 5.9

oor 1 oy (5:5)

and the second half of the equations are

08 OH d

_ o A (5.6)

oqk — ogF  dt
It is then a fact that the Euler-Lagrange equations for this Lagrangian system with 2n

coordinates (p, q) reproduce Hamilton’s equations for the original dynamical system with
n degrees of freedom.

~15 —



6 Canonical transformations

We shall define canonical transformations as those transformations of the phase space
(p,q) — (P,Q) (nothing to do with the preceding paragraph, now there are 2n (p,q)
coordinates of the phase space and also 2n (P, Q) new coordinates in the same phase space;
all we are doing now is a change of coordinates with certain convenient properties) that
leave invariant hamilton’saction principle. This means that

S i@ - Hpg)dt=Y (PjQJ' ~ K(P, Q)) dT + dF (6.1)

J

There will be now a new hamiltonian K (P, Q) as well as a new time 7". Hamilton’s principle
applied with the new coordinates implies

ar _ oK
ar - oQ
dQ O0K
il 2
dl 0P (62)
Let us call, following Gantmacher free canonical transformations those for which the n by
n matrix '
Q"
. 6.3
5 (63)

is nonsingular. This means that both sets of coordinates can be taken as independent
variables. It is then possible to choose the generating function as

F(t,q,Q) (6.4)
It is then plain that
or
oOF A
.= P
0Q*
OF
K=H+ — .
+ B (6.5)

As a particular example of free canonical transformation, it is possible to interchange co-
ordinates and momenta. The corresponding generating function reads

F= Z q'Q" (6.6)
i=1
The formulas tell us that
pi= Q"
Pi=—q (6.7)

~16 —



Let us consider the example of the harmonic oscillator

2 2
_bp mw= o
H=2X 6.8
o T 54 (6.8)
after the canonical transformation,
2 2
K=" +-—p° 6.9
2m + 2 (6.9)
The new Hamilton’s equations are
__Q
m
Q = mw’P (6.10)
Then
) = mw? (Q) = w?Q (6.11)
m

In an analogous way it is possible to derive explicit finctions in cases where the independent
variables is an arbitary 2n dimensional subset of the 4n-dimensional set (p,q; P,Q). Let
us work out for example the case when the independent variables are (p,@). Then we can
write

> pidg' — Hdt =Y PdQ’ — Kdt + > Fpdp' + )  Fp;dQ’ (6.12)
i i i j
It is plain that the first member can be rewritten as

deiqi — Z q'dp; — Hdt (6.13)

which conveys the fact that

oF
P, = _aQi
i _8F
= Op;
oF
K_H_E (6.14)

The identity transformation can be expressed in this form; it corresponds to a generating

function

= —ZpiQi (6.15)

It is quite interesting to study in detail canonical transformations close to the identity. In
order to do that, let us assume that the generating function is such that

F(p,Q) = — ZpiQ" +ef(p.Q) (6.16)

17 -



and we agree to work to first order in e. Then

0
Pi=p;— EQJE =pi—e{f.pi}
Y . .
i = Q- el = Q'+ () (617)

Me must realize thet the quantities ¢° and Q' are quite close; they differ in order e. In
any expression which is already of order e they are indistinguishable (the contribution of
the difference would appear at order €2 only). For example, the generating function can be
written as f(p, Q) or else as f(p, q); both expressions yield the same results to first order.
Actually

opi = P, —pi = —e{f.pi}
6" =Q ' —q¢' = —€e{f.q'} (6.18)

7 The Hamilton-Jacobi equation.

Let us perform a general variation of the action. We shall give some intuitive arguments
first and only then the real computation. First imagine that we perform a variation such
that the endpoint is not fixed. Then the boundary term does contribute, and we get

58 =Y pidq' (7.1)

Then e
9o 2
og P (7.2)

