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Erwin Schroedinger (1935)

| would call entanglement the fundamental trait of Quantum Mechanics,
the one that enforces its entire departure from classical lines of thought
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PLAN OF THE TALK

- Brief review of entanglement: definition, measures, area law
- Numerical Many Body Methods: DMRG, MPS, PEPS, MERA
- Entanglement in critical spin chain models and Conformal Field Theory
- Infinite MPS and CFT
* Haldane-Shastry model

* Kalmeyer-Laughlin wave function — Fractional Quantum Hall

- Conclusions



- What is entanglement ?

- How to quantify it?



DEFINITION




Examples

Not entangled (=product state) \W\\ _ %@ %
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Entanglement’s DNA : Schmidt decomposition
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Global measure of entanglement : entropy

Reduced Density Matrices:
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Entanglement entropy = Von Neumann entropy of reduced DM'’s
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Other measures of entanglement

Renyi entropies:

o
S\ = J_z Tr, p\, n=23...

Analytic extension in “n” allows to compute von Neumann
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Entanglement Hamiltonian and entanglement spectrum

Haldane, Li

B acts as a thermal bath for A (and viceversa)

N Entanglement
y U -H, <4 Hamiltonian
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The lowest “energy” states are the most probable ones

Nu\m — associated to the boundary of A — relation to holography
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Entropic Area law
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Area law holds for low energy states of local Hamiltonians



Low energy states of local Hamiltonians are here
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Hilbert space =




Black hole entropy  Bekenstein- Hawking 70's
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Area law in Quantum Field Theory  Bombelli et al (86), Srednicki (93)
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1D Area law

Independent of size of Aor B
R »
%> Qm Characteristic of systems with a gap in the spectrum
or finite correlation length

Explains the success of the DMRG method (Steve White 1992)




DMRG = variational ansatz = Matrix Product States

H = M”_ 72, a1

Ostlund, Rommer
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A Matrix Product State (MPS)
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Graphical representation of MPS
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2D Area Law : Proyected Entangled Pair States (PEPS)

Cirac and Verstraete 2004
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Multiscale Entangled Renormalization Ansatz (MERA)

Vidal 2005
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MPS, PEPS, MERA — Tensor Networks States



Entanglement in spin chains
Vidal, Latorre, Rico, Kitaev (03)
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When the chain is critical %» = |_5 + Cle, N << [

3

¢ =1/2 (ISING), 1 (XY and XXZ)

c: central charge of the Conformal Field Theory



Entanglement in Conformal Field Theory

Holzhey, Larsen, Wilczek (94)
Calabrese, Cardy (04)

Replica trick -> Renyi entropies
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Entanglement entropy of periodic systems \\ }
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Entanglement entropy of open systems
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Half of the close system Boundary entropy  (Affleck, Ludwig)
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Entanglement entropy at finite temperature
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Finite size effects in CFT

Blote, Cardy, Nighingale (86)
Affleck (86)

Central charge gives the finite size corrections of the ground state energy
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Excited states are caracterized by the conformal weights (h, h*) and their level (n,n*)
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Primary states : n=n*=0 are created by a primary field
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Entanglement in excited states of CFT

Alcaraz, Ibarfiez, GS (11)

Renyi entropies of primary states are given by 2n point correlators
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Example: XXZ spinchain ——p»  ¢c=1 free boson

Lowest excitation with p=2x/L — » %QA Z)
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General Renyi entropies for %QANV Essler, Lauchli, Calabrese (12)
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Entanglement in open systems CFT

Taddia, Xavier, Alcaraz, GS (13)

o hM.w (979531 + 050500) + Nouann or Dirichlet
i Boundary conditions
Iwﬁalqw + a0 +a,07 + P07 + Q+QM + B,0%),
02 AMNEUumaﬁlwwaH»ﬂﬂ—v_A_ﬂ HOOV\ HHHN ]
Wl
| :,_{_:_:_:_:,_
-0.2} ::{}:: |
_0.6} . _ 1




Infinite Matrix Products and CFT

Cirac, GS, 2009
Nielsen, Cirac, GS
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Vertex operators Q&ANV X mrj\mﬁtu (= H_

The Infinite MPS wave functions have a Jastrow form
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Overlap

Trial wave functions for the XXZ model
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Haldane-Shastry model and CFT

|

— Is equivalent to the Haldane-Shastry wave function
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Ground state of the Hamiltonian

The HS model belongs to the same universality class as AF Heisenbrg model



Kalmeyer-Laughlin wave function and CFT

Bosonic version of Laughlin wave function at filling = %2
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Parent Hamiltonian of the CFT wave function
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Truncated Hamiltonian

H=J,) 25,-Sn+J3) 25, 8n

<n,m> <<n,umzEs

Plane Torus
N | L. x L, | [{¥pol¥fs )| | [{(ero¥$6 ") [(@r|wFT )]
12 4x3 0.9860 0.9818 0.9533
16 4x4 0.9812 0.9747 0.9572
20 4x5 0.9728 0.9655 0.9200
30 6 x5 - 0.9258 0.9361




Topological properties

a
LyxLy: 6X5 aAx5 4ax4 4x3
ar —_
— 1 -2
- 3} -1
= —1 =
| —2 it
= 2f -t
=
ir —_—1
—_
of . —_1 =1 =1 —1
0 0.02 0.04 0.06 0.08 0.1
1/N
b —42
=g 1 == -— ™1 =1 o
p— 1
F2 =2 —p —p —2 —2 -3 —p =2
-43t
=
=
—44
bt — — —
Sl -_— 1 ;
— —_1
—_—2
—1 —
e N —
—45F1 1 : . 1 =
0 0.2 0.4 0.6 0.8 1



Topological entanglement entropy

Kitaev-Preskill
Levin-Wen

Quantum dimension

of anyons
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Fermi-Hubbard Hamiltonian — Spin Hamiltonian
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Optical lattice realization of the FQH at fillin 1/2

Spin up/down
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Conclusions

- The concept of entanglement has deepen our understanding of Quantum
Physics in the last years

- It lead to the understanding of the DMRG method and it turn to the invention
of the PEPS, MERA, etc.

- New characterization of the phase transitions and new phases of matter
in particular the topological phases like the FQHE.

- Intriguing links between black hole physics, holography
and many body physics



