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Q
uantum

 Entanglem
ent 

in M
any B

ody System
s



Quantum
 Entanglem

ent

	
  Erw
in	
  Schroedinger	
  (1935)	
  

	
  	
  

I	
  w
ould	
  call	
  entanglem

ent	
  the
the	
  fundam

ental	
  trait	
  of	
  Q
uantum

	
  M
echanics,

the	
  one	
  that	
  enforces	
  its	
  en4re	
  departure	
  from
	
  classical	
  lines	
  of	
  thought



PLA
N
	
  O
F	
  TH

E	
  TA
LK

- B
rief review

 of entanglem
ent: definition, m

easures, area law

- N
um

erical M
any B

ody M
ethods: D

M
R

G
, M

P
S

, P
E

P
S

, M
E

R
A

- E
ntanglem

ent in critical spin chain m
odels and C

onform
al Field Theory

- Infinite M
P

S
 and C

FT 
       * H

aldane-S
hastry m

odel 
       * K

alm
eyer-Laughlin w

ave function →
 Fractional Q

uantum
 H

all 

- C
onclusions



-­‐	
  W
hat	
  is	
  entanglem

ent	
  ?	
  

-	
  H
ow

	
  to	
  quan4fy	
  it?	
  

	
  	
  



D
EFIN

ITIO
N

€
 

ψ
≠
ψ

A
⊗
ψ

B



Exam
ples

N
ot	
  entangled	
  (=product	
  state)	
  

Entangled	
  states	
  

€
 

ψ
=
12
↑
⊗
↓
−
↓
⊗
↑

(
)

€
 

ψ
=
↑⊗

↑



Entanglem
ent’s	
  D

N
A
	
  :	
  Schm

idt	
  decom
posi4on

S
chm

idt num
ber



G
lobal	
  m

easure	
  of	
  entanglem
ent	
  	
  :	
  entropy	
  

Reduced	
  D
ensity	
  M

atrices :

Entanglem
ent	
  entropy	
  =	
  Von	
  N

eum
ann	
  entropy	
  of	
  reduced	
  D

M
’s	
  	
  

€
 

S
A
=
−TrA

ρ
A lnρ

A
=
−

d
i 2ln

d
i 2

i
∑



O
ther m

easures of entanglem
ent

R
enyi entropies: 

A
nalytic extension in “n”  allow

s to com
pute von N

eum
ann



E
ntanglem

ent H
am

iltonian and entanglem
ent spectrum

A

B

B
 acts as a therm

al bath for A (and viceversa)

E
ntanglem

ent
H

am
iltonian

E
ntanglem

ent
energies

H
aldane, Li

→
  associated to the boundary of A →

 relation to holography

The low
est “energy” states are the m

ost probable ones



A
B

qubit

Volum
en Law



Entropic	
  	
  A
rea	
  law

	
  	
  

A
B

A
rea of boundary betw

een A and B

A
rea law

 holds for low
 energy states of local H

am
iltonians

and



Low
 energy states of local H

am
iltonians are here

H
ilbert space =



Black	
  hole	
  entropy	
  	
  
B

ekenstein- H
aw

king 70's

B
om

belli et al (86), S
rednicki (93)

A

U
V

 cutoff

P
lanck

length
horizon



1D
	
  A
rea	
  law

	
  	
  

Independent of size of A or B

E
xplains the success of the D

M
R

G
 m

ethod (S
teve W

hite 1992)

C
haracteristic of system

s w
ith a gap in the spectrum

or finite correlation length

W
hy? 