Now assume that the endpoints are fixed, but that the time it takes to reach the final
position is not fixed. Now the total derivative

s

e )
I (7.3)
On the other hand,
45 _ 05, 52084 _ 05 S g (7.4)
dt ot 8qiq ot - bid '
It follows that
§—L—Z = —H (7.5)
ot i biq = .
Then e
= _H .
T (7.6)
We conclude that
08 = pidq’ — Hot (7.7)

~ 18 —



Now for the hard proof.

tf+5tf ty
0S = / dt L(qg+dq,q+dq) — / dt L(q,q) =
t;+6t;

(/tf /t i+0t; /tf+6tf> dt L(q+dq,q+dq) — / dt L(q, q) (7.8)

88 1
5= dat s 0
/i 5,00+ > pidd|

We have now to realize that dq is not really well defined at the boundary. This is the reson

This yields

— L;0t; + Lf(%f (79)

why we have written a symbol 6*¢q. The trajectory ¢ + dq is not defined before t; + dt; and
the trajectory ¢ is not defined after ;. The best wat to understand this is to consider a
family of trajectories

q(t, \) (7.10)
such that the boundary points also depend on the parameter:

ti=t:(\) ¢ = qi(ti(N), )
tf :tf()\) q]vEt(tf()\),/\) (7.11)

In that way is clear that the total, variation, for example at the initial point, is given by

_ dq(ti(A), )| q(t, N | _ . .
oq|; = ax | qot; + | qot|; + 6%ql; (7.12)
Clearly
9q(t, A)
0*q = . 7.13
q el (7.13)
then
5*ql; = bql, — 4|, ot (7.14)
We then reach the conclusion that
! 05 i !
5S :/i Zijdqiaq dt + zi:pi(;q — Hét | (7.15)
The Hemilton-Jacobi equation tells us that
oS oS
— 4+ H|—,q,t| =0 7.16

This is a nonlinear PDE for the function S(g,t) which depends on the n 41 variables (¢*, ).
Given any solution,
S(q,a,t) a=ar...anm (7.17)

~19 —



then all the derivatives

aS
I, = — 7.18
= e (7.18)
are first integrals of the equations of motion.
Indeed HJ implies that
oH 0*S
=0 7.19
80%875 Z Op; 0qi0ay, ( )

so that

0*S OH 0%8 8H 028
RPN Y,

axdp; Oqj 80%815 =0 (7.20)

q/day, Op;

(because aagp =0).

There is another theorem by Jacobi that guarantees that if we find a solution of the

HJ equation depending on precisely n-parameters,S (t, ¢, al,. .., an) with
2
det 8 7é 0 (7.21)
8
then
_ 95
oS
P = 7.22
5= o (7.22)

yields the full solution of the equations of motion. Indeed
d 0S8 028 0%S 0?S (OH
j — i 7.23
T dtda, Dot 2 Forda Bodg =2 Bgdor dg:dar, <5pi q> (7.23)

and the first set of Hamilton’s equations follow from the hypothesis.

Likewise, from the definition itself og the p;

pi = + q 7.24
Z 1o 8% 8% (7.24)
But HJ implies
0?’S  OH 0H 0*S
0tdqi -~ Oq; < Op; 0q;0q;
It follows
OH 0%S
Di=— P Q 7.26
8% Z 9p; 94;0q; Z 8q8q] (726)
The first set of Hamilton’s equations implies that the second set of Hamilton’s equations
follow SH
b+ —— =0 7.27
it 5o (7.27)
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In the particular case when some coordinate, say ¢; and the corresponding derivative

% appear only in the combination

0S8
f (ql, 8%) (7.28)

(we shall say that this variable is separable) then, here are the solutions of the form
S=51(q) +S(q2---an) (7.29)

where the PDE for the function S(g2...q¢y) sis obtained through

oS
q1, — | = constant 7.30
f < 1 8q1> (7.30)
When the hamiltonian does not depend on time, it is possible to write
S(d' 1) = W(q') — Bt (7.31)

where Hamilton’s characteristic function, W obeys

H (q, 8;;) = E (7.32)

For example, for an harmonic oscillator

1 [oW\? w?

