
understanding the anatomy of the ΔI=1/2 rule

Carlos Pena

trobada               ,  03/12/2014

in collaboration with:
E Endress

L Giusti
P Hernández

M Laine
J Wennekers

H Wittig

[PRL 98 (2007) 082003]
[JHEP 0805 (2008) 043]

[PRD 90 (2014) 9 094504]
[arXiv:1402.0831]



in memoriam Jan Wennekers 1978-2009





neutral kaon decay



neutral kaon decay

Citation: K.A. Olive et al. (Particle Data Group), Chin. Phys. C38, 090001 (2014) (URL: http://pdg.lbl.gov)

K 0K 0
K 0K 0 I (JP ) = 1

2 (0−)

50% KS , 50% KL

Mass m = 497.614 ± 0.024 MeV (S = 1.6)
mK0 − mK± = 3.937 ± 0.028 MeV (S = 1.8)

Mean Square Charge RadiusMean Square Charge RadiusMean Square Charge RadiusMean Square Charge Radius
〈

r2
〉

= −0.077 ± 0.010 fm2

T-violation parameters in K0-K0 mixingT-violation parameters in K0-K0 mixingT-violation parameters in K0-K0 mixingT-violation parameters in K0-K0 mixing [d]

Asymmetry AT in K0-K 0 mixing = (6.6 ± 1.6) × 10−3

CPT-violation parametersCPT-violation parametersCPT-violation parametersCPT-violation parameters [d]

Re δ = (2.5 ± 2.3) × 10−4

Im δ = (−1.5 ± 1.6) × 10−5

Re(y), Ke3 parameter = (0.4 ± 2.5) × 10−3

Re(x−), Ke3 parameter = (−2.9 ± 2.0) × 10−3
∣

∣mK0 − mK0

∣

∣ / maverage < 6 × 10−19, CL = 90% [k]

(ΓK0 − ΓK0)/maverage = (8 ± 8) × 10−18

Tests of ∆S = ∆QTests of ∆S = ∆QTests of ∆S = ∆QTests of ∆S = ∆Q

Re(x+), Ke3 parameter = (−0.9 ± 3.0) × 10−3

K 0
S

K 0
SK 0
S

K 0
S

I (JP ) = 1
2 (0−)

Mean life τ = (0.8954 ± 0.0004)×10−10 s (S = 1.1) Assum-
ing CPT

Mean life τ = (0.89564 ± 0.00033) × 10−10 s Not assuming
CPT
cτ = 2.6844 cm Assuming CPT

CP-violation parametersCP-violation parametersCP-violation parametersCP-violation parameters [l]

Im(η+−0) = −0.002 ± 0.009
Im(η000) = (−0.1 ± 1.6) × 10−2

∣

∣η000
∣

∣ =
∣

∣A(K0
S → 3π0)/A(K0

L → 3π0)
∣

∣ < 0.0088, CL =
90%

CP asymmetry A in π+π− e+ e− = (−0.4 ± 0.8)%
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Scale factor/ p

K0
S

DECAY MODESK0
S

DECAY MODESK0
S

DECAY MODESK0
S

DECAY MODES Fraction (Γi /Γ) Confidence level (MeV/c)

Hadronic modesHadronic modesHadronic modesHadronic modes
π0π0 (30.69±0.05) % 209

π+π− (69.20±0.05) % 206

π+π−π0 ( 3.5 +1.1
−0.9 ) × 10−7 133

Modes with photons or "" pairsModes with photons or "" pairsModes with photons or "" pairsModes with photons or "" pairs
π+π−γ [f,n] ( 1.79±0.05) × 10−3 206

π+π− e+ e− ( 4.79±0.15) × 10−5 206

π0γγ [n] ( 4.9 ±1.8 ) × 10−8 231

γγ ( 2.63±0.17) × 10−6 S=3.0 249

Semileptonic modesSemileptonic modesSemileptonic modesSemileptonic modes
π± e∓ νe [o] ( 7.04±0.08) × 10−4 229

CP violating (CP) and ∆S = 1 weak neutral current (S1) modesCP violating (CP) and ∆S = 1 weak neutral current (S1) modesCP violating (CP) and ∆S = 1 weak neutral current (S1) modesCP violating (CP) and ∆S = 1 weak neutral current (S1) modes

3π0 CP < 2.6 × 10−8 CL=90% 139

µ+µ− S1 < 9 × 10−9 CL=90% 225

e+ e− S1 < 9 × 10−9 CL=90% 249

π0 e+ e− S1 [n] ( 3.0 +1.5
−1.2 ) × 10−9 230

π0µ+µ− S1 ( 2.9 +1.5
−1.2 ) × 10−9 177

K 0
L

K 0
LK 0
L

K 0
L

I (JP ) = 1
2 (0−)

mKL
− mKS

= (0.5293 ± 0.0009)× 1010 h̄ s−1 (S = 1.3) Assuming CPT
= (3.484 ± 0.006) × 10−12 MeV Assuming CPT
= (0.5289 ± 0.0010)× 1010 h̄ s−1 Not assuming CPT

Mean life τ = (5.116 ± 0.021)× 10−8 s (S = 1.1)
cτ = 15.34 m

Slope parameter gSlope parameter gSlope parameter gSlope parameter g [b]

(See Particle Listings for other linear and quadratic coefficients)

K0
L → π+π−π0: g = 0.678 ± 0.008 (S = 1.5)

K0
L → π0π0π0: h = (+0.59 ± 0.20 ± 1.16) × 10−3

KL decay form factorsKL decay form factorsKL decay form factorsKL decay form factors [d]

Linear parametrization assuming µ-e universality

λ+(K0
µ3) = λ+(K0

e3) = (2.82 ± 0.04) × 10−2 (S = 1.1)

λ0(K
0
µ3) = (1.38 ± 0.18) × 10−2 (S = 2.2)
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S
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Not assuming CPT

φ+− = (43.4 ± 0.5)◦ (S = 1.2)

φ00 = (43.7 ± 0.6)◦ (S = 1.2)

φε = (43.5 ± 0.5)◦ (S = 1.3)

CP asymmetry A in K0
L → π+π− e+ e− = (13.7 ± 1.5)%

βCP from K0
L → e+ e− e+ e− = −0.19 ± 0.07

γCP from K0
L → e+ e− e+ e− = 0.01 ± 0.11 (S = 1.6)

j for K0
L → π+π−π0 = 0.0012 ± 0.0008

f for K0
L → π+π−π0 = 0.004 ± 0.006

∣

∣η+−γ

∣

∣ = (2.35 ± 0.07) × 10−3

φ+−γ = (44 ± 4)◦
∣

∣ε
′

+−γ

∣

∣/ε < 0.3, CL = 90%
∣

∣gE1
∣

∣ for K0
L → π+π−γ < 0.21, CL = 90%

T-violation parametersT-violation parametersT-violation parametersT-violation parameters

Im(ξ) in K0
µ3 = −0.007 ± 0.026

CPT invariance testsCPT invariance testsCPT invariance testsCPT invariance tests

φ00 − φ+− = (0.34 ± 0.32)◦

Re(2
3η+− + 1

3η00)−
AL
2 = (−3 ± 35) × 10−6

∆S = −∆Q in K0
#3 decay∆S = −∆Q in K0
#3 decay∆S = −∆Q in K0
#3 decay∆S = −∆Q in K0
#3 decay

Re x = −0.002 ± 0.006
Im x = 0.0012 ± 0.0021

Scale factor/ p

K0
L

DECAY MODESK0
L

DECAY MODESK0
L

DECAY MODESK0
L

DECAY MODES Fraction (Γi /Γ) Confidence level(MeV/c)

Semileptonic modesSemileptonic modesSemileptonic modesSemileptonic modes
π± e∓ νe [o] (40.55 ±0.11 ) % S=1.7 229

Called K0
e3.

π±µ∓ νµ [o] (27.04 ±0.07 ) % S=1.1 216

Called K0
µ3.

