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Good candidates for Dark Matter have to fulfil the following conditions	

•  Neutral 
•  Stable on cosmological scales (*) 
•  Cold, non-relativistic, when structures are formed (**) 
•  Reproduce the correct relic abundance 
•  Not excluded by current searches 
•  No conflicts with BBN or stellar evolution	
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Question 4 (Dark Matter relic density 1)

Consider a simple model in which the Dark Matter is a Dirac fermion, χ, which only couples to the
Standard Model sector through the exchange of the a pseudoscalar particle A. The pseudoscalar A has
couplings gχ to the dark matter and gb to b quarks as described by the Lagrangian

L = i
(
gχχ̄γ

5χ+ gbb̄γ
5b
)
A

• Draw the Feynman diagram that corresponds to the pair-annihilation of two dark matter particles
into bb̄ .

• Considering only Dark Matter annihilation into bb̄, the annihilation cross section in the Early
Universe can be expanded in plane waves as ⟨σv⟩ ≈ abb̄ + bbb̄ x, with (see e.g, Ref.[2])

abb̄ =
1

m2
χ

(
Nc

32π

(
1 − 4m2

b

s

)1/2
1

2

∫ 1

−1
d cos θCM |Mχχ→bb|2

)

s=4m2
χ

Show that to leading order in velocity (i.e., x = 0)

⟨σv⟩ ≈ 3

2π

(gχgb)2m2
χ

√
1 − m2

b/m
2
χ

(4m2
χ − m2

A) +m2
AΓ

2
A

Remember to average over initial spins and sum over final ones. You will also need the following

trace, Tr
[
(/p1 − mχ)γ5(/p2 +mχ)γ5

]
= 4(− p1 · p2 − m2

χ).

• Show that if the mediator is a scalar particle instead of a pseudoscalar then abb̄ = 0.

• Given a dark matter mass mχ = 100 GeV and a pseudoscalar mass mA = 1000 GeV, estimate the
value of the coupling gχgb for which the correct relic density is obtained. Neglect the pseudoscalar
decay width, ΓA and use that

Ωχh
2 ≈ 3 × 10−10 GeV−2

⟨σv⟩

χ(p1)

χ̄(p2) b(p3)

b̄(p4)

A(k)
igbγ5igχγ5
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A simple example: fermion DM + Pseudoscalar mediator + SM  
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Let us assume that the DM particle is a 
fermion X, which connects to SM particles 
through the exchange of a pseudoscalar A	

Is it viable? 	

•  Is the relic density correct?  
	

COMPUTING THE DM ANNIHILATION CROSS SECTION 9

The thermally-averaged product of the dark matter pair-annihilation cross section and
their relative velocity h�vMøli is most properly defined in terms of separate thermal baths
for both annihilating particles [1, 2]

h�vMøli(T ) =
R
d
3
p1d

3
p2 �vMøl e

�E1/T e�E2/T

R
d3p1d

3p2 e
�E1/T e�E2/T

(1.48)

where p1 = (E1,p1) and p2 = (E2,p2) are the 4-momenta of the two colliding par-
ticles, and T is the temperature of the bath. The above expression can be reduced to a
one-dimensional integral which can be written in a Lorentz-invariant form as [1]

h�vMøli(T ) =
1

8m4
�TK

2
2 (m�/T )

Z 1

4m2
�

ds�(s)(s� 4m2
�)
p
sK1

✓p
s

T

◆
,(1.49)

where s = (p1 + p2)2 and Ki denotes the modified Bessel function of order i. In com-
puting the relic abundance [3] one first evaluates eq. (1.49) and then uses this to solve the
Boltzmann equation. The freeze out temperature can be computed by solving iteratively
the equation

xf = ln

✓
mDM

2⇡3

r
45

2g⇤GN
h�vMøli(xf )x

�1/2
f

◆
, (1.50)

where g⇤ represents the effective number of degrees of freedom at freeze-out (pg⇤ ' 9).
Typically one finds that the freeze-out point xf ⌘ mDM/Tf is approximately xf ⇠ 20.

The procedure can be simplified if we consider that the annihilation cross section can
be expanded in plane waves. For example, consider the dark matter annihilation process
�� ! ij and assume that the thermally averaged annihilation cross section can be ex-
pressed as h�viij ⇡ aij + bij x. It can then be shown that the coefficients aij and bij can
be computed from the corresponding matrix element. For example,

aij =
1

m2
�

✓
Nc

32⇡
�(s,mi,mj)

1

2

Z 1

�1
d cos ✓CM |M��!ij |2

◆

s=4m2
�

where ✓CM denotes the scattering angle in the CM frame, Nc = 3 for qq̄ final states and 1
otherwise, and

�(s,mi,mj) =

✓
1� (mi +mj)2

s

◆1/2 ✓
1� (mi �mj)2

s

◆1/2

. (1.51)