which leads to

2
W:/dq\/QmE—m2w2q2:\/2mE/dq\/1—n;zq =

:\/ZmE\/wl/dx\/l—xQZ (x =sinf) =
m w

:w/coﬁede:w/lﬂosw do —
w w 2

C2E1(, 1. N E(. _ ([ [m [m \/TQq?
=3 (0 + 251n29> = (sm <\/;wq> + DY o 1- °F (7.34)

and the full integral of the system is found through

95 _ow _
OE  OE

qg=1/ 772152 sin(t + B) (7.36)

t=R (7.35)

which, lo and behold yields
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We did all this in a clumsy way on purpose as an exercise. It would have been much clevered
to write directly

Bt = qu>

\/2mE m2wq \/sz/ /1 _ mutg? (‘ 2F

1 1
/ m = — arc sin x = - arc sin ”2E q (7.37)

qg= é”% sin w(t + 3) (7.38)

A system is completely separable when it is possible to write Hamilton’s function as

Then

W= Wi (¢) (7.39)
1=1

Let us now study a central potential (in the plane § = ) from this viewpoint

2
ﬁ+_m

H p—
2m  2mr2

+V(r) (7.40)

(where we have included the angular momentum contribution

J2
= (7.41)
in the radial potential.
Let us separate variables:
S =W,(r)+ Wy(0) — Et (7.42)
Then ) )
1 oW, 1 oWy
il - (ZZ=¢ = F 4
2m ( or > T o < 00 > +Vir) (7.43)
It is plain that
=Q0 (7.44)

as well as

W, = /\/QmE V(z)) — Q2 (7.45)

The general trajectory can now be easily recovered.

Let us study now a somewhat nontrivial example, the planar problem of two suns, a
restricted planar three body problem. This was first solved by Euler [9]

Let us call 2a the distance between the body of mass M placed at (—a,0) and the
second body pf equal mass placed at M en (a,0). Call 71 and 79 the third body coordinates
assumed of mass m with respect to the two other bodies.

Mm _ GMm
™ T2

L= %m (i*+9°) - G (7.46)
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Figure 1. Three body problems.

r =/ (z +a)® + 12
ro=1\/(z —a)® + 12 (7.47)

Assume then the position of the third body at the point (x, y) and choose elliptic coordinates

557“14—7“2:\/(x+a)2+y2+\/(x_a)2+y2
n=r—r =@+l 2 —y/(e - a4y (7.48)

The lines £ = const are elipses whereas the lines 7 = const are hyperbolas Let us write the

Euclidean metric in elliptic coordinates (£, 7).

&n=ri—rj
§2+772 = 2(7“%—1-7“%)

2 12 = drir 7.49
& —n

_
4a

1 1
= V4 (€ +0%) — 7 — 160" = —\/(4a? —1?) (€ —4a?)  (7.50)

dadx = EdE + ndn

dady = €d¢ s (7.51)
v= —4a 2 4a2 n? '

&—n* [ de di®
ds* = 7.52
§ 1 \@_12 12 (7.52)
The kinetic energy of a test particle in elliptic coordinates reads
m&—n? [ & Ui
K=— :
2 4 <£2 — 4a? + 4a? —n? (7.53)
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As a matter of fact, when the euclidean metrics reads in some coordinates
ds? = Zg?d:ﬁ?, (7.54)
i
The lagrangian for a free particle would then read

=5 > i = V() (7.55)

and the hamiltonian
H = 7.56
Z 2mg: + (7.56)

Let us now assume that the distance between the two big masses remains constant in value
(2a), The third-body potential energy then reads