(πµatom)ν ( 1.05 ±0.11 ) × 10−7 188

π0π± e∓ ν [o] ( 5.20 ±0.11 ) × 10−5 207

π± e∓ ν e+ e− [o] ( 1.26 ±0.04 ) × 10−5 229

Hadronic modes, including Charge conjugation×Parity Violating (CPV) modesHadronic modes, including Charge conjugation×Parity Violating (CPV) modesHadronic modes, including Charge conjugation×Parity Violating (CPV) modesHadronic modes, including Charge conjugation×Parity Violating (CPV) modes

3π0 (19.52 ±0.12 ) % S=1.6 139

π+π−π0 (12.54 ±0.05 ) % 133

π+π− CPV [q] ( 1.967±0.010) × 10−3 S=1.5 206

π0π0 CPV ( 8.64 ±0.06 ) × 10−4 S=1.8 209
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neutral kaon decay

Hamiltonian for            system determined by hermiticity + CPTK0–K̄0

H = M − i
2Γ =

�
A p

2

q
2

A

�

eigenstates of Hamiltonian are                                           if CP conserved
(                ). CP violation in SM leads to mixing:p = q = 0

|K1,2� = 1√
2
(|K0�± |K̄0�)

|KS� =
1�

1 + |ε̄|2
(|K1�+ ε̄|K2�) , |KL� =

1�
1 + |ε̄|2

(|K2�+ ε̄|K1�) , ε̄ =
p− q

p+ q

CP-violation parameters accessible via decay amplitudes into two pions

−iT [K0 → (ππ)I ] = Aie
iδI T [(ππ)I → (ππ)I ]l=0 = 2eiδI sin δI

ε =
T [KL → (ππ)0]

T [KS → (ππ)0]
� ε̄+ i

ImA0

ReA0

ε� =
ε√
2

�
T [KL → (ππ)2]

T [KL → (ππ)0]
− T [KS → (ππ)2]

T [KS → (ππ)0]

�
� 1√

2
ei(δ2−δ0+π/2)ReA2

ReA0

�
ImA2

ReA2
− ImA0

ReA0

�



neutral kaon decay

experiment:

|ε| = (2.228± 0.011)× 10−3

Re

�
ε�

ε

�
= (1.65± 0.26)× 10−3

Experimental results

∆I = 1/2 rule

˛̨
˛̨ A0

A2

˛̨
˛̨ ! 22.1

Indirect CP violation

|ε| = (2.282 ± 0.017) × 10−3

Direct CP violation

Re(ε′/ε) = (16.7 ± 2.3) · 10−4
Re(ε’/ε)

Average: (16.7 ± 2.3) 10-4

E731
(7.4±6.0)10-4

NA31
(23.0±6.5)10-4

KTeV
(20.7±2.8)10-4

NA48
(14.7±2.2)10-4

0 0.002 0.004 0.006

L. Giusti – Valencia November 2005 – p.5/33

����
A0

A2

���� = 22.35



neutral kaon decay

experiment:

[CKMFitter 2014]

|ε| = (2.228± 0.011)× 10−3

Re

�
ε�

ε

�
= (1.65± 0.26)× 10−3

����
A0

A2

���� = 22.35



neutral kaon decay

experiment:

[CKMFitter 2014]

|ε| = (2.228± 0.011)× 10−3

Re

�
ε�

ε

�
= (1.65± 0.26)× 10−3

[fully?] satisfactory understanding of result within SM framework lacking for 40 years

(similar observations in baryon sector e.g.                    , heavy meson decay, ...)Λ /Σ → Nπ

����
A0

A2

���� = 22.35



computing kaon decay amplitudes

EW effective Hamiltonian analysis

why is it so difficult?

status

understanding the anatomy: strategy

disentangling scales

low-energy effective description and the role of chiral symmetry

can’s and cannot’s

some results

long-distance effects in GIM limit

towards the physical charm mass scale

conclusions and outlook

outline
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effective weak Hamiltonian

H
eff
w =

GF√
2

�

k

fk(VCKM)Ck(µ/MW ) Ōk(µ)

A(K0 → K̄
0) ≈ �K̄0

|H
eff
w |K

0�

Active charm quark Propagator techniques Results: physical amplitudes Summary and outlook

Effective Hamiltonian (I)

Length scale weak
interaction

�
size of hadron

−→ turn to effective theory

Operator product expansion OPE

Propagator ∼ 1
p2+M2

W
= 1

M2
W

�
1

1+p2/M2
W

�
≈ 1

M2
W

Separates long- and short-distance effects via effective weak Hamiltonian

H
eff
w =

GF√
2

�

i

fi(VCKM)ki(µ/MW )Qi(µ)
Q: (multi) quark field operators

k: Wilson Coefficients, include all
high-energy effects

Wilson coefficients
(short-distance physics)

four-quark operators
(long-distance physics)

T [K → ππ] ≈ �ππ|Heff
w |K�+O

�
p2

M2
W

�



effective weak HamiltonianActive charm quark Propagator techniques Results: physical amplitudes Summary and outlook

Effective Hamiltonian (II)

Lowest QCD corrections

CP-violation effects neglected (                         ), keep active charm quark:
VtdV ∗

ts

VudV ∗
us

∼ 10−3

H
eff
w =

g2w
2M2

W

V ∗
usVud

�

σ=±
{kσ1Q

σ
1 + kσ2Q

σ
2}

Q±
1 = (s̄LγµuL)(ūLγµdL) ± (s̄LγµdL)(ūLγµuL) − [u ↔ c]

Q±
2 = (m2

u −m2
c) {md(s̄LdR) + ms(s̄RdL)}



effective weak Hamiltonian

CP-violation effects neglected (                         ), keep active charm quark:
VtdV ∗

ts

VudV ∗
us

∼ 10−3

H
eff
w =

g2w
2M2

W

V ∗
usVud

�

σ=±
{kσ1Q

σ
1 + kσ2Q

σ
2}

Q±
1 = (s̄LγµuL)(ūLγµdL) ± (s̄LγµdL)(ūLγµuL) − [u ↔ c]

Q±
2 = (m2

u −m2
c) {md(s̄LdR) + ms(s̄RdL)}

����
A0

A2

���� =
k−1 (MW )

k+1 (MW )

�(ππ)I=0|Q−
1 |K�

�(ππ)I=2|Q+
1 |K�

k−1 (MW )

k+1 (MW )
� 2.8

(do not contribute to physical               transitions)K → ππ

bulk of effect should come from long-distance QCD contribution

reliable non-perturbative determination mandatory

[Gaillard, Lee; Altarelli, Maiani 1974]

[Cabibbo, Martinelli, Petronzio; Brower, Maturana, Gavela, Gupta 1984]



effective weak Hamiltonian: integrating out the charm

Active charm quark Propagator techniques Results: physical amplitudes Summary and outlook

Effective Hamiltonian (II)

Lowest QCD corrections

H
eff
w =

g2w
2M2

W

VudV
∗
us

10�

i=1

[zi + τyi]Qi τ = − VtdV ∗
ts

VudV ∗
us

several four-fermion operators contribute (2 current-current, 4 QCD penguins, 
4 EW penguins)

missing GIM mechanism leads to quadratic divergences in penguin operators (cf. 
log divergences if charm active)

suggests enhancement mechanism due to peculiar role of charm scale
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Effective Hamiltonian (II)

Lowest QCD corrections

H
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g2w
2M2

W

VudV
∗
us
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i=1

[zi + τyi]Qi τ = − VtdV ∗
ts

VudV ∗
us

Active charm quark Propagator techniques Results: physical amplitudes Summary and outlook

∆I = 1/2 rule (III)

T (K → (ππ)
I
) = A

I
eiδI , I = 0, 2, |A

0
|/|A

2
| � 22.1, ”∆I = 1/2 rule”

Several possible origins/contributions of long-distance QCD

Final state interactions of pions E � 100 MeV

Long-distance QCD effects E � 250 MeV

Heavy charm quark: mc � mu,d,s E � mcharm � 1.3 GeV

Classic arguments suggest: Large up-charm quark mass difference may be

responsible, via penguins [Shifman et al. (1977)]

exact GIM cancellation if mc = mu

m2
c−m2

u
µ2 for mc � µ � MW

ln
m2

c
µ2 for µ � mc =⇒ No suppression below mc

All of the above (no dominating mechanism)

Separate intrinsic QCD effects from physics at scale of mc

[Giusti, Hernández, Laine, Weisz, Wittig (2004)]

∼ m2
c −m2

u

µ2
, mc � µ � MW

∼ ln
m2

c

µ2
, µ � mc

[Shifman, Vainshtein, Zakharov 1975-77]

effective weak Hamiltonian: integrating out the charm



large N?

T [K0 → π0π0] ∼ 0 ⇒
����
A0

A2

����
N→∞

∼
√
2

[Fukugita et al. 1977; Chivukula, Flynn, Georgi 1986]

since then, much work to refine the analysis by incorporating contributions from 
resonances / chiral theory effects, ...

[see review in Buras, Gérard, Bardeen EPJ C74 (2014) 5]

H
eff
w ∼ GFJ

µ
wJ

µ
w



Lattice sizes, quark masses, . . .

Systematic limitations

Lattice-spacing and finite-volume
effects

The light-quark mass m is larger
than the physical one

a

L

Available range of a, L,m must be such that the results can be
extrapolated to a→ 0, L→∞ and m→ 0

Niels Bohr Institute, 16.–18. August 2006 Lattice sizes, quark masses, ... 6/31

lattice QCD?

Simulations of lattice QCD with light sea quarks turn out to be much less
“expensive” than previously estimated

No of operations [in Tflops×year] required for an ensemble of 100 gauge fields∗

5
�
20 MeV

m

�3 �
L

3 fm

�5 �
0.1 fm

a

�7

Ukawa, Berlin 2001

0.05
�
20 MeV

m

�1 �
L

3 fm

�5 �
0.1 fm

a

�6

Giusti, Tucson 2006

∗Two-flavour QCD, O(a) improved Wilson quarks, quark mass m, 2L× L3 lattice, spacing a

Niels Bohr Institute, 16.–18. August 2006 Numerical Lattice QCD 3/31

• Wilson fermions, Hybrid Monte Carlo Algorithm:

L >∼ 2.5 fm, a <∼ 0.1 fm, mmin

π
<∼ 250 MeV

→ Computer must sustain several TFlops/s

7

[Ukawa 2001]

[Giusti 2006]



lattice QCD?

