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Fundam
ental building blocks



 
 

In som
e sense quantum

 theory is a bending of physics
tow

ards num
ber theory. H

ow
ever, deep facts of num

ber theory
play no role in questions of quantum

 m
echanics....

In particular w
e do not know

 of any fundam
ental physical theories

that are based on deep facts in num
ber theory.

I w
ould think that quantum

 m
echanics w

ill be
com

pletely reform
ulated and that num

ber theory w
ill play

a key role in this form
ulation.

                                                     C
.   Vafa  (2000)



 
 

W
hile w

e w
ait for this reform

ulation
let us see if Q

uantum
 M

echanics 
can do som

ething for N
um

ber Theory



 
 

C
lassical com

puter  

n bits
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 com
puter 
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The P
rim

e S
tate

∣P
(n)⟩=

1

√
π
(2

n) ∑
p<

2
n∈
Prim

es ∣p
⟩

π
(2
n)

is the prim
e counting function



∣P
(n)⟩=

1

√
π
(2

n) ∑
p<

2
n∈
Prim

es ∣p
⟩

Q
uantum

 M
echanics allow

s for the superposition of prim
es

im
plem

ented as states of a com
putational basis

∣P
(3)⟩=

1√ 4
(∣2

⟩+∣3
⟩+∣5

⟩+∣7
⟩ )

+
+

+

E
x. n=3 



P
rim

e counting function

N
um

ber of prim
es p less than or equal to  x 

e.g.

G
auss – Legendre law

  

P
rim

e num
ber theorem

-  H
adam

ard (1896)
- de la Vallee-P

oussin 



Prim
e N

um
ber Theorem

 (PN
T)

π
(x)≈

Li(x)
Li(x)=∫

2 x
dt
log
t ≈

x
log
x
+

x
log

2x
+...

P
latt (2012)

D
ensity of prim

es: 

The prim
e num

ber function w
ill oscillate around the Log Integral infinitely m

any tim
es

Littlew
ood, S

kew
es

A first change of sign is expected for som
e 
x<e

727.9513468...

Largest know
n value 



If the R
iem

ann hypothesis (R
H

)  is correct, fluctuations are bounded

ζ
(s)=∑

n≥
1

1n
s

If                    w
ith                             then     

ζ
(s)=

0
0≤
Real(s)≤

1
Real(s)=

12

∣Li(x)−
π
(x)∣<

18
π √
xlog

x



C
ould the P

rim
e state be constructed?

D
oes it encode properties of prim

e num
bers?

W
hat are its entanglem

ent properties?

C
ould it provide the m

eans to explore A
rithm

etics?



E
ntanglem

ent: single qubit reduced density m
atrices

∣P
(n)⟩=

1

√
π
(2
n) ∑

in−
1 ,...,i1 ,i0 =

0,1
p
in−

1 ...i1 i0 ∣in−
1 ,...,i1 ,i0 ⟩

p
in−

1 ...i1 i0 ={ 1
p=
in−

1 2
n−
1+...+i0 =

prim
e

0
otherw

ise

ρ
ab (1)=

1
π
(2

n) ∑
in−

1 ,...,i2, i0 =
0,1 p

in−
1 ,...,i2 ,a,i0 p

in−
1 ,...,i2 ,b,i0

ρ
00 (1)=

π
4,1 (2

n)
π
(2
n)

ρ
11 (1)=

1+
π
4,3 (2

n)
π
(2
n)

ρ
01 (1)=

π
2 (1)(2

n)
π
(2

n)

D
ensity m

atrix qubit i=1

O
dd prim

es



                                 D
irichlet theorem

:
 There infinite num

ber of prim
es of the form

 1 + 4n and 3 + 4n

P
N

T for arithm
etic series 

                                 C
hebyshev bias:

For low
 values of x there  exist m

ore prim
es 1 m

od 4 than 3 m
od 4

〈σ
z (1)⟩=

−
Δ

(2
n)−
1

π
(2
n)

R
elated to m

agnetization of qubit i=1

S
(ρ

(i))∼
log

2



Tw
in prim

es : p, p+2 

C
ounting function

(H
ardy-Littlew

ood
    conjecture)

Tw
in prim

esTw
inship →

 off diagonal  entries of density m
atrix

S
ub-series of prim

es, tw
in prim

es, etc. are am
enable to m

easurem
ents  



E
ntanglem

ent entropy of the P
rim

e state

ρ
n2Volum

e law
 scaling

S
∼
.8858

n+const

A
. M

onras, G
. S

ierra, JIL

“There is entanglem
ent in the P

rim
es”



S
∼

log(ξ)=
const

S
∼
c3
log
n+
const

S
∼
n
d
−

1
d

+
const

S
∼
.8858

n+const

S
∼
n−
const

R
andom

 states

P
rim

e state

A
rea law

 in d-dim
ensions

C
ritical scaling in d=1

 at quantum
 phase transitions

Finitely correlated states
 aw

ay from
 criticality

S
caling of entanglem

ent entropy



O
riginal partition carries

m
ore entanglem

ent (!!?)