M M
Mmoo GMm oanim (7.57)
r1 T2 £ —n?
The hamiltonian per unit mass
€2 — 4a? o 4a% —n? 4k&
H = 2p? +2p - 7.58
@ —p) @) @ 729
(here k = 2GMm). Let us now write the Hamilton Jacobi equation
ow '\ * 2 2 2 oW\ ? 2 _ 2 2
2( == ) (& —4a®) —4ké — Em& = -2 — | (4a® —7n°) — Emp (7.59)
U3 o
The action then follows from quadratures (Arnold attributes this result to Charlier)
4k + me2 +C K C + Ema?
=—Ft dry | ————< 7.60
+ / \/ — 4a?) / “\ 2 (22 — 4a?) (7.60)
The trajectory is determined by
oS
ﬁl 87E
08
= — 7.61
=5 (7.61)
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8 Rigid bodies

A rigid body is a discrete of continuous system of particles such that the distance between
any two points does not change with time. Rigid bodies do not exist in nature; they are
idealizations. In practice all bodies are deformable. We shall assume nevertheless here that

9.
E‘T‘l — T‘2| (8.1)
for every pair of points P; and P. A rigid body embodies six dof: three to determine the
position of a given point, and another three to determine a rotation around that point. It
is useful to consider two cartesians reference systems. One moving with the body, the body

frame

€a(t) (8.2)

with a=1,2,3. They are supposed to be kept orthonormalized for all time
€a(t)-€p(t) = dap (8.3)

The components of the vectors €, can be grouped in a 3 x 3 matrix

el (8.4)
Now it is a fact that the 3 x 3 matrix
M = Zeéeé = (8.5)
a
This can be checked easily by multiplying by an arbitrary vector el.
And another one fixed once and for all, the space frame
E, =6 (8.6)
It is also othonormalized
E.Ey =04 (8.7)
The body frame is fully determines by its components in the space frame
€, (t) = Ry E) (8.8)
That is
e\ = Rai (8.9)
It is a fact that the matrix R, is othogonal
RTR=RRT =1 (8.10)
This is immediate after
Rup(t) = €y.Ep (8.11)
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Indeed

> RaRe = 3 (Fu-y) (@) = b (8.12)
b b

As a consequence the matrix M is unimodular (det M = 1). This matrix R(¢) completely
describes the motion of the rigid body. Such a matrix close to the identity reads

M=1+uw (8.13)

with the matrix w antisymmetric
wl = —w (8.14)

That is, again six parameters.
Any given point P in the rigid body can be expanded as

F=Y walalt)=> Xp(t) By =Y waRa’(t)E) (8.15)
a b ab
It is plain that
dz de,(t) dXp(t) = dR,°(t) =
ar _ . = - " 8.16
dt ;x dt ; a P %m a0 (8.16)

The time variation of the body frame with respect to the body frame itself is given by

A () 5 - - -
‘ dt(t) - Zb: det i = zb: (djfiit)R 1>a P E(t) = wa "e(t) (8.17)

It is a fact of life that

Wah = —Whg (8.18)
As a matrix
RR'=—-RR'=—RRT (8.19)
Please note that
wl=RRT = —RRT = —w (8.20)

so that w is a so called symplectic matriz

wi=-1 (8.21)
. T . T
WT = (RRT> _ (RRT) = —w (8.22)
The dual vector is defined as 1
Wg = 3 bz €abeWhe (8.23)
Clearly
Wab = Z €abcWc (8.24)
This defines a vector
G=) wely (8.25)
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The evolution in time of this body frame is then given by

deég(t .
dt() = Z €abcWcCh (8.26)

On the other hand, let us work out

WX €y = ché’c X €y = checabé}) = Z €abeWeCh (8.27)
C C (&
We learn 42, (1)
€ - -
;t =W X € (8.28)

The vector & then represents the instantaneous angular velocity.
The velocity of any given point in the body frame is given by

7 de,
d—f:Zxa%:Zxa@’xé’a:@’xf (8.29)

a
Please note that this is nothing but
it = —wia® (8.30)

The velocity in the space frame can be computed equally easily, remedmbering that

Xi = Z xaRm-
a

Tg = Z RaiXi (831)
namely
. . . .y N
Xi =Y wakai = Y Ry XjRoi = 3 X, (r R)ji =YX (RTwR),  (832)
a aj J J
Indeed, let is call
M=R"R (8.33)
Now, remember that
w= RRT = —RRT (8.34)
Then indeed is the case that
M =w(RT) = —RTwR (8.35)