[BMW Collaboration 2008]

Eur. Phys. J. C (2014) 74:2890 Page 75 of 179 2890

Fig. 16 Decay constants of the B- and Bs -mesons. The values are taken from Table 24 (the fB entry for FNAL/MILC 11 represents fB+ ). The
significance of the colours is explained in Sect. 2. The black squares and grey bands indicate our averages in Eqs. (110), (111) and (112)

this analysis are discretisation and heavy-quark extrapola-
tion errors. They are estimated by varying the fit Ansatz and
by excluding data at the largest and smallest lattice spacings
as well as data at the largest values of amh .

The Fermilab Lattice and MILC collaborations present a
lattice-QCD calculation of the D- and B-meson decay con-
stants in Ref. [332], which uses the Fermilab method for the
heavy (b and c) valence quarks together with Asqtad light
and strange valence quarks on a subset of the MILC Asq-
tad Nf = 2 + 1 ensembles. The current renormalisations
are calculated using a mostly non-perturbative renormali-
sation (mNPR) method. Their estimate of the perturbative
errors for the small perturbative correction factors calculated
at one loop in mean-field improved lattice perturbation the-
ory are comparable to the size of actual one-loop correc-
tions. The simulations include lattice spacings in the range
a ≈ 0.15–0.09 fm and a minimum RMS pion mass of approx-
imately 320 MeV. In this calculation lattice data at 9–12
valence light-quark masses are generated for each sea-quark
ensemble. The chiral- and continuum-extrapolated results are
obtained from combined chiral and continuum fits. The chiral
fit function uses NLO partially quenched HMrSχPT includ-
ing 1/mh terms and supplemented by NNLO analytic terms.
Also included are light-quark as well as heavy-quark dis-
cretisation terms. The dominant uncertainties after statistical
errors are due to heavy-quark discretisation effects, heavy-
quark mass tuning, and correlator fit errors. A calculation of
the B- and D-meson decay constants using Fermilab heavy
quarks on the full set of Asqtad ensembles is still in progress
[407].

The RBC/UKQCD collaboration has presented a result
for the SU(3) breaking ratio in Ref. [406] using a static-
limit action on Nf = 2 + 1 domain wall ensembles at a

single lattice spacing a ≈ 0.11 fm with a minimum pion
mass of approximately 430 MeV. They use both HYP and
APE smearing for the static action and one-loop mean-
field improved lattice perturbation theory to renormalise
and improve the static-limit current. Their static-limit action
and current do not, however, include 1/mh effects. Refer-
ence [406] includes an estimate of this effect via power count-
ing as O((ms − md)/mb) in the error budget. The statistical
errors in this work are significantly larger (∼5–8 %), as are
the chiral-extrapolation errors (∼7 %), due to the rather large
pion masses used in this work. With data at only one lat-
tice spacing, discretisation errors cannot be estimated from
the data. A power counting estimate of this error of 3 % is
included in the systematic error budget. An update of this
work was presented at the Lattice 2013 conference [408],
where the new analysis includes ensembles at two lattice
spacings and with smaller pion masses, as well as calcula-
tions of the decay constants themselves. However, Ref. [408]
did not appear until after the closing deadline and is therefore
not included in this review. The RBC/UKQCD collaboration
has also presented preliminary calculations of the B-meson
decay constants using the RHQ action (another relativistic
heavy-quark action) [401,409] on Nf = 2 + 1 domain-wall
ensembles at two lattice spacings, a ≈ 0.086, 0.11 fm with
sea-pion masses in the range mπ ≈ 420–290 MeV. The
parameters of the RHQ action are tuned non-perturbatively,
and the axial-vector current is renormalised using the mNPR
method. Results are quoted with statistical errors only [401]
after a combined chiral-continuum extrapolation using SU(2)
HMχPT and a term linear in a2. A complete systematic error
analysis is still in progress.

In summary, for the Nf = 2 + 1 case there currently are
four different results for the B- and Bs-meson decay con-

123

[Flavour Lattice Averaging Group 2013]



no-go theorems

Maiani-Testa: physical decay amplitudes with more than one hadron in final state 
cannot be extracted from Euclidean correlation functions [in infinite volume]

[Maiani, Testa 1990]

Lellouch-Lüscher: avoid by working at large finite volume to disentangle 
pion rescattering effects (requires volumes being reached only now)

[Lellouch, Lüscher 1998; Lin, Martinelli, Sachrajda, Testa 2001]

chiPT: use effective low-energy description of weak Hamiltonian to relate 
physical               amplitudes to computable quantitiesK → ππ

[Bernard et al. 1985]



no-go theorems

Maiani-Testa: physical decay amplitudes with more than one hadron in final state 
cannot be extracted from Euclidean correlation functions [in infinite volume]

[Maiani, Testa 1990]

Lellouch-Lüscher: avoid by working at large finite volume to disentangle 
pion rescattering effects (requires volumes being reached only now)

[Lellouch, Lüscher 1998; Lin, Martinelli, Sachrajda, Testa 2001]

chiPT: use effective low-energy description of weak Hamiltonian to relate 
physical               amplitudes to computable quantitiesK → ππ

[Bernard et al. 1985]

Nielsen-Ninomiya: no ultralocal lattice regularisation preserves full chiral symmetry
[Nielsen, Ninomiya 1982]

absence of chiral symmetry leads to complicate operator mixing and 
severe power divergences

[Bochicchio et al. 1985; Maiani et al. 1987]

use regularisations with exact chiral symmetry (not ultralocal), or better 
chiral properties

[Capitani, Giusti 2001; CP, Sint, Vladikas 2004; Frezzotti, Rossi 2004]



renormalisation and chiral symmetry

Q±
1 = (s̄LγµuL)(ūLγµdL) ± (s̄LγµdL)(ūLγµuL) − [u ↔ c]

active charm:

mixes with (m2
u −m2

c) {md(s̄LdR) + ms(s̄RdL)}

(mu −mc)s̄d , (mu −mc)(ms −md)s̄γ5d , Q±;(k)
1 [Γ⊗ Γ�]resp.

charm integrated out:

Qi always mixes with lower-dimensional operators via power divergences 
(no GIM factor); more severe mixing/divergences if chiral symmetry is 
broken



direct computations

state of the art: computation by RBC/UKQCD collaboration

Toward an quantitative understanding of the ∆I = 1/2 rule

ReA0 is also dominated by the tree level operators

i Q lat
i [GeV] QMS-NDR

i [GeV]
1 8.1(4.6) 10−8 6.6(3.1) 10−8

2 2.5(0.6) 10−7 2.6(0.5) 10−7

3 -0.6(1.0) 10−8 5.4(6.7) 10−10

4 – 2.3(2.1) 10−9

5 -1.2(0.5) 10−9 4.0(2.6) 10−10

6 4.7(1.7) 10−9 -7.0(2.4) 10−9

7 1.5(0.1) 10−10 6.3(0.5) 10−11

8 -4.7(0.2) 10−10 -3.9(0.1) 10−10

9 – 2.0(0.6) 10−14

10 – 1.6(0.5) 10−11

ReA0 3.2(0.5) 10−7 3.2(0.5) 10−7

Dominant contribution to Qlat
2 is ∝ ( 2 2� − 1� ) ⇒ Enhancement in ReA0

ReA0

ReA2
∼

2 2� − 1�
1� + 2�

With this unphysical kinematics, we find
ReA0

ReA2
= 9.1(2.1) for mK = 878 MeV mπ = 422 MeV

ReA0

ReA2
= 12.0(1.7) for mK = 662 MeV mπ = 329 MeV

Nicolas Garron (Trinity College Dublin) Weak interactions of kaons and pions June 24, 2014 44 / 52

[plenary talk by N Garron at Lattice 2014]

improvement in the way (smaller pion masses / larger volumes)

two-pion final state

(almost) exactly chiral fermion regularisation (DW)

effective Hamiltonian with charm integrated out

[Blum et al. 2011]



direct computations

state of the art: computation by RBC/UKQCD collaboration

two-pion final state

(almost) exactly chiral fermion regularisation (DW)

effective Hamiltonian with charm integrated out

[Blum et al. 2011]

“emergent understanding”

Toward an quantitative understanding of the ∆I = 1/2 rule

Two kinds of contraction for each ∆I = 3/2 operator

L
i

i

s j j

L

π

πK

L
i
j

s j i
L

π

πK

Contraction 1� Contraction 2�

ReA2 is dominated by the tree level operator

(EWP ∼ 1%):

Naive factorisation approach: 2� ∼ 1/3 1�

Our computation: 2� ∼ −0.7 1�

⇒ large cancellation in ReA2
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[Boyle et al. 2013]

Toward an quantitative understanding of the ∆I = 1/2 rule

Two kinds of contraction for each ∆I = 3/2 operator

L
i

i

s j j

L

π

πK

L
i
j

s j i
L

π

πK

Contraction 1� Contraction 2�

ReA2 is dominated by the tree level operator

(EWP ∼ 1%):

Naive factorisation approach: 2� ∼ 1/3 1�

Our computation: 2� ∼ −0.7 1�

⇒ large cancellation in ReA2

Nicolas Garron (Trinity College Dublin) Weak interactions of kaons and pions June 24, 2014 43 / 52



computing kaon decay amplitudes

EW effective Hamiltonian analysis

why is it so difficult?

status

understanding the anatomy: strategy

disentangling scales

low-energy effective description and the role of chiral symmetry

can’s and cannot’s

some results

long-distance effects in GIM limit

towards the physical charm mass scale

conclusions and outlook

outline



a strategy to understand the role of the charm quark
[Giusti, Hernández, Laine, Weisz, Wittig 2004]

several possible sources for ΔI=1/2 enhancement:

physics at charm scale (penguins)

physics at “intrinsic” QCD scale 

final state interactions

all of the above (no dominating “mechanism”)

∼ ΛQCD

separate low-energy QCD and charm-scale physics: consider amplitudes as a function 
of charm mass for fixed u,d,s masses

mc = mu = md = ms −→ mc � mu = md ≤ ms

active charm

use chiral fermions (good renormalisation, access to all kinematical regimes)

give up direct computation (chiral fermions too expensive) ⇒ no control of FSI 



effective low-energy description

dynamics of Goldstone bosons at LO given by chiral Lagrangian

L = 1
4F

2Tr
�
∂µU∂µU

†� − 1
2ΣTr

�
UM†eiθ/Nf + h.c.