The contribution for each final state is calculated separately.
Note that
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Using the expression of the relic density	

mA = 1000 GeV
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7Figure 2: Excluded regions on the parameter space of the SHP model from different exper-

imental constraints. The gray area (below the black line) is excluded since the relic density

exceeds the Planck result. The blue area (labeled Γinv
H ) is ruled out from the invisible Higgs

width. The red area (LUX) is excluded by direct DM detection limits. Yellow (dSph) and

cyan (GC) areas are excluded by indirect detection constraints on the continuum spectrum

of gamma-rays (from dwarf Spheroidal galaxies) and monochromatic gamma-ray lines (from

the Galactic Centre), respectively. The dashed green line represents the predicted reach of

the future LZ detector. The left panel includes a scale factor, ξ, in the calculations while in

the right plot it is assumed that some extra non-thermal effects amend the prediction for the

relic density, so that ξ = 1.

observed one (see, e.g., Ref. [60]). Note that, since the value of ξ has been fixed, the areas

excluded by indirect detection bounds now extend upwards.

In either case, the conclusion is that the combination of experimental constraints and the

requirement of obtaining the correct relic abundance rules out a big and interesting portion of

the viable parameter space of the Higgs portal (see Ref. [61] for a recent comprehensive study),

leaving only the white areas in Fig. 2. Interestingly, as previous analyses have shown [62–65]

there still remains a narrow window of S−masses in the Higgs-funnel region (mS ≃ mh/2)

and, besides, there is a large allowed range for higher masses, mS
>
∼ 500 GeV. Next generation

experiments such as XENON1T [66] and, especially, LZ [67] (shown explicitly) will test

completely the region of large DM masses and a large part of the narrow window at the Higgs-

resonance. In particular, LZ could exclude the Higgs-portal scenario almost completely, or,

hopefully, get a positive detection. The possibility of totally closing the Higgs-portal windows

in the near future using complementary constraints from indirect detection has been analyzed

in refs. [61, 62,64].

Various solutions have been proposed in order to avoid experimental constraints in the

SHP model. In general, in order to break the correlation between the relic abundance and

4

Tension in some simplified models

Casas, DGC, Moreno, Quilis 1701.08134
See also GAMBIT 1705.07931

The singlet scalar Higgs portal is extremely constrained by a combination 
of direct-indirect-LHC constraints

• Best bounds are from direct detection 
(LUX, XENON1T)

• Future LZ completely explores it below 
~1TeV

• Indirect constraints from Fermi-LAT to 
explore resonance region

S

S

h

SM

SM

S

S

h

h S

S

S

h

h

Figure 1: Singlet-scalar Higgs portal scenario (SHP): annihilation processes of the DM can-

didate, S.

detection and ξ2 for indirect detection. In the region where ξ < 1, S cannot be the only

DM component, so contributions from other particles (e.g., axions) are needed. The region

where ξ > 1 (gray area) is obviously excluded (though perhaps could be rescued if some non-

standard cosmology is invoked, see below). For this reason, we have not showed the shadowed

regions inside this gray area. It is worth noting that the excluded areas are extremely sensitive

to astrophysical uncertainties in the DM halo parameters [57] and nuclear uncertainties in

the hadronic matrix elements [47].

Current bounds from direct DM detection, most notably from the new results from LUX

[58] and PandaX-II [59], set an upper bound on the DM-nucleon elastic scattering cross

section (and hence on the DM coupling to the Higgs). This rules out the red area in Fig. 2.

Next-generation experiments, with larger targets and improved sensitivity are going to further

explore this parameter space. We indicate in the figure the expected reach of the LZ detector

by means of a green dashed line. Similarly, Fermi-LAT data on the continuum gamma-ray

flux from dwarf spheroidal galaxies (dSPh) and monochromatic gamma-ray lines from the

Galactic Centre set upper bounds on the DM annihilation cross section which also rule out

some areas of the parameter space, mainly for DM masses below 100 GeV (light brown and

cyan areas respectively). It should be noticed that, as λS decreases, the ξ−factor increases,

so that the indirect detection rate increases as well. Consequently, the excluded areas from

indirect detection extend downwards in the plot. Finally, for masses below ∼ 63 GeV, the

DM can contribute to the invisible decay of the SM Higgs boson. Current LHC constraints

on this quantity set an upper bound on the DM-Higgs coupling [53]. The blue region in Fig. 2

is excluded for this reason.