It is sometimes useful to reconstruct the rotation matrix out of the angular velocity.
This needs the matrix ODE

R(r) 4 _
7 R (t) = w(t) (8.36)

to be solved. This yields the time ordered exponential

t o t t t’
R(t) = T e ) = 1 4 / () + / dtus(t) / o) +...  (8.37)
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8.1 The tensor of Inertia

It is possible to write the position of each particle in the body as
F=R+1& (8.38)
where R is the position of the center of mass, defined (in discrete notation, A=1...N) as
Mﬁ:ZmAFAZ/d?’x p(7) 7 (8.39)
Then it is a fact that N
> maza=0 (8.40)
A=1
The kinetic energy reads

1 S\ 1 =& 55 2
1—2;7% (R+:cA) —2MR2_|_;mA <2R.a:A+a;2A) (8.41)

This is the sum of the CDM energy plus another term on which we shall concentrate from

now on.

1 s,
T = 5MR2 + K (8.42)

1 . 1 1
K= zZA:mAfi = 3 MA@ X Fa) (@ x Fa) = 5 Y ma (027 — (70 @)) =

A A
1 o
= 5 Z Il-jw’oﬂ (843)
ij

This is so because

> €jki€imi = 8j10km — OjmOki (8.44)
i
so that

Z Ejkiﬁlmiwjl‘kwlxm =w?z? — (w- 33)2 (8.45)

%

The tensor of inertia is then defined as

Lj = ZmA (i"iéij — .1‘;4.%'3-4) (8.46)
A

In the usual case that the continuum approximations is used, this is replaced by
Lj = /dgzvp(f) (55’25” — x;x;) (8.47)

It is always possible to find a frame in which the tensor of inertia is diagonal. This frame
defines the principal azes of the body, and the diagonal elements are the principal moments
of inertia. Those are positive, because

IpA A ~ 2202 (1 — cos® §) > 0 (8.48)
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There is a simple relationship between the tensor of inertia computed with different fixed
points. If the fixed point P has coordinates p’ with respect to the center of mass, then

1L = I9PM 4 M (p®6i5 — pipj) (8.49)
This is easy to prove, because
1= ma (@ =5) 8 — (=" = p), (" —p), =
A
— J¢OM ZmA (-2 po;; — zip; — :L"fpi) +
A
+ma (p®0i5 — pip;) (8.50)
and the extra terms vanish because in CDM frame
ZmAxf‘ =0 (8.51)
8.2 Angular momentum.

The angular momentum is defined as

I_: = ZmAfA X fA = ZmAfA ((15 X fA) = ZWLA (:Bia_}— ((ﬁ.fA)fA) =
A A

A
=3 gy (8.52)
j

That means that
L= Tijw, (8.53)
J

In general the vectors L and & are not even proportional.
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9 The rotation group.
In our case we are interested in the matrix that relates both frames
&, = R,E}, (9.1)
This a matrix R € SO(3). This means that
RRT =RTR=1 (9.2)
Put it into another form, this is the condition that
22+ 4+ 22 (9.3)

remains invariant under such a linear transformation.
The groups SO(3) and SU(2)/Zs are intimately related. Indeed any unitary matrix

u:< cos a e sinae”) (9.4)

—sin @ e cosa e

can be parameterized as

Consider an arbitrary hermitian matrix

ME(l—i—z x—iy) (9.5)

r+iy 1—=z2

Its determinant is
det M =1—12 (9.6)

It is plain that the transformation
M — uMu™ (9.7)

leaves this determinant unchanged. Then there is a map
ue SU(2) — R e SO(3) (9.8)

It is plain that both +u yield the same rotation; this is the reason for a factor Zs. To be
specific, when f =~v =0

WMt — '1+z cos 2o+ x Sil.l 2a¢ —i y + x cos 2a—z'sin 2c (9.9)
1Y+ axcos2a—zsin2a 1 —zcos2a — x sin 2«

which means that
x’ cos 2a 0 —sin 2« T
y | = 0 1 0 Yy (9.10)
2 sin 2o 0 sin 2« z

It represents a rotation of angle 2« around the y axis, Ra(2«). Also, when, a = 0,
x! cos 26 sin 28 0 x
y | = | —sin 283 cos 28 0 Y (9.11)
b4 0 0 1 z
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Figure 2. Euler angles

namely, R3(2(3). It is curious that when

= Q
[
Sl

we recover again a rotation Rg(27).