�

weak interactions accounted for by low-energy counterpart of effective Hamiltonian

of order αs(MW )
3 ∼ O(10

−3
). The RGI Wilson coefficient can instead be computed

directly as kRGI
= U(MW /Λ)−1k(MW ), with the same degree of perturbative un-

certainty. In view of the construction of the weak Hamiltonian, it is convenient to

define the quantities

Z±
1 ≡ k±;RGI

1 U±
1 (µ/Λ)

Z±
11(µ)

Z2
A

, (2.14)

where ZA is the normalisation factor of the left-handed current (which will be non-

trivial in the lattice regularisation of QCD that we will introduced later). Note that

Z±
1 is independent by construction of the renormalisation scale µ.

The running factor U(µ/Λ) has been computed non-perturbatively in [38, 39]

with Nf = 0 and Nf = 2 dynamical flavours, respectively. The renormalisation

factors Z±
11(µ)/Z

2
A for the overlap fermion regularisation that we will employ in this

work have been determined in quenched QCD in [40].

2.3 Effective low-energy description in Chiral Perturbation Theory

As discussed in the introduction, a direct computation of K → ππ amplitudes,

requiring large physical volumes, is beyond the current scope of our work. We thus

resort to computing instead the LECs in the ChiPT counterpart of the effective weak
Hamiltonian, from which the amplitudes can be computed at some given order in

the chiral expansion. Since our main emphasis is to understand their dependence

on mc, we will face two different physical situations: the strict GIM limit, where

all quark masses are light and degenerate; and the “physical” kinematics, where

mu = md = ms are kept light and mc � mu. In the former case, all four quarks can

be treated within ChiPT, while in the latter only the light flavours enter the effective
description; therefore, two different versions of the chiral effective Hamiltonian will

be needed, with SU(4) and SU(3) symmetries, respectively.

The construction of the relevant chiral effective weak Hamiltonians has been

reviewed in [33]. Given a leading-order chiral Lagrangian of the form (either for

U ∈ SU(Nf = 4) or U ∈ SU(Nf = 3))
5

L =
F 2

4
Tr

�
(∂µU)∂µU

†
�
− Σ

2
Tr

�
UM †eiθ/Nf +MU †e−iθ/Nf

�
, (2.15)

where M is the mass matrix and θ the vacuum angle, the leading-order SU(4)

Hamiltonian reads
6

H(4)
w =

g2w
4M2

W

V ∗
usVud

�

σ=±
{gσ1Qσ

1 + gσ2Qσ
2} , (2.16)

5Note that F and Σ will of course be different in general depending on the value of Nf .
6In what follows the operators Q

±
2 , which are the chiral counterparts of Q±

2 , will play no role,

since SU(4) ChiPT will only be used in the limit mu = mc, where they drop from H
(4)
w . Their

explicit form can be found in [28].

7

where g±1,2 are LECs,

Q
±
1 = J

su
µ J

ud
µ ± J

sd
µ J

uu
µ − [u ↔ c] , (2.17)

Jµ is the left-handed chiral current

Jµ =
F 2

√
2
U∂µU

† , (2.18)

and superscripts indicate matrix components in flavour space. The SU(3) Hamilto-
nian has instead the form

H
(3)
w =

g2w
4M2

W

V ∗
usVud

�
g27Q27 + g8Q8 + g�8Q

�
8

�
, (2.19)

where

Q27 =
2

5
J

su
µ J

ud
µ +

3

5
J

sd
µ J

uu
µ , (2.20)

Q8 =
1

2

�

q=u,d,s

J
sq
µ J

qd
µ , (2.21)

Q
�
8 = mlΣF

2
�
Ueiθ/Nf + U †e−iθ/Nf

�sd
, (2.22)

where ml ≡ mu = md = ms. Indeed, in order to avoid unessential complications
related to the soft breaking of the SU(3) vector symmetry, we will always work in the
limit of degenerate up, down, and strange masses, which will be assumed hereafter.

LECs will be determined by matching QCD correlation functions containing the
weak Hamiltonian with ChiPT correlation functions containing its chiral counter-
part. Matching conditions can be imposed separately in different symmetry sectors,
by identifying sets of operators on both sides that transform in the same way under
the relevant chiral symmetry. In the case of the matching to SU(4) ChiPT this
is straightforward: Q

±
1,2 and Q±

1,2 have exactly the same transformation properties
under SU(4)L. In the case of SU(3) ChiPT, on the other hand, one finds that Q27

transforms in the 27-plet of SU(3)L, while Q8 and Q�
8 transforms as octets; since on

the QCD side there are one 27-plet and several octet operators, the matching will
be somewhat more involved. Furthermore, as is well-known, K → ππ amplitudes
depend on g27 and g8 but not on g�8 [29,41], rendering the latter essentially arbitrary;
as a matter of fact, the appearance of g�8 reflects the need for subtractions in QCD
amplitudes, as will be discussed in greater detail below.

Note that, since the charm quark is always kept as an active degree of freedom
in QCD, this will imply that the SU(3) LECs g27, g8 will be functions of mc. One can

actually consider the matching of the chiral Hamiltonians H(4)
w and H

(3)
w in a regime

where mc > mu = md = ms but such that the charm can still be treated within

8
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limit of degenerate up, down, and strange masses, which will be assumed hereafter.

LECs will be determined by matching QCD correlation functions containing the
weak Hamiltonian with ChiPT correlation functions containing its chiral counter-
part. Matching conditions can be imposed separately in different symmetry sectors,
by identifying sets of operators on both sides that transform in the same way under
the relevant chiral symmetry. In the case of the matching to SU(4) ChiPT this
is straightforward: Q

±
1,2 and Q±

1,2 have exactly the same transformation properties
under SU(4)L. In the case of SU(3) ChiPT, on the other hand, one finds that Q27

transforms in the 27-plet of SU(3)L, while Q8 and Q�
8 transforms as octets; since on

the QCD side there are one 27-plet and several octet operators, the matching will
be somewhat more involved. Furthermore, as is well-known, K → ππ amplitudes
depend on g27 and g8 but not on g�8 [29,41], rendering the latter essentially arbitrary;
as a matter of fact, the appearance of g�8 reflects the need for subtractions in QCD
amplitudes, as will be discussed in greater detail below.

Note that, since the charm quark is always kept as an active degree of freedom
in QCD, this will imply that the SU(3) LECs g27, g8 will be functions of mc. One can

actually consider the matching of the chiral Hamiltonians H(4)
w and H

(3)
w in a regime

where mc > mu = md = ms but such that the charm can still be treated within
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�
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6
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w =
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V ∗
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σ=±
{gσ1Qσ

1 + gσ2Qσ
2} , (2.16)
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6In what follows the operators Q

±
2 , which are the chiral counterparts of Q±

2 , will play no role,

since SU(4) ChiPT will only be used in the limit mu = mc, where they drop from H
(4)
w . Their

explicit form can be found in [28].
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ChiPT, from which point of view charmed mesons behave as decoupling particles.
This has been studied in [42], where explicit expressions for g27(mc), g8(mc) in terms
of LO and (unknown) next-to-leading order LECs in SU(4) ChiPT are provided. The
leading-order matching reads

g27(0) = g+1 , g8(0) = g−1 +
1

5
g+1 . (2.23)

On the other hand, one can take the leading-order results for |A0| and |A2| in SU(3)
ChiPT and match them to the experimental values of the amplitudes, interpreting
the result as a phenomenological determination of the LECs at the physical value
mc of the charm quark mass. The result of this exercise is

|gexp27 (mc)| ∼ 0.50 , |gexp8 (mc)| ∼ 10.5 . (2.24)

One important ingredient of our setup is that we work both in the standard,
p-regime of ChiPT, and in the so-called �-regime [43, 44] (see also [45, 46]). Here
p-regime means working in large volumes measured in terms of the pion Compton
wavelength, i.e. mπL � 1 if a four-dimensional box of dimensions L3 × T is consid-
ered; �-regime means keeping a large volume (i.e. the implicit FπL � 1 prerrequisite
for the chiral expansion to work is fulfilled) but working at very small quark masses,
such that the “pion” Compton wavelength is of the order of L — or, more precisely,
mΣV � 1, where m is the light quark mass, Σ is the chiral condensate, and V is the
four-dimensional volume. Furthermore, one should keep T ∼ L, since at T/L � 1
a different kinematical region — the δ-regime [47] — arises. The main advantage
of considering the �-regime instead of the physical p-regime is that mass effects are
suppressed in the former, and the chiral expansion is rearranged such that less oper-
ators appear at any given order in the expansion with respect to the p-regime [48].
This allows for potentially cleaner determinations of the leading-order LECs — es-
pecially so in the case of effective Hamiltonians for non-leptonic meson decay, which
display a large number of new terms at NLO in the chiral expansion [49]. On the
other hand, finite-volume effects are obviously large in the �-regime, being typically
polynomial and not exponentially suppressed as in the p-regime. Finally, out of
technical convenience correlation functions in the �-regime are computed at a fixed
value of the topological charge.