For comparison, the right panel of Fig. 2 shows the direct and indirect detection con-

straints when the local DM density is assumed to take the canonical value, ρ0 = 0.3 GeV cm−3,

regardless of the computed thermal relic abundance; in other words, we have set ξ = 1. This

would apply if non-thermal effects modified the final relic abundance, reconciling it with the

3
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Tension in some simplified models

Casas, DGC, Moreno, Quilis 1701.08134

This tension can be alleviated with the inclusion of a second scalar Higgs

• Direct detection bounds can be less 
effective

• DM particles as light as ~100 GeV are 
possible

Si

Sj

h

SM

SM

Si

Sj

h

h Si

Sj

Sk

h

h

Figure 3: Extended Higgs-portal scenario (ESHP): annihilation processes involving particles

of the dark sector, Si, i = 1, 2.

S1 S1

h

S1 S1

S1 S2

h

S1S1
S2

h

h

h

h

h

S2

S1 S1

Figure 4: Tree-level S1S1h vertex and main 1-loop corrections.

to this lower limit the contributions of these diagrams may be significant4. Nevertheless, for

consistency, we have included the contribution of the 1-loop diagrams in all cases. A detailed

discussion of these radiative corrections is given in the Appendix.

Let us now turn our attention to the computation of the relic density. We will start

by considering a scenario in which λ1 is as small as possible (λ1 = λ2
12/(4π)

2). Then, λ1

can be neglected for all the relevant physical processes in most cases, so the only significant

parameters to describe the DM physics are mS1
, mS2

, and λ12. For each value of the DM

mass, mS1
, we are interested in finding out which combinations of mS2

and λ12 lead to the

correct relic density.

Fig. 5 shows the line along which the correct DM relic abundance is obtained for three

representative cases, namely mS1
= 40, 60, and 200 GeV, i.e., below, around and above

the Higgs resonance (left, middle and right panels, respectively). Let us discuss each case

separately.

4In that case, there may be accidental cancellations between the tree-level and the radiative corrections,

as can be checked from the explicit expressions given in the Appendix. Moreover these cancellations can be

more or less significant depending on the external momenta entering the vertex. This opens the possibility of

blind spots for direct or indirect detection, while keeping a sizable annihilation in the early universe.

7

Γinv
H Γinv

H + ID Γinv
H + ID +DD

λ
12

=
0.
01

λ
12

=
0.
1

λ
12

=
1

Figure 7: Effect of the experimental constraints in the {λ1, mS1
} parameter space of the

ESHP model. From up to down, we have fixed λ12 = 0.01, 0.1, 1, and λ2 = λ2
12/(4π)

2. In all

the plots, black (gray) points correspond to those where Ωh2 = 0.119± 0.003 (Ωh2 < 0.116).

The left column incorporates only constraints from lifetime of S2 and invisible decay width of

the Higgs boson. The central column includes also the indirect detection (dSph and gamma

ray lines). Finally, the bottom row includes the bound from the LUX constraint.

are included, only the points in the Higgs resonance and those with mS1
> 500 GeV survive.

Still, when these results are compared to the left panel of Figure 2, we observe a new (small)

population of points at the Higgs resonance, with very small values of the coupling λ1. This

occurs when the masses of S2 and S1 are close enough so that coannihilation effects become

13
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Freeze-in paradigm

If the DM-SM coupling is extremely small, the 
annihilation rate is insufficient for thermal 
equilibrium.

However, annihilations or decays of particles in the 
bath can produce DM particles (that are out of 
equilibrium) 

One can solve the associated Boltzmann equation

B2

B1

DM

See e.g. Hall et al. 0911.1120
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B1

DM
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2 FREEZE OUT OF MASSIVE SPECIES

g∗ =
∑

bosons

g

(

Ti

T

)4

+
7

8

∑

fermions

g

(

Ti

T

)4

(1.4)

relativistic species

n =
geff

π2
ζ(3)T 3 (1.5)

where geff = g for bosons and geff = 3

4
g for fermions Then the Yield at equilibrium

reads

Yeq =
45

2π4
ζ(3)

geff

g∗s
(1.6)

non-relativistic species

n = geff

(

mT

2π

)3/2

e−m/T (1.7)

Then the Yield at equilibrium reads

Yeq =
45

2π4

(π

8

)1/2 geff

g∗s

(m

T

)3/2
e−m/T (1.8)

The abundance of FIMPs builds up and eventually stabilises

FREEZE-IN OF DARK MATTER 23

2.4.1 DM production from decays of heavier bath particles

Consider the decay of a heavy bath particle into a lighter one and a DM particle, B2 !
B1�. If mB2 > mB1 + m� this process will dominate DM production. The collisional
operator is easy to write,

dn

dt
+ 3Hn =

g

(2⇡)3

Z
C[f ]

E
d
3p

=

Z
d⇧B1d⇧B2d⇧� (2⇡)4�4 (pB2 � pB1 � p�)⇥

h
|MB2!B1�|

2
fB2(1± fB1)(1± f�)� |MB1�!B2 |

2
fB1f�(1± fB2)

i

=

Z
d⇧B2�B22gB2mB2fB2 . (2.64)