E
ntanglem

ent entropy
for different partitions



C
onstruction of the P

rim
e state

HHHHHH

P
rim

ality
∣P

(n)⟩

U
prim

ality ∑
x ∣x

⟩∣0
⟩=

∣P
(n)⟩∣0

⟩+∑
c∈
com

posite ∣c⟩∣1
⟩

Prob(∣P
(n)⟩)=

π
(2
n)

2
n

≈
1

nlog
2

E
fficient construction



C
onstruction of tw

in prim
es

U
prim

ality U
+2 ∣P

(n)⟩∣0
⟩=∑

p,p+2
∈
prim

es ∣p
+2

⟩∣0
⟩+∑

p
+2∉

prim
es ∣p

+2
⟩∣1

⟩

U
+2 ∣P

(n)⟩∣0
⟩=∑

p
∈
prim

es ∣p
+2

⟩∣0
⟩



G
rover construction of the P

rim
e state

∣ψ
0 ⟩=∑

x<2
n ∣x

⟩=
1

π
(2
n) (∑

p∈
prim

es ∣p
⟩+∑

c∈
com

posites ∣c
⟩)

∣ψ
f ⟩=

∣P
(n)⟩

# calls to G
rover

R
(n)≤

π4√
NM

≤
π4 √ n

log
2

N

M



# calls to G
rover

O
verlap betw

een
G

rover state and the P
rim

e state 

W
e need to construct an oracle!



C
onstruction of a Q

uantum
 P

rim
ality oracle

A
n efficient Q

uantum
 O

racle can be constructed using 
classical prim

ality tests

M
iller-R

abin prim
ality test

x→
x−

1=
2
sd

1≤
a≤
x

a
d≠

1m
od
x

a
2
rd≠

−
1m
od
x

0≤
r≤
s−

1

•
Find s and d (odd) such that 

•
 C

hoose w
itness a

•
If                                                                then  x   is com

posite w
ith certainty

•
If the test fails, x m

ay be prim
e or com

posite. 

•
Latter case: a is a strong liar to x

•
E

lim
inate strong liars checking  less than                w

itnesses



s
d

Finding d and s 



 
 

Test
a

m

U
tests

U
tests †

carrier 1

carrier m

global

Test
a

1

Test
a

2

S
tructure of the quantum

 prim
ality oracle



 
 

Test
s=1

|d>=|x
3 x

2 x
1 >

|x
0 =1>

|x
1 >

|x
2 >

|x
3 >

M
odular 

E
xponenciation

qubits

Test carriers

Test
s=2

|d>=|x
3 x

2 >

Test
s=3

|d>=|x
3 >

Tests are condition to the actual value of x



 
 

Tests a=2

|x
0 >

|x
1 >

|x
2 >

|x
3 >

A
cts only if x>2

2

|1>

M
odular 

E
xponenciation

qubits

Is x<2
2 ?

Test carrier

Tests are only run w
hen w

itness is sm
aller than  x



Q
uantum

 C
ounting of P

rim
e num

bers

quantum
 prim

ality oracle  +  quantum
 counting algorithm

B
rassard, H

oyer, Tapp (1998)

C
ounts the num

ber of solutions to the oracle



∣M̃
−
M

∣<
2
πc
M

12+
π

2

c
2

W
e w

ant to count M
 solutions out of N

 possible states

W
e know

 an estim
ate M̃

B
ounded error in quantum

 counting

B
ounded error in the quantum

 counting of prim
es

W
e use the 

   P
N

T



2
πc

x
12

log
12x

<
x
12log

x

E
rror of counting is sm

aller than the bound
for the fluctuations if R

iem
ann hypothesis is correct

A Q
uantum

 C
om

puter could calculate the size of fluctuations
m

ore efficiently than a classical com
puter

B
est classical algorithm

 by Lagarias-M
iller-O

dlyzko (1987)
im

plem
ented by P

latt (2012)

T
∼
x

12
S
∼
x

14



B
eyond P

rim
e num

bers:  the q-functor

∣S
⟩=

1√ ∣S∣ ∑
x∈
X
χ
S (x)∣x

⟩
χ
S (x)={ 1

x∈
S

0
x∉
S

P
rim

es
A

verage (C
ram

ér) prim
es 

D
irichlet characters

...

O
nly needs the construction of a quantum

 oracle for  χ
S (x) 



C
onclusion

 Q
uantum

 S
im

ulation of A
rithm

etics

S
uperposition of series of num

bers using appropriate q-oracles

M
easurem

ents of arithm
etic functions

M
ore efficient approaches are likely



Thank you 

  G
racies 



W
hat is this?
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