It can be shown [43] that LECs are universal, in the sense that the same values
are obtained when ChiPT is matched to QCD in either kinematical regime. Since
the systematic uncertainties induced by the truncation of the chiral expansion are
however different in each case, being able to perform consistent matching in both
regimes implies a much higher degree of control on the final results. In particular,
the ChiPT correlation functions involved in the matching for leading-order LECs
in the chiral effective Hamiltonian will not depend on extra LECs up to NNLO
corrections — NLO contributions are purely finite-volume effects, which are exactly
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determination of low-energy constants: light charm

match suitable correlation functions in QCD and ChPT (infinite volume:
amplitudes)

K → π

calculable. Note that on the QCD side, the need of having non-perturbative results
at very low quark masses and for a well-defined value of the topological charge in
order to work in the �-regime implies that lattice regularisations with exact chiral
symmetry are strongly preferred.

One final comment concerns the use of quenched Chiral Perturbation Theory
(qChiPT) to describe quenched QCD data. As is well-known, qChiPT displays
unphysical artifacts; in particular, in the context of K → ππ transitions Golterman-
Pallante ambiguities make the matching of QCD to SU(3) qChiPT ill-defined [50,51].
This is however not the case for SU(4), where the ratios of correlation functions we
will deal with (see below) present no ambiguities in the quenched approximation,
as discussed in [28, 33]. Quenched results are not worked out explicitly in [33]
for SU(3) ChiPT. As can be seen in the formulae gathered in Appendix A, while
the �-regime formulae are essentially insensitive to quenching, the NLO prediction
p-regime predictions for the relevant correlation functions in the octet channel dis-
plays 1/Nf factors, that signal the need to take into account non-decoupled singlet
contributions to repeat the computation in the quenched case. Here we will take the
unquenched formulae as an operational description, and perform fits with various
values of Nf (and hence different coefficients in the chiral logs) to check the depen-
dence of the LECs on the value of Nf , and adscribe a systematic uncertainty to fit
results (see Section 5 for details).

2.4 Matching ChiPT to QCD

2.4.1 mc = ml

When all quarks are light and degenerate the effective low-energy description of
∆S = 1 processes is given by Eq. (2.16). Contributions from Q±

2 (in QCD) and Q±
2

(in ChiPT) drop because they are proportional to mu − mc; one is thus left with
the problem of determining the LECs g±1 . As explained above, the correspondence
between QCD and ChiPT operators in this case is straightforward. The matching
can be easily performed using three-point functions of the operators in the effective
Hamiltonian with quark bilinears such that flavour indices are saturated. A techni-
cally convenient choice for the latter is to employ left-handed currents, leading to
the correlation functions

C±
i (x0, y0) =

�
d3x

�
d3y �Jdu

0 (x)Q±
i (0) J

us
0 (y)� , (2.25)

C(x0) =

�
d3x �Jαβ

0 (x) Jβα
0 (0)� , (2.26)

where α,β are distinct light flavour indices (not summed over). The ratios

R±
i (x0, y0) =

C±
i (x0, y0)

C(x0)C(y0)
, (2.27)
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will then be proportional to the matrix elements �π|Q±
1 |K� (with mass-degenerate

kaon and pion) when x0 → +∞, y0 → −∞. The equivalent ChiPT quantities are

C(x0) =
�

d3x �J ud
0 (x)J du

0 (0)�SU(4) , (2.28)

C±
i (x0, y0) =

�
d3x

�
d3y �J du

0 (x)Q±
i (0)J

us
0 (y)�SU(4) , (2.29)

R±
i (x0, y0) =

C±
i (x0, y0)

C(x0)C(y0)
, (2.30)

where the notation ��SU(4) emphasises the use of the appropriate effective theory.
The LECs in the chiral weak Hamiltonian can then be readily extracted from the
matching condition

Z±
1 R±

1 (x0, y0) = g±1 R
±
1 (x0, y0) . (2.31)

Formulae for ChiPT quantities are given in Appendix A.

2.4.2 mc � ml

A similar strategy to the one just described can be pursued to match QCD with
mc � ml to SU(3) ChiPT. One first defines new three-point functions in both QCD

C+
u (x0, y0) =

�
d3x

�
d3y �Jdu

0 (x)Q+
u (0) J

us
0 (y)� , (2.32)

and ChiPT

C27(x0, y0) =
�

d3x

�
d3y �J du

0 (x)Q27(0)J us
0 (y)�SU(3) , (2.33)

C8(x0, y0) =
�

d3x

�
d3y �J du

0 (x)Q8(0)J us
0 (y)�SU(3) , (2.34)

C�
8(x0, y0) =

�
d3x

�
d3y �J du

0 (x)Q�
8(0)J us

0 (y)�SU(3) , (2.35)

and the corresponding ratios R+
u ,R27,R8,R�

8 by dividing them with products of
current two-point functions. Next one can impose matching conditions in both the
27-plet and octet channels,

R27(x0, y0) = g27R27(x0, y0) , (2.36)

R8(x0, y0) = g8R8(x0, y0) + g�8R�
8(x0, y0) , (2.37)

where

R27 = Z+
1 R+

u , (2.38)

R8 = Z+
1

�
R+

1 −R+
u + c+R+

2

�
+ Z−

1

�
R−

1 + c−R−
2

�
. (2.39)
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calculable. Note that on the QCD side, the need of having non-perturbative results
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unphysical artifacts; in particular, in the context of K → ππ transitions Golterman-
Pallante ambiguities make the matching of QCD to SU(3) qChiPT ill-defined [50,51].
This is however not the case for SU(4), where the ratios of correlation functions we
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plays 1/Nf factors, that signal the need to take into account non-decoupled singlet
contributions to repeat the computation in the quenched case. Here we will take the
unquenched formulae as an operational description, and perform fits with various
values of Nf (and hence different coefficients in the chiral logs) to check the depen-
dence of the LECs on the value of Nf , and adscribe a systematic uncertainty to fit
results (see Section 5 for details).

2.4 Matching ChiPT to QCD

2.4.1 mc = ml

When all quarks are light and degenerate the effective low-energy description of
∆S = 1 processes is given by Eq. (2.16). Contributions from Q±

2 (in QCD) and Q±
2

(in ChiPT) drop because they are proportional to mu − mc; one is thus left with
the problem of determining the LECs g±1 . As explained above, the correspondence
between QCD and ChiPT operators in this case is straightforward. The matching
can be easily performed using three-point functions of the operators in the effective
Hamiltonian with quark bilinears such that flavour indices are saturated. A techni-
cally convenient choice for the latter is to employ left-handed currents, leading to
the correlation functions

C±
i (x0, y0) =

�
d3x

�
d3y �Jdu

0 (x)Q±
i (0) J

us
0 (y)� , (2.25)

C(x0) =

�
d3x �Jαβ

0 (x) Jβα
0 (0)� , (2.26)

where α,β are distinct light flavour indices (not summed over). The ratios

R±
i (x0, y0) =

C±
i (x0, y0)

C(x0)C(y0)
, (2.27)
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will then be proportional to the matrix elements �π|Q±
1 |K� (with mass-degenerate

kaon and pion) when x0 → +∞, y0 → −∞. The equivalent ChiPT quantities are

C(x0) =
�

d3x �J ud
0 (x)J du

0 (0)�SU(4) , (2.28)

C±
i (x0, y0) =

�
d3x

�
d3y �J du

0 (x)Q±
i (0)J

us
0 (y)�SU(4) , (2.29)

R±
i (x0, y0) =

C±
i (x0, y0)

C(x0)C(y0)
, (2.30)

where the notation ��SU(4) emphasises the use of the appropriate effective theory.
The LECs in the chiral weak Hamiltonian can then be readily extracted from the
matching condition

Z±
1 R±

1 (x0, y0) = g±1 R
±
1 (x0, y0) . (2.31)

Formulae for ChiPT quantities are given in Appendix A.
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�

d3x

�
d3y �J du
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0 (y)�SU(3) , (2.33)