In the general case,
uMut = ( 1+2' o'~ iy’)

4y 1-27

14+2' =1+ zcos2a+ <ei(ﬂ_7) (z —iy) + 00 (z + zy)) sin 2o

! . 2

o — iy = e¥P(x —iy)cos® o — €2 (x + iy) sin? a — !PT 2 sin 2a

o +iy = e PP (x4 iy) cos® a — e 2 (z — iy)sin? a — e 7Bz sin 20

1—2'=1-2cos 2a — (ei(ﬁﬂ) (z —iy) + 0 (z + zy)) sin 2a

Staring at this formula, we learn that when precisely

B=0
_r
T

we recover a rotation around the first axis, Rj(2«)

/

T =x
/ .

Yy =1y cos 2a + z sin 2«
/

z

= —y sin 2a + z cos 2«
Euler showed that every rotation R € SO(3) can be written in the form
R = R3(¢) Ri(0) R3(¢)
In our SU(2) language this is

e 0 coS g i sin g e’ 0 et o+¥) cos g i et®=9) gin
0 e @ 7sin T cos % 0 e i e/(9=¥) gin g e~ HtY) o

2
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(9.12)

(9.13)

(9.14)

(9.15)

(9.16)

(9.17)
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It is plain that this covers the whole group manifold, just by identifying

v+o=p
m
¢—¢—’Y—§
0
== 1
a=g (9.18)
In SO(3) language this is
cos 1 sin ¥ 0 1 0 0 cos ¢ sin ¢ 0
R=| —sin ¥ cos ¥ 0 0 cos 6 sin 6 —sin ¢ cos ¢ 0 | =
0 0 1 0 sin 6 cos 0 0 0 1

cos 1) cos ¢ — cos 6 sin ¢ sin ¢ sin ¢ cos ¥ + cos O sin Y cos¢ sin 6 sin P
—cos ¢ sin 1 — cos # cos ¥ sin ¢ —sin Y sin ¢ + cos 6 cosy cos ¢ sin 6 cos P
sin 6 sin ¢ —sin 6 cos ¢ cos 6

It ia good exercise to check that this matrix is orthogonal, that is,
RTR=RRT =1 (9.19)
It is clear that
F=) wafa=» XeEa=) zaR."E, (9.20)
a a ab
so that
Xo=> @ R (9.21)
b
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10 Euler’s equation.

Let us forget about the motion of the CDM. Conservation of angular momentum (in the
absence of external torque) tells us that

dL - dL, _, dé, dL, _, L
= zozza: (cﬁea+L“cﬁ> :za: <dtea—|—Law X &y (10.1)
Choosing the body frame in the direction of the principal axis,
Lo = Iw, (10.2)

Recall that

B X =) €apewely (10.3)
be

Then the equation of conservation of angular momentum tells us that

L

-+ %; La€apewe =0 (10.4)

In gory detail, Euler’s equations read

d
]1% + (Ig — Iz)wgw:), =0
d
IQ% + (I — I3)wiws =0
d
]3% + (I2 - Il)Wle =0 (105)

The symmetric top (for which it is meant any body with Iy = Iy = I3 = 0) obeys
G =0 (10.6)

so that the velocity is constant.
The next simpler object is the symmetric top, where

L= #1; (10.7)
Then
d
Ilﬂ + (Ig — Il)wgwg =0
dt
d
[Qﬂ + (Il — Ig)wlw;), =0
dt
dws
I3—= = 10.8
3 0 (10.8)
This means that w3 is constant. The full equations collapse to
I — I
O'Jl = ! 3(,03(,02 = QOJQ
L
LZ)Q = —le (109)
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Clearly

w1 = A sin Qt
wo = A cos Qt (10.10)

which is spin precession in the body frame. The direction depends on the relative magnitude
of Il and Ig.

