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In some sense quantum theory is a bending of physics
towards number theory. However, deep facts of number theory
play no role in questions of guantum mechanics....

In particular we do not know of any fundamental physical theories
that are based on deep facts in number theory.

| would think that quantum mechanics will be
completely reformulated and that number theory will play
a key role in this formulation.

C. Vafa (2000)



While we wait for this reformulation
let us see If Quantum Mechanics
can do something for Number Theory




Classical computer

nbits  x=x,2"+x2'+...x 2", x =01 x=01..2"-1

I

Quantum computer
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The Prime State

MEA 2"€ Primes _muv

JU AN:V Is the prime counting function




Quantum Mechanics allows for the superposition of primes
implemented as states of a computational basis

P(n))= @Mz@a@

Ex. n=3 [P(3))= i_wr_wr_mr_;




Numero de primos menores que N

Prime counting function

.@A.&v Number of primes p less than or equal to x e.g. aA_oov — Nm
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Prime Number Theorem (PNT)

. oy rodt X X
n(x)~Li(x) Li(x)=], logt ~Togx * Togix
dm(x) 1
Density of primes: e —
dx In x

Largest known value  7(10*) = 18 435 599 767 349 200 867 886 ~ 1.8 10”

Platt (2012)

Li(10*") = m(10**) = 1.7 10"

The prime number function will oscillate around the Log Integral infinitely many times
Littlewood, Skewes

727.9513468
A first change of sign is expected for some X <@

S —— —




If the Riemann hypothesis (RH) is correct, fluctuations are bounded

F;xvlix:A%/\M_omx

mAmvHMszm If T(s)=0 with 0<Real(s)<1 then wmmimvnw




Could the Prime state be constructed?
Does it encode properties of prime numbers?
What are its entanglement properties?

Could it provide the means to explore Arithmetics?



Entanglement: single qubit reduced density matrices
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Dirichlet theorem:
There infinite number of primes of the form 1 + 4n and 3 + 4n

PNT for arithmetic series

, 7T, (x) . 7T, 5 (X) | |
lim, , ———=Ilim__ ———= =—
Li(x) Li(x) ¢@4) 2

e S(p")~log2

Chebyshev bias:
For low values of x there exist more primes 1 mod 4 than 3 mod 4

A(x) =m,,(x)-m,,(x)
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Related to magnetization of qubit i=1 AQAN:vH




Twin primes : p, p+2

X .
Counting functi T.(x)=2C (Hardy-Littlewood
ounting tunction NA ) 2 A_Om va conjecture)

Twin o " :(5,7).... 1 mod 4, 3mod 4)
win primes
" AM (1 (11,13).... (3mod 4, 1 mod 4)
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Twinship - off diagonal entries of density matrix

Sub-series of primes, twin primes, etc. are amenable to measurements

T — B ——




Entanglement entropy of the Prime state

“entanglement-efficient.res" ul:3  + D n
"entanglement-efficient.res" u 1:3 ——=— M

y 4

“There is entanglement in the Primes”

Volume law scaling

- S ~.8858 n+const

A. Monras, G. Sierra, JIL




Scaling of entanglement entropy

S ~n— const Random states
S ~.8858 n+const Prime state
d—1
S~n ¢ +const Area law in d-dimensions
S~ C 1 Critical scaling in d=1
M og n+const at guantum phase transitions
S ~log A £ v — const Finitely correlated states

away from criticality
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Construction of the Prime state

Primality , _NUA:V )
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Prob(|P(n)))= Efficient construction




Construction of twin primes

U.o|P(n))[0)=2, _ . Ip+2)|0)
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Grover construction of the Prime state
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X v = AM DE primes _ Nu v + Mmmnozﬁom:mm _ﬁ. vV
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# calls to Grover WA:VMW/\EMH/\:_P@N
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R(n)

# calls to Grover

Overlap between
Grover state and the Prime state

45

We need to construct an oracle!




Construction of a Quantum Primality oracle

An efficient Quantum Oracle can be constructed using
classical primality tests

Miller-Rabin primality test

Find s and d (odd) such that
x>x—1=2°d
Choose witness a
1<a<x

If QQ “+1 mod x then x is composite with certainty

2'd
a #—1modx 0=<r<s-—1
If the test fails, x may be prime or composite.
Latter case: a is a strong liar to x

Eliminate strong liars checking less than log~ x withesses




Finding d and s

t=d)syr-]lwdf =2’ x3>s=d d=3
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Structure of the quantum primality oracle
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Modular ] Test I Test ] Test
Exponenciation s=1 s=2 s=3
qubits |d>=[x x X > d>=|x x>~ [d>=|x >

Test carriers

Tests are condition to the actual value of x



IX,> ERE
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x> P
x,>
1
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0
Acts only if x>2°
Is x<227? 11>
Modular
Exponenciation Tests a=2
qubits

Test carrier

Tests are only run when witness is smaller than x



Quantum Counting of Prime numbers

guantum primality oracle + quantum counting algorithm

Brassard, Hoyer, Tapp (1998)

t qubits

Counts the number of solutions to the oracle




We want to count M solutions out of N possible states

~

We know an estimate M

L
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| | 3
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Bounded error in quantum counting

Bounded error in the quantum counting of primes

g ()~ 7(1)|

Nuﬂ \d_\m

¢ log"” x

We use the
PNT



2t x"
¢ log" x

g () -0

Error of counting is smaller than the bound
for the fluctuations if Riemann hypothesis is correct

1
21 x°

c 1
log* x

1
<x’log x

Best classical algorithm by Lagarias-Miller-Odlyzko (1987)
implemented by Platt (2012)

1
2
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A Quantum Computer could calculate the size of fluctuations
more efficiently than a classical computer

1
T o« x?2 ..wR_Om.p.




Beyond Prime numbers: the g-functor

SCX —|S)= ﬁM@_av

1 x€eS8
0 xé&S

_mvuaMime_i %s(X)=

Primes
Average (Cramer) primes
Dirichlet characters

Only needs the construction of a quantum oracle for y(x)




Conclusion

Quantum Simulation of Arithmetics
Superposition of series of numbers using appropriate g-oracles
Measurements of arithmetic functions

More efficient approaches are likely



Thank you
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