C8(x0, y0) =
�

d3x

�
d3y �J du

0 (x)Q8(0)J us
0 (y)�SU(3) , (2.34)

C�
8(x0, y0) =

�
d3x

�
d3y �J du

0 (x)Q�
8(0)J us

0 (y)�SU(3) , (2.35)

and the corresponding ratios R+
u ,R27,R8,R�

8 by dividing them with products of
current two-point functions. Next one can impose matching conditions in both the
27-plet and octet channels,

R27(x0, y0) = g27R27(x0, y0) , (2.36)

R8(x0, y0) = g8R8(x0, y0) + g�8R�
8(x0, y0) , (2.37)

where

R27 = Z+
1 R+

u , (2.38)

R8 = Z+
1

�
R+

1 −R+
u + c+R+

2

�
+ Z−

1

�
R−

1 + c−R−
2

�
. (2.39)
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kinematical regimes in ChPT
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Ô1

�
αβγδ

=
1

4
F 4

�
U∂µU

†�
γα

�
U∂µU

†�
δβ

U ∈ SU(4): Goldstone boson field, F: pion decay constant

|A
0
|

|A
2
|
=

1
√
2

�
1

2
+

3

2

g−
1

g+
1

�
(at LO)

Explore different kinematical regimes
[Gasser, Leutwyler (1987), Hansen (1990), Hansen, Leutwyler (1991)]

�-regime: mπL � 1p-regime: mπL � 1

λπ

L

λπ

L

No additional ∆S = 1 interaction terms at NLO in �-regime

Active charm quark Propagator techniques Results: physical amplitudes Summary and outlook

∆S = 1 chiral Hamiltonian with an active charm quark

Low-energy counterpart of weak effective Hamiltonian at LO

HChPT

w =
g2w

4M2

W

VudV
∗
us

�

σ=±
gσ1

��
Ôσ
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kinematical regimes in ChPT
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Figure 3: The ratio g8/g27 of SU(3) weak couplings in the chiral limit, for two different values of
the ratio ĝ−

w
/ĝ+

w
of SU(4) weak couplings in the chiral limit. We have assumed Σ ≈ (250 MeV)3,

F ≈ 93 MeV, and varied the scale Λχ, accounting for unknown higher order low-energy couplings, in
the range from Λχ = 1 GeV (lower edges of the bands) to Λχ = 4 GeV (upper edges of the bands).

Now, g8 should phenomenologically be much larger in absolute value than g27. This can

perhaps most easily be understood by writing ξ in the meson basis and expanding the op-

erators to the third order, whereby it is easy to verify that the very slow ∆I = 3/2 decay

K+ → π0π+ is directly proportional to g27, while the much faster ∆I = 1/2 decays of K0
S

get a comparable contribution both from g8 and g27. More quantitatively, a leading order

analysis [6], supplemented by phenomenologically determined large phase factors [9] in the

amplitudes, suggests the well-known values

|g8| ≈ 5.1 , (5.10)

|g27| ≈ 0.29 . (5.11)

It has been argued that 1-loop corrections in chiral perturbation theory are large [8, 10, 11],

and one can therefore get agreement with experimental data on partial decay widths even

with somewhat less differing values of g8 and g27, but a sizeable hierarchy still remains.

Eqs. (5.8), (5.9) now indicate that the charm quark mass can contribute to this hierarchy.

Indeed, we observe that even if the SU(4) values were degenerate, ĝ+
w ≈ ĝ−w , there is a

logarithmically enhanced linear term in g8, but none in g27. Inserting Σ ≈ (250 MeV)3,

F ≈ 93 MeV, we note that M2
c /(4πF)2 ∼ mc/(760 MeV), which means that the correction

factors in Eq. (5.8) are rather substantial, as soon as mc equals a few hundred MeV. The

situation is illustrated numerically in Fig. 3.
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Figure 4: The values of [C27]ab
norm(−T/3, T/3). The parameters are: Nf = 3, F = 93 MeV, L = 2 fm

(left), L = 4 fm (right), T/L = 2, Λ = (500 − 2000) MeV.

of them, however, it is sufficient for our purposes here to note that the O(p4) low-energy

constants amount to cancelling the 1/ε-divergences in the result and replacing the corre-

sponding MS scheme scale parameter µ̄ by two different physical scales, Λ for the coefficient

of P (x0)P (y0) and Λ′ for the coefficient of P ′(x0)P ′(y0).

For practical applications, it is convenient to normalise the three-point correlator by divid-

ing with two two-point correlators:

[C27]
ab
norm(x0, y0) ≡

[C27]
ab(x0, y0)

C(x0)C(y0)
= ∆ab

27

[

1 +
D27(x0, y0)

C(x0)C(y0)

]

≡ ∆ab
27

[

1 + R27(x0, y0)
]

. (4.9)

The function R27(x0, y0) is then trivially obtained from Eqs. (4.6) and (3.5); in Eq. (3.5), it

is even enough to keep the leading order contribution only, since D27(x0, y0) gets generated

only at NLO.

As an example, the function [C27]
ab
norm(−T/3, y0) is plotted in Fig. 3 as a function of y0, for

the index choice in Eq. (4.5) (solid line). The values of [C27]
ab
norm(−T/3, T/3) are shown in

Fig. 4, as a function of ML (the region bounded by solid lines). In these plots, the effects of

the weak LECs have been collected to a single scale Λ = Λ′ appearing inside the logarithms,

and the scale has been varied in a wide range, to indicate the size of the uncertainty related

to the unknown higher order LECs.

We would like to stress at this point that the p-regime results are parametrically valid only

in the range ML>∼ 1/FL: for generic observables, the contributions of the Goldstone zero-

modes become dominant if this inequality is not satisfied, and need to be resummed, leading

to the rules of the ε-regime. It turns out [20], however, that in the normalised observable

[C27]
ab
norm(x0, y0) that we have considered here, the contributions from the Goldstone zero-

11

0.0 1.0 2.0 3.0 4.0 5.0
M L 

0.0

0.2

0.4

0.6

0.8

1.0

[C
8] no

rm
ab

   
 (-

T/
3,

T/
3)

0.0 0.5 1.0 2.0 4.0 8.0

µ

inf.volume formula
p-regime

!-regime (any fixed ")

0.0 1.0 2.0 3.0 4.0 5.0
M L 

0.0

0.2

0.4

0.6

0.8

1.0

[C
8] no

rm
ab

   
 (-

T/
3,

T/
3)

0.0 2.0 8.0 32.0

µ

inf.volume formula
p-regime

!-regime (any fixed ")

Figure 6: The function [C8]
ab

norm(−T/3, T/3). The parameters are: Nf = 3, F = 93 MeV, L = 2 fm
(left), L = 4 fm (right), T/L = 2, Λ = (500 − 2000) MeV.

where

D′
8(x0, y0) =

F 4

2

{[

1 −
NfG(0;M2)

F 2
+

E(0;M2)

F 2
M2 d

dM2

]

[

M2P ′(x0)P
′(y0)

]

+

+
NfM4

2F 2

∫ T

0
dτ

[

P ′(τ − x0)P
′(τ − y0) + M2P (τ − x0)P (τ − y0)

]

B(τ) −

−
2M4

F 2

∫ T

0
dτ P ′(τ − x0)P

′(τ − y0)B̃(τ) −
Nf

2F 2

M2

T

dG(0;M2)

dM2dT

}

. (5.14)

Separating the divergent parts, we get (in the unquenched case)

D′
8(x0, y0) = D′r

8 (x0, y0) + F 2λ
[(

−
3Nf

2
+

3

Nf

)

M4P ′(x0)P
′(y0) −

Nf

2
M6P (x0)P (y0) +

+
1

Nf
M6 d

dM2

(

P ′(x0)P
′(y0)

)]

, (5.15)

where D′r
8 (x0, y0) is finite. The cancellation of divergences is demonstrated in Appendix B.

If we want to disentangle the dependences following from the operators O8 and O′
8 in

a given lattice measurement, we are lead to compare the contributions from O′
8 with the

normalised correlation function in Eq. (5.10). Therefore, we define

[C′
8]

ab
norm(x0, y0) ≡

[C′
8]

ab(x0, y0)

C(x0) C(y0)
. (5.16)

Treating UV-divergences and higher order LECs as before, the correlation functions

[C8]
ab
norm(−T/3, y0) and [C′

8]
ab
norm(−T/3, y0) are plotted in Fig. 5 as a function of y0 (solid
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Figure 2: The quantities R(x0, y0) (left panel) and H(x0, y0) (right panel) plotted as functions of the
box size and geometry. For F we have here chosen a value indicated by quenched simulations at modest
volumes, F ≈ 103 MeV [50], but the dependence of R on F is only through an overall factor 1/(FT )2

and the curves have thus the same form for any other value as well.

Quenched QCD can be treated within the framework of an effective Lagrangian,
with the resulting low-energy expansion referred to as quenched Chiral Perturbation
Theory (qChPT) [56, 57]. The theoretical status of qChPT is, however, questionable.
This manifests itself in the occurrence of infrared divergences in certain correlation func-
tions. These divergences reflect, at least partially, the sickness of quenched QCD. Here
we adopt the pragmatic assumption that — despite the fact that it is not an asymp-
totic expansion of quenched QCD (for a fixed number of colours Nc) — quenched ChPT
does describe the low-energy regime of quenched QCD in certain ranges of kinematical
scales, where correlation functions can be parameterised in terms of effective coupling
constants, the latter being defined as the couplings which appear in the Lagrangian of
the effective theory. Under this assumption we now discuss the determination of the
counterparts of g±1 in the quenched theory, via the matching of correlation functions
computed in quenched QCD and qChPT.