In the space frame, L is constant. Also ws as well as Ls are constant. This means that
€3 stays at a fixed angle with respect to L and &. It rotates about the L axis. the spin
precession looks then like a wobble.

The asymmetric top corresponds to Iy # Is # I3. A particular solution of Euler’s

equations is

w1 = Q
W2 = W3 = 0 (1011)

It is not difficult to analyze its stability. Write

wp =+ em
w2 =12
w3 =13 (10.12)

Then, and to first order in the perturbation,

I =0
It = Q3 (I3 — 1)
I3z = Qe (I — 1) (10.13)

This implies
O2(I3 — L) - L)
I3

This means that this solution is stable about the largest or smallest moment of inertia,

127"}2 = M = 0772 (10.14)

but it is unstable about the intermediate one.
In the body frame there are two first integrals

2T =1 w? + I w3 + I3 wi (10.15)
which defines the quadric of inertia, and
[?=1w?+ 13w+ 13 Wi (10.16)

The polhode is the path that & traces on the quadric of inertia. The polhode curves are
always closed.
In the space frame, given the fact that Lis constant, as well as

=

o7 = L& (10.17)
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the tip of the vector & lies on a fixed plane, called the invariable plane. This plane is
tangent to the quadric at the point . The curve that this point describes on the invariable
plane is called the herpolhode. This curve does not necessarily close.

The general form of the angular velocity matrix can be easily deduced in termns of
Euler’s angles,

Ea(t) = Ry P(1)E, (10.18)
cos 1 sin ¥ 0 1 0 0 cos ¢ sin ¢ 0
R=| —sin ¥ cos ¢ 0 0 cos 6 sin 6 —sin ¢ cos ¢ 0 | =
0 0 1 0 sin 6 cos 0 0 0 1

cos Y cos ¢ — cos 6 sin ¢ sin ¢ sin ¢ cos Y + cos 0 sin P cos¢ sin O sin P
—cos ¢ sin 1 — cos 0 cos 1 sin ¢ —sin 1 sin ¢ + cos 6 cosy cos ¢ sin 6 cos Y
sin 6 sin ¢ —sin 6 cos ¢ cos 6

Then the angular velocity matrix is given by

0 Y+ ¢ cos 0 0 sin ¢ — ¢ cos 1) sin 0
MMT = —¢—¢cos€ 0 écosw—l—ésinwsiné
—6 sin ¢ + ¢ cos ¥ sin § —6 cos ¥ — ¢ sin ¢ sin 6 0
(10.19)

which conveys the fact that the angular velocity vector reads

w1 = wag = 6 cos ¥ + ¢ sin ¢ sin 6

wy = w3, = —0 sin ¥ + ¢ cos ¥ sin 0

w3 = wig = 9 + ¢ cos 0 (10.20)
10.1 The heavy symmetric top.

It is now possible to write down the lagrangian for the heavy symmetric top. This solid
body really resembles an ordinary top. We assume that the pin point is at a distance [ from
the center of mass. The angle between €5 and Es is precisely cos 6, so that the lagrangian
reads

1 1 1 . .
L= §I1(w% +wd) + §Igw§ — Mglcos 6 = 511 <92 + ¢? sin? 9) +
1 o 2
—1-513 (w + ¢ cos 9) — Mgl cos 6 (10.21)

There are two angles which act as cyclic coordinates, namely ¥ and ¢. The corresponding
momenta

Py =13 <¢ + ¢ cos 9) = Izws (10.22)

This is nothing else that the angular momentum about the symmetry axis of the top.