In the last line we have assumed no Pauli blocking to approximate (1 ± fB1) ⇡ 1 and we
have neglected the initial abundance of DM particles, f� ⇡ 0. We have also expressed
|MB2!B1�|

2 in terms of the decay width, �B2, the number of degrees of freedom ob
B2 and its mass. If we write the phase space element explicitly, and we consider that for
particles in thermal equilibrium we can approximate fB2 = 1/(eEB2/T ± 1) ⇡ e

�EB2/T ,
we are left with

dn

dt
+ 3Hn = gB2

Z 1

mB2

d
3
pB2

(2⇡)3
fB2�B2mB2

EB2

. (2.65)

The integral on the right-hand side is easy to solve, as it can be reduced to the first modified
Bessel function of the second kind, K1(mB2/T ), resulting in

dn

dt
+ 3Hn =

gB2�B2m
2
B2

2⇡2
T K1(mB2/T ) . (2.66)

As we did in the previous section, it is much simpler to rewrite this expression in terms of
the derivative of the yield Y = n/s in terms of the dimensionless variable x = mB2/T ,
which leads to

Y =
45gB2Mp�B2

4⇡4(1.66)m2
B2

gS⇤
p
g⇤

Z 1

xmin

K1(x)x
3
dx . (2.67)

Finally, solving for xmin = 0, yields

Y ⇡ 135 gB2

8⇡3(1.66)gS⇤
p
g⇤

✓
�B2Mp

m
2
B2

◆
. (2.68)

The function K1(x)x3 has a maximum around x ⇡ 2.4 and its integral
R xmax

0 K1(x)x3
dx

stabilises above xmax ⇡ 8, we have plotted this behaviour in Fig. 2.5. As we can observe,
the final yield is proportional to the bath’s particle partial decay width. This is very interest-
ing, as the decay width is directly proportional to the DM coupling square. Thus, the final
yield (and DM relic abundance) increases if the DM coupling increases. This behaviour is
the opposite as observed for WIMPs in eq.(2.49). This behaviour holds as long as the DM
coupling is small. If we increase the DM coupling, there comes a point at which the DM
particles produced reach thermal equilibrium and then we have to go back to the freeze-out
computation of the previous section.

The relic density is proportional 
to the SM particle decay rate.

Increase
DM coupling

Depending on the actual 
process, the correct relic 
abundance can be obtained 
for

24 FREEZE OUT OF MASSIVE SPECIES

Figure 2.5 Yield of a freeze-in species (in arbitrary units) as a function of x = m/T .

Finally, from eq.(2.68) we can use the explicit expression for the partial decay width
in a two-body final state and compute the resulting relic density. It can be seen that in
order to reproduce the correct relic abundance, the coupling needed is of the order of
� ⇡ 10�13. Interestingly, the final value of the Yield is also sensitive to the initial value of
xmin from which we integrate. Notice that xmin will be given by the temperature at which
the Universe reheated after inflation. Thus, the frreeze-in mechanism has a very interesting
connection to inflation.

A similar computation can be made for other possible production channels, for example,
scattering of bath particles B1B2 ! B3�. In this case, the Boltzmann equation (2.64) has
to be modified accordingly taking into account the matrix elements of the process and the
number densities of the particles involved.

The freeze in mechanism has been used for example to argue that gravitinos (the super-
symmetric companion of the graviton) and axinos (the supersymmetric companion of the
axion) can be viable candidates for DM.

2.5 Late decays of unstable particles

As we have just seen in the freeze-in mechanism of the previous section, it is conceivable
that particles with a small coupling to SM ones are produced out of equilibrium due to
either scattering or decays of particles in the thermal bath. The frozen-in particles need
not be absolutely stable, but given their small couplings their lifetime can be large. If the
lifetime is larger than the age of the Universe (1017 s), we should not worry as the compu-
tation of the relic density is not altered and this simply corresponds to a case of decaying
DM (very interesting from the point of view of indirect detection). However, if the lifetime
is smaller, then it is obvious that this particle cannot be the DM. Late-decaying particles
can however contribute to the (non-thermal) production of DM. A possible scenario is as
follows.

Consider a canonical WIMP DM candidate, �1, which decoupled at x = m�1/T ⇡ 20
via a freeze-out mechanism as described in Section 2.2.2, which leads to to a thermal
relic abundance Y th

�1
. Simultaneously, a semi-stable particle �2, with very small couplings,

freezes-in via the mechanism explained in Section 2.4, with a yield Y�2 . If particle �2
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One can also have “mixed” scenarios in which a particle that has 
decoupled decays (late) into the DM

The relic density of species B2 is 
“transferred” to the DM 
(conserving number density)

The DM therefore can have 
“thermal” and “non-thermal” 
contributions

�LSPh
2 = �G̃h

2mLSP

mG̃
DM

DM
B2

B2
B2

DM
B2

B1

DM
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