The main difference between ChPT considered in the quenched and unquenched
theories is that in the former there is no decoupling of flavour singlets from the pseudo-
Goldstone bosons. The dynamics of the singlet field Φ0 must then be incorporated into
the effective chiral Lagrangian, which requires additional LECs associated with the new
interaction terms. To be more precise, we consider the quenched effective Lagrangian
in the so-called “replica formalism” [58,59]

Lquen
E = 1

4F 2 Tr
[
(∂µU)∂µU−1

]
− 1

2Σ Tr
[
UθUM † + MU−1U−1

θ

]
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[Giusti, Hernández, Laine, Weisz, Wittig 2004; Hernández, Laine 2002/2004/2006]



setup summary + remarks

we are after a computation of chiral effective couplings governing kaon decay

setup allows to disentangle charm scale physics from low-energy QCD physics, 
not including FSI

keeping active charm crucial for disentanglement + renormalisation

access to different kinematical regimes crucial to control systematics

(expensive) exactly chiral fermions mandatory (use of ChPT, renormalisation)

only QCD computation of matrix elements of four-quark operators needed, 
other pieces available

Wilson coefficients

ChPT computations

non-perturbative composite operator renormalisation

[Ciuchini et al. 1998; Buras, Misiak, Urban 2000]

[Hernández, Laine 2002-2006]

[Dimopoulos et al. 2006]



computing kaon decay amplitudes

EW effective Hamiltonian analysis

why is it so difficult?

status

understanding the anatomy: strategy

disentangling scales

low-energy effective description and the role of chiral symmetry

can’s and cannot’s

some results

long-distance effects in GIM limit

towards the physical charm mass scale

conclusions and outlook

outline



lattice computation
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Figure 2: Eight and eye diagrams appearing in the computation of three-point

functions of Q±
1 .

simulations at mc �= ml correspond, respectively, to Mc ≈ 50, 249, and 498 MeV.

Note that, while the scaling properties of computations with overlap fermions are

generally expected to be good, at the heaviest charm mass amc = 0.400 cutoff effects
can be expected to be sizeable.

For each of the three values of ml we have an independent ensemble of around

400 independent gauge configurations. Only about half the statistics is used for the

computation at amc = 0.4, as well as in the computation of three-point functions

involving Q±
2 .

4.2 Variance reduction techniques

Our main aim is to compute the two- and three-point functions involved in the

matching of QCD to ChiPT, as discussed in Section 2. After integrating over fermion

variables in the path integral, fermionic correlation functions can be written as usual

in terms of gauge expectation values of traces of products of quark propagators

and spin matrices; explicit expressions are provided in Appendix B. The reason to

consider left-handed currents as interpolating operators becomes apparent in that

the traces only contain left-handed propagators P−S(x, y)P+, that can always be

computed in the chirality sector that does not contain zero modes, thus avoiding

their contribution in correlators [54]. The three-point functions involving Q±
1 require

the computation of the quark-propagator diagrams depicted in Fig. 2, to which we

will refer as “eight” and “eye” diagrams, respectively. Each of them appears in a

colour-spin connected and a colour-spin disconnected version.

The computation of these correlation functions poses severe problems in terms

of noise-to-signal ratio. When the light quark mass is sufficiently low (and especially

so in the �-regime), Dirac modes with very small eigenvalues have large contributions

to correlation functions. Their wavefunctions have been shown to develop localised

structures [59], which makes good sampling of the whole lattice volume mandatory

in order to avoid large statistical fluctuations. It is thus important to integrate over

space at all operator insertion points (or at least at as many insertions as possible),

which obviously cannot be achieved with propagators computed with point sources.

The use of all-to-all propagators for variance reduction thus becomes mandatory.

One first step in this direction was the development of low-mode averaging

21

Figure 2: Eight and eye diagrams appearing in the computation of three-point

functions of Q±
1 .

simulations at mc �= ml correspond, respectively, to Mc ≈ 50, 249, and 498 MeV.

Note that, while the scaling properties of computations with overlap fermions are

generally expected to be good, at the heaviest charm mass amc = 0.400 cutoff effects
can be expected to be sizeable.

For each of the three values of ml we have an independent ensemble of around

400 independent gauge configurations. Only about half the statistics is used for the

computation at amc = 0.4, as well as in the computation of three-point functions

involving Q±
2 .

4.2 Variance reduction techniques

Our main aim is to compute the two- and three-point functions involved in the

matching of QCD to ChiPT, as discussed in Section 2. After integrating over fermion

variables in the path integral, fermionic correlation functions can be written as usual

in terms of gauge expectation values of traces of products of quark propagators

and spin matrices; explicit expressions are provided in Appendix B. The reason to

consider left-handed currents as interpolating operators becomes apparent in that

the traces only contain left-handed propagators P−S(x, y)P+, that can always be

computed in the chirality sector that does not contain zero modes, thus avoiding

their contribution in correlators [54]. The three-point functions involving Q±
1 require

the computation of the quark-propagator diagrams depicted in Fig. 2, to which we

will refer as “eight” and “eye” diagrams, respectively. Each of them appears in a

colour-spin connected and a colour-spin disconnected version.

The computation of these correlation functions poses severe problems in terms

of noise-to-signal ratio. When the light quark mass is sufficiently low (and especially

so in the �-regime), Dirac modes with very small eigenvalues have large contributions

to correlation functions. Their wavefunctions have been shown to develop localised

structures [59], which makes good sampling of the whole lattice volume mandatory

in order to avoid large statistical fluctuations. It is thus important to integrate over

space at all operator insertion points (or at least at as many insertions as possible),

which obviously cannot be achieved with propagators computed with point sources.

The use of all-to-all propagators for variance reduction thus becomes mandatory.

21

(vanishes in GIM limit)

proof of concept + qualitative exploration:

stay quenched (dynamical fermion effects not crucial, chiral reg. expensive)

keep all three light quarks degenerate

access very light masses (ϵ-regime): severe variance problem

outside GIM limit ⇒ penguin (“eye”) contractions: severe variance problem

ms = mu = md ≡ ml



lattice computation: variance problems

light charm: strong signal-to-noise ratio dependence on quark mass

Active charm quark Propagator techniques Results: physical amplitudes Summary and outlook

Variance reduction (I)
mix1

mix2

hlhl

lllh

120 cfgs, 32x163

β = 5.8485

Nlow = 20

spin dilution

mπ = 318 MeV

heavy charm: simple computational techniques do not yield a signal at all
Active charm quark Propagator techniques Results: physical amplitudes Summary and outlook

Variance reduction (I)
mix1
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Active charm quark Propagator techniques Results: physical amplitudes Summary and outlook

LMA (III)

Monte Carlo history

[Plot taken from Hernández (2006)]
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lattice computation: variance problems

solution for large variances related to very light quark masses: accurate all-to-all 
propagators in space of low Dirac modes (low-mode averaging)

[Giusti, Hernández, Laine, Weisz, Wittig 2004]
[Giusti, Hernández, Laine, CP, Wennekers, Wittig 2005]

Active charm quark Propagator techniques Results: physical amplitudes Summary and outlook

LMA (III)

Monte Carlo history

[Plot taken from Hernández (2006)]



lattice computation: variance problems

solution for large variances related to closed quark loops: approximate all-to-all 
propagators involving all dirac modes (stochastic volume sources and probing)

Active charm quark Propagator techniques Results: physical amplitudes Summary and outlook

Variance reduction (II)

Monte Carlo history abs. error ×
�

Ncfg vs. Ncfg

Light charm quark in loop

Active charm quark Propagator techniques Results: physical amplitudes Summary and outlook

Variance reduction (I)
mix1
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hlhl

lllh

120 cfgs, 32x163

β = 5.8485

Nlow = 20

spin dilution

mπ = 318 MeV

Active charm quark Propagator techniques Results: physical amplitudes Summary and outlook

Variance reduction (I)
mix1

mix2

hlhl

lllh

120 cfgs, 32x163

β = 5.8485

Nlow = 20

spin dilution

mπ = 318 MeV
[Endress, CP 2014]



lattice computation: GIM limit

p-regime computation
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lattice computation: GIM limit
ε-regime computation
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lattice computation: GIM limit

➼ Choose quantities with smaller mass corrections and statistical errors:

➼ Fit to NLO χPT to extract        and        (exploit smooth ε/p-regime transition). 

R
+

, R
+

R
−

g
± Λ

±

Tension between ε- and p-regime may indicate non-negligible higher order 
corrections → systematic error included to account for this.