Do = L1 sin? 6 + I (1/} + ¢ cos 0> cos 0 (10.23)
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Also the energy is a constant of motion

1 . . 1 . 2
E = 511 (92 + ¢? sin? 9) + 5[3 (1,!) + ¢ cos 9) + Mgl cos 6 (10.24)
It is customary to define a couple of constants
T3ws
a=—
I
p="L¢ (10.25)
I
Then
. b—acosf
¢= sin? 6
. TLa (b—acos®)cosf
_ 1% 10.26
¥ I3 sin? 6 ( )

This means that once the function 6(t) is known, the other two angles can be also known
algebraically. The energy reads

1 1, — 2
Eolnez=tn (o2 (22050 G2 g) 4 Mgl cos 0 (10.27)
2 2 sin
The effective potential for the angle 6 then reads
1 b—acos 0\
=-hL|———— Myl 0 10.28
V() 511 ( 7 ) + Mgl cos ( )

It is convenient to analyze it in termns of the variable

1= cos 6 (10.29)
Beside, we define
2 1
o= I (E — 2[3(»%)
2Myl
g=29 (10.30)
I

Then the full system reads

2= (1= p?)(a—Bu) = (b—ap)* = f(p)
. b—ap
QZS - 1 _ /-'LQ
. La  p(b—ap)
=— - — 10.31
The motion in ¢ is called precession while the motion in 0 is called nutation.
Given the fact that
—1<pu<l (10.32)
the system is confined between two roots u1, s of
f(p) =0 (10.33)

There are three possibilities.
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° <z5 > 0 at both p; as well as us.
The body wobbles in the direction of ¢.

e ¢ >0 at yy but instead ¢ < 0 at po.

The body wobbles in the direction of qﬁ until it reaches of 0.« and then turns back
for a while until it recovers the positive ¢ direction.

e ¢ >0 at y; but instead ¢ = 0 at po.

There is then a cusp st Omax
Let us examine some physical possibilities.

e The first one is letting the top go. This means that 6y = 0. Then f(uo) = 0, which
implies pp = pz. We also assume ¢20 = 0, so that

b—apy =0 (10.34)
so that we learn that )
po =~ (10.35)
On the other hand |,
po = I1 sin® 0 + Isws cos 6 = Iwscos 6 (10.36)

First it starts to fall under the influence of gravity. Then @ increases, Then ¢ must
also increase to keep py constant. Besides, the direction of the precession must be the
same as the one of ws.

In the particular case when the function f(ux) = 0 has a single root, we can have d)
constant with 6 = 0.

We need
fuo) = f'(po) = (10.37)

that is

(1= pg)(a = Buo) — (b—apo)® = 0
—2p0(a — Bpo) — B(1 — pg) + 2a(b — app) = 0 (10.38)

Besides, we know that
o (b—apo)* _ a—Buo
o5 = 1= ,2) =12 (10.39)
Ho Ho

which we write as
o — Buo = (1 — i) (10.40)

Using that, we learn that
— 2u00* — B+ 2ap =0 (10.41)
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Because this is the same thing as

_ _ !/
P Bro 5+2ab apo _ f'(ko)

This translates into
%o <2a - 2M0¢>0> -B8=0
and using
N I3w3
— 711
Mgl
B = Tl

we learn that
Mgl = & (Ises — Lo

This yields the two values of ng for which the top can spin without bobbing.

possible only when

I
3?% > /M gllicos 6y

Consider now the sleeping top
p=0y=0

For this to be possible, we need

Then a = b and o = 3, so that actually f(u) has a double zero at p = 1.

flp) = (1= p)*(a(l+p) —d®)

The second root is

Then if g > 1 (that is, w3 >

411 Mgl
I3

41, Mgl
I2 )
3

wi < ) it is unstable.
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1— L—pg  1—pg

(10.42)

(10.43)

(10.44)

(10.45)

This is

(10.46)

(10.47)

(10.48)

(10.49)

(10.50)

the motion is stable, whereas if us < 1 (that is,
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