D
M
RG

	
  =	
  varia4onal	
  ansatz	
  =	
  M
atrix	
  Product	
  States	
  	
  

O
stlund, R

om
m

er

open

closed



	
  G
raphical	
  representa4on	
  of	
  M

PS

A
B



	
  2D
	
  A
rea	
  Law

	
  :	
  Proyected	
  Entangled	
  Pair	
  States	
  (PEPS)	
  	
  

C
irac and Verstraete 2004 



	
  M
ul4scale	
  Entangled	
  Renorm

aliza4on	
  A
nsatz	
  (M

ERA
)	
  	
  

Vidal  2005

M
P

S
, P

E
P

S
, M

E
R

A →
 Tensor N

etw
orks S

tates

R
G

 -tim
e

disantangler

isom
etry



Entanglem
ent	
  in	
  spin	
  chains	
  	
  

Vidal, Latorre, R
ico, K

itaev (03)

W
hen the chain is critical 

c =1/2 (IS
IN

G
), 1 (X

Y and X
X

Z) 

c: central charge of the C
onform

al Field Theory



Entanglem
ent	
  in	
  Conform

al	
  Field	
  Theory	
  	
  

H
olzhey, Larsen, W

ilczek (94)
C

alabrese, C
ardy (04)

R
eplica trick  -> R

enyi entropies

n=1

n=2

n=3



E
ntanglem

ent entropy of periodic system
s

E
ntanglem

ent entropy of open  system
s

                       
B

oundary entropy
(A

ffleck, Ludw
ig)

H
alf of the close system



E
ntanglem

ent entropy at finite tem
perature

H
igh tem

perature 
extensive

P
erturbing the C

FT →
 M

assive theory w
ith finite correlation length



Finite	
  size	
  effects	
  	
  in	
  CFT	
  	
  

C
entral charge gives the finite size corrections of the ground state energy

E
xcited states are caracterized by the conform

al w
eights (h, h*) and their level (n,n*)

B
lote, C

ardy, N
ighingale  (86)

A
ffleck (86)

P
rim

ary states : n=n*=0 are created by a prim
ary field



Entanglem
ent	
  in	
  excited	
  states	
  of	
  CFT	
  	
  

A
lcaraz, Ibañez, G

S
 (11)

R
enyi entropies of prim

ary states are given by 2n point correlators

B
y analytic extension one obtains generically

Von N
eum

ann entropy



E
xam

ple:
c=1 free boson

X
X

Z spin chain

Low
est excitation w

ith



G
eneral R

enyi entropies for  
 E

ssler, Lauchli,  C
alabrese (12)



Taddia, X
avier, A

lcaraz, G
S

 (13)

Entanglem
ent	
  in	
  open	
  system

s	
  CFT	
  	
  B
oson w

ith 
N

eum
ann or D

irichlet
 B

oundary conditions



Infinite	
  M
atrix	
  Products	
  and	
  	
  CFT	
  	
  

C
irac, G

S
, 2009

N
ielsen, C

irac, G
S

1D
 area law

 →
 

C
ritical system

s →
  

O
perator in a C

FT

z



Vertex operators 

The Infinite M
P

S
 w

ave functions have a Jastrow
 form

A
grees w

ith a c =1 C
FT



Trial  w
ave functions for the X

X
Z m

odel 

O
verlap

E
xact w

ave function



H
aldane-­‐Shastry	
  m

odel	
  and	
  	
  CFT	
  	
  

Is equivalent to the H
aldane-S

hastry w
ave function

G
round state of the H

am
iltonian

The H
S

 m
odel belongs to the sam

e universality class as A
F H

eisenbrg m
odel 



Kalm
eyer-­‐Laughlin	
  w

ave	
  func4on	
  	
  and	
  	
  CFT	
  	
  

B
osonic version of Laughlin w

ave function at filling = ½
 

P
arent H

am
iltonian of the C

FT w
ave function



Truncated H
am

iltonian



Topological properties 



Topological entanglem
ent entropy

Q
uantum

 dim
ension

of anyons

K
itaev-P

reskill
Levin-W

en 



Ferm
i-H

ubbard  H
am

iltonian →
 S

pin H
am

iltonian 

O
ptical lattice realization of the FQ

H
 at fillin 1/2



Conclusions	
  	
  

- The concept of  entanglem
ent has deepen our understanding of Q

uantum
P

hysics  in the last years

- It lead to the understanding of the D
M

R
G

 m
ethod and it turn to the invention

 of the P
E

P
S

, M
E

R
A

, etc. 

- N
ew

 characterization of the phase transitions and new
 phases of m

atter 
in particular the topological phases like the FQ

H
E

. 

- Intriguing links betw
een black hole physics,  holography 

  and m
any body physics