Fits for LECs:



lattice computation: GIM limit
3

am aMP R+, bare R−, bare

ε-regime
0.002 - 0.569(44) 2.43(15)
0.003 - 0.572(43) 2.41(14)

p-regime
0.020 0.1960(28) 0.636(40) 2.20(12)
0.030 0.2302(25) 0.691(33) 1.93(9)
0.040 0.2598(24) 0.723(31) 1.75(8)
0.060 0.3110(24) 0.772(30) 1.51(7)

TABLE I: Results for aMP and R±,bare

for a smooth extrapolation to the chiral limit. It is also
important to notice that at this volume and for these
masses finite volume corrections are visible and taken
into account in the formulas (10) and (11)...

FITTING STRATEGY

At the kaon mass or heavier, where finite volume correc-
tions can be safely neglected, the continuum-limit renor-
malization group-invariant (RGI) ratios R±,RGI can be
extracted from Refs. [35, 36]. By defining the reference
values

R±,RGI
ref ≡ R±,RGI

∣∣∣
r2
0M2

P =r2
0M2

K

(13)

at the pseudoscalar mass r2
0M

2
K = 1.573, we obtain

R+,RGI
ref = 0.954(52) and R−,RGI

ref = 0.910(76). Since
Wilson coefficients are computed in a mass independent
renormalization scheme

R±,RGI = R±,bare
[
R±,bare

∣∣∣
r2
0M2

K

]−1
R±,RGI

ref (14)

for any value of the quark mass.

IV. PHYSICS DISCUSSION

We can now combine our results for R±,RGI with the
Wilson coefficients in Eq. (3) to obtain

g+
1 = 0.50(?) , g−1 = 2.9(?) ,

g−1
g+
1

= 5.8(??) , (15)

where errors take into account uncertainties on k±
1 ,

R±,RGI
ref and statistical errors on R±,bare. A solid esti-

mate of discretization effects would require simulations
at several lattice spacing, which is beyond the scope
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FIG. 1: Dependence of R±,bare on am

of this exploratory study. However, computations of
R± at different lattice spacings and for masses close
to ms/2 [5, 34, 38] indicate that discretization effects
may be already comparable or smaller than our statis-
tical errors. In this respect it is interesting to notice
that quenched computations of various physical quan-
tities carried out with Neuberger fermions show small
discretization uncertainties at this lattice spacing [37].

Our values of g±1 in Eq.(15) reveal a clear hierarchy
among the low-energy constants, g−1 " g+

1 , which in turn
implies the presence of a ∆I = 1/2 rule in this corner of
the parameter space of (quenched) QCD.

Assuming that QCD reproduces the experimental am-
plitudes, the LECs of the ∆S = 1 effective Hamiltonian
can be extracted from a combination of LO ChPT and
experimental results [39]

g+, exp
1 ∼ 0.50 , g−, exp

1 ∼ 10.4 ,
g−, exp
1

g+, exp
1

∼ 20.8 . (16)

Apart for quenching effects, these LECs differ from the
ones we have computed due to higher order effects in
ChPT and/or due to contributions arising when the
charm mass is heavier. A comparison of the values in
Eqs. (15) and (16) suggests the presence of a large con-
tribution to the ∆I = 1/2 rule from physics at the intrin-
sic QCD scale. Barring accidental cancellations among
quenching effects and higher order ChPT corrections, our
value of g+

1 points to the fact that higher order ChPT cor-
rections in |A2| may be relatively small. In this case, in
fact, the charm mass dependence is expected to be mild
(only via the determinant). On the contrary our value for
g−1 is off by more than a factor three with respect to the
experimental value. Apart from possible large quench-
ing artifacts, this suggests that the charm mass depen-
dence and/or higher order effects in ChPT are large for
|A0|. These two contributions can be disentangled by im-
plementing the second step of the strategy proposed in
Ref. [5].

All the above speculations are, of course, invalidated
if it turns out that quenching affects these correlation
functions in a significant way. In this respect it is im-

[Giusti, Hernández, Laine, CP, Wennekers, Wittig 2007]

ΔI=3/2 comes in the right ballpark (n.b. charm enters only via loops — but also 
suggests quenching subdominant [?])

ΔI=1/2 about a factor 4 too small to reproduce physical enhancement

remarkable enhancement of ΔI=1/2 channel already present for light charm: pure 
“no-penguin” effect



lattice computation: towards a physical charm

separate low-energy QCD and charm-scale physics: consider amplitudes as a function 
of charm mass for fixed u,d,s masses

mc = mu = md = ms −→ mc � mu = md ≤ ms
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[Endress, CP 2014]
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lattice computation: towards a physical charm

separate low-energy QCD and charm-scale physics: consider amplitudes as a function 
of charm mass for fixed u,d,s masses

mc = mu = md = ms −→ mc � mu = md ≤ ms

probing: new technique to compute diagonal of inverse of large sparse matrices
[Tang, Saad 2012]

[Stathopoulos, Laeuchli, Orginos 2013]
[Endress, CP, Sivalingam 2014]

Active charm quark Propagator techniques Results: physical amplitudes Summary and outlook

Probing: Idea

Goal: Approximate diagonal of matrix inverse. Required: decay property

Expose structure via matrix-vector multiplications Dxi = vi, xi = Svi
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More vectors needed !!
D(S) ≈ D( SVs V T

s )D−1(VsV
T
s ) Vs := [v1, v2, . . . , vs], probing vectors vi

Xs := {x1, x2, . . . , xs}: Set of solution vectors
=⇒ D(S) ≈ D(XsV

T
s )
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lattice computation: towards a physical charm

separate low-energy QCD and charm-scale physics: consider amplitudes as a function 
of charm mass for fixed u,d,s masses

mc = mu = md = ms −→ mc � mu = md ≤ ms

probing: new technique to compute diagonal of inverse of large sparse matrices
[Tang, Saad 2012]
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Probing: Coloring with p = 2

(Vs)
jk =

�
1, if Color(j) = k,

0, otherwise.

v1 =





1
0
0
1
0
0
...
0





, v2 =





0
1
0
0
0
0
...
0





v3 =





0
0
1
0
1
0
...
0





bla
Eleven colors/vectors in total!



lattice computation: towards a physical charm

also need to compute contribution from the subtraction term

H
eff
w =

g2w
2M2

W

V ∗
usVud

�

σ=±
{kσ1Q

σ
1 + kσ2Q

σ
2}

Q±
1 = (s̄LγµuL)(ūLγµdL) ± (s̄LγµdL)(ūLγµuL) − [u ↔ c]

Q±
2 = (m2

u −m2
c) {md(s̄LdR) + ms(s̄RdL)}
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Required diagrams

Operators require renormalization

Hw =

�

σ=±
kσ1 (µ)Z

σ
11(µ) {Q

σ
1 + cσQσ

2 }

Fixing subtraction coefficients c±: Impose vanishing renormalized

meson-to-vacuum amplitudes
��

Q
±
1 + c±Q

±
2

�
(0)

�
JL0

�

ds
(x)

�
= 0

ms �= md, x0 → ∞ :

�
0

���Q±
1 + c±Q

±
2

���K
�

⇒ c± = −

�
0

���Q±
1

���K
�

�
0

���Q±
2

���K
�

Q
±
1

±

Q
±
1

+

Q
±
1 Q

±
2

×

Q
±
2
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[Bernard et al. 1985]

complicated in practice, leads to new technical issues not completely sorted out yet
— work with perturbative estimate



lattice computation: towards a physical charm
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Bare matrix element Q+
1 (eight and eye) (I)
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Bare matrix element Q−
1 (eight and eye) (II)
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Simulation details

β = 5.8485, a ≈ 0.124 fm

32× 16
3, L = 2 fm

Nlow = 20

Dilution: time, spin, color

Quenched approximation

amu mπ [MeV] amc # cfgs

�-regime 0.002 0.04, 0.2 O(400)

p-regime
0.02 320 0.04, 0.2, 0, 4 (50, 250 , 500 MeV) O(400)

0.03 370 0.04, 0.2 O(400)

Out of light quark mass regime!
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SU(3) LECs

Charm quark mass dependence of LECs

“Experimental” values: g27 ∼ 0.5

g8 ∼ 10.5

lattice computation: towards a physical charm

did a good job at tackling eye diagrams, work missing for subtraction

very mild extra enhancement for charm masses up to 

analysis of subtraction term suggests that I=0 amplitude grows quadratically with 
charm mass for

better understanding of subtraction crucial

mc ∼ ΛQCD

mc � ΛQCD



computing kaon decay amplitudes

EW effective Hamiltonian analysis

why is it so difficult?

status

understanding the anatomy: strategy

disentangling scales

low-energy effective description and the role of chiral symmetry

can’s and cannot’s

some results

long-distance effects in GIM limit

towards the physical charm mass scale

conclusions and outlook

outline



conclusions and outlook

status of problem

understanding of field theory issues in late 90s crucial for progress

algorithmic aspects important, but not crucial

huge progress by RBC/UKQCD in direct computation, others in hot pursuit

understanding of anatomy

our strategy works well, is easy to extend to realistic setup (unquenching, 
direct computation, ...)

significant enhancement due to pure low-energy QCD effects seen

role of charm / precise amount of total QCD enhancement still unclear: go 
to larger charm masses (smaller lattice spacings), control subtraction

looks like the problem may be settled within a decade
[standard conclusion for seminars in 1984, 1994, 2004]




